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ADYERTISEMENT  TO  THE  FIRST  EDITION. 

In  my  late  fatber'B  Will  no  instructions  were  left  as  to  the  publication  of  his 
Writings,  nor  specially  as  to  that  of  the  ''Elbmeitts  of  Quatebitioks,"  which,  but 
for  his  late  fatal  illness,  would  have  been  before  now,  in  all  their  completeness,  in 
the  hands  of  the  Public. 

My  brother,  the  Bey.  A.  H.  Hamilton,  who  was  named  Executor,  being  too 
much  engaged  in  his  clerical  duties  to  undertake  the  publication,  deputed  this  task 
to  me. 

It  was  then  for  me  to  consider  how  I  could  best  fulfil  my  triple  duty  in  this 
matter — First,  and  chiefly,  to  the  dead;  secondly,  to  the  present  public;  and  thirdly, 
to  succeeding  generations.  I  came  to  the  conclusion  that  my  duty  was  to  publish 
the  work  as  I  found  it,  adding  merely  proof-sheets,  partially  corrected  by  my  late 
father,  and  from  which  I  removed  a  few  typographical  errors,  and  editing  only  in 
the  literal  sense  of  giving  forth. 

Shortly  before  my  father's  death,  I  had  several  conversations  with  him  on  the 
subject  of  the  ^' ELEiuDrro."  In  these  he  spoke  of  anticipated  applications  of 
Quaternions  to  Electricity,  and  to  all  questions  in  which  the  idea  of  Polarity  is 
involved — applications  which  he  never  in  his  own  lifetime  expected  to  be  able  fully 
to  develop,  bows  to  be  reserved  for  the  hands  of  another  Ulysses.  He  also  discussed 
a  good  deal  the  nature  of  his  own  forthcoming  Preface ;  and  I  may  intimate  that, 
after  dealing  with  its  more  important  topics,  he  intended  to  advert  to  the  great 
labour  which  the  writing  of  the  ''Elekbkts'^  had  cost  him — labour  both  mental 
and  mechanical ;  as,  besides  a  mass  of  subsidiary  and  unprinted  calculations,  he 
wrote  out  all  the  manuscript,  and  corrected  the  proof-sheets,  without  assistance. 

And  here  I  must  gratefully  acknowledge  the  generous  act  of  the  Board  of  Trinity 
College,  Dublin,  in  relieving  us  of  the  remaining  pecuniary  liability,  and  thus  incur- 
ring the  main  expense,  of  the  publication  of  this  volume.  The  announcement  of 
their  intention  to  do  so,  gratifying  as  it  was,  surprised  me  the  less,  when  I  remem- 
bered that  they  had,  after  the  publication  of  my  father's  former  book,  *^  Lectures  on 
Quaternions,"  defrayed  its  entire  oost ;  an  extension  of  their  liberality  beyond  what 
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was  recorded  by  him  at  the  end  of  his  Preface  to  the  ''  Lectures,"  which  doubtless 
he  would  have  acknowledged,  had  he  lived  to  complete  the  Preface  of  the  ''Elkmients." 

He  intended  also,  I  know,  to  express  his  sense  of  the  care  bestowed  upon  the 
typographical  correctness  of  this  volume  by  Mr.  M.  H.  Gfill  of  the  University  Press, 
and  upon  the  delineation  of  the  figures  by  the  Engraver,  Mr.  Oldham. 

I  annex  the  commencement  of  a  Preface,  left  in  manuscript  by  my  father,  and 
which  he  might  possibly  have  modified  or  rewritten.  Believing  that  I  have  thus 
best  fulfilled  my  part  as  trustee  of  the  unpublished  ''  Elements,"  I  now  place  them 
in  the  hands  of  the  scientific  public. 

WILLIAM  EDWIN  HAMILTON. 
January  Ut,  1866. 


PEEFAGE  TO  THE  FIRST  EDITION. 

[1.]  Thb  volume  now  submitted  to  the  public  is  founded  on  the  same 
principles  as  the  *^  Lbotubbs/'^')  which  were  published  on  the  same  subject 
about  ten  years  ago :  but  the  plan  adopted  is  entirely  new,  and  the  present 
work  can  in  no  sense  be  considered  as  a  second  edition  of  that  former  one. 
The  Table  of  CantenUj  by  collecting  into  one  view  the  headings  of  the 
yarious  Chapters  and  Sections,  may  suffice  to  give,  to  readers  already 
acquainted  with  the  subject,  a  notion  of  the  course  pursued :  but  it  seems 
proper  to  offer  here  a  few  introductory  remarks,  especially  as  regards  the 
method  of  exposition,  which  it  has  been  thought  convenient  on  this  occasion 
to  adopt. 

[2.]  The  present  treatise  is  divided  into  Three  Books,  each  designed  to 
develop  one  guiding  conception  or  view,  and  to  illustrate  it  by  a  sufficient 
but  not  excessive  number  of  examples  or  applications.  The  First  Book 
relates  to  the  Conception  of  a  Vector ^  considered  as  a  directed  right  linCy  in 
space  of  three  dimensions.  The  Second  Book  introduces  a  First  Conception 
of  a  Quaternion^  considered  as  the  Quotient  of  ttco  such  Vectors.  And  the 
Third  Book  treats  of  Products  and  Powers  of  Vectors^  regarded  as  constituting 
a  Second  Principal  Form  of  the  Conceptioti  of  Quaternions  in  Oeometry. 


*  This  fragment,  by  the  Author,   wu  found  in  one  of  his  manuscript  books  by  the  Editor. 
[W.  S.  Hamilton.] 
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Sir  William  Bowan  Hamilton  died  on  the  2nd  of  September,  1865, 
leaving  his  great  work  on  Quaternions  unfinished.  He  intended  to  have 
added  some  account  of  the  operator*  v,  an  Tndex,  and  an  Appendix  con- 
taining notes  on  Anharmonic  Coordinates^  on  the  Bart/centric  Calculus,  and 
on  proofs  of  his  geometrical  theorems  stated  in  Nichol's  Cyclopsedia.  At 
the  time  of  his  death,  with  the  exception  of  a  fragment  of  the  preface,  and 
a  small  portion  of  the  table  of  contents,  all  the  manuscript  he  had  prepared 
was  in  type.  As  he  rarely  commenced  writing  before  his  thoughts  were 
fully  matured,  he  has  left  no  outline  of  the  additions  contemplated. 

In  this  edition,  printed  by  direction  of  the  Board  of  Trinity  College, 
Dublin,  the  original  text  has  been  faithfully  preserved,  except  in  a  few 
places  where  trifling  errors  have  been  corrected.  I  have  added  notes, 
distinguished  in  every  case  by  square  brackets,  wherever  I  thought  they 
were  wanted.  I  have  rendered  the  work  more  convenient  by  increasing  the 
number  of  cross-references,  by  including  in  the  page-headings  the  numbers 
of  the  articles  (for  the  original  references  are  generally  g^ven  to  articles  and 
not  to  pages),  by  dividing  the  work  into  two  volumes,  and  by  the  addition 
of  an  index.  The  table  of  contents  has  been  amplified  by  a  brief  analysis 
of  each  article,  designed  as  far  as  possible  to  assist  the  reader  in  following 
and  in  recapitulating  the  arguments  in  the  text.  Hamilton  indicated  ''  a 
minimum  course  of  study,  amountiug  to  rather  less  than  200  pages  (or  parts 
of  pages),^'  suitable  for  a  first  perusal,  and  he  inteuded  to  have  prepared  a 
table  containing  references  to  this  course.  Such  a  table  will  be  found  at  the 
end  of  the  table  of  contents,  but  for  the  convenience  of  students  of  Physics, 
and  of  those  desirous  of  obtaining  a  working  knowledge  of  Hamilton's 
powerful  engine  of  research,  I  have  amplified  it  somewhat,  duly  noting, 
however,  the  minimum  course. 


*  In  the  second  volume  I  hope  to  devote  an  appendix  to  this  important  subject. 
Hamilton's  Euehvicts  op  Quaikrnions.  b 
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X  PREFACE  TO  THE  SECOND  EDITION. 

I  infer  from  the  fragment  of  the  author's  prefaoe  that  he  proposed  to 
sketch  an  outline  of  the  method  of  exposition,  of  an  elementary  character 
and  adapted  to  those  readers  to  whom  the  subject  is  new.  To  those  readers 
chiefly  I  address  the  following  remarks  : — 

According  to  the  plan  of  this  work,  wheneyer  a  new  conception  or 
notation  is  introduced,  a  series  of  illustrative  examples  immediately  follows. 
Most  of  these  involve  no  real  difficulty,  but  occasionally  a  long  and  difficult 
investigation  occurs  even  in  the  early  parts  of  the  book.  Intricate  investi- 
gations, which  are  merely  illustrative,  are  everywhere  omitted  from  the 
selected  course. 

The  First  Book  deals  with  Vectors,  considered  without  reference  to 
angles  or  to  rotations.  In  a  word,  it  is  concerned  with  the  application  of 
the  signs  +,  -,  and  =  to  the  algebra  of  vectors.  The  sign  -  is  first  intro- 
duced, and  the  sign  +  follows  from  the  formula  of  relation  {b  -  a)  •¥  a  =  b. 
Sections  3  and  4  (pp.  7-11)  are  occupied  with  a  series  of  propositions  con- 
cerning the  commutative  and  associative  laws  of  the  addition  of  vectors,  and 
the  multiplication  of  vectors  by  scalnrsy  or  algebraical  coefficients.  Proposi- 
tions such  as  these  often  appear  to  a  student  to  be  mere  truisms,  and  unfortu- 
nately it  is  not  easy  to  find  elementary  examples  to  convince  him  of  the 
contrary.  The  addition  of  vector-arcs,  he  will  find  on  p.  156,  is  not  com- 
mutative, though  it  is  associative.t  With  the  exception  of  a  few  passages 
noted  in  the  table  of  a  selected  course,  there  is  nothing  in  chaps.  II.  and  III. 
essential  to  a  good  knowledge  of  the  subject.  They  contain,  however,  an 
account  of  an  extremely  elegant  theory  of  anharmonic  coordinates,  indepen- 
dent of  any  non-pro jective  property,  and  intricate  and  powerful  investigations 
of  geometric  nets  and  of  systems  of  barycentres. 

The  Second  Book  treats  of  Quaternions  considered  as  quotients  of  vectors, 
and  as  involving  angular  relations.  It  opens  with  a  first  conception  of  a 
quaternion  as  a  quotient  of  two  vectors,  and  thus  the  division  of  vectors  is 
introduced  before  that  of  multiplication,  just  as  in  the  First  Book  subtraction 
precedes  addition.  If  g  =  /3  :  a  is  the  quotient  of  two  vectors,  /3  and  a,  it  is 
natural  to  define  the  product  q.a  by  the  relation  q,a^  fi.  It  is  soon  found, 
if  any  vector  y  is  selected  in  the  plane  of  a  and  /3,  that  the  product  5^.7  is  a 
vector  in  the  same  plane  whose  length  bears  to  that  of  7  the  same  ratio  as 
the  length  of  /3  to  that  of  a,  and  which  makes  the  same  angle  with  7  that  /3 


*  In  fact  the  commutative  law  of  addition  depends  on  a  property  of  a  parallelogTam,  and  there- 
fore ultimately  on  the  validity  of  Euclid's  fifth  postulate.   It  does  not  hold  except  for  Euclidean  space. 


PREFACE  TO  THE  BECOND  EDITION.  xi 

makes  with  a.  Thus,  from  the  first  conoeption  of  a  quaternion  as  a  quantity 
expressing  the  relative  length  and  direction  of  two  given  veotors,  we  have 
oome  to  consider  a  quaternion  as  an  operator  on  a  special  set  of  vectors,  viz. 
those  in  its  own  plane.  Observe  that,  so  far,  we  have  not  arrived  at  the 
conception  of  the  product  of  two  vectors,  nor  of  the  product  of  a  quaternion 
and  an  arbitrary  vector.  We  have  only  reached  the  limited  conception  of  the 
product  j^ .  Y  of  a  quaternion  q  and  a  vector  y  in  its  plane,  and  while  an 
interpretation  is  assigned  to  g .  y,  as  yet  the  product  7 .  s^  is  unknown. 

After  reviewing  a  class  of  quaternions  derived  by  fixed  laws  from  a 
given  quaternion,  a  special  class  of  quaternions,  called  versors  or  radial 
quotients,  is  considered  in  detail.  The  product  of  a  pair  of  versors  is  found 
(p.  147)  to  depend  on  the  order  in  which  they  are  multiplied,  that  is  qq'  is 
not  generally  equal  to  ^q^  or  the  commutative  law  of  algebraic  multiplication 
IB  not  true  for  versors,  nor  i  fortiori  for  quaternions. 

The  multiplication  of  a  special  set  of  versors  of  a  restricted  kind  occupies 
section  10,  chap.  I. ;  and  on  p.  160  the  famous  formula 

t'=/=*»  =  ty*=^l         (A) 

is  deduced,  in  which  i,y,  and  k  are  right  versors*  in  three  mutually  perpen- 
dicular planes.  This  section  contains  the  first  example  of  a  product  of  more 
than  two  versors,  and  it  is  shown  that  the  multiplication  of  these  specially 
related  right  versors  is  associative.  Warned  by  the  failure  of  the  commutative 
law,  it  is  necessary  to  determine  if  the  remaining  laws  of  algebra  are  valid 
in  quaternions.  In  algebra,  if  we  first  form  the  product  he  and  then  multiply 
by  a,  we  have  the  same  result  as  if  we  multiplied  c  by  the  product  ai,  and  this 
assooiatiye  law  is  expressed  in  symbols  by  the  equation  a  ,  be  ==  ab  .  c.  This 
is  also  true  for  quaternions,  and  it  may  be  regarded  as  the  chief  feature 
which  distinguishes  quaternions  from  other  systems  of  vector  analysis.  For 
example,  Grassmann's  multiplication  is  sometimes  associative,  but  sometimes 
it  is  not.  It  is  necessary  to  prove,  moreover,  that  quaternion  multiplication 
is  distributive,  or  that  a  (i  +  c)  »  ai  +  ac.  This  is  not  true  if  b  and  c  are  vector 
arcs,  even  when  a  is  a  number  as  shown  on  p.  156.  Some  of  Hamilton's 
early  investigations  led  him  to  a  non-distributive  system  of  multiplication 
in  1830.t 

Next  a  quaternion  is  decomposed  in  two  ways: — (1)  in  section  11,  into 
the  product  of  its  tensor  and  its  versor ;  (2)  in  section  12,  into  the  sum  of  its 


*  A  right  Tenor  tums  a  vector  in  iU  plane  through  a  right  migle. 

t  PredEaoe  to  Leetures  on  QuatemionB,  paragraph  [41].     Scheffler  hai  reproduced  thia  system. 
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scalar  and  its  right  or  vector  part.  This  right  or  vector  part,  it  is  ultimately 
shown,  may  be  identified  with  a  vector ;  at  present  it  is  regarded  as  a  right 
quaternion,  or  a  quotient  of  two  perpendicular  vectors.  By  the  first  of  these 
decompositions,  ''  the  multiplication  of  any  two  quaternions  is  reduced  to  the 
arithmetical  operation  of  multiplying  their  tensors,  and  the  geometrical 
operation  of  multiplying  their  versors";  and  by  the  second  the  addition  of 
quaternions  is  reduced  to  the  algebraical  addition  of  their  scalar  parts,  and 
the  geometrical  addition  of  their  vector  part«.  Thus  it  is  proved  (Arts.  206, 
207)  that  the  addition  of  the  vector  parts  is  reducible  to  the  addition  of 
vectors,  and,  as  the  addition  both  of  scalars  and  of  vectors  is  commutative 
and  associative,  so  likewise  is  tlie  addition  of  quaternions. 

The  multiplication  of  right  quaternions,  or  of  the  vector  parts  of  quater- 
nions, is  proved  in  Art.  211  to  be  distributive;  and,  as  any  quaternion  is 
the  sum  of  a  scalar  and  a  vector  part,  it  is  also  proved  that  the  general 
multiplication  of  quaternions  is  distributive.  A  long  series  of  examples 
follows,  some  of  which  are  not  easy,  including  Hamilton's  well-known  con- 
struction of  the  ellipsoid. 

Section  14  is  entitled  **  On  the  reduction  of  the  general  Quaternion  to  the 
Standard  Quadrinomial  Form  {q  =  to  -\-  ix  ■\-j!/  -\-  kz) ;  with  a  First  Proof  of 
the  Associative  Principle  of  the  Multiplication  of  Quaternions."  This  proof 
depends  on  the  general  Distributive  Property  lately  proved,  and  on  the 
Associative  Property  of  the  particular  set  of  versors  »,  j\  k  (Art.  161)  ;  but 
in  chap.  III.  various  proofs  are  given  which  are  independent  of  these  pro- 
perties.    The  first  proof  is  suj£cient  for  all  practical  purposes. 

The  laws  of  combination  of  quaternions  are  now  established.  Addition 
(and  subtraction)  is  associative  and  commutative;  multiplication  (and division] 
is  associative  and  distributive,  but  not  commutative. 

Passing  over  the  second  and  third  chapters  in  this  Second  Book,  which 
•"^Q  chiefly  complementary  to  the  development  of  the  theory,  we  find  in 
chap.  I.,  Book  III.,  three  lines  of  argument  traced  out  in  justification 
of  the  identification  of  the  vector  part  of  a  quaternion  with  a  vector.  In 
fact  a  restriction  is  imposed,  or  a  simplification  is  introduced,  and  this 
restriction  or  simplification  is  shown  to  be  consistent  with  the  results 
already  obtained.*    In   much  the  same  way  as  a  couple  or  an  angular 


*  Compare  the  note  to  p.  175,  in  which  Hamilton  remarks :  **  We  have  thus  a  new  point  of 
agreement,  or  of  connexion,  between  right  quatermaue  md  their  twbjj-vMtert,  teaidmg  to  ^miCify  the 
ultimate  assiuaption  (not  yet  made),  of  eqtmUtp  batwew  the  lomar  wd  the  klter." 
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Telocity  is  sometimes  represented  by  a  right  line,  a  right  quaternion  and  a 
vector  of  appropriate  length,  perpendicular  to  the  plane  of  the  quaternion, 
are  now  represented  by  the  same  symbol.* 

The  scope  of  the  remainder  of  this  volume  is,  I  think,  su£Gioiently  indi- 
cated in  the  table  of  contents.  The  foregoing  sketch  of  the  development  of 
the  calculus  of  Quaternions  necessarily  presents  but  a  meagre  view  of  the 
nature  of  this  work ;  however,  my  object  has  been  to  carry  out,  as  far  as  I 
could,  the  intention  of  its  illustrious  author  expressed  in  the  fragment  of 
his  preface. 


OHAELES  JASPER  JOLT. 


ThX    ObSEBVATOBY,    DUVBIIIK, 

December^  1898. 


*  With  but  slight  change,  much  of  Booki  I.  and  II.  might  have  been  extended  to  ipace  of 
n-dimenaionB.  In  Book  III.  advantage  it  taken  of  the  peculiar  umpUcity  of  space  of  those  dimensions 
in  which  but  one  diieotion  is  peipendicular  to  a  giyen  plane,  and  a  legitimate  reduction  of  the  number 
of  symbols  is  consequently  made. 
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BOOK   I. 

ON  VECTORS,  CONSIDERED  WITHOUT  REFERENCE  TO  ANGLES,       ^**" 
OR  TO  ROTATIONS, 3-103 

CHAPTER*  I. 

Fuin>A]fINTAL  PbUTOIPLES  BBSPSOmrO  YlBOTOBS. 

SBonovf  1. — On  the  Conception  of  a  Vector;  and  on  Equality  of  Vectors,  .  3-4 

[Art.  1,  Definition  of  a  irector ;  Geometrical  subtraction  of  pointa ;  Introduction 
of  the  sign  ~,  p.  3.  —  Art.  2,  Equality  of  vectors  ;  Introduction  of  sign  =,  p.  3.  — 
Art.  3,  The  equation  n  -  c  s  b  -  a,  considered  as  an  equidifference  of  points,  admits 
of  inversion  and  alternation,  p.  4.] 

SscnoN  2. — On  Differences  and  Sums  of  Vectors,  taken  two  by  two,  .  5-7 

[Art.  4,  Definition  of  the  geometrical  subtraction  of  vectors,  p.  6. — Art.  6,  Intro- 
dnction  of  sign  +,  regarded  as  a  converse  to  — ,  by  the  formula  {b  -  a)  -|-  a  s  ^,{  p.  6. 
— Art.  6,  The  sum  of  any  two  co-initial  sides  of  a  parallelogram  ▲bdc  is  the  co-initial 
diagonal,  or  ab  +  ac  =  ad  »  ac  +  ab,  p*.  6.  — Art.  7,  Addition  of  two  Vectors  is  a 
wmmtUative  operation,  or  a  +  ^  »  ^  +  fl^}  P*  ^0 

Sscnoir  8. — ^On  Sums  of  Three  or  more  Vectors, 7-8 

[Art  8,  Definition  of  the  sum  of  any  number  of  vectors,  p.  7.  —  Art.  9,  The  ad- 
dition of  vectors  is  an  auoeiativs  and  commututive  operation,  p.  7.  —  Art.  10,  Closed 
polygon,  p.  8.  —  Art.  11,  Projection  of  a  dosed  polygon,  p.  8.] 


*  This  Chapter  may  be  referred  to,  as  1. 1. ;  the  next  as  I.  ii. ;  the  first  Chapter  of  the  Second 
Book,  as  II.  I. ;  and  similarly  for  the  rest. 

t  This  Section  may  be  referred  to,  as  1. 1.  1 ;  the  next,  as  I.  i.  2 ;  the  sixth  Section  of  the  second 
Chapter  of  the  Third  Book,  as  111.  n.  C  ;  and  so  on.  [Article  180  is  referred  to  as  (180),  and  the 
third  snb-article  of  (180)  as  (180  (3.)).] 

[t  This  ii,  in  words,  b-  uib  added  to  a  and  their  sum  is  b,  but  not  a  is  added  to  b  ^  a  and  their 
smn  is  b.    See  (6)  and  (7).] 

[i  In  (180  (8.)}  it  is  shown  that  the  addition  of  vector  aroe  is  not  commutative.] 
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Section  4. — On  Coefficients  of  Vectors, 9-11 

[Art.  12,  la  +  ma  B  (1  +  m)  a  if  m  is  a  positive  or  negatiye  integer,  p.  9. — 
Art.  13,  The  midtipUcation  of  Teoton  by  positive  or  negative  integers  is  a  doubly 
dirtributive  operation,*  p.  9. —Art.  14,  This  is  also  true  when  the  coefficients  are  in- 
commensurable, ya±  xa=(if±x)a;  y  («a)  b (yx)  a » yxa ;  a?  O  i  a)  =  j(^ ±  «a,  p.  10. 
— Art.  16,  fi^xa  and  a  have  the  same  or  opposite  directions  according  as  d;  >  or  <  0, 
p.  10. — Art.  16,  Division  of  a  vector  by  a  parallel  vector,  p.  10.  — Art.  17,  Intro- 
duction of  the  term  scalar,  p.  11.] 

This  short  First  Chapter  should  be  read  with  care  by  a  beginner ;  any  misconception 
of  the  meaning  of  the  word  "  Vector"  being  fatal  to  progress  in  the  Quaternions.  The 
Chapter  contains  explanations  also  of  the  connected,  but  not  all  equally  important,  words 
or  phrases,  "revector,"  "provector,"  **transveotor,"  "actual  and  null  vectors,"  "op- 
posite and  successive  vectors,"  ** origin  and  term  of  a  vector,"  ''equal  and  unequal 
vectors,"  ''addition  and  subtraction  of  vectors,"  "multiples  and  fractions  of  vectors," 
&c. ;  with  the  notation  b  -  a,  for  the  Vector  (or  directed  right  line)  An :  and  a  deduction 
of  the  result,  essential  but  not  peeuliarf  to  quaternions,  that  (what  is  here  called)  the 
veelor-tumf  of  the  two  co -initial  sides  of  a  parallelogram,  is  the  intermediate  and  oo -initial 
diagonal.    The  term  "  Scalar"  is  also  introduced,  in  connexion  with  eoefieientt  ofvectort. 


CHAPTER  II. 

Applicatioks  to  Foikts  and  Luiss  in  a  QiyisN  Flanb. 

Srction  1. — On  Linear  Equations  connecting  two  Co-initial  Vectors,  .  12-13 

[Art.  18,  Origin  and  change  of  origin,  p.  12. — Art.  19,  Equation  of  a  line  oa  ; 
i9  e  dTo,  p.  12.— Art.  20,  Or  aa  +  */9  =  0,  p.  12.] 

Skctiok  2. — On  Linear  Equations  between  three  Co-initial  Vectors,     .         .       13-19 

[Art.  21,  aa  +  hfi  is  a  vector  coplanar  with  a  and  i9>  P*  13. — ^Art.  22,  aa  4  hfi 
+  07  e  0  is  the  condition  that  o,  a,  b,  and  c,  or  a,  /S  and  7,  should  be  coplanar.  Vector 
equation  of  a  plane,  p.  14. — Art.  28,  a  +  6  +  0  s  0  is  the  condition  of  collinearity  of 
A,  B,  and  c,  p.  14.  — Art.  24,  a  :  &  :  0  =  bo  :  oa  :  ab,  when  a  +  J  +  ^  =  0,  p.  14. — 
Art.  26,  Equation  of  a  line.  Anharmonic  of  four  coUinear  points,  p.  15. — Art.  26, 
Involution,  nomographic  division  of  lines,  p.  16. — Art.  27,  Vectors  to  points  of 
first  construction,  a'  a  oa  *  bo,  b'  =  ob  '  ca,  0'  «  oc  *  ab,  |  p.  17. — ^Art.  28,  Batios 
of  segments  of  sides  of  the  triangle  abc,  made  by  a',  b',  (/.  Hence,  ai  hi  e^ 
OBC  :  OCA  :  oab,  p.  18. — Art.  29,  Origin  at  mean  point  of  triangle,  p.  18. — Art.  80, 
Projection  of  triangle  and  mean  point,  p.  19.] 

After  reading  these  two  first  Sections  of  the  second  Chapter,  and  perhaps  the  three 
first  Articles  (31-33,  pages  20-22)  of  the  following  Section,  a  student  to  whom  the 
subject  is  new  may  find  it  convenient  to  pass  at  once,  in  his  first  perusal,  to  the  third 

[♦  m  (jB  ±  a)  =  mfi  1  ma  is  only  true  ifa  +  ^  =  ^  +  a.     See  (180  (3.)).] 
t  Compare  the  second  Note  to  page  206. 

[{  OA  '  bo  denotes  the  point  of  intersection  of  the  lines  oa  and  bc,  db  *  abc  the  point  of  intersec- 
tion of  the  line  db  with  the  plane  abc] 
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Chapter  of  the  prosent  Book ;  and  to  read  only  the  two  flrst  Aitioles  (62,  63,  pages  44-46) 
of  the  fint  Section  of  that  Chapter,  respecting  Veeiort  in  Spacer  hefore  proceeding  to  the 
Second  Book  (pages  107,  &c.),  which  treats  of  Quatemiont  as  Quotmtts  of  V»ctor», 

Sbchon  3. — On  Plane  Oeometrical  Nets, 20-23 

[Art.  31 ,  Properties  of  points  of  second  construction,  a"  «  bV  *  bc  ;  b"  a  c'a'  *  oa  ; 
c"  »  a'b'  *  AB,  p.  20. — ^Art.  32,  Equation  of  six  segments  made  by  transvena],  p.  21. 
— ^Art.  33,  Points  of  second  construction,  a'"  ■  oa  •  bV,  b*"  =  ob  •  c'a',  c'"  »  oc  •  a'b*, 
p.  21. — ^Art.  84,  Construction  of  plane  net,  p.  22.] 

SiscTioir  4. — On  Anharmonic  Co-ordinates  and  Equations  of  Points  and  Lines 

in  one  Plane, 23-29 

[Art.  36,  Anharmonics  of  groups  and  pencils,  p.  23. — Art.  36,  Anharmonic 

co-ordinates,    p  » =--; -=-,  p.  24. — Art.  37,  Anharmonic  equation  and  co- 

'^        xa  +  y*  + «?    *  *^  ^ 

ordinates  of  a  right  line,  p.  26. — Art.  38,  Examples.    Line  at  infinity,  p.  27. — 

Arts.  39,  40,  Independent  geometrical  interpretation  of  the  coordinates  of  a  line, 

p.  27. — Art.  41,  Concurrent  and  parallel  lines,  p.  29.] 

SscnoN  5. — On  Plane  (Jeometrioal  Nets,  resumed, 29-32 

[Art.  42,  Points  and  lines  of  a  net  are  rational,  p.  29. — Art.  43,  Converse.  In- 
definite approximation  to  irrational  points  and  lines,  p.  30. — Art.  44,  Anharmonics 
of  nets  are  rational.  Nets  are  homographio  figures,  p.  30. — Art.  46,  Construction  of 
a  net  fiom  one  of  its  quadrilaterals,  p.  31.] 

Sbction  6. — On  Anharmonic  Equations  and  Vector  Expressions,  for  Curves 

in  a  given  Plane, 32-43 

[Art.  46,  Conic  touching  sides  of  triangle  at  points  of  first  construction,  p.  32. — 
Art.  47)  An  ellipse  or  circle  when  o  is  interior  to  triangle,  p.  33.— Art.  48,  Case  of 
o  exterior  to  triangle,  p.  33. — Art.  49,  Geometrical  criterion  of  species,  p.  34. — 
Art.  60,  Determination  of  asymptotes  of  hyperhola  and  axis  of  parahola,  p.  34. — 
Art.  51,  Anharmonic  symbol  for  tangent,  p.  36.— Art.  62,  Vector  to  centre  of  conic, 
p.  86. — Art.  63,  Circumscribed  conic  haying  double  contact  with  the  inscribed  conic, 
p.  36. — Art.  64,  Vector  expression  for  a  cubic  with  a  conjugate  point,  p.  37. — 
Art  66,  Anharmonic  generation  of  general  cubic,  p.  37. — Art.  66,  Tangential  Equa- 
tions, p.  38. — Art.  67,  Examples  of  conies,  p.  39. — Art.  58,  Equations  which  are 
neither  rational  nor  integral,  p.  40. — ^Art.  69,  Tangential  equation  deduced  from 
jr*  +  y*  + 1*  =  0,  p.  41.— Art.  60,  General  Method,  p.  42.— Art.  61,  Application  to 
cubic,  p.  42.] 

Among  other  results  of  this  Chapter,  a  theorem  is  given  in  page  38,  which  seems  to 
offer  a  new  gsomeirUal  gimration  of  (plane  or  spherical)  eurves  of  the  third  order.  The 
mihmmonie  eo^ordinatei  and  equations  employed,  for  the  plane  and  for  space,  were  sug- 
gested to  the  writer  by  some  of  his  own  veetar  forms  ;  but  tJieir  geometrical  interpreiaiiont 
are  assigned.  The  geometrical  nets  were  first  discussed  by  Professor  Mobius,  in  his  Bary- 
eenUie  Calculuif  but  they  are  treated  in  the  present  work  by  an  entirely  new  analysis : 
and,  at  least  for  epaee^  their  theory  has  been  thereby  much  extended  in  the  Chapter  to 
which  we  next  proceed. 

HamILTOW'S  BlbMKMTS  of  QUATBRNIONS.  C 
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CHAPTER  III. 

Api'LiCATiows  OF  Yectobs  TO  Space. 

Paces 

Sbction  1 . — On  Linear  Equations  between  Vectors  not  Complanar,     .  44-50 

[Art.  62,  aa-i-bfi  i-ey  -^  di  =  Of  if  a,  fit  y,  9  are  any  four  Tecton,  p.  44. — Art.  63, 
a-^b  +  e-\-dssQ^ii  abc  and  d  are  coplanar,  p.  45. — Art.  64,  Intersectionfl  of  linea 
in  a  plane,  p.  46. — ^Art.  66,  For  any  five  vectors  aa  +  b$  -{■  cy  +  d9  +  e€  '^  0^  and 
a  +  b-^e  +  d-k-e^OtP.  47. — Art.  66,  Intersection  of  a  line  and  a  plane,  p.  47. — 
Art.  67,  Ratios  of  coefficients  in  (65)  expressed  as  ratios  of  volumes  of  pyramids, 
p.  48. — Art.  68,  Convention  respecting  signs  of  volumes,  p.  48. — Art.  69, 1,  oa  .  bc 

+  OB  .  CA  +  00 .  ABs=  0  ;  II.  OA  .  BCD-  OB  .  ODA  +  00  .  DAB  -  OD  .  ABC  s  0  ;  III.  OA  . 

HCDB  +  OB .  CDBA  +  00 .  DBAB  +  OB .  ABCD  s  0 :  whe^  in  I.,  A,  B,  0  are  any  three 
coUinear  points;  in  II.,  a,  b,  c,  d  are  any  four  coplanar  points;  and  in  III., 
A,  B,  0,  D,  B  are  any  five  points  of  space,  p.  49.] 

It  has  already  heen  recommended  to  the  student  to  read  the  first  two  Articles  of  this 
Section,  even  in  his  first  perusal  of  the  Volume ;  and  then  to  pass  to  the  Second  Book. 

Sectiok  2. — On  Quinary  Symbols  for  Points  and  Planes  in  Space,       .  50-55 

[Art.  70,  Indefinite  expression  for  a  vector  p  = ; ; , 

*•  '■  ^  za  +  pb  -^  Me  +  wd  +  ve 

p.  60. — Art. 71, Quinary  Symholforapoint;  Congruence,  p.  61. — Art. 72, {(/)m(Q)  if 
(Q)  =  t  (0')  4  u  (CT),  where  (CT)  =  (mil),  p.  61.— Art.  73,  Condition  of  coUinearity 
of  three  points,  p.  62. — Art.  74,  Condition  of  coplanarity  of  four  points,  p.  62. — 
Art.  75,  Quinary  equation  and  symbol  of  a  plane,  p.  63. — Art.  76,  Intersection  of  a 
line  and  a  plane,  p.  64. — Art.  77,  Points,  lines,  and  planes  rationally  related  to  five 
given  points,  p.  64. — Art.  78,  Syntypical  points,  p.  55.] 

Section  3. — On  Anharmonic  Co-ordinates  in  Space, 55-60 

[Art.  79,  Quaternary  or  anharmonic  symbol  of  a  point  in  space,  p.  56. — Art.  80, 
Anharmonic  symbol  and  equation  of  a  plane,  p.  56. — Art.  81,  Trace  of  a  plane  on  a 
given  plane,  p.  56. — Art.  82,  FormuIsB  of  collineation  and  coplanarity,  p.  66. — 
Art.  83,  Batios  of  co-ordinates  expressed  as  anharmonics  of  pencils  of  planes,  p.  67. — 
Art.  84,  Anharmonics  of  groups  of  points  and  of  pencils  of  planes,  p.  68. — Art.  85, 
Quotients  of  two  homogeneous  and  linear  functions  of  the  coordinates  of  a  point 
expressed  as  the  anharmonic  of  a  pencil  of  planes,  p.  69. — Art.  86,  Reciprocal 
theorem  and  example,  p.  59. — Art.  87,  Centre  and  plane  of  homology  of  pyramid, 
p.  60.] 

Section  4. — On  Geometrical  Nets  in  Space, 61-81 

[Art.  88,  Net  derived  from  five  points,  p.  61.— Art.  89,  First  construction, 
p.  61. — ^Art.  90,  Second  construction,  p.  62.— Art.  91,  Quinary  symbols  of  con- 
structed lines  and  planes,  p.  63. — Art.  92.  Eight  types  of  points  Fa.  Anharmonic 
properties,  p.  63.— Art.  03,  Verification  that  the  enumeration  of  the  points  p»  is 
complete,  p.  73.— Art.  94,  Arrangement  of  the  points  on  lines  and  in  planes,  p.  76. — 
Art.  95,  Extension  of  results  of  (44)  and  (45)  to  nets  in  space,  p.  79.] 


TABLE  OF  COITTENTS.  xix 

Payet 

SiciiOK  5, — On  Barycentres  of  SystemB  of  Points  ;  and  on  Simple  and  Com- 
plex Means  of  Vectors, 81-87 

[Art.  96,  Simple  mean  of  oobitial  Teoton ;  Mean  point ;  Gauche  quadrilateral 
(1),  (2) ;  lines  and  planes  determined  hj  mean  points  of  partial  systems  (3)-(6),  p.  81. 
—Art  97|  Complex  means ;  Barycentres,  p»  84.] 

SsonoK  6. — On  Anhannonic  Equations,  and  Vector  ExpreBsions,  of  Surfaces 

and  Curves  in  Space, ,     .      87-96 

[Art  98,  Local  and  tangential  equations  uf  surfaces;  Kuled  quadric  (I)-(IO) ; 
twisted  curve  (11),  (12),  p.  87. — ^Art.  99,  Vector  expression  for  a  ounre  p  «  ^{t) ; 
for  a  surface  p  »  ^{t,  u) ;  Line  and  plane  (1) ;  Ellipse  and  ellipsoid  (2) ;  quadxio  oone 
(8),  (4) ;  Cubic  cone  (6)  *,  Ruled  quadric  (6)-(10),  p.  94.] 

SscnoK  7. — On  Differentials  of  Vectors, 96-103 

[Art.  100,  Definition  of  the  differential  of  a  vector ;  Hodogi-apU  \,^) ;  Developable 
surface  (8) ;  Tangents  to  surfaces  (9),  p.  96.] 

An  application  of  JlniU  diferencn^  to  a  question  connected  with  barifeenirM,  occurs  in 
p.  84.  The  anharmonio  generation  of  a  ruled  hyperholcid  (or  paraboloid)  is  employed  to 
illiistrate  anharmonio  equations ;  and  (among  other  examples)  certain  mmm ,  of  the  second 
and  third  orders,  have  their  vector  equations  assigned.  In  the  last  Section,  a  definition  rf 
diferentidU  (of  veetorf  and  $edlari)  is  proposed,  which  is  afterwards  extended  to  dijfer^n- 
tiaU  of  guatemiontj  and  which  is  independent  of  developments  and  of  infinitesimids,  but 
involves  the  conception  of  limits.  Veeiort  of  Velocity  and  Aee$leratioH  are  mentioned  ; 
and  a  hint  of  Sodographs  is  given. 


BOOK   II. 

ON  QUATERNIONS,  CONSIDEBED  AS  QUOTIENTS  OF  VECTORS, 

AND  AS  INVOLVING  ANGULAR  RELATIONS,      .  107-249 

CHAPTER  I. 

FUKDAHBIffTAL  FaiirCIPLBS  BESPSCTINO   QuOTUUrTS  OF  VeCIOES. 

Very  little,  If  any,  of  this  Chapter  II.  i.,  should  be  omitted,  even  in  a  first  perusal , 
since  it  contains  the  most  essential  conoeptions  and  notations  of  the]  Calculus  of  Quater- 
nions, at  least  so  far  as  quotientt  of  vectors  are  concerned,  with  numerous  geometrical 
illustnitions.  Still  there  are  a  few  investigations  respecting  circumscribed  cones,  imagi- 
nary intersections,  and  ellipsoids,  in  the  thirteenth  Section,  which  a  student  may  pass 
over,  and  which  will  be  indicated  in  the  proper  place  in  this  Table. 

Sacnoir  1. — ^Introductory  Remarks ;  First  Principles  adopted  from  Algebra,  107-110 

[Arts.  101-2,  Comparison  between  Books  I.  and  II. ;  General  piinQiplee  adopted 
by  definition,  p.  107. — ^Art.  103,  I.   Division  must  correspond  to  converse  act  of 

moMplicadon,  or     -ae^;—  =  ;,  p.  108.— Art.  104,  II.  Unequal  vectors  divided 

by  equal  vectors  give  unequal  quotients,  p.  109. — Art.  106,  III.  Quotients  equal  to 
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the  same  are  equal  to  one  another,  p.  109. — Art.  106,  lY.   -^  t  -  « and 
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-:-«--;  Definition  of  addition,  subtraction  and  diyision  of  quotients  with  a  oommon 
o    a      p 

denominator,  p.  109.— Art.  107,  V.   ?.-«»-,  p.  109.] 

SBonoK  2. — ^First  Motive  for  naming  the  Quotient  of  two  Yeotors  a  Quater* 

nion,- 110-113 

[Art.  108.  The  quotient  of  two  yecton  is  not  generally  a  scalar,  p.  110. — Art.  109, 
But  depends  on  their  relative  direction  as  well  as  on  their  relatiye  length,  p.  110. — 
Art.  110,  The  relatiye  direction  may  be  specified  by  a  rotation,  p.  111. — ^Art.  Ill, 
A  rotation  is  defined  by  its  amount  and  the  direction  of  its  positiye  axis,  p.  111. — 
Art  112,  Hence  a  geometric  quotient  is  a  function  of  four  numerical  elements  or  a 
quaternion,  p;  112.] 

SucnoK  3.— Additional  Illustrations, 113-114 

[Art.  113,  Illustration  of  a  quaternion  by  means  of  a  desk  on  a  table,  p.  118. — 
Art.  114,  Four  numerical  elements,  p.  113. — ^Art.  116,  Meaning  of  these  elements, 
p.  114. — ^Art.  116,  A  change  in  one  of  these  alters  the  quaternion,  p.  114.] 

It  is  shown,  by  consideration  of  an  aftgle  on  a  desky  or  inclined  plane,  that  the  complex 

relation  of  one  vector  to  another,  in  letigth  and  in  direction,  involves  generally  a  system  of 

four  numerical  elemente.    Many  other  motives,  leading  to  the  adoption  of  the  name, 

**  Quaternion,"  for  the  subject  of  the  present  Calculus,  from  its  fundamental  connexion 

with  the  number  **  Four,''  are  found  to  present  themselves  in  the  course  of  the  work. 

Seciioit  4. — On  Equality  of  Quaternions ;  and  on  the  Plane  of  a  Quater- 
nion,            115-119 

[Art.  117,  The  quotients  of  correapanding  sides  of  similar  triangles  in  one  plane 
are  equal  when  the  similarity  is  direct,  p.  116. — Art.  118,  But  are  unequal  (and 
conjugate)  when  the  similarity  is  inverse,  p.  116. — ^Art.  119,  Ooplanar  and  diplanar 
quaternions,  p.  116. — ^rt.  120,  Two  geometric  quotients  can  bereducedtoaoommon 
denominator,  and  therefore  their  sum,  difference,  product,  and  quotients  are  quater- 
nions, p.  116.— Art  121,  Case  of  equal,  p.  IIT.—Art  122,  And  of  diplanar  quaternions 
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reduced  to  a  common  denominator,  p.  117.— Art.  128,  If  ^  =  -  =  -,  7  |||  o,  ^,  and 
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5  III  «,  ^,  or  7  III  q,  9  \\\q,  \\\  being  a  sign  of  coplanaiity,  p.  117.— Art.  124,  Also 

~  III  ^,  p.  118.— Art.  126,  If  -  =  -,  then,  inversely,  |  =  p      and    alternately, 
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-  =  -  and  -  =  -,  p.  118.— Art.  126,    —  =  ~  and  «^  =  04;  if  « is  a  scalar,  p.  119.] 
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Section  5. — On  the  Axis  and  Angle  of  a  Quaternion ;  and  on  the  Index  of 

a  Right  Quotient,  or  Quaternion, 119-122 

[Arts.  127-8,  The  axis  of  a  Quaternion  is  defined,  p.  1 19.— Art.  129,  And  denoted 
by  Ax.  q,  p.  120.— Art.  130,  The  angle  of  a  quaternion,  Z  ^  >  0  <  ir,  p.  120.— Art. 
131,  Axis  and  angle  of  a  scalar,  p.  120.— Art.  132,  Right  quaternion  or  quotient  of 
peipendicular  vectors ;  Examples  of  geometrical  loci  expressed  by  the  symboLs  Ax. 
and  Z,  p.  121. — Art.  133,  Index  of  a  right  quaternion ;  A  right  quaternion  is  deter- 
mined uniquely  by  iU  Index,  p.  122.] 
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SBcnoK  6. — On  the  Beciprocal,  Conjugate,  Opposite,  and  Norm  of  a  Quater- 
nion;  and  on  Null  Qnatenuons,     122-131 

[Art.  134,  The  reoiprocal  of^»-iB^B-;    Lq  -  Lq*  \  Ax.  ^  s  .  Ax.  ^, 

p.  122. — Art.  136,  As  in  algebra  9'  »  -  « 1 :  ?,  P*  123. — Art.  136,  And  q'*  :q-gf'  * q* 

9 

-  q"  •  -$  P*  123. — Art.  137,  Conjugate  of  quaternion,  p.  123. — Art.  138,  iKq^  Lq; 

9 
Ax.  Kjr  =  -  Ax.  q^  p.  124. — Art.  139,  E^  s  q^  if^isaacalar;  and conTersely,  p.  124. 

— Art.  140,  g  +  K^  is  a  scalar,  p.  126. — ^Art.  141,  Which  is  zero  if  Z  9  »  ^1  p.  126. 

— Art  142,  And  conTersely.    More  generally  (^  +  Eg  >  »  or  <  0,  if  Z  ?  <  s  or  >  -, 

and  conTersely,  p.  126. — ^Art  143,  Opposite  of  a  quaternion,  p.  126. — Art.  144,  Of 

a  right  quotient.    E  -  +  -  =  0  is  the  equation  of  a  plane  (1) ;  and  E---b0  of  a 
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right  line  (2),  p.  126.— Art.  146,E3sEE  s  1 ;  E(-  g)  «  -  Eg;  E-  s=^;  gEg-Ng 

q    ^9 

=  (Tgft  p.  127.] 

Section  7. — On  Eadial  Quotients;  and  on  the  Square  of  a  Quaternion,    .       131-134 

[Art.  146,  Definition  of  a  Badial  (or  Versor),  p.  131. — Art.  147,  t  1  are  limiting 
cases  of  radials.     Right  radial,  p.  132. — Art  148,  The  square  of  a  right  radial  is  -  1. 

Generally  g*  -  -  Ng  if  Z.  g  »  -,  p.  132. — ^Art  149,  V^  ~  1  has,  in  this  Calculus,  an  in- 
finite numher  of  yalues  of  two  classes — geometrical  Beals  and  geometrical  Imaginaries. 
Equation  of  circle,  p.  133. — Art.  160,  Reciprocal,  conjugate  and  opposite  of  a  Right 
Badial,  p.  134.] 

Section  8. — On  the  Versor  of  a  Quaternion,  or  of  a  Vector ;  and  on  some 

General  FormulsB  of  Transformation, 135-143 

[Art.  161-2,  Radials  and  Yersors  differ  only  in  the  point  of  view  from  which  they 
are  regarded,  p.  136. — Art.  153-4,  Deduction  of  properties  proved  in  Arts.  147-8  when 
a  versor  is  regarded  as  a  factor,  p.  135. — Art.  166,  Ua  denotes  a  unit  vector  having  the 
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same  direction  as  a,  p.  136. — Art.  166,  And  Ug  =  U-  =  =-  denotes  the  versor  of  g, 

p.  136. — Art  167,  Ug  depends  only  on  relative  direction,  and  is  uniquely  determined 

by  z.  Ug  =  ^  g  and  Ax.  Ug=  Ax.  g;  and  conversely,  p.  137.— Art  168,  EUg  =  ~  =  U- 

B  UEg,  p.  138.— Art.  159,  Vxq  «  +  Ug  or  -  Ug  according  as  the  scalar  a;  >  or  <  0, 
whether  g  is  a  quaternion  or  a  vector,  p.  139. — Art.  160,  IP  =  UU  =  U,  p.  140. — 
Art.  161,  Tranrformations  of  Ug.    Geometrica  proofs  and  illustrations,  p.  140.] 

In  the  five  foregoing  Sections  it  is  shown,  among  other  things,  that  the  plane  of  a 
quaternion  is  generally  an  enmtial  element  of  its  constitution,  so  that  diplanar  quaternions 
are  unequal;  but  that  the  square  of  every  right  radial  (or  right  vereor)  is  equal  to  negative 
unilfy  whatever  its  plane  may  be.  The  Sgmbol  V-  1  admits  then  of  a  real  interpretatum^ 
in  this  as  in  several  other  systems ;  but  when  thus  treated  as  real^  it  is  in  the  present  Cal* 
cuius  too  vague  to  be  useful :  on  which  account  it  is  found  convenient  to  retain  the  old 
eign^fieaium  of  that  symbol,  as  denoting  the  (uninterpreted)  Imaginary  of  Algebra,  or 
▼hat  may  here  be  called  the  eealar  imaginary y  in  investigations  respecting  non-real  inter- 
eeeti&HSy  or  non^real  eontaets,  ia  geometry. 
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Section  9. — On  Yector-ArcB,  and  Vector- Angles,  considered  as  Represen- 
tatives of  Yersors  of  Quaternions  ;  and  on  the  Multiplication  and 
Division  of  any  one  such  Versor  by  another, 143-166 

This  Section  is  important,  on  account  of  its  eomtruetiont  of  multiplication  and  diviAion ; 
which  show  that  the  product  of  ttoo  diplanar  vtrtorsy  and  therefore  of  two  such  qttatemions, 
is  not  independent  of  the  order  of  the  f acton, 

[Art.  162,  Vector  Arcs,  p.  143. — Art.  168|  a  ba  b=  a  dc  and  n  ac  «  n  bd  if  n  ab 
B  n  oj),  p.  143. — Arts.  164-5,  Conditions  of  equality,  p.  144.— Art.  166,'Great  semi- 
circular arcs,  p.  145. — Art.  167,  Representation  of  the  product  of  two  versors  by  a 
vector  arc,  p.  146. — Art  168,  The  multiplication  of  versors  is  not  commutative, 
p.  147. — Art.  169,  Unless  the  versors  are  coplanar,  p.  148. — ^Art.  170,  For  right 

.e«or.  „'.  Kj-e -^,  M48.-Art.  m.  If  their  pl«.e.  Te  t  right  angle..  J', 

==  ~  i^^'  is  a  light  versor  in  the  plane  at  right  angles  to  both,  149. — Art.  172,  Bepre- 
sentation  of  division  of  versors,  p.  150. — Art.  173,  q  (9"  :  9)  =  /'  only  if  9"  \\\i\ 
and  conversely,  p.  160. — Art.  174,  Vector  angles,  p.  151. — Ait.  175,  Employed  to 
construct  the  product  ;V>  P-  ^^l- — Art.  176,  Second  construction,  p.  152. — ^Art.  177, 
Sense  of  the  rotation  produced  hy  q'q^  p.  152. — ^Art.  178,  Illustration  by  vector 
angles  of  the  inequality  of  q'q  and  9^,  p.  153. — ^Art.  179,  Division  of  versors. 
Conical  rotation,  p.  154. — Art.  180,  Sense  of  rotation  round  poles  of  sides  of  spheri- 
cal triangle.    Arcual  sum.    Spherical  sum,  p.  155.] 

Sbctioit  10. — On  a  System  of  Three  Right  Versors,  in  three  Kectangular 

Planes;  and  on  the  Laws  of  the  Symbols,  ijlc^  ....       157-163 

[Art.  181,  Versors  t,y,  and  A  variously  expressed  as  quotients,  p.  157. — Art.  182, 

I.  i«=-l;>«  =  -l;  *»=:-l.  XI.  v  =  ;t;y;fc  =  i;  )fct=>.  \\\,  ji^-k\  m^^%\ 
ik  b:  -j\  p.  157. — Art.  183,  The  associative  propeily  of  multiplication  proved  for 
f,  j,  and  * ;  Fundamental  Formula  •«  =j^  =  A»  =  (;*  =  -  1.    (A),  p.  159.— Art.  184, 

II.  and  III.  derived  from  (A),  p.  161.] 

The  student  ought  to  make  himself  familiar  with  these  laws,  which  are  all  included 
in  the  Fundamental  Formula, 

»«=y«  =  A:«'=v*  =  -l.  (A) 

In  fact,  a  Quatbrniok  may  be  tf^miolically  defined  to  be  a  Quadrinomial  Expreuion  of  the 
form, 

^  =  u>  +  m:  +yy  +  *2,  (B) 

in  which  tr,  x,  y,  z  are  four  eealare,  or  ordinary  algebraic  quantities,  while  i,  J,  h  are 
three  new  tjfmbols,  obeying  the  laws  contained  in  the  formula  (A),  and  therefore  not 
tuijeet  to  all  the  usual  rules  of  algebra :  since  we  have,  for  instance, 

V=  +  A,    but   ji^-k;    and    ♦»/*«  =  -((;*)». 

SiECTioir  11. — On  the  Tensor  of  a  Vector,  or  of  a  Quaternion;  and  on  the 

Product  or  Quotient  of  any  two  Quaternions, 163-176 

[Art.  185,  Tensor  of  a  vector,  p.  163.— Art.  186,  Acts  of  Tension  and  Version. 
Examples  on  the  plane  and  sphere,  p.  164. — Art.  187,  Tensor  of  a  quaternion. 
Examples,  p.  167.— Ait.  188,  Decomposition  of  a  quaternion  into  Tensor  and  Versor, 
p.  169. — Art.  189,  Distinct  and  partial  acts  of  Tension  and  Version,  p.  169. — 
Art.  190,  Transformations  of  T^,  p.  170. — Art.  191,  Tensors  and  Versors  of  products 

and  quotients,  p.  171.— Art.  192,  -;-«=-.-;  Y.q'q  =  TLq .  Kj'.  Examples  on  circles, 
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p.  173. — Art.  193,  Quotient  of  two  right  quaternions  is  equal  to  the  quotient  of 

their  indices,  or  q' :  q  ^  Iq'  :  I^,  p.  174.— Art.  194,  And  q'q  =  Iq'  :  lq-\  if 
it?  =  il^'-^,p.  175.] 
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Section  12. — On  the  Sum  or  Difference  of  any  two  Quaternions;  and  on 

the  Scalar  (or  Scalar  Fart)  of  a  Quaternion, 176-193 

[Art.  195,  For  any  two  Quaternions  addition  it  oommutatiYe,  9  ^  ^^g'  +  g  and 
K(^+  ^)  =  E^'  +  K^,p.  176.— Art  196,  Introduction  of  symbols.  8  =  J(l  +K)  =  SK. 
Examples  on  the  plane  sphere  and  cyclic  cone,  p.  177.  —Art.  197,  The  sum  of  the 
scalars  of  any  number  of  quaternions  is  the  scalar  of  the  sum,  p.  185. — Art.  198, 
Scalar  of  a  product,  quotient,  p.  186. — Art.  199,  Or  square,  p.  187. — Art.  200, 
Tensor  and  norm  of  the  sum  of  two  quaternions.    Transformations,  p.  189.] 

Sbctiok  13. — On  the  Right  Fart  (or  Vector  Fart)  of  a  Quaternion;  and  on 

the  Distributive  Froperty  of  tiie  Multiplication  of  Quaternions,       .       192-242 

[Art.  201,  Determinate  decomposition  of  a  vector  along  and  at  right  angles  to 
a  given  direction,  p.  192. — Art  202,  And  of  a  quaternion  into  a  scalar  and  a  right 
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quotient,  p.  193. — Art.  203,  0  ssS     ,a  and  ^"  »  Y  -  .  a  are  projections  of  ob  along 

a  a 

and  at  right  angles  to  oa.  Right  line  and  cylinder,  p.  194. — Art.  204,  Properties  of 
y^.  Cylinders,  spheroids,  *and  ellipsoids,  p.  196. — Art.  205,  Y  is  a  distributiye 
symbol,  p,  204.— Art.  206,  l\  {q  +  ^T  «  lY^  +  lY^',  p.  205.— Art.  207,  The  general 
addition  of  quaternions  is  commutatiYe  and  associatiye,  p.  206. — Art  208,  Quotient 
and  product  of  two  right  parts.  Spherical  trigonometry,  p.  207. — Art.  209,  Collinear 
quaternions,  p.  210. — ^Art.  210,  The  multiplication  of  collinear  quaternions  is  doubly 
distributive.  Trigonometry,  p.  211. — Art.  211,  Multiplication  of  right  parts,  p.  218. 
Art.  212,  In geneml  Xglg' «  iqq',  p.  219.— Art.  213,  Chords ;  Art.  214,  secants ;  and 
Alt  215,  tangent-cones  to  a  sphere,  pp.  220,  223,  225. — Art  216,  Ellipsoid,  circular 
sections,  cyclic  planes,  p.  230. — Art.  217,  Hamilton's  construction,  p.  232. — Art.  218, 
Geometrical  consequences  of  the  construction,  p.  236. — Art.  219,  Semi-axes.  Spherical 
conies,  p.  238. — Art.  220,  Transformations  of  the  Quaternion  equation  of  the  ellipsoid, 
p.  240. 

SscTioK  14. — On  the  Eeduction  of  the  General  Quaternion  to  a  Standard 
Quadrinomittl  Form ;  with  a  First  Froof  of  the  Associative  Frinciple  of 
Multiplication  of  Quaternions, 242-249 

Arts.  213— 220  (with  their  sub-articles),  in  pp.  220-242,  may  be  omitted  at  first  reading. 

[Art.  221,  Standard  quadrinomial  form  of  a  quaternion,  p.  242.— Art.  222, 
Ezpiesaion  for  derived  functions.  Law  of  the  Norms,  p.  243. — Art.  223,  Proof  of  the 
associative  principle  of  Multiplication.  Examples  and  Interpretations,  p.  245. — Art. 
224,  Sketch  of  further  treatment  of  the  subject,  p.  249.] 


CHAPTER  II. 


On  COICPLANAH  QUATISENIOKS,  OB  QUOTIENTS  OF  YsCTOBS  IN  OnX  FlANB;  AND 
ON  FOWSRB,  KOOTS,  AND  LoeABTTHHS  OF  QuATEENIONS. 

The  first  six  Sections  of  this  Chapter  (II.  ii.)  may  be  passed  over  in  a  first  perusal. 

Sbchon  1. — On  Complanar  Froportion  of  Vectors;  Fourth  Froportional  to 

Three,  Third  Froportional  to  Two,  Mean  Froportional,  Square  Root ; 

Oeneral  Beduction  of  a  Quaternion  in  a  given  Flane,  to  a  Standard 

Binomial  Form, 250-256 

[Art.  225,  Quatemions  and  vectors  in  a  given  plane,  p.  260. — ^Art.  226,  Fourth 
proportional  to  three  coplanar  vectors,  p.  250. — Art.  227»  Continued  proportion. 
Mean  proportional,  p.  251. — ^Art.  228,  Standard  binomial  form.    Couples,  p.  254.] 
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Section  2. — On   Continued  Proportion  of  Four  or  more  Vectors;  whole 

Powers  and  Boots  of  Quaternions ;  and  Roots  of  Unity,  .  256-261 

[Art.  229,  Powers  and  roots  of  quaternions,  p.  266. — Art.  280,  Cube  roots. 
Illustration,  p.  266.— Art.  231,  Principal  cube  root,  p.  267  —Art.  232,  y/"IT  ^»* 
three  real  quaternion  values,  p.  267. — Art.  233,  Fractional  powers.  GenenJ  roots  of 
unity,  p.  268 Art.  234,  Scalar  fractional  exponents,  p.  260.] 

Sbciiok  3. — On  the  Amplitudes  of  Quaternions  in  a  given  Plane ;  and  on 
Trigonometrical  Expressions  for  such  Quaternions,  and  for  their 
Powers, 262-268 

[Art.  236,  Amplitude  of  a  quaternion,  p.  262. — Art.  236,  Addition  and  subtraction 
of  amplitudes.  Examples,  p.  264. — Art.  237,  Powers  with  scalar,  p.  266. — Art. 
238,  And  with  coplanar  quaternion  exponents,  p.  268.] 

Section  4. — On  the  Ponential  and  Logarithm  of  a  Quaternion;  and  on 

Powers  of  Quaternions,  with  Quaternions  for  their  Exponents,         .       268-276 

[Aii.  239,  Ponential  of  a  quaternion  PC^j,  p.  268. — ^Art.  240,  Exponential  property 
Pte'  +  9l  =•  P^'Pj",  if  ^'  III  9"f  P-  270.— Art.  241,  TP(«  +  iy)  =  P(a?) ;  UP(*  +  iy) 
=  Pty  ;  connexion  ¥rith  trigonometry,  p.  271. — Art.  242,  Imponential,  p.  274  ;  and 
Art.  243,  logarithm  of  a  quaternion,  p.  276.] 

Sectiok  5. — On  Finite  (or  Polynomial)  Equations  of  Algebraic  Form,  in- 
volving Complanar  Quaternions ;  and  on  the  Existence  of  n  Heal 
Quaternion  Hoots,  of  any  such  Equation  of  the  w**  Degree,     .         .       277-288 

[Art.  244-8,  Statements  of  the  theorem  that  Fm^  b  ^  -f  q\g(^^  +  • . .  +  ^»  -  0  has  ft 
real  quaternion  roots,  pp.  277-78. — Art.  249,  Transformation  of  the  equation,  p.  278. 
— Art.  260,  Geometrical  statement,  p.  279. — Art.  261,  Construction  of  ovals,  p.  279. 
— Art.  262,  Geometrical  proof,  p.  280. — Art.  263,  Quadratic  equation,  p.  281. — Art. 
264,  Second  geometrical  proof,  p.  284. — Art.  266,  Construction  of  triangle,  given  base, 
product  of  sides,  and  difference  of  base  angles,  p.  287.] 

Section  6. — On  the  n*  -  n  Imaginary  (or  Symbolical)  Boots  of  a  Quaternion 
Equation  of  the  n**  Degree,  with  Coefficients  of  the  kind  considered  in 
the  foregoing  Section, 288-292 

[Art.  266,  Quaternion  oi  couple  equation  equivalent  to  a  system  of  two  scalar 
equations,  p.  288.— Art.  267,  Imaginary  quaternion  solutions.  The  general 
quaternion  equation  has  n*  roots,  p.  290.] 

SscnoN  7. — On  the  Beciprocal  of  a  Vector,  and  on  Harmonic  Means  of 
Vectors  ;  with  Remarks  on  the  Anharmonic  Quaternion  of  a  Group  of 
Four  Points,  and  on  Conditions  of  Concircularity,    ....       298-800 

[Art.  268,  Reciprocal  of  a  vector,  p.  293. — Art  269,  Reciprocal  of  a  sum  or 
difference.  Anharmonic  quaternion  function  of  a  group  of  four  points,  p.  293. — 
Arts.  260*1,  Circular  and  harmonic  groups,  pp.  296,  298.] 

In  this  List  Section  (II.  ii.  7)  the  short  first  Article  268,  and  the  following  Art.  269, 
as  far  as  the  formula  VIII.  in  p.  294,  should  be  read,  as  a  preparation  for  the  Third 
Book,  to  which  the  Student  may  next   roceed. 
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CHAPTER  III. 

On    Diplanak    QuATBBiriovn,   or    Quotients    of  Vbctoiw  in   Spacr  :    and 

XSPECIAIXT   OK    THE   AjSOCIATITB    PRINCIPLE   OF   MULTIPLICATION   OF  SUCH 
QUATEBNIONS. 

This  Chapter  may  be  omitted,  in  a  first  peruaal. 
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Section  1. — On  some  Eniinciations  of  the  Associative  Property,  or  Principle, 

of  Multiplication  of  Dip] anar  Quaternions, 301-307 

[Art.  262,  q'g  =  t  il  q'  ==  #r,  #'  =  r^,  and  t  =  m',  p.  301.— Art.  268,  System  of 
planes  of  the  six  quaternions  q,  r,  «,  «',  q',  t,  p.  302. — Art.  264,  Enunciations  of  the 
principle  in  the  fonn  of  theorems  concerning  vector-arcs,  p.  302 ;  and  Art.  265, 
Vector-angles,  p.  304  ;  and  Arts.  266-7,  A  hexagon  inscribed  in  a  sphere,  pp.  305, 
306,  and  Art.  268,  A  pencil  of  six  rays  in  space,  p.  306.] 

Skgtion  2. — On  some  Geometrical  Proofs  of  the  Associative  Property  of 
Multiplication  of  Quaternions,  which  are  independent  of  the  Distribu- 
tive Principle,        308-312 

[Art.  269,  Nature  of  proofs,  p.  308.— Art.  270,  Proof  of  the  theorems  of  Art.  264 
by  means  of  cyclic-arc  properties  of  a  sphero-conic,  p.  308,  and  Art.  271,  Of  that  of 
Art  265  by  its  focal  properties,  p.  310,  and  Art.  272,  Of  that  of  Arts.  266-7  by  stereo- 
graphic  projection,  p.  310.] 

SscnoN  3. — On  some  Additional  FormulsB, 313-317 

[Art.  273,  Norm  and  Tensor  of  a  vector,  p.  318.— Art.  274,  Transformations  of 
the  equation  of  the  ellipsoid ;  Square  root  of  a  quaternion  and  of  zero ;  Biquater- 
nioDs,  p.  313.] 


BOOK   III. 

ON  QUATERNIONS,  CONSIDERED  AS  PRODUCTS  OR  POWERS 
OF  VECTORS ;  AND  ON  SOME  APPLICATIONS  OP  QUATER- 
NIONS,          321  to  the  end. 

CHAPTER  I. 

Ok  the  Intbrf&btation  of  a  Peoduct  of  Yxctobs  oe  Power  of  a  Yegtob, 

as  a  quatsbnion. 

The  flnt  six  Sections  of  this  Chapter  ought  to  be  read,  even  in  a  first  perusal  of  the  work. 

SscnoN  1. — On  a  First  Method  of  Interpreting  a  Product  of  Two  Vectors 

as  a  Quaternion, 321-322 

[Art.  275-7,   Introductory,  p.  321.— Art.  278,   First  definition  of  a  product  of 
Teetors  ^a  «  i9  :  Ba,  p.  822.] 
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Sbciiok  2.—  On  some  Consequences  of  the  foregoing  Interpretation,  322-328 

[Art.  279,  ^a  =  Ea/8,  p.  322.^Art.  280,  Miiltiplication  of  Tectors  is  doubly  diatri- 
butiye.  /9  (a + a)  =  fia  +  fia\  p.  323. — Art.  281 ,  Products  of  parallel  and  perpendicular 
TectorB.    Examples.    Trigonometrical  expressions,  p.  323. — Art.  282,  Square  and 

reciprocal  of  a  yector  a^  »  -  Ta'  ;  Ba  b  -  =  a~^    Examples  on  spheres,  p.  826.] 

This^r«/  interpretation  treats  ihe product  fi,a,  bb  equal  to  the  quotient  $:a'^;  where 
a~^  (or  Ba)  is  the  previously  defined  Reciprocal  (II.  ii.  7)  of  the  yector  a,  namely  a  second 
veetory  which  has  an  inverse  lengthy  and  an  opposite  direction.  Multiplication  of  Vectors  is 
thus  proyed  to  be  (like  that  of  Quaternions)  a  JHstributivSy  but  not  generally  a  Commutative 
Operation.  The  Square  of  a  Vector  is  shown  to  be  always  a  Negative  Scalar,  namely  the 
negative  of  the  square  of  the  tensor  of  that  yector,  or  of  the  number  which  expresses  its 
length ;  and  some  geometrical  applications  of  this  fertile  principle,  to  spheres,  &c.,  are 
giyen.  The  Index  of  the  Right  Fart  of  a  Froduet  of  Ttro  Cdnitial  Vectors,  oa,  ob,  is 
proyed  to  be  a  right  line,  perpendicular  to  the  Plane  of  the  Triangle  oab,  and  representing 
by  its  length  the  Double  Area  of  that  triangle ;  while  the  Rotation  round  this  Index,  from 
the  Multiplier  to  the  Multiplicand,  vs  positive.  This  right  part,  or  vector  part,  Ya$,  of  the 
product  vanishes,  when  ihe  factors  are  parallel  (to  one  common  line) ;  and  the  scalar  part, 
So^,  when  they  are  rectangular. 

Section  3. — On  a  Second  Method  of  arriving  at  the  same  Interpretation,  of 

a  Binary  Product  of  Vectors, 329-330 

[Art.  283,  Connexion  between  Right  Quaternion  and  its  Index.  I.  W  «  Iv,  if 
f'  =  V,  and  conversely.  II.  I  (v'  ±  v)  =  Iv'  ±  Iv.  III.  Iv'  :lv  =  v':v,  IV.  EIv  = 
IRv,  p.  329. — Art.  284,  The  formula  Iv' .  It;  »  v'v  «  fia,  is  substantially  identical 
with  the  definition  of  278,  p.  329.] 

Section  4. — On  the  Symbolical  Identification  of  a  Eight  Qnatemion  with  its 
own  Index :  and  on  the  Construction  of  a  Product  of  Two  Rectangular 
Lines,  by  a  Third  Line,  rectangular  to  both, 331-334 

[Art.  285,  How  far  is  the  substitution  of  a  right  quaternion  for  its  index  permis- 
sible? p.  331. — Art.  286,  This  substitution  is  consistent  with  the  First  Book,  p.  331. 
—Art.  287-8,  And  with  the  Second,  p.  332.-- Art.  289,  And  is  therefore  adopted,  p.  333. 
— Art.  290,  Product  of  two  rectanguUir  lines  a  line  at  right  angles  to  both,  p.  333.] 

Section  5. — On  some  Simplifications  of  Notation,  or  of  Expression,  resulting 
from  this  Identification ;  and  on  the  Conception  of  an  Unit-Line  as  a 
Right  Versor, 334-337 

[Art.  291,  Suppression  of  the  symbols  I  and  Ax.  «  UY,  p.  834.— Ait.  292,  and 
of  the  terms  Bight  Part  and  Index-vector,  p.  385. — ^Art.  293,  Conception  of  a  unit-line 
as  a  right  rersor,  p.  336.] 

In  this  second  interpretation,  which  is  found  to  agree  in  all  its  results  with  the  first, 
but  is  better  adapted  to  an  extension  of  the  theory,  as  in  the  following  Sections,  to 
ternary  products  of  vectors,  a  product  of  two  vectors  is  treated  as  the  product  of  the  two 
right  quaternions,  of  which  those  vectors  are  the  indices  (II.  i.  6).  It  is  shown  that,  on 
the  same  plan,  the  Sum  of  a  Scalar  and  a  Vector  is  a  Qitatet'nion. 


/ 


TABLE  OF  CONTENTS.  xxvu 

Pages 

Section  6. — On  the  Interpretation  of  a  Product  of  Three  or  more  Vectors 

as  a  Quaternion, 387-356 

[Art.  294,  Muldplieation  of  yeotoTS  ii  a  special  case  of  multiplicatioa  of  Quater- 
nions. Bzamples  on  products  of  three  vectors,  p.  887. — Art.  295,  Standard  trinomial 
form  for  a  Tector.  Cartesian  expressions .  Product  of  any  number  of  yectors,  p.  844 . 
Art.  296,  On  the  product  of  sides  of  polygons  inscribed  in  a  sphere.  Anharmonio 
functions,  p.  347.] 

This  interpretation  is  affected  by  the  substitution,  as  in  recent  Sections,  of  Might 
QmaUmumi  for  Vwtort,  without  change  of  order  of  the  faetort.  MuUiplication  of  Tectort^ 
like  that  of  Quaternions,  is  thus  proved  to  be  an  AttocUttive  Operation,  A  vector, 
generally,  is  reduced  to  the  Standard  Trinomial  Formt 

p  =  i«  +il^  +  *» ;  (C) 

in  which  i,j\  A;  are  the  pecuUar  symbols  already  considered  (II.  i.  10),  but  are  regarded 
note  as  denoting  I%r«o  MoctanguUr  Voetor'Unitt,  while  the  throe  tealare  x^  y,  f  are  simply 
roetangulaT  eo-ordinatee ;  from  the  known  theory  of  which  last,  illustrations  of  results 
are  derived.  The  Soalar  of  the  Ftoduet  of  Three  coinitial  VeetorOy  OA,  on,  oc,  is  found 
to  represent,  with  a  eign  depending  on  the  directum  of  a  rotation^  the  Volume  of  the 
Pmrallelepiped  under  these  three  lines ;  so  that  it  vaniehee  when  they  are  eomplanar, 
Oonetrueiicne  are  given  also  for  prodmte  of  eueoeeeive  eidea  of  triangUe^  and  other  elo»ed 
poUfgom^  inscribed  in  Hrelee,  or  in  epheres;  for  example,  a  eharaeterietie  property  of  the 
circle  is  contained  in  the  theorem,  that  the  product  of  the  four  successive  sides  of  an 
ineeribed  quadrilateral  is  a  eoalar :  and  an  equally  characterietic  (but  less  obvious)  property 
of  the  ephere  is  included  in  this  other  theorem,  that  the  product  of  ike  Jive  successive  sides 
of  an  ineeribed  gauche  pentagon  is  equal  to  a  tangential  vector ^  drawn  from  the  point  at 
which  the  pentagon  begins  (or  ends).  Some  general  Formula  of  Transformation  of  Vector 
Expreesions  are  given,  with  which  a  student  ought  to  render  himself  very  familiar^  as 
they  are  of  continual  occurrence  in  the  practice  of  this  Calculus;  especially  the  four 
formulsB  (pp.  337,  339) : 

V .  7Vi8«  =  aSi87  -  /SSyji  ;  (D) 

V7/5a  =  aS/By  -  /5Sya  +  ySa/S ;  (E) 

p^aky  =  «8iByp  +  ^Sw  +  y^^p ;  (^) 

pSojB7  =  V/SySop  +  VyoS/lp  +  Va^Sp7  ;  (O) 

in  which  a,  jB,  7,  p  are  any  four  vectors,  while  S  and  V  are  signs  of  the  operations 
of  taking  separately  the  scalar  and  vector  parts  of  a  quaternion.  On  the  whole,  this 
Section  (III.  i.  6)  must  be  considered  to  be  (as  regards  the  present  exposition)  an 
important  one ;  and  if  it  have  been  read  with  care,  after  a  perusal  of  the  portions 
previously  Indicated,  no  difficulty  will  be  experienced  in  passing  to  any  subsequent 
Implications  of  Quaternions,  in  the  present  or  any  other  work. 

ScGTiov  7.— On  the  Fourth  Proportional  to  Three  Diplanar  Vectors,  366-379 

[Art.  297,  The  Quaternion  fourth  proportional  to  three  diplanar  vectors  /3a- '7. 
Areas  of  spherical  triangles  and  polygons,  p.  356.— Art.  298,  Modifications  when  the 
sides  of  the  triangle  are  greater  than  quadrants,  p.  372. — Art.  299,  Exceptional  case 
of  quadrantal  triangle.    Fourth  proportional  to  three  rectangular  vectors,  p.  377.] 

Sechok  8. — On  an  Equivalent  Interpretation  of  the  Fourth  Proportional 
to  Three  Diplanar  Yectors,  deduced  from  the  Principles  of  the  Second 
Book, 379-393 


[Art.  300,  By  Book  II.  (/B  :  o)  7  =  3  +  «*,  «  being  a  fourth  proportional  to  three 
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given  rectangular  unit-lines,  p.  379.— Art.  301,   Before  adopting  -  7  "-r?'*   if 
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-—,—,=  1,  p.  382. — Art.  302,    Two  testa  are  applied,  and  found  to  be  satisfied, 
07  3 

p.  382. — Art.  803,   Consequently,  adopting  the  formula  of  801,  if  v  is  a  right 

quaternion,  v^Iv  =  «,  p.  883. — Art.  304,  and  aa  a  further  consequence  {0:a)y  ^ 

B  +  eu,  u  being  now  the  same  for  all  systems  of  mutually  rectangular  lines.  Spherical 

parallelograms,  p.  385.— Art.  306,   Series  of  spherical  parallelograms,  p.  387. — 

Art.  306,  Construction  of  the  series,  p.  390.] 

Sbction  9. — On  the  Third  Method  of  interpreting  a  Product  or  Function  of 
Vectors  as  a  Quaternion ;  and  on  the  Consistency  of  the  Eesults  of  the 
Interpretation  so  obtained,  with  those  which  have  been  deduced  from 
the  two  preceding  Methods  of  the  present  Book,      ....       394-396 

[Art.  307,  Fourth  unit  u,  p.  394.] 

These  three  Sections  may  be  passed  oyer,  in  a  first  reading.  They  contain,  however, 
theorems  respecting  eompotition  of  auceetnve  rotatumn  (pp.  360,  361,  see  also  p.  368) ; 
expressions  for  the  $&mi-area  qfa  tpherieal  polygon^  or  for  htU/the  opening  of  an  arbUrttiy 
pyramid,  as  the  angle  of  a  quaternion  product,  with  an  extension,  by  limits,  to  the 
semi-area  of  a  spherical  figure  bounded  by  a  eloeed  curve,  or  to  half  the  opening  of  an 
arbitrary  cone  (pp.  368,  369) ;  a  construction  (pp.  390-392),  for  a  eeriee  qf  epherical 
parallelograme,  so  called  from  a  partial  analogy  to  parallelogzams  in  a  plane;  a  theorem 
(p.  393),  connecting  a  certain  system  of  euch  (spherical)  parallelograms  with  the/o^  of  a 
spherical  conic,  inscribed  in  a  certain  quadrilateral ;  and  the  conception  (pp.  384,  394)  of  a 
Fourth  Unit  in  Space  {u,  or  +  1),  which  is  of  a  tcalar  rather  than  a  vector  character,  as 
admitting  merely  of  change  of  sign,  through  reversal  of  an  order  of  rotation,  although  it 
presents  itself  in  this  theory  as  the  Fourth  Fhiportional  iif-^k)  to  Three  Rectangular 
Vector  Unite, 

Section  10. — On  the  Interpretation  of  a  Power  of  a  Vector  as  a  Quaternion,  396-420 

[Art.  308,  A  power  of  a  vector  ia  a  quaternion,  p.  396. — Ait.  309,   and  a 
quaternion  may  be  regarded  as  a  power  of  a  vector.      Proof  of  the  equation 
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yn  pr  gw  s  -  1,  p.  399.— Art.  310,  which  includes  the  whole  doctrine  of  Spherical 
Triangles.  Spherical  sum  of  angles,  p.  404. — ^Art.  311,  And  arcual  addition  of 
aides,  p.  407.~Art.  312,  Solution  of  the  equation  of  309,  p.  408.— Art.  313,  Ex- 
tension to  spherical  polygons,  p.  414.— Art.  314,  Geometrical  loci  and,  p.  417. — 
Art.  315,  Transformations  connected  with  the  powers  of  vectors,  p.  420.] 

It  may  be  well  to  read  this  section  (III.  i.  10),  especially  for  the  Sxponential 
Conncxiont  which  it  establishes,  between  Quaternions  and  Spherical  Trigonometry,  or 
rather  Folygonometry,  by  a  species  of  extension  qf  Moivre*s  theorem,  from  the  plane  to 
space,  or  to  the  sphere.  For  example,  there  is  given  (in  p.  417)  an  equation  qfsix  terms, 
which  holds  good  for  every  spherical  pentagon,  and  is  deduced  in  this  way  from  an 
extended  exponential  formula.  The  calculations  in  the  sub-articles  to  Art.  312  (pp.  409- 
414)  may  however  be  passed  over;  and  perhaps  Art.  316,  with  its  sub-articles  (p.  420). 
But  Art.  314,  and  its  sub-articles,  pp.  417-419,  should  be  read,  on  account  of  the 
exponential  forms  which  they  contoin,  of  equations  of  the  circle,  ellipse,  logarithmic  spirals 
(circular  and  elliptic),  helix,  and  screw  surface. 

Skction  11. — On  Powers  and  Logarithms  of  Diplanar  Quaternions;  with 

some  Additional  FormulsB, 421-429 

[Art.  316,    Powers,  logarithms,  and  trigonometrical  functions  of  quaternions. 
Supplementary  formula,  p.  421.] 

It  may  suffice  to  read  Art.  316,  and  its  first  eleven  sub-artioles,  pp.  421-423.    In  this 
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Section,  the  adopted  Logariikm^  1^,  of  a  quaternion  g,  is  the  HmpUst  root^  q\  of  the 
tmucendental  equation, 

and  its  expression  is  found  to  be, 

\q^Vtq-\-Lq,Jnq  (H) 

in  which  T  and  U  are  the  signs  of  tmuor  and  v$rtor,  while  Z.  ^  is  the  angle  of  9,  supposed 
usually  to  be  between  0  and  v.  Such  lofforithnu  are  found  to  be  often  useful  in  this 
Calculus,  although  they  do  not  genwaUy  possess  the  elementary  property,  that  the  turn 
of  the  logarithms  of  two  quaternions  is  equal  to  the  logarithm  of  their  product :  this 
apparent  paradox,  or  at  least  d&vuUionfTim  ordinary  algebraic  rulee,  arising  necessarily 
from  the  corresponding  property  of  quaternion  muUipUeoHonf  which  has  been  already 
seen  to  be  im^  generally  a  commutative  operation  (g'q"  ^*  *"  ^V»  unless  q'  and  q"  be 
eomplanar).  And  here,  perhaps,  a  student  might  consider  his  Jlrtt  perueal  of  this  work 
tacUeed,* 
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CHAPTER  II. 

Ok   D1PFEBEKTIAL8  AKB  DFVELOPlUSiniS  OF  FtTHOTIOKS  of  QUATEENIONS;    AND 
OS  SOUS  APPLICAnOKS  OF  QUAISBKIONS  TO  GeOMBIBICAL  AND  PHYSICAL 

QuBsnoHS. 

It  has  been  already  said,  that  this  Chapter  may  be  omitted  in  a  first  perusal  of  the  work. 

SscnoK  1. — On  the  Definition  of  Simultaneous  Differentials,  .  430-432 

[Art.  317,  Introductory,  p.  430. — Art.  318,  The  usual  definitions  of  differential 
coefficients  and  of  deriyed  coefficients  being  inapplicable,  p.  430. — ^Arts.  319,  320, 
Differentials  of  quaternions  are  defined,  p.  431.— Art  321,  Simultaneous  differen- 
tials, p.  482.] 

Ssciioir  2. — Elementary  Illustrations  of  the  Definition,  from  Algebra  and 

Geometry, 432-437 

[Art.  822,  Illustration  from  Algebra,  p.  432.— Art.  323,  And  from  geometry, 
p.  486.] 

In  the  view  here  adopted  (comp.  I.  iii.  7),  differentiale  are  not  neeeesarily,  nor  even 
generalfyf  email.  But  it  is  shown  at  a  later  stage  (Art  401),  that  the  principles  of  this 
Calculus  aUow  us,  wheneyer  any  advantage  may  be  thereby  gained,  to  treat  differentials 
as  infimteeimale;  and  so  to  abridge  ealeulaiion,  at  least  in  many  applications. 

*  If  he  should  choose  to  proceed  to  the  Differential  Caleuhu  of  Quatemione  in  the  next 
Chapter  (III.  ii.),  and  to  the  Geometrical  and  other  Applications  in  the  third  Chapter 
(III.  iii.)  of  the  present  Book,  it  might  be  useful  to  read  at  this  stage  the  last  Section 
(I.  iii.  7}  of  the  First  Book,  which  treats  of  Differentials  of  Vectors  (pp.  96-102) ;  and 
perhaps  the  omitted  parts  of  the  Section  II.  i.  13,  namely  Articles  213-220,  with  their 
eub-artides  (pp.  220-242),  which  relate,  among  other  things,  to  a  Construction  of  the 
£Uipsoidf  suggested  by  the  present  Calculus.  But  the  writer  will  now  abstain  from 
making  any  further  suggestions  of  this  kind,  after  having  indicated  as  above  what 
appeared  to  him  a  minimum  course  of  study,  amounting  to  rather  less  than  200  pages  (or 
parts  of  pages)  of  this  Volume,  which  will  be  recapitulated  for  tho  convenience  of  the 
student  at  the  end  of  the  present  Table. 
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SiECTioir  3. — On  some  general  Consequences  of  the  Definition,  438-451 

[Art.  324,  Differential  of  q^  and  of  ^'^  p.  438. — Art.  325,  Notation  proposed, 
p.  440 — ^Art.  326,  DietributiTe  property,  p.  441. — Art.  327,  Differential  quotients 
and  differential  coefficients,  p.  443. — Art.  328,  Differential  of  a  function  of  several 
quaternions,  p.  445. — Art.  329,  Partial  differentials,  p.  446. — ^Art  330,  Elimination 
of  a  differential,  p.  448. — Art.  331,  Differentiation  of  functions  of  functions,  p.  449.] 

Partial  diferentiah  and  tUrivativet  are  introduced;    and  differentials  of  funetiont 
offunetumt. 


SifiCTioir  4. — Examples  of  Quatemion  Differentiation,       ....      451-464 

[An.  332,  Differentiation  of  algebraic  and  of,  p.  451. — Art.  333,  Transcendental 
functions  of  a  quatemion,  p.  453. — Art.  334,  Differentiation  of  K^,  S^,  Y^,  T^,  and 
Ug,  p.  454. — Art.  335,  Differentiation  of  the  axis  and  angle  of  a  quatemion,  p.  467. — 
Art.  336,  Differentiation  of  scalar  functions  of  vectors,  p.  459. — Art.  337,  And  of 
vector  functions  of  scalars.    Examples,  p.  461.] 

One  of  the  moat  important  ruUi  is,  to  differentiate  ih»  factor »  of  a  quaternion  prodttetj 
in  titu ;  thus  (by  p.  446), 

d,gq'  =  dq  .g  -^  q .  dq'.  (I) 

The  formula  (p.  439),  d,q'^  =  -q-^dq.  q-\  (J) 

for  the  differential  of  the  reciprocal  of  a  quatemion  (or  vector),  is  also  very  often  useful ; 
and  so  are  the  equations  (p.  456), 

Tj   "      »  '  139  9'  ^^ 

and  (p.  464),  d .  o«  -  -^a'*>  it;  .  (L) 

q  being  any  quatemion,  and  a  any  constant  vector-unit,  while  ^  is  a  variable  scalar.  It 
is  important  to  remember  (comp.  III.  i.  11),  that  we  have  not  in  quatemiont  the  utual 
equation, 

unlcM  q  and  d^  be  eomplattar;  and  therefore  that  we  have  not  generally , 

di,  =  1'. 

P 

if  p  be  a  variable  vector;  although  we  have^  in  this  Calculus,  the  scarcely  less  simple 
equation,  which  is  useful  in  questions  respecting  orbital  motion, 

dl^  =  ^.  (M) 

if  a  be  a  constant  vector,  and  if  the  plane  of  a  and  p  be  given  (or  constant). 
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Section  5. — On  SuccessiTe  Differentials  and  Developments,  of  Functions 

of  Quaternions, 465-484 

[Art.  338,  EzampleB.  Second  differentials,  p.  466. — Art.  339,  Simplification 
when  d^q  =  0,  or  dq  =  const.,  p.  466. — Art.  340,  Special  case  of  Taylor's  theorem, 
p.  467. — ^Art.  341,  On  the  limiting  ratio  of  two  functions  which  vanish  together. 
Geometrical  example,  p.  469. — ^Art.  342,  Taylor's  series  extended  to  quaternions, 
p.  473. — ^Art.343,  Examples  of  quaternion  development,  p.  476. — Art.  344,  Successive 
differentials  and  differences,  p.  479. — Art.  345,  Successive  differentials  of  functions  of 
several  quaternions.    Scalar  and  Vector  integrals,  p.  479.] 

In  this  Section  principles  are  established  (pp.  469-473),  respecting  quaternion /im^^tofM 
which  vanish  together ;  and  a  form  of  development  (pp.  473-476)  is  assigned,  anahgowfi 
to  Taylor^ 8  Seriety  and  like  it  capable  of  being  concisely  expressed  by  the  tffmbolieal 
equation^  1  +  A  «  €<*  (p.  480).  As  an  example  of  partial  and  successive  differentiation, 
the  expression  (pp.  480-481), 

which  may  represent  any  vector ^  is  operated  on ;  and  an  application  is  made,  by  means  of 
definite  integration  (pp.  482,  483),  to  deduce  the  known  area  and  volume  of  a  sphere,  or 
of  portions  thereof ;  together  with  the  theorem,  that  the  vector  turn  of  the  directed  elements 
of  a  spherie  segment  is  tero :  each  element  of  surface  being  represented  by  an  inward 
normal,  proportional  to  the  elementary  area,  and  corresponding  in  hydrostatics  to  the 
pressure  of  a  fluid  on  that  element. 

Sscnoiir  6. — On  the  Differentiation  of  Implicit  Functions  of  Quaternions ; 
and  on  the  General  Inversion  of  a  Linear  Function,  of  a  Vector  or 
a  Quaternion ;  with  some  connected  Investigations,         .         .  484-568 

[Art.  346-347,  The  solution  of  a  linear  quaternion  equation,  or  the  Inversion  of 
a  linear  quaternion  function,  p.  484.  Is  reducible  to  the  inversion  of  a  linear  vector 
function,  p.  485. — ^Art.  348,  Transformations  of  the  formula  of  solution,  p.  489. — 
Art.  349,  Quaternion  constants  or  invariants  of  ^.  Self -con  jugate  parts,  p.  491. — 
Art.  350,  Deduction  of  a  symbolic  cubic  equation  satisfied  by  ^  and  its  conjugate  ^', 
p.  494. — Art.  351,  Case  of  a  hinomial  function.  Fixed  lines  and  planes,  p.  497. — 
Art.  352,  Case  of  equal  roots.  D^reesed  equation,  p.  499. — Art.  353,  Case  of 
unequal  roots,  real  and  imaginary,  p.  508. — Art.  354,  Case  in  which  no  root  is  sero. 
Beal  and  rectangular  system  for  self- conjugate  functions,  p.  616. — Art.  355,  19ew 
proof  of  existence  of  the  system,  p.  523. — Art.  356,  Theorem  of  successively  derived 
lines,  p.  525. — Art.  357,  Eectangular  and  cyclic  transformations,  p.  527. — Art.  358, 
Focal  transformations,  p.  530. — Art.  359,  Passage  from  cyclic  to  focal  forms,  p.  535. 
— ^Art.  360,  Bifocal  and  mixed  transformations,  p.  545. — ^Art.  361,  Reciprocity  of 
forms,  p.  547. — Art  362,  Scalar  function,  linear  with  respect  to  vectors,  p.  550. — 
Art.  363,  Linear  and  vector  functions  derived  by  differentiation,  p.  551.— Art.  864, 
Solution  of  linear  quaternion  equation,  p.  555. — Art.  365,  Symbolic  and  biquadratic 
equation,  p.  560.] 

In  this  Section  it  is  shown,  among  other  things,  that  a  Linear  and  Veetor  Symbol,  ^, 
of  Operation  on  a  Veetor,  p,  satisfies  (p.  494)  a  Symbolie  and  Cubic  Equation,  of  the  form, 

0  =  m  -  m>  +  m'V  -  ^';  (N) 

whence  m^-i  =  m'  -  m'>  +  ^«  =  ^,  (N') 

s  attother  symbol  of  linear  operation,  which  it  is  shown  how  to  deduce  otherwise 

*  At  a  later  stage  (Art.  375),  a  new  Enunciation  of  Taylor's  Theorem  is  given,  with  a 
new  proof,  but  stiU  in  a  form  adapted  to  quaternions. 
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from  ^,  aB  well  as  the  three  scalar  constants,  m,  m\  m'\  The  connected  aigsbraical 
cubic  (pp.  617,  618), 

'  if  =  m  +  m'tf  +  m"<j»  +  d>  =  0,  (0) 

is  foand  to  have  important  applications ;  and  it  is  proved*  (pp.  519,  620)  that  If 
8\^p  =  Sp^A,  independently  of  A.  and  p,  in  which  case  the  function  ^  is  said  to  he 
§elf-cof{fuffate,  then  this  last  cuhic  has  three  real  rooU,  ci,  02,  ^;  while,  in  the  same  case, 
the  vector  epsatim, 

V^p  =  0,  (P) 

is  satisfied  by  a  system  of  Three  Real  and  Rectangular  Directions :  namely  (compare 
pp.  527,  628,  and  the  Section  III.  iii.  7),  those  of  the  axes  of  a  (biconcydic)  system  of 
surfaces  of  the  second  order,  represented  by  the  scalar  equation, 

Sp<pp  =  C^  +  C\  in  which  C  and  C*  are  constants.  (Q) 

Cases  are  discussed ;  and  general  forms  (called  cyclic,  rectangular,  focal,  bifocal,  &c., 
from  their  chief  geometrical  uses)  are  assigned,  for  the  vector  and  scalar  functions  ^p  and 
Sp^p :  one  useful  pair  of  such  {cydie)  forms  being,  with  real  and  constant  values  of  y,  A,  /a, 

^P  -  gp-^  y\pth  Sp^p  =  yp»  +  SxpMp.  (R) 

And  finally  it  is  shown  (pp.  560,  561)  that  if  /(^  be  a  linear  and  quaternion  function  of  a 
quaternion,  q,  then  the  8ymhol  of  Operation^  /,  satisfies  a  certain  Symbolic  and  Biquadratic 
Equation,  analogous  to  the  cubic  equation  in  ^,  and  capable  of  similar  applications. 


*  A  simplified  proof,  of  some  of  the  chief  results  for  this  important  case  of  self- 
eonjugatioti,  is  given  at  a  later  stage,  in  the  few  first  sub-articles  to  Art.  415. 
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CHAPTER   I. 


FUNDAMENTAL  PRINCIPLES   RESPECTING  VECTORS. 


SECTION  1. 


B 


B 


Ob  the  ConcepHon  of  a  Wector ;  and  on  JB^aallty  of  ¥eetom. 

Art.  1. — A  right  line  ab,  considered  as  liaving  not  only  lengthy  bnt  also 
direction^  is  said  to  be  a  YBcroB.  Its  initial  point  A  is  said  to  be  its  origin ; 
and  its  final  point  b  is  said  to  be  its  tei*m.  A  vector  ab  is  conceived  to  be  (or 
to  oonstrnct)  the  difference  of  its  two  extreme  points;  or,  more  fullj,  to  be  the 
result  of  the  Bubtraction  of  its  own  origin  from  its  own  term ;  and,  in  con- 
formity with  this  conception^  it  is  also  denoted  by  the  symbol  b  -  a  :  a  notation 
which  will  be  found  to  be  extensively  useful,  on  account  of  the  analogies  which 
it  serves  to  express  between  geometrical  and  algebraical 
operations.  When  the  extreme  points  a  and  b  are 
distinctf  the  vector  ab  or  B  -  a  is  said  to  be  an  a^siual 
(or  an  effective)  vector ;  but  when  (as  a  limit)  those  two 
points  are  conceived  to  coincide^  the  vector  aa  or  a  -  a, 
which  then  results,  is  said  to  be  nulL  Opposite  vectors,  such  as  ab  and  ba, 
or  B  -  A  and  a  -  b,  are  sometimes  called  vector  and  revector.  Successive 
vectors,  such  as  ab  and  bc,  or  b  -  a  and  c  -  b,  are  occasionally  said  to  be 
vector  and  provector :  the  line  ac,  or  c  -  a,  which 
IB  drawn  from  the  origin  a  of  the  first  to  the 
term  c  of  the  second,  being  then  said  to  be  the 
transvector.  At  a  later  stage,  we  shall  have  to 
consider  vector-arcs  and  vector'angles ;  but  at 
present,  our  only  vectors  are  (as  above)  right  lines, 

2.  Two  vectors  are  said  to  be  equal  to   each   other,  or  the  equation 
ab  «  CD,  or  b  -  A  =  D  -  c,  is  said  to  hold  good,  when  (and  only  when)  the  origin 

H  2 


Vector. 

A--B 

Kevector. 

Fig.  1. 


Fig.  2. 
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and  term  of  the  one  can  be  brought  to  coincide  respectively  with  the  corre- 
sponding points  of  the  other,  by  transports  (or  by  translations)  uithout  rotation. 
It  follows  that  all  null  vectors  are  equals  and  may  therefore  be  denoted  by  a 
common  symbol,  such  as  that  used  for  zero ; 
so  that  we  may  write, 

A-A  =  B-B  =  &c.  «  0  ; 

but  that  two  actual  vectors,  ab  and  cd,  are 
not  (in  the  present  full  sense)  equal  to  each 
other,  unless  they  have  not  merely  equal 
lengthSy  but  also  similar  directions.  If  then 
they  do  not  happen  to  be  parts  of  one 
common  line^  they  must  be  opposite  sides  of  a  parallelogram^  abdc  ;  the  two 
lines  AD,  BC  becoming  thus  the  two  diagonals  of  such  a  figure,  and  conse- 
quently bisecting  each  other,  in  some  point  £. 
Conversely,  if  the  two  equations, 

D  -  B  =  B  -  A,     and     c  -  B  «  E  -  B, 

are  satisfied,  so  that  the  two  lines  ad  and  bc  are 

commedialy  or  have  a  common  middle  point  e,  then 

even  if  they  be  parts  of  ofie  right  line,  the  equa-  *'   * 

tion  D-c  =  B-Ais  satisfied.     Ttco  radii^  ab,  ac,  of  any  one  circle  (or  sphere)^ 

can  never  be  equal  vectors  ;  because  their  directions  differ, 

3.  An  equation  between  vectors,  considered  as  an  equidifference  of  points, 
admits  of  inversion  and  alternation ;  or  in  symbols,  if 

D  -  c  =  B  -  A, 
then  c  -  D  »  A  -  B,     and     d  -  b  -  c  -  a. 


Fig.  5.  Fig.  6. 

Two  vectors,  cd  and  ef,  which  are  equal  to  the  same  third  vector,  ab,  are 
also  equal  to  each  other ;  and  these  three  equal  vectors  are,  in  general,  the 
three  parallel  edges  of  a  prism. 
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SECTION  2. 
•n  BlflRerences  an4  Sams  of  ¥eetors  taken  two  by  two. 

4.  In  order  to  be  able  to  write,  as  in  algebra, 

(o'  -  a')  -  (b  -  a)  -  c  -  B,    if    (/  -  a'  «  c  -  A, 

we  next  define,  that  when  a  first  vector  ab  is  aiibiracied  from  a  second  veotor 
AC  which  IS  co-initial  with  it,  or  from  a  third  vector  aV  which  is  equal  to  that 
second  vector,  the  remainder  is  tliat  fourth  vector  bc,  which  is  drawn  from  the 
term  b  of  the  first  to  the  term  c  of  the  second  vector :  so  that  if  a  vector  be 
subtracted  from  a  transvector  (Art.  1),  the  remainder  is  the  protector  corre- 
sponding. It  is  evident  that  this  geometrical  subtraction  of  vectors  answers  to 
a  decomposition  of  sections  (or  of  motions) ;  and  that,  by  such  a  decomposition 
of  a  null  vection  into  two  opposite  vections,  we  have  the  formula, 

0  -  (b  -  a)  =  (a  -  a)  -  (b  -  a)  «  A  -  B ; 

80  that,  if  an  actiuil  veotor  ab  be  subtracted  from  a  null  vector  aa,  the  remain- 
der is  the  revector  ba.  If  then  we  agree  to  abridge^  generally,  an  expression 
of  the  form  0  -  «  to  the  shorter  form,  -  /?,  we  may  write  briefly,  -  ab  =  ba  ; 
a  and  -  a  being  thus  symbols  of  opposite  vectors,  while  a  and  -  (-  a)  ore,  for 
the  same  reason,  symbols  of  one  common  vector  :  so  that  we  may  write,  as  in 

algebra,  the  identity ^ 

-  (-  a)  =  a. 

5.  Aiming  still  at  agreement  with  algebra,  and  adopting  on  that  account 
^e  formula  of  relation  between  the  two  signs^  +  and  -, 

(6  -  a)  +  (I  «  6, 

in  which  we  shall  say  as  usual  that  6  -  a  is  added  to  a,  and  that  their  sum  is  6, 
while  relatively  to  it  they  may  be  jointly  called  summands^  we  shall  have  the 
two  following  consequences : — 

I.  If  a  rectory  ab  or  b  -  a,  be  added  to  its  own  origin  a,  the  sum  is  its 
term  b  (Art.  1) ;  and 

II.  If  aprovector  bc  be  added  to  a  vector  ab,  the  sum  is  the  transvector  ac; 
or  in  symbols, 

I.  .  (b  -  a)  +  A  =  b  ;    and    11.  .  (c  -  b)  +  (b  -  a)  =  c  -  a. 
In  fact,  the  first  equation  is  an  immediate  consequence  of  the  general  foimula 
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which,  as  above,  connects  the  signs  +  and  -,  when  combined  with  the  concept 
turn  (Art.  1)  of  a  vector  as  a  difference  of  two  points ;  and  the  second  is  a  result 
of  the  same  formula,  combined  with  the  definition  of  the  geometrical  subtraction 
of  one  such  vector  from  another^  which  was  assigned  in  Art.  4,  and  according 
to  which  we  have  (as  in  algebra)  for  ani/  three  points  a,  b,  c,  the  identity^ 

(C  -  a)  -  (b  -  a)  =  C  -  B. 

It  is  clear  that  this  geometrical  addition  of  successive  vectors  corresponds  (comp. 
Art.  4)  to  a  composition  of  successive  vections^  or  motions;  . 

and  that  the  sum  of  two  opposite  vectors  (or  of  vector 
and  revector)  is  a  null  line ;  so  that 

BA  +  AB  "  0,  or  (a  -  b)  +  (b  -  a)  -  0. 

It  follows  also  that  the  sums  of  equal  pairs  of  successive  i  ^ 

vectors  are  equal;  or  more  fully  that  ^-  7- 

if  b'  -  a'  =  B  -  A,  and  c'  -  b'  =  c  -  b,  then  </  -  a'  -  c  -  a  ; 

the  two  triangles^  abc  and  a'bV,  being  in  general  the  two  opposite  faces  of  a 
prism  (comp.  Art.  3). 

6.  Again,  in  order  to  have,  as  in  algebra, 

(c'  -  n')  +  (b  -  a)  =  c  -  A,  if  c'  -  b'  =  c  -  B, 

we  shall  define  that  if  there  be  two  successive  vectors,  ab,  bc,  and   if  a 

third  vector  bV  be  equal  to  the  second,  but  not  success 

sive  to   the  first,  the   sum  obtained  bj  adding  the 

third  to  the  first  is  that  fourth  vector,  ac,  which  is 

drawn  from  the  origin  a  of  the  first  to  the  term  c  of 

the  second.    It  follows  that  the  sum  of  anj  two  cO" 

initial  sides,  ab,  ag,  of  anj  parallelogram  abdc,  is  the  Fig.  8. 

intermediate  and  co-initial  diagonal  ad  ;  or,  in  symbols, 

(c-a)  +  (b-a)-d-a,  if  d-c-b-a; 

because  we  have  then  (by  3)  c  -  a  «  d  -  b. 

7.  The  sum  of  any  two  given  vectors  has  thus  a  value  which  is  independent 
of  their  order ;  or,  in  symbols,  a  +  3  =  /3  +  a.  If  equal  vectors  be  added  to 
equal  vectors,  the  sums  are  equal  vectors,  even  if  the  summands  be  not  given 
as  successive  (comp.  6) ;  and  if  a  null  vector  be  added  to  an  actual  vector,  the 
sum  is  that  actual  vector ;  or,  in  symbols,  0  +  a  »  a.  If  then  we  agree  to 
abridge  generally  (comp.  4)  the  expression  0  +  a  to  +  a,  and  if  a  still  denote  a 
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vector,  then  +  a,  and  +  (+  a),  Ao.^  are  other  Bymbole  for  the  same  yeotor ;  and 
we  have,  as  in  algebra,  the  identities, 

-(-a)«  +  a,     +(-a)»-(+a)»-a,     (+a)  +  (-a)-0,  Ac. 


SECTION  3. 
•m  Svbm  4if  tbree  or  more  ¥eetora. 


8.  The  sum  of  three  given  vectors,  o,  /3,  7,  is  next  defined  to  be  that 

fourth  veotor, 

8-7  +  0  + a),    or  briefly,    8-7  +  ^  +  0, 

which  is  obtained  by  adding  the  third  to  the  stun  of  the  first  and  second ; 
and  in  like  manner  the  sum  of  any  number  of  vectors  is  formed  by  adding 
the  last  to  the  sum  of  all  that  precede  it :  also,  for  any  four  vectors,  o,  /3, 7, 8, 
the  sum  8  +  (7  +  /3  +  a)  is  denoted  simply  by  8  +  7  +  /3  +  a,  without  parentheses, 
and  so  on  for  any  number  of  summands. 

9.  The  sum  of  any  number  of  successive  vectors,  ab,  bc,  cp,  is  thus  the 
line  AD,  which  is  drawn  from  the  origin  a  of  the 
first,  to  the  term  d  of  the  last ;  and  because,  when 
there  are  three  such  vectors,  we  can  draw  (as  in 
fig.  9)  the  two  diagonah  ac,  bd  of  the  (plane  or 
gauche)  quadrilateral  abcd,  and  may  then  at  plea- 
sure regard  ad,  either  as  the  sum  of  ab,  bd,  or  as  ^*  ^' 

the  sum  of  ac,  cd,  we  are  allowed  to  establish  the  following  general /ormt^/a 
of  association^  for  the  case  of  any  three  summand  lines^  a,  /3,  7 : 

(7  +  0)+a«7  +  (/3  +  a)«7  +  0  +  a; 

by  combining  which  with  the  formula  of  commutation  (Art.  7),  namely,  with 

the  equation, 

a  +  /3  »  /3  +  a, 

which  had  been  previously  established  for  the  case  of  any  tuH>  such  sum- 
mands, it  is  easy  to  conclude  that  the  Addition  of  Vectors  is  always  both  an 
Associative  and  a  Commutative  Operation.  In  other  words,  the  sum  of  any 
number  of  given  vectors  has  a  value  which  is  independent  of  their  order,  and  of 
the  mode  of  grouping  them ;  so  that  if  the  lengths  and  directions  of  the  sum- 
mands he  preserved,  the  length  and  direction  of  the  sum  will  also  remain 
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imohanged :  except  that  this  last  direction  may  be  regarded  as  indetenmnatey 
when  the  length  of  the  sum-line  happens  to  vanish,  as  in  the  case  which  we  are 
about  to  consider. 

10.  When  any  n  summand-lines,  ab,  bC|  ca,  or  ab,  bc,  cd,  da,  &c., 
arranged  in  any  one  order,  are  the  n  successive  sides  of  a  triangle  abc,  or  of 
a  quadrilateral  abod,  or  of  any  other  closed  polt/gon,  their  sum  is  a  null  line^  aa  ; 
and  conversely,  when  the  sum  of  any  given  system  of  n  vectors  is  thus  equal 
to  zerOy  they  may  be  made  {in  any  order,  by  transports  without  rotation)  the 
n  successive  sides  of  a  closed  polygon  (plane  or 
gauche).  Hence,  if  there  be  give^i  any  such  poly- 
gon (p),  suppose  a  pentagon  abode,  it  is  possible  to 
construct  another  closed  polygon  (p'),  such  as  a'bVdV, 
with  an  arbitrary  initial  point  a\  but  with  the  same 
number  of  sides,  a'b',  .  .  e'a',  which  new  sides  shall  Fig- 10. 

be  equal  (as  vectors)  to  the  old  sides  ab,  .  .  ea,  taken  in  any  arbitrary  order. 
For  example,  if  we  draw, /bur  successive  vectors,  as  follows, 

a'b'  «  CD,      bV  =  AB,      CV  «  BA,      d'b'  =  BC, 

and  then  complete  the  new  pentagon  by  drawing  the  line  bV,  this  closing  side 
of  the  second  figure  (p')  will  be  equal  to  the  remaining  side  db  of  the  jfirst 
figure  (p). 

11.  Since  a  closed  figure  abc  .  .  is  still  a  closed  one,  when  all  its  points  are 
prqfected  on  any  assumed  plane^  by  any  system  of 
parallel  ordinates  (although  the  area  of  the  pro- 
jected figure  a'bV  .  .  .  may  happen  to  vanish),  it 
follows  that  if  the  sum  of  any  number  of  given 
vectors  a,  i3, 7, . .  be  »ero,  and  if  we  project  them  all 
on  any  one  plane  by  parallel  lines  drawn  from  their 
extremities,  the  sum  of  the  projected  vectors  a,  /3',  y\  . . 
will  likewise  be  null;  so  that  these  latter  vectors, 
like  the  former,  can  be  so  placed  as  to  become  the  ^^8*  H- 
successive  sides  of  a  closed  polygon,  even  if  they  be  not  already  such.  (In 
fig.  11,  a"b'V  is  considered  as  euch  a  polygon,  namely,  as  a  tiiangle  with 
evanescent  area ;  and  we  have  the  equation, 

aV+bV'+cV-O, 
as  well  as  a V  +  bV  +  C'a'  -  0,  and  ab  +  bc  +  oa  «  0.) 
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SECTION  4. 
On  Coellleleiiti  of  Tectorst 

12.  The  rimpk  or  single  veotori  a,  is  also  denoted  by  la,  or  by  1 .  a,  or  by 
(+  1)  a ;  and  in  like  manner,  the  double  vector,  a  +  a,  is  denoted  by  2a,  or 
2  •  €1,  or  (+  2)  a,  &o. ;  the  rule  being,  that  for  any  algebraical  integer,  m, 
regarded  as  a  coefficient  by  which  the  vector  a  is  multiplied^  we  have  always, 

la  +  wa  =  (1  +  iw)  a; 

the  symbol  1  +  i?)  being  here  interpreted  as  in  algebra.  Thus,  Oa  »  0,  the 
zero  on  the  one  side  denoting  a  null  coefficient^  and  the  zero  on  the  other  side 
denoting  a  null  vector  ;  because  by  the  rule, 

la  +  Oa  «  (1  +  0)  a  «  lo  =  a,  and  .'.  Oo  =  a  -  a  -  0. 

Again,  because  (1)  a  +  (-  1)  a  »  (1  -  1)  a  »  Oa  =  0,  we  have  (-  1)  a  =  0  -  a 

-  -  o  =  -  (la) ;  in  like  manner,  since  (1)  a  +  (-  2)  o  =  (1  -  2)  a  »(-  1)  a  -  -  a, 
we  infer  that  (-2)a=-a-a=-  (2a) ;  and  generally  (-  w)  a  -  -  (wa), 
whatever  whole  number  m  may  be :  so  that  we  may,  without  danger  of 
confusion,  omit  the  parentheses  in  these  last  symbols,  and  write  simply,  -  la, 

—  2o,  —  ma, 

13.  It  follows  that  whatever  two  whole  numbers  (positive  or  negative,  or 


Fig.  12. 

null)  may  be  represented  by  m  and  n,  and  whatever  two  vectors  may  be  denoted 
by  a  and  /3,  we  have  always,  as  in  algebra,  the  formulse, 

fia  ±  ma  "  (ft  ±  m)  a,        n  (ma)  ^  {nm)  a  -*  nma^ 

and  (compare  fig.  12), 

m  (jS  ±  a)  =  w/3  ±  i»a ; 

so  that  the  multipUcation  of  vectors  by  coefficients  is  a  doubly  distrihUive  operation^ 

Hamilton's  Blbmbnts  of  Quatbrnions.  C 
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at  least  if  the  multipliers  be  whole  numbers  ;  a  restriotion  which,  however,  will 
soon  be  removed. 

14.  If  ma  =  /3|  the  coefficient  m  being  still  whole^  the  vector  /3  is  said  to  be 
a  multiple  of  a ;  and  conversely  (at  least  if  the  integer  m  be  different  from 
zero)^  the  vector  a  is  said  to  be  a  sub-multiple  of  j3.  A  multiple  of  a  sub- 
multiple  of  a  vector  is  said  to  be  ajraction  of  that  vector ;  thus,  if  j3  =  wa,  and 

7  =  «a,  then  7  is  a  fraction  of  /3,  which  is  denoted  as  follows,  7  =  —  j3;  also  /3 

n  ^ 

is  said  to  be  multiplied  by  the  fractional  coefficient  — ,  and  y  is  said  to  be  the 

m 

product  of  this  multiplication.  It  follows  that  if  x  and  y  be  any  twojractions^ 
(positive  or  negative  or  null,  whole  numbers  being  included),  and  if  a  and  /3 
be  any  two  vectors^  then 

ya±iXHi^  {y±  x)  a,     y  {xa)  «  {yx) a  «  yxa,     x(fi  ±a)  ^  xfi  ±  xa; 

results  which  include  those  of  Art.  13,  and  may  be  extended  to  the  case 
where  x  and  y  are  incommensurable  coefficients^  considered  as  limits  oi  fractional 
ones. 

16.  For  any  actual  vector  a,  and  for  any  coefficient  a?,  of  any  of  the 
foregoing  kinds,  the  product  xa,  interpreted  as  above,  represents  always  a 
vector  /3,  which  has  the  same  direction  as  the  multiplicand'line  a,  if  a;  >  0,  but 
has  the  opposite  direction  if  or  <  0,  becoming  null  if  a:  «  0.  Conversely,  if 
a  and  /3  be  any  two  actual  vectors,  with  directions  either  similar  or  opposite,  in 
each  of  which  two  cases  we  shall  say  that  they  are  parallel  vectors,  and  shall 
write  /3  II  a  (because  both  are  then  parallel,  in  the  usual  sense  of  the  word,  to 
one  common  line),  we  can  always  find,  or  conceive  as  found,  a  coefficient  x^O, 
which  shall  satisfy  the  equation  fi  =  xa;  or,  as  we  shall  also  write  it,  /3  »  cup ; 
and  the  positive  or  negative  number  x,  so  found,  will  bear  to  ±  1  the  same 
ratio,  as  that  which  the  length  of  the  line  /3  bears  to  the  length  of  a. 

16.  Hence  it  is  natural  to  say  that  this  coefficient  x  is  the  quotient  which 
results,  £rom  the  division  of  the  vector  /3,  by  the  parallel  vector  a ;  and  to  write, 
aoooidingly, 

X  ^  B  -r  a,    or  ^  »  3  :  a,    or  a?  =  -  ; 

a 

SO  that  we  shall  have,  identically,  as  in  algebra,  at  least  if  the  divtsor-line  a  be 
an  actual  vector,  and  if  the  dividend-line  j3  be  parallel  thereto,  the  equations, 

(/3  :  a)  .  a  =  -  a  =  /3,     and     xa  :  a  ^  —  =  a? ; 
a  a 

which  will  afterwards  be  extended,  by  definiiion,  to  the  case  of  non-parallel 
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veotoTS.    We  may  write  also,  under  the  same  conditions,  a  -  — ,  and  may  say 

that  the  vectw'  a  is  the  quotient  of  the  division  of  the  other  vector  ^  by  the 
number  z ;  so  that  we  shall  have  these  other  identitieSy 

-  .  a?  =  (oic  =)  13,    and   —  =  a. 

X  X 

17.  The  positive  or  negative  quotient,  a;  «  -,  whioh  is  thus  obtained  bj  the 

division  of  one  of  two  parallel  vectors  by  another,  including  zero  as  a  limits  may 
also  be  called  a  Scalar;  because  it  can  always  be  found,  and  in  a  certain 
sense  constructed^  by  the  comparison  of  positions  upon  one  common  scale  (or  axis) ; 
or  can  be  put  under  the  form, 

C  -  A       AC 

X  = =  — , 

B-A       AB 

where  the  three  points^  a,  b,  c,  are  collinear  (as  in  the  figure  annexed).    Such 

sealars  are,  therefore,  simply  the  Beals   (or  real     *  « 

quantities)  of  Algebra;   but,  in  combination  with     *  *";  ' 

the  not  less  real  Ybctors  above  considered,  they 

form  one  of  the  main  eletnents  of  the  System^  or  Calculus^  to  whioh  the  present 

work  relates.      In  fact  it  will  be  shown,  at  a  later  stage,  that  there  is 

an  important  sense  in  which  we  can  conceive  a  scalar  to  be  added  to  a 

vector;  and  that  the  sum  so  obtained,  or  the  combination  "  Scalar  plus  Vector^* 

is  a  Quaternion. 


c  2 
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CHAPTER  IL 

APPLICATIONS  TO  POINTS  AND  LINES  IN  A  GIVEN  PLANE. 


SECTION  1. 
On  Unear  Eqnalioiui  eonnectins  two  Co-Initial  Vectors. 

18.  When  several  vectors,  oa,  ob,  .  .  are  all  drawn  from  one  oommon 
point  O9  that  point  is  said  to  be  the  Origin  of  the  System;  and  each  particular 
veotori  such  as  oa,  is  said  to  be  ^A«  vector  of  its  own  term^  a.  In  the  present 
and  future  sections  we  shall  always  suppose,  if  the  contrary  be  not  expressed, 
that  all  the  vectors  a,  /3, .  .  which  we  may  have  occasion  to  consider,  are  thus 
drawn  from  one  common  origin.  Bat  if  it  be  desired  to  change  that  origin  o, 
without  changing  the  term-points  a,  .  •  we  shall  only  have  to  subtraety  from 
each  of  their  old  vectors  a, .  .  one  common  vector  cu,  namely,  the  old  vector  00' 
of  the  new  origin  o'  \  since  the  remainders^  a  -  a>,  /3  -  oi,  •  .  will  be  the  new 
vectors  a\  /3^  .  .  of  the  old  points  a,  b,  •  .  .    For  example,  we  shall  have 

a'=  o'a  =  A  -  o'»  (a  -  o)  -  (o'-  o)  =»  OA  -  00' -  a  -  w. 

19.  If  two  vectors  a,  /3,  or  oa,  ob,  be  thus  drawn  from  a  given  origin  o, 

and  if  their  directions  be  either  similar  or 

0 a B 

opposite,  so  that  the  three  points^  o,  a,  b,  are    '  '  * 

situated  on  one  right  line  (as  in  the  figure 

annexed),  then  (by  16, 17)  their  quotient  ^  is  some  positive  or  negative  scalar^ 

such  as  X ;  and  conversely,  the  equation  j3  «  ^a,  interpreted  with  this  reference 
to  an  origin^  expresses  the  condition  of  collinearity^  of  the  points  o,  a,  b  ;  the 
particular  vahies  a;  -  0,  a; »  1,  corresponding  to  the  particular  positions^  0  and  a, 
of  the  valuable  point  b,  whereof  the  indefinite  right  line  oa  is  the  locus. 

20.  The  linear  equation^  connecting  the  two  vectors  a  and  /3|  acquires  a 
more  symmetric /orm,  when  we  write  it  thus : 

aa  +  ij3  ■=  0 ; 

where  a  and  b  are  two  scalars,  of  which  however  only  the  ratio  is  important. 


Akts.  18-21.]      POINTS  ANB  LINES  IN  A  GIVEN  PLANE.  13 

The  condition  qf  coincidence^  of  the  two  points  A  and  b,  answering  above  to 
0?  •>  ly  is  now  -^  -*  1 ;  or,  more  symmetrioally^ 

a  +  5  «  0. 

Aooordingly,  when  a  »  -  ft,  the  linear  equation  becomes 

i(i3-a)  =  0,     or/3-a«0, 

sinoe  we  do  not  snppose  that  both  the  ooeffioients  Tanish ;  and  the  equation 
/3  B  a,  or  OB  -*  0A|  requires  that  the  point  b  should  coincide  with  the  point  a  :  a 
case  which  may  also  be  conveniently  expressed  by  the  formula^ 

B  «  a; 

coincident  points  being  thus  treated  (in  notation  at  least)  as  equal.  In  general, 
the  linear  equation  gives, 

a  .  OA  +  i  •  OB  «  Oy    and  therefore    a  :  ft  »  bo  :  oa. 


SECTION  2. 

Hn  Unear  Kqnatloiifl  between  three  Co-Initial  Yeetors* 

21.  If  two  (actual  and  co-initial)  vectors,  a,  /S,  be  not  connected  by  any 
equation  of  the  form  aa  +  ft/3  =  0,  with  any 
ttco  scalar  coefficients  a  and  ft  whatever,  their 
directions  can  neither  be  similar  nor  opposite 
to  each  other  ;  they  therefore  determine  a 
plane  aob,  in  which  the  (now  actual)  vector, 
represented  by  the  sum  aa  +  ftjS,  is  situated. 
For  if,  for  the  sake  of  symmetry,  we  denote 
this  sum  by  the  symbol  -  cy,  where  c  is  some 
third  scalar,  and  y  »  oc  is  some  third  vector, 
so  that  the  three  co-initial  vectors,  o,  /3, 7,  are  connected  by  the  linear  equation, 

fla  +  6/3  +  cy  -  0 ; 
and  if  we  make 

,    -aa  /    -J/3 

0A» OB  = — ^; 

c  c 

then  the  two  auxiliary  points,  a^  and  b',  will  be  situated  (by  19)  on  the  two 
indefinite  right  lines,  oa,  ob,  respectively :  and  we  shall  have  the  equation, 

oc  -  oa'+  ob', 
■0  that  the  figure  aWo  is  (by  6)  a  parallelogram,  and  consequently  plane. 


14 


ELEMENTS  OF  QUATERNIONS. 


[L II.  §  2. 


22.  Conyersely,  if  c  be  any  point  in  the  plane  aob,  we  oan  draw  from  it  the 
ordinates,  cjl  and  cb^i  to  the  lines  oa  and  ob,  and  oan  determine  the  ratios  of 
the  three  soalars,  a,  ft,  c,  so  as  to  satisfy  the  two  equations. 


a 
e 


o£ 

OA' 


b 
e 


OB 
OB 


after  which  we  shall  have  the  recent  expressions  for  oa',  ob',  with  the  relation 

00  a  OA^-f  ob'  as  before ;  and  shall  thus  be  brought  back  to  the  linear  equation 

Oa  +  6j3 .+  cy  »  0,  whi<^  equation  may  therefore  be  said  to  express  the  condition 

of  complatmrity  of  the  four  points^  o.  A,  b,  c.    And  if  we  write  it  under  the 

form, 

;ra  +  y/3  +  »7  «  0, 

and  4)onBider  the  vectors  a  and  /3  as  given^  but  7  as  a  variable  vector^  while 
x^  y^  %  are  variable  sealare^  the  hem  of  the  variable  point  c  will  then  be  the 
given  plane^  oab. 

23.  It  may  happen  that  the  point  c  is  situated  on  the  right  line  ab,  which 
is  here  considered  as  a  given  one.     In  that  case  (comp.  Art.  17,  fig.  13),  the 

AC 

quotient  —  must  be  equal  to  some  scalar,  suppose  t ;  so  that  we  shall  have  an 
equation  of  the  form. 


^    or  7  =  o  +  ^  (/3  -  a),    or  (1  -  0  «  +  ^^  "  7  "  ®.> 


by  comparing  which  last  form  with  the  linear 
equation  of  Art.  21,  we  see  that  the  condition 
of  eollinearity  of  the  three  points  a,  b,  c,  in  the 
given  plane  oab,  is  expressed  by  the  formula, 

a  +  6  +  0  =  0. 

This  condition  may  also  be  thus  written, 

^    -a     -6         oa'     ob' 
1= —  +  —     or  —  4 —  =  1; 

C  C  OA         OB 


Fig.  16. 


and  under  this  last  form  it  expresses  a  geometrical  relation^  which  is  otherwise 
known  to  exist. 

24.  When  we  have  thus  the  two  equations, 

(la  +  i/3  +  C7  =  0,    and    a  +  6  +  0  -  0, 

so  that  the  three  co-initial  vectors  a,  /3,  7  terminate  on  one  right  line, 
and  may  on  that  account  be  said  to  be  temrno-eollinearj  if  we  eliminate. 
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saooefisively  and  separatelyy  eaoli  of  the  three  soalars  a,  i,  c,  we  are  oonduoted 
to  these  three  other  equationa,  expressing  certain  ratioa  of%egmefUH  : 

*O-a)  +  c(7-a)  =  0,  :      0(7  -  0)  +  a(a  - /3)  -  0, 
or 

0  a  &  .  AB  +  C  .  AC  e  C  .  BC  +  a  .  BA  =  a  .  CA  +  i  .  CB. 

Henoe  follows  this  proportion^  between  coeffieimts  and  segmenUy 

a  :  b  :  c  ^BC  :  c/Li  AB. 
We  might  also  have  observed  that  the  proposed  equations  give, 

ft/3  +  oy  /J     ^  "*■  ^«  ^«  +  *i3 

"'^rry'     *^"ttt'     "^'ttt' 

whence 

AC     7  —  a        b  b   ^ 

—  -  g —  « 1  -  -  -,  Ac. 

AB     p  -  o     a  +  6       tf 

25.  If  we  still  treat  a  and  j3  as  ffipen^  but  regard  7  and  -  as  mriabht  the 

X 

equation  xa  +  ^j3 

^  "  ip  +  y 

will  express  that  the  variable  point  c  is  situated  somewhere  on  the  indefinite 
right  line  ab,  or  that  it  has  this  line  for  its  locus :  while  it  divides  the  /^niY^  line 
AB  into  segments^  of  which  the  vatiable  quotient  is, 

Ac^y 

CB       (X> 

Let  c'  be  another  paint  on  the  8am^  /m^,  and  let  its  vector  be, 

then,  in  like  manner,  we  shall  have  this  other  ratio  of  segments, 

c'b     g/' 

If,  then,  we  agree  to  employ,  generally , /or  any  grotsp  of  four  colUnear  points, 

the  notation^ 

,        ,     ab  cd     ab  ad 
(abcd)  «  — .  —  «  — :  —  ; 
'     bc   da     bc   dc 

80  that  this  symbol, 

(abcd), 

may  be  said   to  denote  the  anharmonic  function,  or  anfiarmonie  quotient,  or 
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fiimply  the  anharmmie  of  the  groupj  a,  b,  c,  d  :  we  shall  haye,  in  the  present 

ease,  the  equation,        ^ 

.,  AC  Ac'  yaf 
t  ACBcr )  «  —  :  -7-.  «  ^. 
^  CB    c  B     xy 

26.  When  the  anharmonic  quotient  beoomes  equal  to  negative  unity  the  group 
becomes  (as  is  well  known)  harmonic.    If  then  we  have  the  two  equations, 

xa-h  yB  ,     xa-  yQ 

'       x  +  y  x-y  ' 

the  two  points  0  and  (f  are  harmonically  conjugate  to  each  other,  with  respeot 
to  the  two  given  points^  a  and  b  ;  and  when  they  vary  toget/ier^  in  consequence 

of  the  variation  of  the  value  of  -,  thej  form  (in  a  well-known  sense),  on  the 

X 

indefinite  right  line  ab,  divisions  in  involution;  the  double  points  {or  foci)  of  this 
involution,  namely,  the  points  of  which  each  is  its  oum  conjugate,  being  the 

points  A  and  b  themselves.   As  a  verification,  x ir"c 3 2' 

if  we  denote  by  /x  the  vector  of  the  middle  Fig.  17. 

point  M  of  the  given  interval  ab,  so  that  /3-/Ae/i-o,  or/u»^(a  +  /3),  we 

easily  find  that 

7-M      y  -  X       ii  -  u  MC       MB 

£ lt  bs        —  B  ^        or  -^^  = * 

/3-/LI     y -^  X     y'-n*  MB      MC" 

so  that  the  rectangle  under  the  distances  mc,  mc^  of  the  two  variable  but  conju- 
gate points,  c,  (fj  from  the  centre  m  of  the  involution,  is  equal  to  the  constant 
square  of  half  the  interval  between  the  two   double  points,  a,  b.      More 

generally,  if  we  write 

xajryfi  ,     Ixa  +  wy/j 

X  +  y  *        ''        Ix  -{-my  * 

where  the  anharmonic  quotient  -  «  ^  is  any  constant  scalar,  then  in  another 

tn     Xy 

known  and  modem*  phraseology,  the  points  c  and  d  will  form,  on  the  inde- 
finite line  AB,  two  homographie  divisions,  of  which  a  and  b  are  still  the  double 
points.    More  generally  still,  if  we  establish  the  two  equations 

'       X  +  y  '  Ix  -\-  my 

-  being  still  constant,  but  -  variable,  while  a  «  oa',  ff  =  ob',  and  y  =  oc/, 

the  two  given  lines,  ab  and  a!b\  are  then  homographieally  divided,  by  the  ttoo 
variable  points  c  and  (/,  not  now  supposed  to  move  along  one  common  line. 

*  See  the  Okmiirie  SupMewre  of  M.  Chaales,  p.  107.    (Paris,  1862.) 
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27.  When  the  linear  equation  aa  +  6j3  +  ey  »  0  subsiBts,  without  the  rela- 
tion a  -f  ft  +  c  a  0  between  its  coeffioientSi  then  the  three  oo-initial  yeotors 
Ay  jS,  7  are  Btill  complanar^  but  they  no  longer  terminate  on  one  right  Une; 
their  term-pointSy  a,  b,  c  being  now  the  oomers  of  a  triangle. 

In  this  more  general  case,  we  may  propose  to  find  the  vectors  a',  /3',  y  of 
the  three  points,  ^ 

a'  «  OA  •  BC,      b'  «  OB  •  CA,      (/  =  00 "  AB  ; 

that  is  to  say,  of  the  points  in  which  the  lines 
drawn  from  the  origin  o  to  the  three  comers 

of  the  triangle  intersect  the  three  respectiyely  a^:^! i, ^^^b 

opposite  sides.    The  three  collineations  oaa',  &c.,  pig.  is. 

give  (by  19)  three  expressions  of  the  forms, 

a  =  aro,         /i'  «  y/3,         /  .  «y, 

where  a?,  y,  2  are  three  scalars,  which  it  is  required  to  determine  by  means  of  the 
three  other  collineations,  a'bc,  &c.,  with  the  help  of  relations  derived  from  the 
principle  of  Art  23.  Substituting  therefore  for  a  its  value  ar^  a\  in  the  given 
linear  equation,  and  equating  to  zero  the  sum  of  the  coefficients  of  the  new 
linear  equation  which  results,  namely, 

ar^oa  +  6j3  +  cy  -  0 ; 

and  eliminating  similarly  0,  7,  each  in  its  turn,  from  the  original  equation ; 
we  find  the  values, 

a  -J  -(. 

i  +  c'        ^     (j  +  a*  0  +  6' 

whence  the  sought  vectors  are  expressed  in  either  of  the  two  following  ways : 

A  +  c*        ^     c+a'        ^      rt  +  A' 
or 

h  +  c  ^        e  +  a  '         ^  ~    a  +  b  ' 

In  fact  we  see,  by  one  of  these  expressions  for  a',  that  a'  is  on  the  line  oa  ; 
and  by  the  otfier  expression  for  the  same  vector  a,  that  the  same  point  a'  is 
on  the  line  bc.  As  another  verification,  we  may  observe  that  the  last  expres- 
mons  for  a,  ff,  y,  coincide  with  those  which  were  found  in  Art.  24,  for  a,  /3,  v 
themselves,  on  the  particular  supposition  that  the  three  points  a,  b,  o  were 
oollinear. 

fiUioi.TOM's  Etmim  o»  Qdatrucions.  n 
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28.  We  may  next  propose  to  determine  the  ratios  of  the  segments  of  the 
sides  of  the  triangle  abc,  made  by  the  points  a',  b',  &.  For  this  purpose^  we 
may  write  the  last  equations  for  a\  /3',  7'  under  the  form, 

and  we  see  that  they  then  give  the  required  ratios,  as  follows : 

ba'     c  cb'      rt  Acf     b  ^ 

Pc"?         ?a"?         c^"a' 

whence  we  obtain  at  once  the  known  equation  of  six  segments^ 

ba'   cb'   ac'     - 

AC     BA     (/b 

as  the  condition  of  concurrence  of  the  three  right  lines  a  a',  bb',  cc',  in  a  common 
pointy  such  as  o.  It  is  easy  also  to  infer,  from  the  same  ratios  of  segments, 
the  following  proportion  of  coefficients  and  areas^ 

aibxc  ^  OBC ; oca : oab, 

in  which  we  must,  in  general,  attend  to  algebraic  signs;  a  triangle  being 
conceived  to  pass  {through  zfiro)  from  positive  to  negative^  or  vice  versd^  as  com- 
pared with  any  given  triangle  in  its  own  plane,  when  (in  the  course  of  any 
continuous  change)  its  vertex  crosses  its  base.  It  may  be  observed  that  with 
this  convention  (which  is,  in  fact,  a  necessary  one,  for  the  establishment  of 
general formuke)  we  have,  for  any  three  points^  the  equation 

ABC  +  BAC  =  0, 

exactly  as  we  had  (in  Art.  6}  for  any  two  points,  the  equation 

AB  +  BA  B  0. 

More  fully,  we  have,  on  this  plan,  the  f ormulsd, 

ABC  =  -  BAC  «  BCA  «  -  CBA  -  CAB  =  -  ACB  ; 

and  any  two  complanar  triangles^  abc,  a'bV,  bear  to  each  other  a  positive  or  a 
negative  ratio,  according  as  the  two  rotations,  which  may  be  conceived  to  be 
denoted  by  the  same  symbols  abc,  a'bV,  are  similarly  or  oppositely  directed. 

29.  If  a'  and  b'  bisect  respectively  the  sides  bc  and  ca,  then 

and  </  bisects  ab  ;  whence  the  known  theorem  follows,  that  the  three  bisectors 
of  the  sides  of  a  triangle  concur,  in  a  point  which  is  often  called  the  centre  of 
gravity,  but  which  we  prefer  to  call  the  mean  point  of  the  triangle,  and  which 
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is  here  the  origin  o.    At  the  same  time^  the  first  expresions  in  Art.  27  for 

2'        '^2'        ^ 


-.2- 
2' 


whence  this  other  known  theorem  results,  that  the  three  bisectors  trisect  each 
other, 

30.  The  linear  equation  between  o,  jS^  7  reduoes  itself »  in  the  ease  last 
considered,  to  the  form, 

a  +  /3  +  Y«0,    oroA  +  OB  +  oc»0; 

the  three  vectors  o,  /3,  7,  or.  oa,  ob,  oc,  are  therefore,  in  this  case,  adapted 

(by  Art.  10)  to  become  the  successive  sides  of  a 

triangle^  by  transports  without  rotation;  and 

accordingly,  if  we  complete  (as  in  fig.  19)  the 

parallelogram  aobi>,  the  triangle  oai>  will  have 

the  property  in  question.     It  follows  (by  11) 

that  if  we  project  the  four  points  o,  a,  b,  c,  by 

any  system  of  parallel  ordinateSy  into  four  other 

points,  o^,  A^,  B^,  c^,  on  any  assumed  plane,  the 

sum  of  the  three  projected  vectors,  a^,  /3^,  7^,  or 

o^^f  &o.,  will  be  null;  so  that  we  shall  have  the  new  linear  equation, 

or, 

and  in  fact  it  is  evident  (see  fig.  20)  that  the 
projected  mean  point  o^  will  be  the  mean  point 
of  the  projected  triangle,  a^  b^,  c^.  We  shall 
have  also  the  equatiou,  Pl    20. 


where 
hence 


(a,-a) +  03,-^)  + (7,-7)  «0; 

«/-  «  '  0>,-  OA  «  (0>  +  AaJ  -  (00,+  O^)  -  AA,-  00,; 
00,  -  ^  (aA,  +  BB,  +  CO,), 


or  the  ordinate  of  the  mean  point  of  a  triangle  is  the  mean  of  the  ordinates  of  the 
three  comers. 


D  2 
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SECTION  3. 

On  Plane  Cleometiieal  Meti* 

31.  Resuming  the  more  general  case  of  Art.  27,  in  which  the  coeffioientB 
a,  bj  e  are  supposed  to  be  unequal^  we  may  next  inquire,  in  what  points  a",  b", 
o"  do  the  lines  bV,  oV,  aV  meet  respectively  the  sides  bc,  ca,  ab,  of  the 
triangle ;  or  may  seek  to  assign  the  vectors  a\  /3",  7"  of  the  points  of  inter- 
section (comp.  27], 

a"  =  bV  •  BC,  b"  «  (/a'  •  OA,  C"  «  aV  •  AB. 

The  first  expressions  in  Art.  27  for  /3',  7',  give  the  equations, 


whence 


(c  +  o)  j3'  +  i^  =  0,         (a  +  i)  7'+  <^y  -  0  ; 

b(3-cy  ^  [a  +  6)  7^  -  (c  +  a)  fi'  ^ 
b'-c  (a  +  6)  -  (c  +  a)     ' 


but  (by  25)  one  member  is  the  vector  of  a  point  on  bc,  and  the  other  of  a 
point  on  bV ;  each  therefore  is  a  value  for  the  vector  a'  of  a!\  and  similarly 
for  /3"  and  7".    We  may  therefore  write, 


b-c  ' 


/3 


„     cy  -aa 


c-  a 


^       ITT' 


and  by  comparing  these  expressions  with  the  second  set  of  values  of  a^  j3^  y 
in  Art.  27,  we  see  (by  26)  that  the  points  a",  b",  c"  are,  respectively,  the 
harmonic  cot^/ugatea  (as  they  are  iudeed  known  to  be)  of  the  points  a',  b',  c^ 
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with  respect  to  the  three  pairs  of  points,  b,  c ;  c,  a  ;  a,  b  ;  so  that,  in  the 
notation  of  Art.  25,  we  have  the  equations, 

(ba'ca'O  =  (cb'ab'O  -  (acTbc")  -  -  1. 

And  beoanse  the  expressions  for  d\  ^'\  y'  oonduot  to  the  following  linear 
equation  between  those  three  vectors, 

[b  -  c)  0^^+  (c  -  a)/3"+  [a  -  6)/'-  0, 
with  the  relation 

(6  -  c)  +  (o  -  a)  +  (a  -  J)  -  0 

between  its  coefficients,  we  arrive  (by  23)  at  this  other  known  theorem,  that 
the  three  points  a",  b",  (/'  are  eollinear,  as  indicated  by  one  of  the  dotted  lines  in 
the  recent  fig.  21. 

32.  The  line  a'Vc"  may  represent  an^/  rectilinear  transversal^  cutting  the 
sides  of  a  triangle  abo  ;  and  because  we  have 

bV'     a"-fi        c 
a''c  "  7  -  a"  "  "  6' 

while  -?-=»-,  and  -—  =  -,  as  before,  we  arrive  at  this  other  eqtmtion  of  six 

B  A       C  G  B       0 

segmentsy  for  any  triangle  cut  by  a  right  line  (comp.  28), 

BA        CB        AC  I 

which  again  agrees  with  known  results. 

33.  Eliminating  /3  and  y  between  either  set  of  expressions  (27)  for  fi' 
and  7%  with  the  help  of  the  given  linear  equation,  we  arrive  at  this  other 
equation,  connecting  the  three  vectors  a,  j3',  y  : 

0  «  -  aa  +  (c  +  a)  ^'  +  (a  +  6)  7'. 

Treating  this  on  the  same  plan  as  the  given  equation  between  a,  /3, 7,  we  find 
that  if  (as  in  fig.  21)  we  make, 

a'"  -  OA  •  bV,  b'"  -  OB  •  c/a',  <f"  -  00  •  A  V, 

the  vectors  of  these  three  new  points  of  intersection  may  be  expressed  in  either 
of  the  two  following  ways,  whereof  the  first  is  shorter,  but  the  second  is,  for 
some  purposes  (comp.  34,  36),  more  convenient : 

^       26  +  c  +  a'        ^       2c  +  a  +  6' 


I. 

.  .  a'" 

» 

UVl 

2a 

+  6  +  c' 

n. 

•  • 

a'"- 

2aa  +  bfi  +  ey 

2a 

+  ft  +  c 

or 

TT.       «'"« 2<ia  +  ft/3  +  C7  ^„^  2J 

"'26  +  o  +  a'         '  2c  +  a  +  6 
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And  the  three  equation&i  of  which  the  foUowing  is  one, 

(6  -  c)  a''-  {2b  +  c  +  a)  ^'"+  (2c  +  a  +  b)  y'"^  0, 

with  the  relations  between  their  coefficients  which  are  evident  on  inspection, 
show  (by  23)  that  we  have  the  three  additional  collineatiom^  a'W",  b W", 
c'Vb'^^  as  indicated  by  three  of  the  dotted  lines  in  the  figure.  Also,  because 
we  have  the  two  expressions, 

(fl  +  6)  +  (c  +  a)     *  (o  +  6)  -  ((?  +  a)    * 

we  see  (by  26)  that  the  two  points  jl\  II''  are  harmonicaUy  conjugate  with 
respect  to  b'  and  c';  and  similarly  for  the  two  other  pairs  of  points,  b",  b'", 
and  (/',  if" J  compared  with  c/,  a^,  and  with  a^,  b^:  so  that,  in  a  notation  already 
employed  (25,  31),  we  may  write, 

(bWa")  =  (c/b'Vb")  -  (aWc'O  -  -  1. 

34.  If  we  begirij  as  above,  with  any  four  complanar  points^  o,  a,  b,  c,  of 
which  no  three  are  collinear,  we  can  (as  in  fig.  18),  by  what  may  be  called  a 
First  Construction^  derive  from  them  six  lines,  connecting  them  two  by  two, 
and  intersecting  each  other  in  three  new  points,  a',  b^  g';  and  then  by  a 
Second  Construction  (represented  in  fig.  21),  we  may  connect  these  by  three 
new  lines,  which  will  give,  by  their  intersections  with  the  former  lines,  six 
new  points,  a^',  .  .  if'\  We  might  proceed  to  connect  these  with  each  other, 
and  with  the  given  points,  by  sixteen  new  lines,  or  lines  of  a  Third  Construe^ 
turn,  namely,  the  four  dotted  lines  of  fig.  21,  and  twelve  other  lines,  whereof 
three  should  be  drawn  from  each  of  the  four  given  points :  and  these  would 
be  found  to  determine  eighty-four  new  points  of  intersection,  of  which  some 
may  be  seen,  although  they  are  not  marked,  in  the  figure. 

But  however  far  these  processes  of  linear  construction  may  be  continued,  so 
as  to  form  what  has  been  called*  a  plane  geometrical  nety  the  vectors  of  the 
points  thus  determined  have  all  one  common  property :  namely,  that  each  can 
be  represented  by  an  expression  of  the  form, 

staa  +  y6/3  +  zcy  ^ 
.        xa  +  pb  +  ze    * 

where  the  coefficients  a?,  y,  z  are  some  whole  numbers.  In  fact  we  see  (by  27, 
31,  33)  that  such  expressions  can  be  assigned  for  the  nine  derived  vectors, 

*  By  Prof.  A.  F.  Mobiub,  in  page  274  of  his  Barye&nirie  Calculus  (der  baryoentriflche  Calcnl, 
Leipsig»  1827). 
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a\  .  .  .  y^^\  which  alone  have  been  hitherto  oonsidered ;  and  it  is  not  difficult 
to  perceive,  from  the  nature  of  the  calculations  employed,  that  a  similar  result 
must  hold  good,  for  every  vector  subsequently  deduced.  But  this  and  other 
connected  results  will  become  more  completely  evident,  and  their  geometrical 
signification  will  be  better  understood,  after  a  somewhat  closer  consideration 
of  anharmome  quotients^  and  the  introduction  of  a  certain  system  of  anharmonic 
co-ordinates^  for  points  and  lines  in  one  plane,  to  which  we  shall  next  proceed  : 
reserving,  for  a  subsequent  Chapter,  any  applications  of  the  same  theory  to 
space. 


SECTION  4. 

On  Anhmrtaonle  Co-ordlnatea  and  E^aatfons  of  Points  and 

lAnem  In  one  Plane. 

35.  If  we  compare  the  last  equatiohs  of  Art.  33  with  the  corresponding 
equations  of  Art.  31,  we  see  that  the  harmonic  group  ba'ca",  on  the  side  bc  of 
the  triangle  abc  in  fig.  21,  has  been  simply  reflected  into  another  such  group, 
b'a^'Va",  on  the  line  bV,  by  a  harmonic  pencil  of  four  rays,  all  passing  through 
the  point  o ;  and  similarly  for  the  other  groups.  More  generally,  let  oa,  ob, 
oc,  OD,  or  briefly  o  .  abcd,  be  ant/  pencil,  with  the  point  o  for  vertex;  and  let 
the  new  rap  oi>  be  cut,  as  in  fig.  22,  by  the  three  sides  of  the  triangle  abc,  in 
the  three  points  Ai,  Bi,  Gi  ;  let  also 

ybB  +  zcy 

so  that  (by  25)  we  shall  have  the  anharmonic  quotients, 

(ba'cAi)-|,        (ca'ba,)-^; 

and  let  us  seek  to  express  the  two  other  vectors  of  intersection,  j3i  and  71,  with 

a  view  to  determining  the  anharmonic  ratios  of 

the  groups  on  the  two  other  sides.    The  given 

eqnation  (27), 

fla  +  J/3  +  C7  =  0, 

shows  us  at  once  that  these  two  vectors  are, 

OB,  =  ^1  =  i2, — \^     ^     ; 
^         {y  -z)c  +  ya 

[z  -  y)b3  -^  zaa 

oc,  =  7,  =  V"^\r ' 

(z  -  y)b  -¥  za 
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whenoe  we  derive  (by  25)  these  two  other  anharmonioB, 

fcB'ABi)  = ;        (b(/aCi)  s=  — -; 

y  % 

so  that  we  have  the  relations, 

(cb'aBi)  +  (ca'bai)  =  (bc'ac,)  +  (ba'cAi)  =  1. 

But  in  general,  for  any  four  oollinear  points  a,  b,  c,  d,  it  is  not  difficult  to 
prove  that 

AB  AC 

—  .  CD  +  —  .  BD  «-  DA  ; 

BC  CB 

whence  by  the  definition  (25)  of  the  signification  of  the  symbol  (abcdj,  the 
following  identity  is  derived, 

(abcd)  +  (acbd)  =  1. 

Comparing  this,  then,  with  the  recently  found  relations,  we  have,  for  fig.  22, 
the  following  anharmonic  equations : 

(cab'bi)  »  (ca'bAi)  =  -  ; 

(bac'ci)  =  (ba'cai)  =  - ; 

and  we  see  that  (as  was  to  be  expected  from  known  principles)  the^anharmonic 
of  the  group  does  not  change,  when  we  pass  from  one  side  of  the  triangle, 
considered  as  a  transvei'ml  of  the  pencil,  to  another  such  side,  or  transversal. 
We  may  therefore  speak  (as  usual)  of  such  an  anharmonic  of  a  groupj  as  being 
at  the  same  time  the  Anharmonic  of  a  Pencil;  and,  with  attention  to  the  order 
of  the  raySj  and  to  the  definition  (25),  may  denote  the  two  last  anharmonics 
by  the  two  following  reciprocal  expressions : 

(o .  CABDj  =  -  ;       (o .  bacd)  -  - : 
y  '     z 

with  other  resulting  values,  when  the  order  of  the  rays  is  changed ;  it  being 

understood  that 

(o .  cabd)  =  (c'a'bV), 

if  the  rays  oc,  oa,  ob,  od  be  cut,  in  the  points  c\  a\  b\  d\  by  any  one  right 

line. 

36.  The  expression  (34), 

xaa  +  ybfi  +  zcy 

^         xa  ■¥  yb  ■\-  ze   * 
may  represent  the  vector  of  any  point  p  in  the  given  plane^  by  a  suitable  choice 
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of  the  coeffieienU  x^  y^  %^  or  simply  of  their  raixM,   For  since  (by  22)  the  three 

oomplanar  vectors  pa,  pB|  pc  must  be  connected  by  some  linear  equation,  of 

the  form 

fl' .  PA  +  V .  PB  +  c' .  PC  -  0, 
or 

which  gives 

we  have  only  to  write 

d  V  c' 

b 


r  -  ^»       r  -  y»       r  -  «» 


and  the  proposed  expression  for  p  will  be  obtained.  Hence  it  is  easy  to  infer, 
on  principles  already  explained,  that  if  we  write  (compare  the  annexed 
fig.  23), 

Pi=PA»BC,  P, -PB'CA,  Pt-PC'AB, 

we  shall  have,  with  the  same  coefficients  xt/z^  the  following  expressions  for 
the  vectors  oPi,  oPs,  oPt,  or  /oi,  pt^  /9t,  of  these  three  a 

points  of  intersection,  Pi,  p„  p, : 

y6/3  +  zey  zcy  +  xoa 

f/b  -¥  %o  ^        ze  •\-  xa 

^xaa-^l/bfi 


which  give  at  once  the  following  anhannonics  of  Yig,  28. 

pencils,  or  of  groups, 

(a  .  Bocp)  -  (ba'cpi)  »  -  ; 


z 


(b  .  coAP)  «  (cB'APt)  -  - ; 

X 


(c .  aobp)  -  (ac/bpj)  -  * ; 

whereof  we  see  that  the  product  is  unity.   Any  Uco  of  these  three  pencils  suffice  to 

determine  the  position  of  the  point  p,  when  the  triangle  abc,  and  the  origin  o  are 

given ;  and  therefore  it  appears  that  the  three  coefficients  Xj  y,  s,  or  any  scalars 

proportional  to  theni^  of  which  the  quotients  thus  represent  the  anharmonics  of 

those  pencils,  may  be  conveniently  called  the  Amharmonic  Co-ordinatbs  of 
that  pointy  p,  with  respect  to  the  given  tiiangle  and  origin :  while  the  point  p 

itself  may  be  denoted  by  the  Symbol^ 

HAMiLTON't  Sfjucnm  of  Quatbiwionii.  |C 
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With  this  notation,  the  thirteen  points  of  fig.  21  oome  to  be  thus  symbolized : 

A    =(1,0,0),      B     =(0,1,0),       c   -(0,0,1),    o- (1,1,1); 
A'  «  (0, 1, 1)       B'    =  (1,  0,  1),      (f  -  (1,  1,  0) ; 
a'' -  (0,  1,  -  I),    B''  =  (- 1,  0, 1),   >«(1,-1,0); 
a''' =  (2, 1,  1),       B'"  =  (1,2,1),      c''' -  (1, 1,  2). 
37.  If  Fi  and  Ps  be  any  two  points  in  the  given  plane, 

and  if  t  and  u  be  any  two  scalar  coeffioients,  then  the  following  third  painl^j 

p  =  {txi  +  uwif  tffi  +  uy2y  tzi  +  ««,), 

is  collinear  with  the  two  former  points,  or  (in  other  words)  is  situated  on  the 
right  line  PiPf     For,  if  we  make 

x^txi  +  uXif        p  =  tyi  +  wys,        «  =  fei  +  wtt^ 


and 


XiOa  +  •  .  x^aa  +  . .  xaa  +  •  • 


a?ia  +  .  .  X2fl  +  ,  .  ara  +  .  . 

these  vectors  of  the  three  points  PiPsP  are  oonneoted  by  the  linear  equation, 

t  {xia  +  .  .)  />i  +  w  (iP,a  +  ..)  /)2  -(««+..)  P  =  0 ; 

in  which  (comp.  23),  the  sum  of  the  coefficients  is  s^o.  Conversely,  the  point 
p  cannot  be  collinear  with  Pi,  Pa,  unless  its  co-ordinates  admit  of  being  thus 
expressed  in  terms  of  theirs.  It  follows  that  if  a  variable  point  p  be  obliged 
to  move  along  a  given  right  line  PiPa,  or  if  it  have  such  a  line  (in  the  given  plane) 
for  its  locus,  its  co-ordinates  xy%  must  satisfy  a  homogeneous  equation  of  the  first 
degree,  unth  constant  coefficients  ;  which,  in  the  known  notation  of  determinants, 
may  be  thus  written, 

0«    a-i,    yi,    Zi 

or,  more  fully, 

Q  =  x  {yiZ2  -  Zi^i)  +  p  {ziXi  -  aji»a)  +  z  [x,y%  -  y^x^) ; 
or  briefly 

0  =  &  +  wy  +  w«, 

where  /,  m,  n  are  ^A/*^«  constant  scalars,  whereof  the  quotients  determine  the 
position  of  the  right  line  A,  which  is  thus  the  locus  of  the  point  p.  It  is  natural  to 
call  the  equation,  which  thus  connects  the  co-ordinates  of  \hQ point  p,  the  Anhar^ 
monic  Equation  of  the  Line  A ;  and  we  sliall  find  it  convenient  also  to  speak  of 
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the  coefficients  /,  m,  n^  in  that  eqnatioiii  as  being  the  Anharmonic  Co-ordinates 
of  that  Line :  whioh  line  may  also  be  denoted  by  the  Symbol^ 

A  -  [/,  m,  «]. 

38.  For  example,  the  three  sides  bg,  ca,  ab  of  the  given  triangle  have 

thus  for  their  equationsy 

«-0,        y-0,        s-0, 
and  for  their  symbohy 

[1,  0,  0],        [0, 1,  0],        [0,  0, 1]. 

The  three  additional  lines  oa,  ob,  go,  fig.  18,  have,  in  like  manner,  for  their 
equations  and  symbols, 

[0,  1,  -  1],        [-  1,  0,  1],   •     [1,  -  1,  0]. 
The  lines  bVa'',  c/aV,  aVc",  of  fig.  21,  are 

y  +  «-a?-0,        «  +  iP-y-0,        aj  +  y-s-O, 

[-  1, 1,  1],         [1,  -  1,  1],         [1,  1,  -  1]  ; 

the  lines  a'W",  bW",  c/W",  of  the  same  figure,  are  in  like  manner 
represented  by  the  equations  and  symbols, 

y  +  «-3a?-0,        «  +  af-3y»0,        «  +  y-3«-0, 

[r  3,  1, 1],        [1,  -  3, 1],        [1, 1, .  3]  ; 

and  the  line  a"b  V  is 

«  +  y  +  «  «  0,    or    [1, 1, 1]. 

Finally,  we  may  remark  that  on  the  same  plan,  the  equation  and  the  symbol 
of  what  is  often  oalled  the  line  at  infinity ^  or  of  the  locus  of  all  the  infinitely 
distant  points  in  the  given  plane^  are  respeotively, 

04?  -f  fry  +  (»  -*  0,    and    [a,  6,  c]  ; 

because  the  linear  function^  ax  -¥  by  -^  cz^  ot  the  co-ordinates  x^  y^  z  ot  b,  point  p 
in  the  plane,  is  the  denominator  of  the  expression  (34,  36)  for  the  vector  p  of 
that  point :  so  that  the  point  p  is  at  an  infinite  distance  from  the  origin  o, 
when,  and  only  when,  this  linear  function  vanishes. 

39.  These  anharmonic  co-ordinates  of  a  line^  although  above  interpreted  (37) 
with  reference  to  the  equation  of  that  line,  considered  as  connecting  the  co- 
ordinates of  a  variable  point  thereof,  are  capable  of  receiving  an  independent 
geometrical  interpretation.  For  the  three  points  l,  m,  n,  in  which  the  line  A. 
or  [/,  m,  I?],  or  Ix  -\'  my  •¥  nz  «  0,  intersects  the  three  sides  bc,  ca,  ab  of  the 

E  2 


28  ELEMENTS  OF  QUATERNIONS.  [I.  ii.  §§  4, 6. 

given  triangle  abc,  or  the  three  given  lines  a?«0,  y»0,  «  =  0  (38),  may 
evidently  (on  the  plan  of  36)  be  thus  denoted : 

L  «  (0,  «,  -  m) ;        M  -  (-  n,  0,  /) ;        n  »  (m,  -  /,  0). 
But  we  had  also  (by  36), 

a"=  (0, 1,  -  1) ;        b"-  (-  1,  0, 1) ;        c"-  (1,  -  1,  0) ; 

whence  it  is  easy  to  infer,  on  the  principles  of  recent  artideSi  that 

—  »  (ba"cl)  ;        -  «  (cb"am)  ;        —  «  (ac"bn)  ; 

with  the  resulting  relation, 

(ba"cl)  .  (cb"am)  .  (ac/'bn)  =»  1, 

40.  Conversely,  this  last  equation  is  easily  proved,  with  the  help  of  the 
known  and  general  relation  between  segments  (32),  applied  to  any  two  trans- 
versahf  a'^bV  and  lmn,  of  any  triangle  abc.  In  fact,  we  have  thus  the  two 
equations, 

Ba"    Cb"    AC"  -        BL     CM      AN  -  ^ 

AC     B  A    C  B  LC      MA     NB 

on  dividing  the  former  of  which  by  the  latter,  the  last  formula  of  the  last 
article  results.  We  might  therefore  in  this  way  have  been  led,  without  any 
consideration  of  a  vatiable  point  p,  to  introduce  three  auxiliary  scaiars,  /,  m,  n, 

defined  as  having  their  quotients  — ,  -,  —  equal  respectively,  as  in  39,  to  the 
three  anharmonics  of  groups, 

(ba"cl),        (cb"am),        (ac"bn)  ; 

and  then  it  would  have  been  evident  that  these  three  scalars,  /,  m,  n  (or  any 
others  proportional  thereto),  are  sufficient  to  determine  the  position  of  the  right 
Urn  A,  or  lmn,  considered  as  a  transversal  of  the  given  triangle  abc  :  so  that 
they  might  naturally  have  been  called,  on  this  account,  as  above,  the  anhar- 
monic  co-ordinates  of  that  line.  But  although  the  anharmonic  co-ordinates  of 
a  point  and  of  a  line  may  thus  be  independently  defined,  yet  the  geotnetrical 
utility  of  such  definitions  will  be  found  to  depend  mainly  on  their  combination  : 
or  on  the  formula  &  +  fwy  +  w»  =  0  of  37,  which  may  at  pleasure  be  considered 
as  expressing,  either  that  the  variable  point  (a?,  y,  z)  is  situated  somewhere  upon 
the  given  right  line  [/,  m,  n]  ;  or  else  that  the  variable  line  [/,  m,  »]  passes,  in 
some  direction,  through  the  giteu  point  (x,  y,  »). 
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41.  If  Ai  and  As  be  any  ttpo  right  lines  in  the  given  plane, 

Ai  «  [/i,  fWi,  nj,         Aj  ■  [/j,  W2>  W2], 

then  any  third  right  line  A  in  the  same  plane,  whioh  passes  through  the  inter' 
section  At  *  A3,  or  (in  other  words)  whioh  concurs  with  them  (at  a  finite  or 
infinite  distanoe),  may  be  represented  (oomp.  37)  by  a  symbol  of  the  form, 

A  «■  [til  +  ukf  tmi  +  um%,  tfii  -f  tt/12], 

where  t  and  u  are  scalar  ooefiSoients.  Or,  what  comes  to  the  same  thing,  if 
^  m,  n  be  the  anharmonio  co-ordinates  of  the  line  A,  then  (oomp.  again  37), 
the  equation 

0  =  /  {ntin^  -  Wi»»a)  +  &o.  « 


/, 

w. 

n 

/., 

Wti, 

«i 

k 

IWl, 

fh 

mnst  be  satisfied  ;  because,  if  (X,  F,  Z)  be  the  supposed  point  common  to  the 
three  lines,  the  three  equations 

/X  +  w F  +  nZ  =  0,    liX+miT+  n^Z  =0,    4X  +  fw, F  +  ihZ -  0, 

must  co-exist.    Conversely,  this  co-existence  will  be  possible,  and  the  three  lines 

will  have  a  common  point  (which  may  be  infinitely  distant),  if  the  recent 

condition  of  concurrence  be  satisfied.    For  example,  because  [a,  6,  c\  has  been 

seen  (in  38)  to  be  the  symbol  of  the  line  at  infinity  (at  least  if  we  still  retain 

the  same  significations  of  the  scalors  a,  i,  c  as  in  Articles  27,  &c.),  it  follows 

that 

A  «  [/,  fw,  n],     and     A'-  [/  +  «a,  m  +  ti4,  n  +  uc\^ 

are  symbols  of  two  parallel  lines  ;  because  they  concur  at  infinity.  In  general, 
all  problems  respecting  intersections  of  right  lines,  coUineations  of  points,  &c., 
in  the  given  plane,  when  treated  by  this  anharmonic  method^  conduct  to  easy 
etiminations  between  linear  equations  (of  the  scahr  kind),  on  which  we  need 
not  here  delay  :  the  mechanism  of  such  calculations  being  for  the  most  part  the 
same  as  in  the  known  method  of  trilinear  coordinates :  although  (as  we  have 
seen)  the  geotfietrieal  intopretations  are  altogether  different. 


SECTION   5. 

On  Plane  Oeometrlcal  ATete,  resumed. 

42.  If  we  now  resume^  for  a  moment,  the  consideration  of  those  plane 
geometrical  nets^  which  were  mentioned  in  Art.  34 ;  and  agree  to  call  those 
points  and  lines,  in  the  given  plane,  rational  points  and  rational  lines^  respeo- 
tively»  which  have  their  anharmonic  co-ordinates  equal  {01  proportional)  to  whole 
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numbers  ;  because  then  the  anharmonic  quotients^  which  were  discussed  in  the 
last  Section,  are  rational;  but  to  say  that  a  point  or  line  is  irrational^  or  that 
it  is  irrationally  related  to  the  given  system  oi  four  initial  points  o,  a,  b,  c, 
when  its  anharmonic  co-ordinates  are  not  thus  all  equal  (or  proportional)  to 
integers ;  it  is  clear  that  tchatever  four  points  we  may  assume  as  initial^  and 
however  far  the  construction  of  the  net  may  be  carried,  the  net-points  and  net' 
lines  which  result  will  all  be  rationaly  in  the  sense  just  now  defined.  In  fact> 
we  begin  with  such;  and  the  subsequent  eliminations  (41)  can  never  after- 
wards conduct  to  any,  that  are  of  the  contrary  kind :  the  right  line  which 
connects  two  rational  points  being  always  a  rational  line;  and  the  point  of 
intersection  of  two  rational  lines  being  necessarily  a  rational  point.  The 
assertion  made  in  Art.  34  is  therefore  fully  justified. 

43.  Conversely,  evei^g  rational  point  of  the  given  plane,  with  respect  to  the 
four  assumed  initial  points  oabc,  is  a  point  of  the  net  which  those  four  points 
determine.  To  prove  this,  it  is  evidently  sufficient  to  show  that  every  rational 
point  Ai  »  (0,  y,  2),  on  any  one  side  bg  of  the  given  triangle  abc,  can  be  so 
constructed.    Making,  as  in  fig.  22, 

Bi  =  oAi  •  CA,     and     Ci  =  oai  •  ab, 

we  have  (by  85,  36)  the  expressions, 

Bi  =  (y,  0,  y  -  »),        ci  -(«,«-  y,  0) ; 
from  which  it  is  easy  to  infer  (by  36,  37),  that 

c'bx  •  BC  «  (0,  y,  »  -  y),        b'ci  •  bc  »  (0,  y  -  a,  z) ; 

and  thus  we  can  reduce  the  linear  construction  of  the  rational  point  (0,  y,  s), 

in  which  the  two  whole  numbers  y  and  z  may  be  supposed  to  be  prime  to  each 

other,  to  depend  on  that  of  the  point  (0,  1,  1),  which  has 

already  been  constructed  as  a".    It  follows  that  although  no 

irrational  point  q  of  the  plane  can  be  a  net-point^  yet  every 

such  point  can  be  ifidefinitely  approached  to,  by  continuing  the 

linear  construction;  so  that  it  can  be  included  within  a  quadri* 

lateral  interstice  PiPjPjPi,  or  even  within  a  triangular  interstice 

PiPtPs,  which  interstice  of  the  net  can  be  made  as  small  as  we  may  desire. 

Analogous  remarks  apply  to  irrational  lines  in  the  plane,  which  can  never  coin* 

cide  with  net-lines^  but  may  always  be  indefinitely  approximated  to  by  such. 

44.  If  p,  P|,  p,  be  any  three  collinear  points  of  the  net,  so  that  the  formulee 
of  37  apply,  and  if  p'  be  any  fourth  net-point  {x\  y',  2')  upon  the  same  line, 
then  writing  na  +  y^b  +  ZiC  =  ri,        a?ia  +  y%b  +  »tc  -  !?», 
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we  shall  have  two  exproBoioiis  of  the  forms, 

in  which  the  coefficients  tutfu'  are  rational^  because  the  co-ordinates  xpz^  Ac, 
are  such,  whatever  the  constants  abe  may  be.  We  have  therefore  (by  25)  the 
following  rational  expression  for  the  anharmonic  of  this  neUgroup : 

and  similarly  for  every  other  group  of  the  same  kind.  Hence  every  group  of 
four  oollinear  net-points,  and  consequently  also  every  pencil  of  four  concurrent 
net-lines,  has  a  rational  value  for  its  anharmonic  function;  which  value  depends 
only  on  the  processes  of  linear  construction  employed,  in  arriving  at  that  group 
or  pencil,  and  is  quite  independent  of  the  configuration  or  arrangement  of  the 
four  initial  points :  because  the  three  initial  constants^  a,  (,  c^  disappear  from  the 
expression  which  results.  It  was  thus  that,  in  fig.  21,  the  nine  pencils j  which 
had  the  nine  derived  points  a'  .  .  (/"  for  their  vertices,  were  all  harmonic 
pencils,  in  whatever  manner  the  four  points  o,  a,  b,  c  might  be  arranged.  In 
general,  it  may  be  said  that  plane  geometrical  nets  are  all  homographic 
figures;*  and  conversely,  in  any  two  such  plane /^wr^«,  corresponding  points 
may  be  considered  as  either  coinciding^  or  at  least  (by  43)  as  indefinitely 
approaching  to  coincidence,  with  similarly  constructed  points  of  two  plane  nets: 
that  is,  with  points  of  which  (in  their  respective  systems)  the  anharmonic  co* 
ordinaies  (36)  are  equal  integers. 

45*  Without  entering  here  on  any  general  theory  of  transformation  of 
anharmonic  co-ordinates,  we  may  already  see  that  if  we  select  any  four  net" 
points  Oi,  Ai,  Bi,  Ci,  of  which  no  three  are  collinear,  evef*y  other  point  p  of  the 
same  net  is  rationally  related  (42)  to  these;  because  (by  44)  the  three  new 

anharmonics  of  pencils,  (ai  .  BiOiCiP)  »  -^,  Ac,  are  rational :   and  therefore 

Si 

(oomp.  36)  the  new  co-ordinates  ^i,  ^i,  Si  of  the  point  p,  as  well  its  old  co-or- 
dinatee  xyz^  are  equal  or  proportional  to  whole  numbers.  It  follows  (by  43) 
that  erery  point  f  of  the  net  can  be  linearly  constructed^  if  any  four  such  points 
be  given  (no  three  being  collinear,  as  above) ;  or,  in  other  words,  that  the 
ichole  net  can  be  reconstructed ;\  if  any  one  of  its  quadrilaterals  (such  as  the 

*  Compare  tbe  Ohmetru  Superieure  of  M.  Chasles,  p.  362. 

t  This  theorem  (45)  of  the  possihle  reeonttt-uetum  of  a  plane  net,  from  any  one  of  its  quadrilaterals, 
nnd  the  theorem  (43)  respecting  the  possibility  of  indefiniiely  approaching  by  nei^lintt  to  the  points 
above  called  irratumal  (42),  without  ever  reaching  such  points  by  any  processes  of  linear  oonetruetioit 
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intentice  in  fig.  24)  be  known.  As  an  example,  we  may  suppose  that  the 
four  points  oa'b^c^  in  fig.  21  are  given,  and  that  it  is  required  to  recover  from 
them  the  three  points  abc,  which  had  previously  been  among  the  data  of  the 
oonstruotion.  For  this  purpose,  it  is  only  necessary  to  determine  first  the 
three  auxiliary  points  k"\  b^'^  c'^\  as  the  intersections  oa'  *  bV,  &c.  ;  and  next 
the  three  other  auxiliary  points  a",  b",  </',  as  bV  •  b^V",  &c.  :  after  which  the 
formulae,  a  «  b'b^'  *  c^(/^  &c.,  will  enable  us  to  return,  as  required,  to  the 
points  A,  B,  c,  as  intersections  of  known  right  lines. 


SECTION  6. 

On  Anharinonlc  Kqaatloiui,  and  ¥ector  Kxpremions,  for  Cnrre* 

In  a  siven  Plane. 

46.  When,  in  the  expressions  34  or  36  for  a  variable  vector  p  »  op,  the 
three  variable  scalars  (or  anharmonio  co-ordinates)  ^,  y,  z  are  connected  by  any 
given  algebraic  equation^  such  as 

supposed  to  be  rational  and  integral,  and  homogeneous  of  the^^  degree,  then 

the  locus  of  the  term  p  (Art.  1)  of  that  vector  is  a  plane  curve  of  the  j»**  order; 

because  (comp.  37)  it  is  cut  in  p  points  (distinct  or  coincident,  and  real  or 

imaginary),  by  any  given  right  line,  Ix  -^  mp  +  nz  ^  0,  in  the  given  plane. 

For  example,  if  we  write 

t^aa  +  u^b(i  +  v^oy 

^  "  "ToTu^bTW' 

where  t,  u,  v  are  three  new  variable  scalars,  of  which  we  shall  suppose  that 
the  sum  is  zero,  then,  by  eliminating  these  between  the  four  equations, 

•    «^  =  ^*>    y  =  «S    t^v\    ^  +  «  +  t^  "  0, 

we  are  conducted  to  the  following  equation  of  the  second  degree, 

0  ^fp^  a^  +  p^  +  z^-  2yz  -  2zx  -  2xy ; 

so  that  here  jt? «  2,  and  the  locus  of  p  is  a  conic  section.  In  fact,  it  is  the  conic 
which  touches  the  sides  of  the  given  tiHangle  abc,  at  the  points  above  called  a', 
b',  c';  for  if  we  seek  its  intersections  with  the  side  bc,  by  making  a?  =  0  ^38), 

of  the  kind  here  considered,  have  been  taken,  as  regat-ds  their  substance  (tilthou^h  investigated  by  a 
totally  different  analysis),  from  that  highly  original  ti'eatise  of  Mobicr,  which  was  referred  to  in  a 
former  note  (p.  22).    Compare  the  remarks  in  the  following  Chapter,  upon  ntti  in  ^ae$. 
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we  obtain  a  quadratic  with  equal  roots,  namely,  (^  -  <)* «  0  ;  whioh  shows  that 
there  is  contact  with  this  side  at  the  point  (0,  1,  1),  or  a'  (86) :  and  similarly 
for  the  two  other  sides. 

47.  If  the  point  o,  in  whioh  the  three  right  lines  aa',  bb^  ocf  concur^  be 
(as  in  fig.  18,  fto.)  interior  to  the  triangle  abc,  the  sides  of  that  triangle  are 
then  all  cut  internal^,  by  the  points  a\  b',  (f  of  contact  with  the  conic ;  so  that 
in  this  case  (by  28)  the  ratios  of  the  constants  a,  6,  c  are  all  po9itff>e9  and  the 
denominator  of  the  recent  expression  (46)  for  p  can- 
not vanishf  for  any  real  values  of  the  variable 
sealars  t,UyV;  and  consequently  no  euch  values  can 
render  infinite  that  vector  p.  The  conic  is  therefore 
generally  in  this  case,  as  in  fig.  25,  an  inscnbed 
ellipse  ;  whioh  becomes  however  the  inscribed  circle^ 

when 

AT* :  6"* :  <r*  «  s  -  a  :  s  -  b  :  s  -  0 ; 

a,  b,  o  denoting  here  the  lengths  of  the  sides  of  the    ^ 

triangle,  and  s  being  their  semi-sum.  ^' 

48.  But  if  the  point  of  concourse  o  be  exterior  to  the  triangle  of  tangents 
ABC,  80  that  tuH>  of  its  sides  are  cut  externally^  then  tu>o  of  the  three  ratios  of 
segments  (28)  are  negative  ;  and  therefore  one  of  the  three  constants  a,  6,  c  may 
be  treated  as  <  0,  but  each  of  the  two  others  as  >  0.    Thus  if  we  suppose  that 

6>0,        c>0,        a<0,        a  +  6>0,        a  +  <>>0, 

a'  will  be  a  point  on  the  side  bc  itself ^  but  the  points  b\  c",  o  will  be  on  the 
lines  AC,  ab,  aa'  prolonged^  as  in  fig.  26 ;  and 
then  the  conic  aVc'  will  be  an  ellipse  (including 
the  case  of  a  circle)  ^  or  e^  parabola^  or  an  hyper* 
bokif  according  as  the  roots  of  the  quadratic^ 

(a  +  c)  f  +  2ctu  +  (6  +  c) «» -  0, 

obtained  by  equating  the  denominator  (46)  of 

the  vector  p  to  zero,  are  either,  1st,  imaginary ;  Fig.  26. 

or  Ilnd,  real  and  eqiMl;  or  Ilird,  real  and  unequal:  that  is,  according  as 

we  have 

6c  -f  ca  +  flft  >  0,    or  =  0,    or  <  0 ; 

or  (because  the  product  abc  \&  here  negative),  according  as 


flr>  +  6-»  +  (T*  <  0, 

Hamilton's  Elbhsiits  of  Quatbrnions. 


or 


0,    or  >  0. 
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For  example,  if  the  oonio  be  what  is  often  called  the  exaeribed  eircle^  the 
known  ratios  of  segments  give  the  proportion, 

flT^ :  6"* :  <r*  -  -  s  :  8  -  0  :  s  -  b ; 
and 

-S  +  8-O  +  8-b<0. 

49.  More  generally,  if  c^  be  (as  in  fig.  26)  a  point  npon  the  side  ab,  or 
on  that  side  prolonged,  such  that  cc,  is  parallel  to  the  ohord  bV,  then 

cf{ :  Acf  =  cb'  :  ab'  =  -  fl  :  c,  and  ab  :  ac^  =  a  +  4  :  6 ; 
writing  then  the  condition  (48)  of  ellipticity  (or  circularity)  under  the  form, 
—  <  ,  ,  we  see  that  the  conic  is  an  ellipse,  parabola,  or  hyperbola,  accord- 
ing as  cj[f  <  or  B  or  >  AB ;  the  arrangement  being  stilly  in  other  respects,  that 
which  is  represented  in  fig.  26.  Or,  to  express  the  same  thing  more  q^mme- 
trically,  if  we  complete  the  parallelogram  cabd,  then  according  as  the  point 
D  falls,  Ist,  beyond  the  chord  bV,  with  respect  to  the  point  a  ;  or  Ilnd,  on  that 
chord;  or  Ilird,  mthin  the  trumgle  abV,  the  general  arrangement  of  the  same 
figure  being  retained,  the  curve  is  elliptic,  or  parabolic,  or  hyperbolic.  In  that 
other  arraugement  or  configuration,  which  answers  to  the  system  of  inequa- 
lities, (>0,  ^>0,  a  +  (-f-(^<0,  the  point  a'  is  still  upon  the  side  bo Ueelf,  but 
o  is  on  the  line  a'a  prolonged  through  a  ;  and  then  the  inequality, 

a  (6  +  (?)  +  6c  <  -  (6'  +  ftc  +  c*)  <  0, 

shows  that  the  conic  is  necessarily  an  hyperbola ;  whereof  it  is  easily  seen  that 
one  branch  is  touched  by  the  side  bo  at  a\  while  the  other  branch  is  touched 
in  B^  and  cf,  by  the  sides  ca  and  ba  prolonged  through  a.  The  curve  is  also 
hyperbolic,  if  either  a  +  &ora  +  cbe  negative,  while  b  and  c  are  positive  as 
before. 

60.  When  the  quadratic  (48)  has  its  roots  real  and  unequal,  so  that  the 
conic  is  an  hyperbola,  then  the  directions  of  the  asymptotes  may  be  found,  by 
substituting  those  roots,  or  the  values  of  t,  u,  v  which  correspond  to  them  (or 
any  scalars  proportional  thereto),  in  the  numerator  of  the  expression  (46)  for 
p ;  and  similarly  we  can  find  the  direction  of  the  axis  of  the  parabola,  for  the 
case  when  the  roots  are  real  but  equal :  for  we  shall  thus  obtain  the  direddona, 
or  direction,  in  which  a  right  line  op  must  be  drawn  from  o,  so  as  to  meet  the 
conic  at  infinity.  And  the  same  conditions  as  before,  for  distinguishing  the 
species  of  the  conic,  may  be  otherwise  obtained  by  combining  the  anharmonic 
equation,  /=  0  (46),  of  that  conic,  with  the  corresponding  equation  ax  +  by 
+  (?«  -  0  (38)  of  the  line  at  infinity ;  so  as  to  inquire  (on  known  principles  of 
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modem  geometary)  whether  that  line  meets  that  cuttfe  in  ttco  imaginary  points^ 
or  iauchea  it,  or  cuts  it»  in  points  whioh  (although  infinitely  dietani)  are  here  to 
be  oonsidered  as  real. 

51.  In  general,  if /(a;,  ^,  s)  -  0  be  the  anharmonio  equation  (46)  of  any 
plane  eurve^  oonsidered  as  the  loetts  of  a  yariable  paint  p ;  and  if  the  different 
tial*  of  this  equation  be  thus  denoted, 

0  =  d/(a?,  y,  «)  -  Jda?  +  Ydy  +  Zdz ; 

then  because,  by  the  supposed  homogeneity  (46)  of  the  function/,  we  have  the 

relation 

jr<p  +  Fy  +  -&  -  0, 

we  shall  have  also  this  other  but  analogous  relation, 

X/  +  Fy'  +  Zs'  «  0, 

if  a?'-a?:y'-y:«'-««d;r:dy:d«; 

that  is  (by  the  prinoiples  of  Art.  37),  if  p^  »  {n/y  y\  z')  be  auy  point  upon  the 
tangent  to  the  curve,  drawn  at  the  point  p  »  (x^  y,  s),  and  regarded  as  the  limit 
of  a  secant.    The  symbol  {^7)  of  this  tangent  at  p  may  therefore  be  thus 

wntteUf 

[Z,  r,  Z],    or    [d,/,  Dy/,  J}^] ; 

where  i>«,  Dy,  d.  are  known  eharaeterietiee  of  partial  derivation. 

52.  For  example,  when /has  the  form  assigned  in  46,  as  answering  to  the 
oonic  lately  oonsidered,  we  have  D«/a  2  (a?  -  y  -  s),  &o. ;  whence  the  tangent 
at  any  point  (a?,  y,  z)  of  this  curve  may  be  denoted  by  the  symbol, 

[x-y-z,      y-»-«,      «-a?-yJ; 

in  which,  as  usual,  the  co-ordinates  of  the  line  may  be  replaced  by  any  others 
proportional  to  them.  Thus  at  the  point  a^  or  (by  36)  at  (0,  1,  1),  which  is 
evidently  (by  the  form  of/)  a  point  upon  the  curve,  the  tangent  is  the  line 
[-  2,  0,  0],  or  [1,  0,  0]  ;  that  is  (by  38),  the  side  bc  of  the  given  triangle,  as 
was  otherwise  found  before  (46).  And  in  general  it  is  easy  to  see  that  the 
recent  symbol  denotes  the  right  line,  which  is  (in  a  well  known  sense)  the 
polar  of  the  point  (or,  y,  s),  with  respect  to  the  same  given  conic ;  or  that  the 
fine  [X%  T\  Z''\  is  the  polar  of  the  point  (^,  y^,  ^) :  because  the  equation 

Xi^+  Fy'  +  Zs'-O, 

*  In  the  theory  of  quatemtonM,  aa  distinguiahed  from  (although  including)  that  of  v&ctoraj  it  wiU 
heionad  neceaaary  to  introduoe  a  n4w  d$JinitioH  of  tUferenUalt,  on  account  of  the  turn'Oommutative 
iut)|wity  of  quaUmwiP^nuUiplication :  but,  for  the  present,  the  utwU  eigniflcatioDB  of  the  aigna  d  and 
D  are  aufficient. 

F  2 
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which  for  a  conic  may  be  written  as  X^x  -f  F'y  +  2^%  •  0,  expresses  (by  51)  the 
condition  requisite,  in  order  that  a  point  (^,  y,  2)  of  the  curve*  should  belong 
to  a  tangent  which  passes  through  the  point  {x\  ^,  z^).  Conversely,  the  paini 
{Xy  i/y  z)  is  (in  the  same  well-known  sense)  the  pole  of  the  line  [XjYyZ]  ;  so 
that  the  centre  of  the  conic,  which  is  (by  known  principles)  the  pole  of  the  line 
at  infinity  (38),  is  the  point  which  satisfies  the  conditions  ar^X  ^b'^T  '^  c^Z; 
it  is  therefore,  for  the  present  conic,  the  point  k  » (6  +  c,  c  +  a,  a  +  b)^  of 
which  the  vector  ok  is  easily  reduced,  by  the  help  of  the  linear  equation, 
fla  +  A]3  +  (Jy  «  0  (27),  to  the  form, 

2  (fc  +  ca  +  aJ) ' 

with  the  verification  that  the  denominator  vanishesj  by  48,  when  the  conic  is  a 
parabola.  In  the  more  general  case,  when  this  denominator  is  different  from 
zero,  it  can  be  shown  that  evert/  chord  of  the  curve,  which  is  drawn  through 
the  extremity  k  of  the  vector  k,  is  bisected  at  that  point  k  :  which  point  would 
therefore  in  this  way  be  seen  again  to  be  the  centre, 

53.  Instead  of  the  inscribed  conic  (46),  which  has  been  the  subject  of 
recent  articles,  we  may,  as  another  example,  consider  that  exscnbed  (or  ctr- 
cumscribed)  conic,  which  passes  through  the  three  comers  ▲,  b,  c  of  the  given 
triangle,  and  touches  there  the  lines  aa^^  bb^',  c^'  of  fig.  21.  The  anhar* 
monic  equation  of  this  new  conic  is  easily  seen  to  be, 

y«  +  «r  +  a?y  =  0 ; 

the  vector  of  a  variable  point  p  of  the  curve  may  therefore  be  expressed  as 

follows, 

tr^aa  +  u'^b^  +  vr^cy 

^  "     ir^a-¥  u-'b  +  tr'c    * 

with  the  condition  ^  +  tt  +  f;«Oy  as  before.    The  vector  of  its  centre  k'  is 

found  to  be 

2  (cH'a  +  yg  +  (^7) 


a'  +  6'  +  c'  -  2ftc  -  2ca  -  2a6 ' 


and  it  is  an  ellipse,  a  parabola,  or  an  hyperbola,  according  as  the  denominator 
of  this  last  expression  is  negative,  or  null,  or  positive.  And  because  these 
two  recent  vectors^  k,  k,  bear  a  scalar  ratio  to  each  other,  it  follows  (by  19) 
that  the  three  points  o,  k,  k'  are  collinear;  or  in  other  words,  that  the  line  of 

*  If  the  curve /s  0  were  of  a  degree  Ai^A^  than  the  tecondy  then  the  two  equations  above  written 
would  repi-esent  what  are  called  the  Jirst  polar,  and  tlie  last  or  the  lim-polar,  of  the  point  (s\  y',  s'), 
with  respect  to  the  given  curve. 
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centres  Kj  k',  of  the  tufo  conies  here  oonsidered,  passes  through  the  point  of  con" 
course  o  of  the  three  Knes  aa\  bb^  ccf.  More  generally,  if  l  be  the  pok  of  anp 
given  right  line  A  =  [/,  m,  n]  (37),  with  respect  to  the  inscribed  oonio  (46),  and 
if  j/  be  the  pole  of  the  same  line  A  with  respect  to  the  exscribed  conic  of  the 
present  article,  it  can  be  shown  that  the  vectors  ol,  ol^,  or  A,  X^  of  these  two 
poles  are  of  the  forms, 

X  =  *  {laa  +  mij3  +  ncy)^        X'  -  A'  [laa  +  mJ/3  +  ncy\ 

where  k  and  k^  are  scalars ;  the  three  points  o,  l,  jI  are  therefore  ranged  on 
one  right  Une. 

64.  As  an  example  of  a  vector^expression  for  a  curve  of  an  order  higher 
than  the  second^  the  following  maj  be  taken  : 

i^aa  +  w'SjS  +  t^cy  ^ 
^^  °  ^  "     fa  +  u^b  +  v^c     ' 

with  ^  +  tt  +  t7aO,  as  before.  Making  a?  =  ^,  y  »  w*,  »  «  t?*,  we  find  here  by 
elimination  of  ^,  u,  v  the  anharmonic  equation^ 

{x  +  y  +  2)'  -  27xy%  =  0 ; 

the  locus  of  the  point  f  is  therefore,  in  this  example,  a  curce  of  the  third  of*der, 

or  briefly  a  cubic  curve.    The  mechanism  (41)  of  calculations  with  anharnwnic 

cO'Ordinates  is  so  much  the  same  as  that  of  the  known  trilinear  method^  that  it 

may  suflSce  to  remark  briefly  here  that  the  sides  of  the  given  triangle  abc  are 

the  three  (real)  tangents  of  inflexion; 

\h&  points  of  inflexion  being  those 

which  are  marked  as  a'\  b%  (/'  in 

flg.  21 ;  and  the  origin  of  vectors 

o  being  a  cor^'ugate  point*    If 

a^s  b  ^  c,  in  which  case  (by  29) 

this  origin  o  becomes  (as  in  fig. 

19)  the  mean  point  of  the  triangle,  ^*^'  ^^' 

the  chord  of  inflexion  a"b  V  is  then  the  Une  at  infinity^  and  the  curve  takes  the 

form  represented  in  fig.  27 ;  having  three  inflnite  branches^  inscribed  within 

the  angles  vertically  opposite  to  those  of  the  given  triangle  abc,  of  which  the 

sides  are  the  three  asymptotes. 

55.  It  would  be  improper  to  enter  here  into  any  details  of  discussion  of 
such  cubic  curves,  for  which  the  reader  will  naturally  turn  to  other  works.f 

*  Answering  to  the  Talues  t'sl^u^B^v^e^t  where  B  is  one  of  the  imaginary  cube-roots  of 
unity ;  which  yalues  of  /,  u,  v  give  ^r  =  y  s  g ,  and  p  »  0. 

t  EtpedaUy  the  excellent  Treatise  on  SigherFlane  Cwnm^  by  the  Rev.  George  Salmon,  F.T.C.D., 
frc.     Dublin,  1852. 
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But  it  may  be  remarked,  in  passing,  that  because  the  general  cubic  may  be 
represented,  on  the  present  plan,  by  combining  the  general  ezpreeaion  of 
Art  34  or  36  for  the  vector  p,  with  the  scalar  equation 

«•  =  27  kx$fz,    where    «  =  «  +  y  +  « ; 

k  denoting  an  arbitrary  constant,  which  becomes  equal  to  unity,  when  the 
origin  is  (as  in  54)  a  conjugate  point ;  it  follows  that  if  p  «  [x,  y,  %)  and 
p'  s  (z\  y',  a')  be  any  two  points  of  the  curve,  and  if  we  make  «'=«'  +  y'  +»',  we 

shall  have  the  relation, 

/•      /  /  / .  ^'    W    m'     1 

<ry«»  =  «'y'«^,    or    -^.-,.-^-1: 

in  which  it  is  not  difScult  to  prove  that 

^-(a".pbp'b'0;     ^-(b^pcp'O;    ^,  -  (c* .  pai^a")  ; 

the  notation  (35)  of  anharmonics  of  pencils  being  retained.  We  obtain  there- 
fore thus  the  following  Theorem : — "  If  the  sides  of  any  given  plane*  triangle 
ABO  be  cut  (as  in  fig.  21)  bt/  any  given  rectilinear  transversal,  a"bV,  and  if  any 
two  points  F  and  p'  in  its  plane  be  such  as  to  satisfy  the  anharmotiie  relation 

(a"  .  pbpVO  .  (b"  .  PCP'O  .  ((/' .  pap'a")  « 1, 

then  these  tvx>  points  p,  p^  are  on  one  common  cubic  curve,  which  has  the  three 
collinear  points,  k'\  b'\  (f^  for  its  three  real  points  of  inflexion,  and  has  the  sides 
Bc,  CA,  ab  of  the  triangle  for  its  three  tangents  at  those  points  '^'  a  result  which 
seems  to  offer  a  new  geometrical  generationfor  curves  qf  the  third  order. 

56.  Whatever  the  order  of  a  plane  curve  may  be,  or  whatever  may  be  the 
degree  p  of  ihefunctionf  in  46,  we  saw  in  51  that  the  tangent  to  the  curve  at 
any  point  p  »  {x,  y,  %)  is  the  right  line 

A  «  f /,  m,  n],    if    /  =  d^,    m  »  D^f,    n  »  Dj/; 

expressions  which,  by  the  supposed  homogeneity  of  /,  give  the  relation 
Ix  ■¥  my  -h  nz  ^  0,  and  therefore  enable  us  to  establish  the  system  of  the  two 
following  differential  equations, 

Air  +  mdy  +  nd»  =  0,        ajd/  +  ydm  +  zAn  -  0. 

If  then,  by  elimination  of  the  ratios  of  x,  y,  z,  we  anive  at  a  new  homogeneous 
equation  of  the  form, 

0    =   P  (Dx/,     Dyf,     \)J), 


*  This  Theorem  may  be  extended,  with  icaroely  any  modification,  from  phm  to  9phtriemi  curpeg, 
oi  the  third  order. 
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as  one  that  is  tme  for  all  yalnes  of  ^^  y^  %  which  render  the  function /»  0 
(altiiongh  it  may  require  to  be  oleared  ot/aetarM^  introduced  bj  this  elimina^ 
tion)f  we  shall  have  the  equation 

p  (/,  m,  n)  -  0, 

as  a  condition  that  must  be  satisfied  by  the  tangent  A  to  the  curve,  in  all  the 
positions  which  can  be  assumed  by  that  right  line.  And,  by  comparing  the  two 
differontial  equations. 

dF  (/,  m,  n)  »  0,        tdl  -i-  ydm  -f  sdn  »  0, 

we  see  that  we  may  write  the  proportion^ 

a? :  y : »  =  D|F  :  Da,F  :  d,»f,    and  the  symbol   p  «  (diP,  Di^p,  d^p),      if  (a?,  y,  %) 

be,  as  above,  the  point  of  contact  f  of  the  variable  line  [/,  m,  f<,]  in  any  one  of  its 

positions,  with  the  curve  which  is  its  envelope.    Hence  we  can  pass  (or  return) 

from  the  tangential  equation  f  a  0,  of  a  curve  considered  as  the  envelope  of  aright 

line  A,  to  the  local  equation  f'^  0,  of  the  same  curve  considered  (as  in''46)  as  the 

locus  of  a  point  f  :  since,  if  we  obtain,  by  elimination  of  the  ratios  of  /,  m,  n, 

an  equation  of  the  form 

0  »/(D|F,  d.,f,  d«f), 

(cleared,  if  it  be  necessary,  of  foreign  factors)  as  a  consequence  of  the 
homogeneous  equation  f  •  0,  we  have  only  to  substitute  tor  these  partial  deriva" 
tiveSf  BjF,  &c.,  the  anharmonic  co-ordinates  x^  y,  s,  to  which  they  are  propor- 
tional. And  when  the  functions /and  f  are  not  only  homogeneous  (as  we 
shall  always  suppose  them  to  be),  but  also  rational  and  integral  (which  it  is  some- 
times  convenient  not  to  assume  them  as  being),  then,  while  the  degree  of  the 
function/,  or  of  the  local  equation^  marks  (as  before)  the  order  of  the  curve, 
the  degree  of  the  other  homogeneous  function  p,  or  of  the  tangential  equation 
F  •  0,  is  easily  seen  to  denote,  in  this  anharmonic  method  (as,  from  the  analogy 
of  other  and  older  methodsi  it  might  have  been  expected  to  do),  the  class  of 
the  carve  to  which  that  equation  belongs :  or  the  number  of  tangents  (distinct 
or  coincident,  and  real  and  imaginary),  which  can  be  drawn  to  that  eurve^ 
from  an  arbitrary  point  in  its  plane. 

57.  As  an  example   (comp.  52),  if  we  eliminate  x^  y,  z  between  the 
equations, 

I  ^  X  ^y  ^  Zf    m«y-»-a?,     n  '=  z  --  x  -  y^     &  +  «iy  +  ws«0, 

where  /,  m,  n  are  the  co-ordinates  of  the  tangent  to  the  inscribed  conic  of 
Art.  46,  we  are  conducted  to  the  following  tangential  equation  of  that  conic, 
or  curve  of  the  second  class^ 

p (/,  m,n)^mn-¥nl-¥lm^O; 
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with  the  verifioation  that  the  sides  [I,  0,  0],  &o.  (38),  of  the  triangle  abc  are 
among  the  lines  which  satisfy  this  equation.  Conversely,  if  this  tangential 
equation  were  given  we  might  (by  56)  derive  from  it  expressions  for  the 
eo'Ordinates  of  contact  Xy  y^  Zy  as  follows : 

with  the  verification  that  the  side  [1,  0,  0]  touches  the  conic,  considered  now 
as  an  envelope^  in  the  point  (0, 1, 1),  or  a',  as  before :  and  then,  by  eliminatiDg 
/,  my  n,  we  should  be  brought  back  to  the  local  equationyf^  0,  of  46.  In  like 
manner,  from  the  local  equation />=  ^s  -¥zx-hxy^Ooi  the  execribed  conic  (63), 
we  can  derive  by  differentiation  the  tangential  co-ordinates* 

I  a  Da/=  y  +  «i         m  ■-  a  +  a?,         n  «  a?  +  y, 

and  so  obtain  by  elimination  the  tangential  equation,  namely, 

F  (/,  w,  n)  =  /*  +  w«  +  n*  -  2mn  -  2nl  -  2lm  «  0 ; 

from  which  we  could  in  turn  deduce  the  local  equation.     And  (comp.  40),  the 

very  simple  formula 

&  +  «iy  +  ««  =  0, 

which  we  have  so  often  had  occasion  to  employ,  as  connecting  two  sets  of 
anharmonic  co-ordinates,  may  not  only  be  considered  (as  in  37)  as  the  local 
equation  of  a  given  right  line  A,  along  which  a  point  p  moves^  but  also  as  the 
tangential  equation  of  a  given  pointy  round  which  a  right  line  turm :  according 
as  we  suppose  the  set  /,  m,  n,  or  the  set  a;,  y,  2,  to  be  given.  Thus,  while  the 
right  line  a'W,  or  [1,  1,  1],  of  fig.  21,  was  represented  in  38  by  the  equa^ 
tion  a;  +  y  +  s  »  0,  the  point  o  of  the  same  figure,  or  the  point  (1, 1, 1),  may 
be  represented  by  the  analogous  equationy 

/  +  m  +  n  «  0; 

because  the  co-ordinates  /,  m,  n  of  every  linCy  which  passes  through  this  point  o, 
must  satisfy  this  equation  of  the  first  degree,  as  may  be  seen  exemplified,  in 
the  same  Art.  38,  by  the  lines  oa,  ob,  oc. 

58.  To  give  an  instance  or  two  of  the  use  of  forms,  which,  although 
honiogeneouSy  are  yet  not  rational  and  integral  (56)  we  may  write  the  local 
equation  of  the  inscnbed  conic  (46)  as  follows  : 

a*  +  y4  +  «i  =  0 ; 

*  Tliis  name  of  **  tangential  eo-ordinates"  appears  to  have  been  first  introduced  by  Dr.  Booth  in  a 
Tnict  published  in  1840»  to  which  the  author  of  the  present  Elements  cannot  now  more  particularly 
refer :  but  the  system  of  Dr.  Booth  was  entirely  different  from  his  own.  See  the  reference  in  Salmon's 
Sigher  Plane  Curves,  note  to  page  16. 
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and  then  (suppressing  the  oommon  numerioal  faotor  |),  the  partial  derivatives 
are 

so  that  a  form  of  the  tangential  equation  for  this  oonio  is, 

whioh  evidently,  when  cleared  of  fraotions,  agrees  with  the  first  form  of  the 
last  Article :  with  the  verification  (48),  that  ar^  +  6~*  +  (T*  -  0  when  the  curve  is  a 
parabola;  that  is,  when  it  is  touched  (50)  by  the  line  at  infinity  (38).  For  the 
exeeribed  oonio  (53),  we  may  write  the  local  equation  thus, 

ar»  +  y^*  +  r*  -  0  ; 

whence  it  is  allowed  to  write  also, 

/ «  ;ir»,        fn^y\        n  »  r*, 
and 

ft  +  w*  +  n*  -  0 ; 

a  form  of  the  tangential  equation  whioh,  when  cleared  of  radicals,  agrees  again 

with  57.    And  it  is  evident  that  we  could  return,  with  equal  ease,  from  these 

tangential  to  these  local  equations. 

59.  For  the  cubic  curve  with  a  conjugate  point  (54),  the  local  equation  may 

be  thus  written,* 

irf  +  y*  +  »i"  0; 

we  may  therefore  assume  for  its  tangential  co-ordinates  the  expressions, 
and  a  form  of  its  tangential  equation  is  thus  found  to  be, 

* 

/^  +  m-*  +  n-*  -  0. 

Gonyersely,  if  this  tangential  form  were  given^  we  might  return  to  the  local 

equation,  by  making 

a?  »  H,        y  =  m"l,        8  »  n% 

which  would  give  flri  +  ^  +  sA»0,as  before.    The  tangential  equation  just  now 
found  beoomes,  when  it  is  cleared  of  radicals^ 

0  -  /^  +  HI-*  +  n-»  -  2m-»n-»  -  2n-»^»  -  2^'m"» ; 

or,  when  it  is  also  cleared  oi/ractionSy 

0  -  p  «  wV  +  n*?  +  Pfw*  -  2nPm  -  2ft»*n  -  2mn*l ; 

*  Compare  Salmon's  Eightr  Flans  CnrveSf  page  172  [Art.  216,  new  ed.]. 
Hamxltom's  Blbmints  op  Quatkknions,  Q 
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of  which  the  biquadratic  form  shows  (by  56)  that  tMa  cubic  is  a  curve  of  the 
fourth  class,  as  indeed  it  is  known  to  be.  The  inflexional  character  (54)  of  the 
points  a",  b",  c"  upon  this  ourve  is  here  recognised  by  the  circumstance, 
that  when  we  make  m  -  n  «  0,  in  order  to  find  the  four  tangents  from 
a"=  (0,  1,-1)  (t^6),  the  resulting  biquadratic,  0  =  w*  -  4/w',  has  three  equal 
roots ;  so  that  the  line  [1,  0,  0],  or  the  side  bc,  counts  as  three^  and  is  there- 
fore a  tangent  of  inflexion  :  the  fourth  tangent  from  a"  being  the  line  [1, 4, 4], 
which  touches  the  cubic  at  the  point  (-  8,  1 , 1) . 
60.  In  general,  the  two  equations  (56), 

njy^f  -  /d,/  =  0,        nDy/  -  wd./  -  0, 

may  be  considered  as  expressing  that  the  homogeneous  equation, 

/  {nx,  ny,  -lX"mf/)^0, 

which  is  obtained  by  eliminating  z  with  the  help  of  the  relation  fo  +  m^  +  ns  «  0, 

from  f{xy  y,  »)  =  0,  and  which  we  may  denote   by  ^  (a-,  y)  =  0,  has  two 

equal  roots  x :  y,  ii  l,  m,  n  he  still  the  co-ordinates  of  a  tangent  to  the  curve/; 

an  equality  which  obviously  corresponds  to  the  coincidence  of  ttco  intersections 

of  that  line  with  that  curve.    Conversely,  if  we  seek  by  the  usual  methods 

the  condition  of  equality  of  two  roots  x:y  oi  the  homogeneous  equation  of  the 

p**  degree, 

0  =  ^  (a?,  y)  =/  (fw?,  ny,  -  &  -  my), 

by  eliminating  the  ratio  x :  y  between  the  two  derived  homogeneous  equations, 
0  <-  Ds^,  0  B  Dy0,  we  shall  in  general  be  oonducted  to  a  result  of  the  dimension 
2p{p  -  1)  in  /,  m,  n,  and  of  the/orw, 

0  =  »>PC^O  F  (/,  m,  n) ; 

and  so,  by  the  rejection  of  the  foreign  factor  w^Cp-»),  introduced  by  this  elimina" 
tion,*  we  shall  obtain  the  tangential  equation  f  »  0,  which  will  be  in  general  of 
the  degree  p{p  -  1) ;  such  being  generally  the  known  class  (66)  of  the  curve  of 
which  the  order  (46)  is  denoted  by  p :  with  (of  course)  a  similar  mode  of 
passing,  reciprocally,  from  a  tangential  to  a  local  equation. 

61.  As  an  example,  when  the  function /has  the  cubic  form  assigned  in  54, 
we  are  thus  led  to  investigate  the  condition  for  the  existence  of  two  equal 
roots  in  the  cubic  eqtMtion, 

0  =  0  (a?,  y)  =  {(»  -  /)  «  +  (w  -  /)  yY  +  27n»a?y  (&  +  my), 

*  Compare  the  method  employed  in  Salmon's  Sigh$r  Flans  Ourvei^  page  98  [Art.  91,  neir  ed.]  to 
find  the  equation  of  the  reciprocal  of  a  given  curve,  with  respt- ct  to  the  imaginary  conic,  a?»  +  y* + ««  =  0. 
In  general,  if  the  function  f  he  deduced  from/aa  ahove,  then  p  (xyz)  =  0,  and  f{xyz)  s  0  are  equa- 
tions of  two  reciprocal  eurvtt* 


Abt8.  59-61.]         LOCAL  AND  TANGENTIAL  EQUATIONS.  48 

by  eliminating  x  :  y  between  two  derived  and  quadratic  equations ;  and  the 

result  presents  itself,  in  the  first  instance,  as  of  the  twelfth  dimeneion  in  the 

tangential  co-ordinates  /,  m,  n  ;  but  it  is  found  to  be  divisible  by  n\  and  when 

tbis  division  is  effected,  it  is  reduced  to  the  sixth  degree^  thus  appearing  to 

imply  that  the  curve  is  of  the  sixth  dassy  as  in  fact  the  general  cubic  is  well 

known  to  be.    A  further  reduction  is  however  possible  in  the  present  case,  on 

aooount  of  the  cor^fugate  point  o  (64),  which  introduces   (comp.   57)  the 

quadratic  factor j 

(/  +  m  +  n)*  «  0  ; 

and  when  this  factor  also  is  set  aside^  the  tangential  equation  is  found  to  be 
reduced  to  the  biquadratic  form*  already  assigned  in  59 ;  the  algebraic  division^ 
last  performed,  corresponding  to  the  known  geometric  depression  of  a  cubic  curve 
with  a  double  pointy  from  the  sixth  to  Hie  fourth  class.  But  it  is  time  to  close 
this  Section  on  Plane  Curves;  and  to  proceed,  as  in  the  next  Chapter  we 

propose  to  do,  to  the  consideration  and  comparison  of  vectors  of  points  in  space. 

^^^    -       ■-     —  --  -         -       -  ■       —       ■     ~ — 

*  If  we  mnlttply  that  foran  r  a  0  (50)  by  t*,  and  then  change  n»  to  -  fo  •«  my,  we  obtain  a 
biquadratic  eqaation  in  / :  m,  namely, 

0  *  ^  (/;  m)  B  (; .  m)*  (iljr  +  my)>  +  2^  (/  +  m)  (Ix  +  mj^)  s  -f  ^V ; 

and  if  we  then  eliminate  I :  m  between  the  two  deriyed  oubics,  0  a  jij^,  0  a  n^^,  we  are  conducted  to 
the  following  equation  of  the  twelfth  degree,  0  s  g^^3^f{x,  y,  2),  where /has  the  same  cubic  form  aa 
in  64.  We  are  therefore  thus  brought  back  (comp.  69)  from  the  tangential  to  the  local  equation  of 
the  cubic  cunre  (54) ;  complicated,  howeyer,  as  we  see,  with  the  factor  a^y^i^^  which  corresponds  to 
the  system  of  the  three  real  tangents  of  inflexion  to  that  curye,  each  tangent  being  taken  three  times. 
The  reason  why  we  haye  not  here  been  obliged  to  reject  alio  the  foreign  factor,  i ",  as  by  the  general 
theory  (60)  we  might  haye  expected  to  be,  is  that  we  multiplied  the  biquadratic  function  r  only  by  s*, 
and  not  by  s*. 
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CHAPTER  III. 


APPLICATIONS  OF  VECTORS  TO  SPACE. 


SECTION  1. 

On  liinear  Eqaatloiia  between  Teetora  not  Complannr. 

62.  When  three  given  and  actual  vectors  oa,  ob,  oc,  or  a,  jS,  7,  are  not 
contained  in  any  common  plane,  and  when  the  three  scalars  a,  by  e  do  not  all 
vanish,  then  (hy  21,  22)  the  expression  aa  +  i/3  +  07  cannot  become  equal  to 
zero ;  it  must  therefore  represent  9ome  actual  vector  (1),  which  we  may,  for  the 
sake  of  symmetry,  denote  by  the  symbol  -  di :  where  the  new  (actual)  vector  S, 
or  on,  is  not  contained  in  any  one  of  the  three  given  and  distinct  planes,  boc, 
COA,  AOB,  unless  some  one,  at  least,  of  the  three  given  coefficients  n,  A,  c, 
vanishes ;  and  where  the  new  scalar y  cf,  is  either  greater  or  less  than  zero.  We 
shall  thus  have  a  linear  equation  between  four  vectors, 

fla  +  6/3  +  cy  +  rfS  =  0 ; 
which  will  give 


S» 


-  aa 


-6)3      'Cy 


where  oa',  ob',  oc',  or 


d 


-  aa 


^  d  ' 

-J/3      "Cy 


or    OD  »  oa'  +  ob'  +  o</; 


d  '      d  '      d  ' 
are  the  vectors  of  the  three  points  a\  b\  d, 

into  which  the  point  d  is  projected^  on  the 

three  given  lines  oa,  ob,  oc,  by  planes  drawn 

parallel  to  the  three  given  planes,  bog,  &c.  ; 

so  that  they  are  the  three  co-initial  edges  of 

a  parallelepiped,  whereof  the  sum,  od  or  S,  is 

the  internal  and  co-initial  diagonal  (oomp  6j. 

Or  we  may  project  d  on  the  three  planes,  by 

lines  da",  db",  do"  parallel  to  the  three 

given  lines,  and  then  shall  have 


Fig.  2S. 


/f 


OA    "  OB 


+  oc'  -         ,^,  4c.,   and  8  »  on  -  oa'  +  oa"  »  ob'  +  ob"  »  oc'  +  ocl". 
-  d 
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And  it  is  evident  that  this  oonstruotion  will  apply  to  ant/ fifth  paint  d  o/space^ 
if  the  four  points  oabc  be  still  supposed  to  be  given^  and  not  eomplanar  :  but 
that  some  at  least  of  the  three  ratios  of  the  four  acalars  a,  6,  c^  d  (whioh  last 
letter  is  not  here  used  as  a  mark  of  differentiation)  will  nary  with  the  position 
of  the  point  n,  or  with  the  value  of  its  vector  S.  For  example,  we  shall  have 
a  »  0,  if  n  be  situated  in  the  plane  boc;  and  similarlj  for  the  two  other  given 
planes  through  o. 

63.  We  may  inquire  (oomp.  23),  what  relation  between  these  scalar  coeffi' 
dents  must  exist,  in  order  that  the  point  d  may  be  situated  in  the  fourth  given 
plane  abc  ;  or  what  is  the  condition  of  complanarity  of  the  four  points^  a,  b,  c,  d. 
Since  the  three  vectors  da,  db,  dc  are  now  supposed  to  be  eomplanar^  they  must 
(by  22)  be  connected  by  a  linear  equation^  of  the  form 

.      fl  (a  -  8)  +  ft  (]3  -  8)  +  c  (y  -  8)  -  0 ; 

comparing  whioh  with  the  recent  and  more  general  form  (62),  we  see  that 

the  required  condition  is, 

a  +  6  +  <j  +  rf  =  0. 

This  equation  may  be  written  (comp.  again  23]  as 

-  fl     -  J     -  c      -  oa'     ob'     oc'     - 

add  OA      OB      oc 

and,  under  this  last  form,  it  expresses  a  known  geometrical  property  of  k  plane 
ABCD,  referred  to  three  co-ordinate  axes  oa,  ob,  qc,  which  are  drawn  from  any 
common  origin  o,  and  terminate  upon  the  plane.  We  have  also,  in  this  case 
of  complanarity  (comp.  28),  the  following /7ro^or^u>n  of  coefficients  and  areas : 

aih  :  c\-  d^  dbc  :  dca  :  dab  :  abc  ; 

or,  more  symmetrically,  with  attention  to  Hgns  of  areas, 

a  :  b  :  e  :  d  '»  bcd  :  -  cda  :  dab  :  -  abc  ; 

where  fig.  18  may  serve  for  illustration,  if  we  conceive  o  in  that  figure  to  be 
replaced  by  d. 

64.  When  we  have  thus  at  once  the  ttco  equations, 

Oa  +  i^  +  (?y  +  rf8  «  0,     and    a  +  6  +  <J  +  rf-0, 

so  that  the  four  co-initial  vectors^  o,  /3,  7,  8  terminate  (as  above)  on  one  common 
plane^  and  may  therefore  be  said  (oomp.  24)  to  be  termino^complanar^  it  is 
evident  that  the  two  right  lines^  da  and  bc,  which  connect  two  pairs  of  the 
four  eomplanar  points^  must  intersect  each  other  in  some  point  a'  of  the  plane, 
at  a  finite  or  infinite  distance.    And  there  is  no  difficulty  in  perceiving,  on 
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the  plan  of  31,  that  the  vectors  of  the  three  pointer  a\  b%  d  of  interseotion, 
whioh  thus  result,  are  the  following : 

\       ,                      ,     bB-^  cy     aa  +  dS 
for  A  =  BC  •  DA,      a  e'  -*- ' • 


i 


for  b'  »  CA  •  DB,     /3' 


b  +  c         a  •¥  d  ^ 
c  +  a  b  •¥  d 


for  C  "  AB  •  DC,      7 r^  -  -i ! 

expressions  whioh  are  independent  of  the  position  of  the  arbitrary  on^in  o,  and 
whioh  aooordingly  ooincide  with  the  oorresponding  expressions  in  27,  when 
we  plaoe  that  origin  in  the  point  d,  or  make  S  =  0.  Indeed,  these  last  results 
hold  good  (oomp.  31),  even  when  the  four  vectors^  a,  /3,  y,  8,  or  the  five  points 
o,  A,  B,  c,  D,  are  all  complanar.  For,  although  there  then  exist  ttpo  linear 
equations  between  those  four  veotors,  which  may  in  general  be  written  thus, 

fl'a  +  6'/3  +  (J'y  +  (f  8  =.  0,         a''a  +  r/3  +  c''y  +  ef '8  =  0, 

without  the  relations,  o^  +  &o.  «  0,  o^'  +  &o.  «  0,  between  the  ooeffioients^  yet  if 
we  form  from  these  another  linear  equation,  of  the  form, 

and  determine  ^  by  the  oondition. 


^  =  - 


a'+J'+d'+rf'' 


we  shall  only  have  to  make  a^^  a^^  ■¥  td^  &o.,  and  the  two  equations  written  at 
the  oommenoement  of  the  present  article  will  then  both  be  satisfied ;  and  will 
oonduot  to  the  expressions  assigned  above,  for  the  three  vectora  of  i&terseotion: 
whioh  vectors  may  thus  be  found,  without  its  being  necessary  to  employ  those 
processes  of  scalar  elimination^  which  were  treated  of  in  the  foregoing  Chapter. 
As  an  Example^  let  the  two  given  equations  be  (oomp.  27,  33), 

aa  +  60  +  C7  -  0,        (2a  +  6  +  e)a" -  oa  »  0 ; 

and  let  it  be  required  to  determine  the  vectors  of  the  intersections  of  the 
three  pairs  of  lines  bc,  aa'^'  ;  ca,  ba''^  ;  and  ab,  CA'''^  Forming  the  combi- 
nation, 

(2fl  +  6  +  c)  a'"  "Oa^  f{aa  +  bp-^cy)  ^{)f 

and  determining  i  by  the  oondition, 

(2a  +  6  +  c)  -  a  +  ^(a  +  6  +  c)  -  0, 
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which  gives  ^ »  -  1,  we  have  for  the  three  sought  reotors  the  expressions, 

6/3  +  cy        cy  +  2aa       2aa  +  6/3 
b-ho  '         c  +  2a  '        2a +  b    ' 

whereof  the  first  "a^  hy  27.  Aooordingly,  in  fig.  21,  the  line  aa^^'  intersects 
BC  in  the  point  a'  ;  and  although  the  two  otfier  points  of  intersection  here 
oonsideredy  which  belong  to  what  has  been  called  (in  34)  a  Third  Comtructiany 
are  not  marked  in  that  figure,  yet  their  anharmonic  aymhoh  (36),  namely, 
(2,  0, 1)  and  (2,  1,  0),  might  have  been  otherwise  found  by  combining  the 
equations  y  »  0  and  x^2%  for  the  two  lines  oa,  ba'^'  ;  and  by  combining  s  »  0, 
x^2y  ioT  the  remaining  pair  of  lines. 

65.  In  the  more  general  case,  when  ihe/aur  given  paints  a,  b,  c,  n,  are  not 
in  any  common  plane^  let  b  be  any  fifth  given  point  of  space,  not  situated  on 
any  one  of  the  four  faces  of  the  given  pyramid  abcd,  nor  on  any  such  face 
prolonged ;  and  let  its  vector  ob  «  $,  Then  the /<?ur  co^initial  vectors^  ea,  eb, 
EC,  bi>,  whereof  (by  supposition)  no  three  are  complanar,  and  which  do  not 
terminate  upon  one  plane,  must  be  (by  62)  connected  by  some  equation  of 
the  form 

a  .  EA  +  6 .  EB  +  (?  .  EC  +  tf .  ED  B  0  ; 

where  the.^r  scalars^  a,  6,  (?,  dy  and  their  sum^  which  we  shall  denote  by  -  «, 
are  all  different  from  zero.  Hence,  because  ea  «  a  -  c,  &c.,  we  may  establish 
the  following  linear  eqtMtion  between  five  co-initial  vectors^  o,  /3|  7,  S,  €,  whereof 
no  four  are  termino-cwnplanar  (64), 

fla  +  6/3  +  cy  +  rfS  +  ^f  »  0 ; 

with  the  relation  J  a  +  6  +  0  +  ({+6"O,  between  the  five  sealars  a,  6,  0,  d,  e^ 
whereof  no  one  now  separately  vanishes.    Hence  also, 

£  «  (aa  +  6/3  +  (^y  +  rfS)  :  (a  +  6  +  c  +  rf),  Ac. 
66.  Under  these  conditions,  if  we  write 

D|  »  DK  •  ABC,      and      ODi  -  8i, 

that  is,  if  we  denote  by  Si  the  vector  of  the  point  Di  in  which  the  right  line  de 
intersects  the  plane  abc,  we  shall  have 

^      oa  +  6/3  +  oy     rfS  +  ^€ 
a  +  6  +  c  d  -\-  e 

In  fact,  these  two  expressions  are  equivalent^  or  represent  one  common  vector, 
in  virtue  of  the  given  equations ;  but  the  first  shows  (by  63)  that  this  vector 
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Si  tenninates  on  the  plane  abc,  and  the  second  shows  (by  25}  that  it  termi- 
nates on  the  line  de;  its  extremity  Di  mnst  therefore  be,  as  required,  the 
intersection  of  this  line  with  that  plane.  We  have  therefore  the  two 
equations, 

11.  .  .  «^(8-.8,)  +  ^(e-80  =  0; 

whence  (by  28  and  24)  follow  the  two  proportions, 

r.  .  .  fl  :  i  :  (J  =  DiBC :  D|CA  :  DiAB  ; 

n'.  .  .  rf :  ^  =  EDi :  DiD ; 

the  arrangement  of  the  points,  in  the  annexed  fig.  29,  answermg  to  the  case 
where  all  the  four  coefficients  a,  b,  c,  d  are  positive  (or  a 

have  one  commofi  sign)^  and  when  therefore  the  remain- 
ing coefficient  e  is  negative  (or  has  the  opposite  sign). 

67.  For  the  three  complanar  tiiangles,  in  the  first 
proportion,  we  may  substitute  any  three  pyramidal 
volumes^  which  rest  upon  those  triangles  as  their  haseSy 
and  which  have  one  common  vertex^  such  as  d  or  e  ;  and  ^'  ^^' 

because  the  collinoation  dedi  gives  dDiBC  -  bdiBc  «  debc,  &c.,  we  may  write 
this  other  proportion, 

T',  ,  ,  a  :  b  ic**  debc  :  deca  :  dbab. 

Again,  the  same  oollineation  gives 

EDi  :  DDi  "  EABO  :  DABC  ; 

we  have  therefore,  by  11'.,  the  proportion, 

11".  .  .  rf  :  -  tf  «  BABC  :  DABC. 
But  DEBC  +  DECA  +  DEAB  +  EABC  *>>  DABC, 

and  a  +  6  +  (j  +  rf=-«; 

we  may  therefore  establish  the  following /m//^  formula  of  proportion,  between 
coefficients  and  volumes  : 

III.  .  .  a:b:c:d:  -e^ debc  :  deca  :  deab  :  eabc  :  dabc ; 

the  ratios  of  all  these  five  pyramids  to  each  other  being  considered  as  positive^ 
for  the  particular  arrangement  of  the  points  which  is  represented  in  the  recent 
figure. 

68.  The  formula  III.  may  however  be  regarded  as  perfectly  general,  if  we 
agree  to  say  that  a  pyramidal  volume  changes  sign,  or  rather  that  it  changes  its 
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algebraical  character ^  as  posiHve  or  negative^  in  comparison  with  a  given  pyramid, 
and  with  a  given  arrangement  of  points,  in  passing  through  zero  (oomp.  28) ; 
namely  tehen^  in  the  oonrse  of  any  oontinuous  change,  any  one  of  its  vertices 
crosses  the  corf*esponding  base.    With  this  convention*  we  shall  have,  generally, 

DABC  "  -  ADBC  =  AB1)C  -  -  ABCD,   DEBC  «  BCDB,   DECA  «  CDBA  ; 

the  proportion  III.  may  therefore  be  expressed  in  the  following  more 
symmetric^  but  equally  general /of*m : 

Iir.  .  .  a:b:c:d:e  **  bcdb  :  cdba  :  dbab  :  eabc  :  abcd  ; 

the  sum  of  these  five  pyramids  being  always  equal  to  zero^  when  signs  (as  above) 
are  attended  to. 

69.  We  saw  (in  24)  that  the  two  equations, 

fla  +  6)3  +  cy  -  0,         a  +  6  +  0  -  0, 

gave  the  proportion  of  segments^ 

a  :  6  :  c  B  BG  :  CA  :  ab, 

whatever  might  be  the  position  of  the  origin  o.  In  like  manner  we  saw  (in  63) 
that  the  two  other  equations, 

e7a  +  6)3  +  ejy  +  rf8-0,        a  +  J  +  <j  +  rf-0, 
gave  the  proportion  of  areasy 

a:b:c:d^  bcd  :  - cda  :  dab  :  -  abc ; 

where  again  the  origin  is  arbitrary.  And  we  have  just  deduced  (in  68]  a 
corresponding  proportion  of  volumes  from  the  two  analogous  equations  (65), 

with  an  equally  arbitrary  origin.  If  then  we  conceive  these  segments^  areas, 
and  volumes  to  be  replaced  by  the  scalars  to  which  they  are  thus  proportional^ 
we  may  establish  the  three  general  formuke  : 

I.  OA  .  BO  +  OB  .  CA  +  OC  .  AB  B  0  ; 
n.  OA  .  BCD  -  OB  .  CDA  +  OG  .  DAB  -  OD  .  ABC  •  0  ; 
m.  OA  .  BODS  +  OB  .  ODEA  +  OC .  DSAB  +  OD  .  EABC  +  OE  .  ABCD  »  0  ; 

where  in  I.,        a,  b,  c  are  any  three  collinear  points ; 
in  II.,  A,  B,  c,  D  are  any  four  complanar  points ; 

and  in  III.,        a,  b,  c,  d,  e  are  any  five  points  of  space; 

*  Among  the  oonflequenees  of  this  conyentioii  respectiDg  iipns  of  volwne$f  which  has  already  been 
adopted  by  some  modem  geometen,  and  which  indeed  ia  necessary  (oomp.  28)  for  the  establishment  of 
gmeralfirmuUt,  one  is  that  any  two  pyramids,  abcd,  a'b'o'd',  bear  to  each  other  a  positive  or  a  neya' 
/iM  ratiCf  according  as  the  two  rotations,  boo  and  b'c'd',  supposed  to  be  seen  respectively  from  the 
points  ▲  and  a',  haye  similar  or  opposite  directions,  as  right-handed  or  left-handed. 

Hamiltoit's  Elxmbmts  or  Quatbxnioms.  H 
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while  o  is,  in  each  of  the  three  fonnulaB,  an  entirely  arbitrate  paint.  It  must, 
however,  be  remembered,  that  the  additions  and  subtractions  are  supposed  to  be 
performed  according  to  the  ruks  of  vectors^  as  stated  in  the  First  Chapter  of  the 
present  Book;  the  segments,  or  areas,  or  volumes,  which  the  equations 
indicate,  being  treated  as  coefficients  of  those  vectors.  We  might  still  further 
abridge  the  notations,  while  retaining  the  meaning  of  these  formulae,  by  omitting 
the  synibol  of  the  arbitrary  origin  o ;  and  by  thus  writing,* 

r.  A  .  BO  +  B  .  CA  +  C  •  AB  as  0, 

for  any  three  oollinear  points ;  with  corresponding  formulse  IF.  and  III'.,  for 
any  four  complanar  points,  and  for  any  five  points  of  space. 


SECTION  2. 
On  itainary  Symbols  for  Pointo  and  Planes  in  Space. 

70.  The  equations  of  Art.  65  being  still  supposed  to  hold  good,  the  vector 
p  of  any  point  f  of  space  may,  in  indefinitely  many  ways,  be  expressed  (oomp. 

36)  under  the  form  : 

T                     ^Ma  +  ybR  +  %cy  +  u>d8  +  vet 
I.  ,  .  OP  =  p ^ '- — ; 

CM-^yb  +  zc  +  wd  +  ve 

in  which  the  ratios  of  the  differences  of  the  five  coeffidentSy  xyzwvy  determine  the 

portion  of  the  point.    In  fact,  because  the  four  points  abcd  are  not  in  any 

common  plane,  there  necessarily  exists  (comp.  65)  a  determined  linear  relation 

between  the  four  vectors  drawn  to  them  from  the  point  p,  which  may  be 

written  thus, 

^p'a  .  PA  +  y'ft .  pb  +  »'c .  PC  +  uifd .  pd  =  0, 

giving  the  expression, 

'  *  *  ^  "      oifa  ■¥  i/b  ■¥  z'c -^  ufd     * 

in  which  the  ratios  of  the /our  scalars  afy'z^t€^y  depend  upon,  and  conversely 
determine,  the  position  of  p  ;  writing,  then, 

X  ^to/  +  Vf        y  ^  t^  ■¥  Vy         «  =  ^«'  +  r,         w  ^tuf  -¥  Vy 

where  t  and  v  are  two  new  and  arbitrary  scalars,  and  remembering  that 
aa  +  .  .  +  tfe  »  0,  and  a  +  . .  +  0  «  0  (65),  we  are  conducted  to  the  form  for  p, 
assigned  above. 

*  We  should  thua  hare  some  of  the  notationt  of  the  Barycmtrie  Cakulm,  but  employed  here  with 
different  %nUrpretaium», 
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71.  When  the  vector  p  is  thus  expressed,  the  point  p  may  he  denoted  bj 
the  Quinary  Symbol  {x^  y^  s,  Wy  v) ;  and  we  may  write  the  equation^ 

p=(ar,  y,  «,  tr,  f^). 

But  we  see  that  the  Mtne  point  p  may  aho  be  denoted  by  this  other  symbol^  of 

the  same  kind,  {pifj  yf^  %\  tif^  v')^  provided  that  the  following  proportion 
between  differences  ofcofflcienta  (70)  holds  good : 

Under  this  condition^  we  shall    therefore  write  the  following  formula  qf 

congruence^ 

(a^,  /,  »',  «?',  if)  m  {x,  y,  »,  iff,  v), 

to  express  that  these  two  quinary  aymbohj  although  not  identical  in  composition, 
have  yet  the  same  geometrical  signification,  or  denote  one  common  point.  And 
we  shall  reserre  the  symbolio  equation, 

Wj  />  »'>  «^j  ^)  =  (iPi  y>  «,  ♦^f  ^)f 

to  express  that  the  five  coefficients,  x' .  .  .  v\  of  the  one  symbol,  are  separately 
equal  to  the  corresponding  ooeffioients  of  the  other,  oi  ^  x, .  .  ^  ^  v. 

72.  Writing  also,  generally, 

(^9  ty^  tz,  tiff,  tv)  »  t  {x,  y,  %,  iff,  v), 
(flj'  +  a?,  . .  r'  +  f )  -  (a?', .  .  t?')  +  {x,  .  .  t?),  &o., 

and  abridging  the  particular  symbol*  (I,  1, 1,  1, 1)  to  (Z7),  while  (Q),  (Qf), . . 
may  briefly  denote  the  quinary  symbols  {x,  .  .  v),  {n/, .  *  tT), .  .  we  may  thus 
establish  the  congruence  (71), 

(Q')-(Q),  if(Q)-<(Q0+«(Z7);  * 

in  whioh  t  and  u  are  arbitrary  ooeffioients.    For  example, 

(0,  0,  0,  0, 1)  -  (1, 1,  1,  1,  0),    and     (0,  0,  0,  1, 1)  -  (1,  1,  1,  0,  0) ; 

each  symbol  of  the  first  pair  denoting  (65)  the  given  point  e;  and  each 
symbol  of  the  second  pair  denoting  (66)  the  derived  point  Di.  When  the 
coefficients  are  so  simple  as  in  these  last  expressions,  we  may  occasionally  omit 
the  commas,  and  thus  write,  still  more  briefly, 

(00001)  -  (11110) ;         (00011)  -  (11100). 

— 

*  jTIm  quinary  tymbol  (U)  denotes  no  deUrmin&d  pointy  since  it  corresponds  (by  70,  71)  to  the 
indeUrmmaU  vector  p  ~  r  i  but  it  admits  ot'^aeivXeombinationa  with  other  quinary  symbols,  as  above. 

H  2 
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73.  If  three  vectors^  p,  /»',  /t>",  expressed  each  under  \hQ  first  form  (70),  be 
ierminO'Collinear  (24)  and  if  we  denote  their  denominators,  xa  +  .  .  ^  s/a  •¥  .  .  ^ 
ixf^a-¥  .  . ,  by  w,  m\  m'\  they  must  then  (23)  be  connected  by  a  linear  equa- 
tion with  a  null  mm  of  coefficients,  which  may  be  written  thus : 

tmp  +  fm'p'  +  fWp''  =  0  ;        tm-^fm'-^  H'm"  =  0. 

We  have,  therefore,  the  two  equations  ofconditiony 

t  (xoa  +  .  .  +  vet)  +  f  {s^aa  +  .  .  +  tfet)  +  ^'  (a?"«o  +  .  .  +  r"^*)  «  0 ; 
t  {xa -¥..-¥  ve)  +  f  {a/a  +  .  .  +  f?'«)  +  f  (oi'a  + .  .  +  f?"e)  =0  ; 

where  ^,  ^,  ^'  are  three  new  scalars,  while  the  five  vectors  a  .  .  c,  and  the  five 
scalars  a  .  .  6,  are  subject  only  to  the  two  equations  (65) :  but  these  equations 
of  condition  are  satisfied  by  supposing  that 

where  u  is  some  new  scalar,  and  they  cannot  be  satisfied  otherwise.  Hence 
the  condition  ofcollineanty  of  the  three  points  p,  p',  v'\  in  which  the  three  vectors 
pi  P^  p'^  terminate,  and  of  which  the  quinary  symbols  are  (Q),  (Q^),  {Q^')y 
may  briefiy  be  expressed  by  the  equation, 

<(Q)  +  <^(Q')  +  r(Q")--«(C0; 

so  that  if  any  four  scalars^  ty  (y  t'y  Uy  can  be  foundy  which  satisfy  this  last  symbolic 
equationy  then,  but  not  in  any  other  case,  those  three  points  ppV  are  ranged  on 
one  i^ight  line.  For  example,  the  three  points  d,  b,  Di,  which  are  denoted  (72) 
by  the  quinary  symbols,  (00010),  (00001),  (11100),  are  colUnear;  because  the 
sum  of  these  three  symbols  is  (ZT*).    And  if  we  have  the  equation, 

*  (Q'0  =  ^(«)  +  ^(«')  +  t^(CO, 

where  ty  (y  u  are  any  three  scalarsy  then  {Qf^)  is  a  symbol  for  a  point  r'\  on  the 
right  line  pp^  For  example,  the  symbol  (0,  0,  0,  ty  f)  may  denote  any  point 
on  the  line  db. 

74.  By  reasonings  precisely  similar  it  may  be  proved,  that  if  (Q)  {Qf) 
(Q'O  (Q"')  ^  quinary  symbols  for  any  four  points  pp'p^p'"  in  any  comtnon 
planCy  so  that  the  four  vectors  ppp'p"  are  termino-eomplanar  (64),  then  an 
equation,  of  the  form 

t  {Q)  +  f{Qf)  +  t^{Qf')  +  r  (Q"')  -  -  « (CO, 

must  hold  good ;  and  conversely,  that  if  the  fourth  symbol  can  be  expressed 
as  follows 
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with  any  noalar  values  of  t,  (^  (\  u^  then  the  fourth  point  v'''  is  situated  in  the 
plane  fp^p'^  of  the  other  three.    For  example,  the  four  points, 

(10000),        (01000),        (00100),        (11100), 

or  A,  B,  c,  Di  (66),  are  complanar ;  and  the  symbol  (^,  ^,  t^\  0,  0)  may  repre- 
sent any  point  in  the  plane  abc. 

76.  When  a  point  p  is  thus  complanar  with  three  given  points^  p©,  Pi,  p»,  we 
have  therefore  expressions  of  the  foUowiog  forms,  for  the  five  coefficients  x^ .  .v 
of  its  quinary  symbol,  in  terms  of  the  fifteen  given  ooeffidents  of  their  symbols, 
and  of  .^r  new  and  arbitrary  soalars : 

a?  =  ^o«b  +  <ii»i  +  ^  +  t* ;  .  . .      v^taVo-^  tiVi  +  ^f?»  +  w. 

And  henoe,  by  elimination  of  these  four  soalars,  ^o  •  •  t^^  we  are  oonduoted  to  a 
linear  equation  of  the  form 

/  (a?  -  ^)  +  m  (y  -  r)  +  «  (»  -  r)  +  r  (tr  -  r)  -  0, 

whioh  may  be  oalled  the  Quinary  Equation  of  the  Plane  PqPiPs,  or  of  the  sup- 
posed locuB  of  the  point  p :  because  it  expresses  a  common  property  of  all  the 
points  of  that  loous ;  and  because  the  three  ratios  of  the  four  new  coefficients  /, 
i»,  n,  Tj  determine  the  position  of  the  plane  in  spaoe.  It  is,  however,  more  sym- 
metrical^  to  write  the  quinary  equation  of  a  plane  11  as  follows, 

&  +  wy  +  w»  +  rw  +  w  =  0, 

where  Hie  fifth  coefficient^  «,  is  connected  with  the  others  by  the  relation, 

/  +  i»t  +  »  +  r  +  ««0; 

and  then  we  may  say  that  [/,  m^  n,  r,  s']  is  (oomp.  37)  the  Quinary  Symbol  of 
the  Plane  n,  and  may  write  the  equation^ 

n  =  [/,»!,  «,  r,  «]. 

For  example,  the  coefficients  of  the  symbol  for  a  point  p  in  the  plane  abc  may 
be  thus  expressed  (comp.  74) : 

;j?  =  ^0  +  w>        y  «  ^1  +  f*,       »  =  ^a  +  tf ,       W-Uj       V  ^  u\ 

between  which  the  only  relation,  independent  of  the  four  arbitrary  scalars  /« .  •  t«,  is 
tc-v-O;  this  therefore  is  the  equation  of  the  plane  abc,  and  the  symbol  of  that 
plane  is  [0,  0,  0, 1,  -  1] ;  which  may  (comp.  72)  be  sometimes  written  more 
briefly,  without  commas,  as  [0001  i  J.  It  is  evident  that,  in  any  such  symbol, 
the  coefficients  may  all  be  multiplied  by  any  comtnon  factor. 
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76.  The  symbol  of  the  plane  FoPiFs  having  been  thus  determined,  we  may 
next  propose  to  find  a  symbol  for  the  pointy  f,  in  which  that  plane  is  interaecied 
by  a  given  line  FsF^  :  or  to  determine  the  coefficients  «  .  •  r,  or  at  least  the  ratios 
of  their  differences  (70),  in  the  quinary  symbol  of  that  point, 

{X,  y,  »,  «?,  r)  =  F  =  FoFiF,  •  F,F4. 

Oombining,  for  this  porpose,  the  expressions, 

(which  are  included  in  the  symbolical  equation  (73), 

(e)-<.(Q.)  +  ^i(Q4)+f*'(Dl, 

« 

and  express  the  coUinearity  fPsFa),  with  the  equations  (75), 

&  +  ..  +  w=0,       /+..  +  «-0, 

(which  express  the  complanaHty  pPoFiFi),  we  are  condueted  to  the  formula, 

^  (&8  +  .  .  +  sv^  +  ^4  (&4  +  .  .  +  w*)  "  0 ; 

which  determines  the  ratio  t^ :  ti,  and  contains  the  solution  of  the  problem. 
For  example,  if  p  be  a  point  on  the  line  de,  then  (comp.  73), 

a?  -  y  -  »  «  tt',        io  =  ti-¥  u\       i?  «  ^4  +  w' ; 

but  if  it  be  also  a  point  in  the  plane  abc,  then  w-v-O  (75),  and  therefore 
tt-ti^O;  hence 

(Q)  =  ^  (00011) +«' (11111),    or    (Q)- (00011); 
which  last  symbol  had  accordingly  been  found  (72)  to  represent  the  intersection 

(66),  Di  »  ABC  '  DE. 

77.  When  the  five  coeiScients,  ityztcvj  of  any  given  quinary  symbol  (Q)  for 
a  point  F,  or  those  of  any  congruent  symbol  (71),  are  any  whole  numbers  (posi- 
tive or  negative,  or  zero),  we  shall  say  (comp.  42)  that  ihe  point  f  is  rationally 
related  to  the  five  given  points^  a  •  •  e  ;  or  briefly,  that  it  is  a  Rational  Point  of 
the  System^  which  those  five  points  determine.  And  in  like  manner,  when  the 
five  coefficients,  Imnrs^  of  the  quinary  symbol  (75)  of  a  plane  IT  are  either 
equal  or  proportional  to  integers^  we  shall  say  that  the  plane  is  a  Rational  Plane 
of  the  same  System;  or  that  it  is  rationally  related  to  the  same  five  points. 
On  the  contrary,  when  the  quinary  symbol  of  a  point,  or  of  a  plane,  has  not 
thus  already  whole  coefficients^  and  cannot  be  transformed  (comp.  72)  so  as  to 
have  them,  we  shall  say  that  the  point  or  plane  is  irrationally  related  to  the 
given  points ;  or  briefly,  that  it  is  irrational.    A  right  line  which  connects  two 
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rational  paints^  or  is  the  intersection  of  two  rational  planes^  may  be  called,  on 
the  same  plan,  a  Rational  Line ;  and  lines  which  cannot  in  either  of  these 
two  ways  be  constraoted,  may  be  said  by  contrast  to  he- Irrational  Lines,  It 
is  evident  from  the  nature  of  the  eliminations  employed  (oomp.  again  42),  that 
a  plane^  which  is  determined  as  containing  three  rational  points^  is  necessarily  a 
rational  plane  ;  and  in  like  manner,  that  a  pointy  which  is  determined  as  the 
common  intersection  of  three  rational  planes^  is  always  a  rational  point ;  as  is 
also  every  point  which  is  obtained  by  the  intersection  of  a  rational  line  with  a 
y  rational  plane  ;  or  of  tico  rational  lines  with  each  other  (when  they  happen  to  be 
complanar). 

78.  Finally,  when  two  points^  or  two  planes^  differ  only  by  the  arrangement 
(or  order)  of  the  coefficients  in  their  quinaiy  spmbols,  those  points  or  planes 
may  be  said  to  have  one  common  type ;  or  briefly  to  be  syntypical.  For  ex- 
ample, the^t'^  given  pointSj  a,  .  .  e,  are  thus  syntypical,  as  being  represented 
by  the  quinary  symbols  (10000),  .  .  (00001) ;  and  the  ten  planesy  obtained  by 
taking  all  the  ternary  combinations  of  those  five  points,  have  in  like  manner 
one  common  type.  Thus,  the  quinary  symbol  of  the  plane  abc  has  been  seen 
(75)  to  be  [00011]  ;  and  the  analogous  symbol  [11000]  represents  the  plane 
CDE,  &c.  Other  examples  will  present  themselves,  in  a  shortly  subsequent 
Section,  on  the  subject  of  Nets  in  Space.  But  it  seems  proper  to  say  here  a 
few  words,  respecting  those  Anharmonic  Co-ordinates^  EquaiionSy  Symbols^  and 
TypeSj  for  SpacCy  which  are  obtained  from  the  theory  and  expressions  of  the 
present  Section,  by  reducing  (as  we  are  allowed  to  do)  the  number  of  the 
coefficients  J  in  each  symbol  or  equation,  from^r^  to  four. 
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SECTION  3. 

Ha  Anharmonle  Co-ordinates  in  Space. 

79.  When  we  adopt  the  second  form  (70)  for  p,  or  suppose  (as  we  may) 
that  the  fifth  coefficient  in  the  first  form  vanishes^  we  get  this  other  general 
expression  (oomp.  34,  36),  for  the  vector  of  a  point  in  space : 

xoa  +  ybQ  +  zcy  +  wdi 

OP  «  p  » ^-^r — :7 —  t 

and  may  then  write  the  symbolic  equation  (comp.  36,  71), 

I*  -  (a?,  y>  «,  w)> 
and  call  this  last  the  Quaternary  Symbol  of  the  Point  p :  although  we  shall 
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soon  see  oause  for  calling  it  also  the  Anharmonic  Symbol  of  that  point.  Mean- 
while we  may  remark,  that  the  only  congruent  symbols  (71),  of  this  last  form^ 
are  those  which  differ  merely  hy  the  introduction  of  a  common  factor :  the 
three  ratios  of  the  four  coeffidentSy  «  .  .  tr,  being  all  required,  in  order  to  deter^ 
mine  the  position  of  the  point;  whereof  those  four  ooefficients  may  accordingly 
be  said  (comp.  36)  to  be  the  Anharmonic  Co-ordinates  in  Space. 

80.  When  we  thus  suppose  that  f?  =  0,  in  the  quinary  symbol  of  the  point 
Fy  we  may  suppress  the  fifth  term  sv^  in  the  quinary  equation  of  a  plane  11, 
Ix-}- .  .  +  sv  -  0  (75) ;  and  therefore  may  suppress  also  (as  here  unnecessary) 
the^A  coefficient^  Sy  in  the  quinary  symbol  of  that  plane,  which  is  thus  reduced 
to  the  quaternary  formy 

n  «  [/,  *»,  n,  r]. 

This  last  may  also  be  said  (37, 79),  to  be  the  Anharmonic  Symbol  of  the  Plane^ 
of  which  the  Anharmonic  Equation  is 

laf  +  my  -{-  nz  -^rwO; 

iiiefour  coefficientSy  Imnry  which  we  shall  call  also  (comp.  again  37)  the  An* 
harmonic  Co-ordinates  of  that  Plane  11,  being  not  connected  among  themselves 
by  any  general  relation  (such  as  /+..  +  «  =  0) :  since  their  three  ratios  (comp. 
79)  are  all  in  general  necessary,  in  order  to  determine  the  position  of  the  plane 
in  space. 

81.  If  we  suppose  that  ihe  fourth  coefficient y  tr,  also  vanishesy  in  the  recent 
symbol  of  a  point,  that  point  f  is  in  the  plane  abc;  and  may  then  be  sufficiently 
represented  (aa  in  36)  by  the  Ternary  Symbol  (a?,  y,  »).  And  if  we  attend 
only  to  the  points  in  which  an  arbitrary  plane  IT  intersects  the  given  plane  abc, 
we  may  suppress  its  fourth  coefficienty  r,  as  being  for  such  points  unnecessary. 
In  this  manner,  then,  we  are  reconducted  to  the  equatiofiy  £r  +  f7»y  +  ns  »  0, 
and  to  the  symboly  A  »  [/,  m,  n],  for  a  right  line  (37)  in  the  plane  abc,  considered 
here  as  the  tracCy  on  that  plane,  of  an  arbitrary  plane  H  in  space.  If  this  plane 
n  be  given  by  its  quinary  symbol  (75),  we  thus  obtain  the  ternary  symbol  for 
its  trace  A,  by  simply  suppressing  the  two  last  coefficientSy  r  and  s. 

82.  In  the  more  general  case,  when  the  point  f  is  not  confined  to  the  plane 
ABC,  if  we  denote  (comp.  72)  its  quaternary  symbol  by  (Q),  the  lately  estab- 
Ushed  formulsB  of  collineation  and  complanarity  (73,  74)  will  still  hold  good : 
provided  that  we  now  suppress  the  symbol  {U)y  or  suppose  its  coefficietit  to  be 
s^ro.    Thus,  the  formula, 
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expreflseB  that  ihe  point  p  is  in  the  plane  pW^;  and  if  the  coefficient  ^' 
vanishf  the  equation  which  then  remainB,  namely, 

dgnifles  that  p  is  thus  complanar  with  the  ttoo  given  pcnnts  p^,  t'\  and  with  an 
arbitrary  third  point;  or,  in  other  words,  that  it  is  on  the  right  line  pV^  whence 
(comp.  76)  prohlems  of  intersections  of  lines  iniAi  planes  can  easily  be  resolved. 
In  like  manner,  if  we  denote  briefly  by  [ii]  the  quaternary  symbol  [/,  m,  n,  r] 
for  a  plane  11,  the  formula 

[If]  -  ^[iTJ  +  rCiJ'T  +  r  [JT'Q 

expresses  that  the  plane  n  passes  through  the  intersection  of  the  three  planes 
n%  n",  n'";  and  if  we  suppose  f  -  0,  so  that 

the  fonnula  thus  found  denotes  that  the  plane  n  passes  through  the  point  of 
intersection  of  the  tico  planes,  n^  11^',  with  any  third  plane  ;  or  (comp.  41), 
that  this  plane  n  contains  the  line  of  intersection  of  n^,  11'^;  in  which  case  the 
three  planes^  11,  11^  11'^  may  be  said  to  be  collinear.  Hence  it  appears  that 
either  of  the  two  eapressionSy 

I.  .  .  ^  (e)  +  ^'  (Q")»        11.  .  .  f  [iJ']  +  r  [ii'n, 

may  be  used  as  a  Symbol  of  a  Might  Line  in  Space :  according  as  we  consider 
that  line  A  either,  1st,  as  connecting  two  given  points^  or  Ilnd,  as  being  the 
intersection  of  two  given  planes.  The  remarks  (77)  on  rational  and  irrational 
points,  planes^  and  lines  require  no  modification  here ;  and  those  on  types  (78) 
adapt  themselves  as  easily  to  quaternary  as  to  quinary  symbols. 

83.  From  the  foregoing  general  formulss  of  collineation  and  complanarity, 
it  follows  that  the  point  f^,  in  which  the  line  ab  intersects  the  plane  cdp 
through  CD  and  any  proposed  point  p  ^  (xyzw)  of  space,  may  be  denoted  thiu9 : 

p'  =  AB  •  CDP  «  {xyOO) ; 

for  example,  e  »  (1111),  and  c^ »  ab  *  ode  ••  (1100).  In  general,  if  abcdbf 
be  any  six  points  of  space^  the  four  collinear  planes  (82),  abc,  abd,  abe,  abf, 
are  said  to  form  a  pencil  through  ab  ;  and  if  this  be  cut  by  any  rectilinear 
transversal^  in  four  points^  c\  d\  e*,  f\  then  (comp.  35)  the  anhannonic  function 
of  this  group  of  points  (25)  is  called  also  the  Anharmonic  of  the  Pencil  of 
Planes :  which  may  be  thus  denoted, 

(ab  .  cdef)  «  (c'd'e'f'). 

Hamiltox's  Eumbhts  or  Quaternions.  I 
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Henoe  (comp.  again  25^  35),  by  what  has  just  been  shown  respecting  (/  and  v\ 
we  may  establish  the  important  formula : 

(cD .  ABBp)  =  (ac/bp')  =  - ; 

so  that  this  ratio  of  coefficientSy  in  the  symbol  {xpztff)  for  a  variable  point  p  (79), 
represents  the  anharmonic  of  a  pencil  of  planes^  of  which  the  variable  plane  cdp 
is  one  ;  the  three  other  planes  of  this  pencil  being  given.    In  like  manner, 

(ad  .  BECP)  =  -,     and     (bd  .  ceap)  =  - ; 

Z  X 

so  that  (comp.  86)  the  product  of  these  three  last  anharmonics  is  unity.  On 
the  same  plan  we  have  also, 

(bC  .  ABDP)  =  -,  (CA  .  BEDP)  =  -,  (aB  .  CEDP)  «  -  ; 

U}  to  u> 

so  that  the  three  ratios^  of  the  three  first  coefficients  xyz  to  the  fourth  coefficient 
tr,  suffice  to  determine  the  three  planes^  bcf,  cap,  abp,  whereof  the  point  p  is  the 
common  intersectioHy  by  means  of  the  anharmonics  of  three  pencib  of  planes^  to 
which  the  three  planes  respectively  belong.  And  thus  we  see  a  motive  (besides 
that  of  analogy  to  expressions  already  used  for  points  in  a  given  plane)  ^  for 
calling  the  four  coefficients^  xyzwy  in  the  quaternary  symbol  (79)  for  a  point  in 
spaccy  the  Anharmonic  Co-ordinates  of  that  Point. 

84.  In  general,  if  there  be  any  four  colUnear  pointSy  p^,  .  .  Ps,  so  that 
(comp.  82)  their  symbols  are  connected  by  two  linear  equationsy  such  as  the 
following, 

(Qi)  -  ^  (Qo)  +  t*  (Q,),       (Q3)  -  f  (Qo)  +  W  {Q,)y 

then  the  anharmonic  of  their  group  may  be  expressed  (comp.  25, 44)  as  follows : 

.  ,     uf 

as  appears  by  considering  ike  pencil  (cd  .  PqPiPjPj),  and  the  transversal  ab  (83). 
And  in  like  manner,  if  we  have  (comp.  again  82)  the  two  other  symbolic 
equations,  connecting /owr  collinear  planes  IIo .  .  lis, 

the  anharmonic  of  their  pe^idl  (83)  is  expressed  by  the  precisely  similar 
formula, 

(nonin,n,) «  ^, ; 

as  may  be  proved  by  supposing  the  pencil  to  be  cut  by  the  same  transversal 
line  AB. 
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85.  It  follows  ihat  if  /  [xyzw]  and  /i  {xj/zw)  be  any  two  homogeneous  and 
linear  fanotions  of  Xy  pj  s^  tc;  and  if  we  determine  four  oollinear  planes 
IIo .  .  118  (82),  by  the  four  equations, 

/=0,       /,-/,        A-O,       /i-*/, 

where  k  is  any  scalar ;  we  shall  have  the  following  value  of  the  anharmonio 
function,  of  the  pencil  of  planes  thus  determined : 

(non.nji,)-*-^. 

Hence  we  derive  this  Theorem^  which  is  important  in  the  application  of  the 
present  system  of  co-ordinates  to  space : — 

"  The  Quotient  of  any  two  given  homogeneous  and  linear  Functioned  of  the 
anharmonic  Co-ordinates  (79)  of  a  variable  Point  v  in  spaccy  may  be  expressed  as 
the  Anharmonie  (noniXIjIIs)  of  a  Pencil  of  Planes ;  whereof  three  are  given^ 
while  the  fourth  passes  through  the  variable  point  p,  and  through  a  given  right 
line  A  which  is  common  to  the  three  former  planes,** 

86.  And  in  like  manner  may  be  proved  this  other  but  analogous 
Theorem : — 

"  The  Quotient  of  any  two  given  homogeneous  and  linear  Functions^  of  the 
anharmonic  Co-ordinates  (80)  of  a  variable  Plane  11,  may  be  expressed  as  the 
Anharmonic  (PoPiP2Vs)  of  a  Group  of  Points ;  whereof  three  are  given  and 
collinear  ;  and  the  fourth  is  the  intersection^  A  *  11,  of  their  common  and  given 
right  line  A,  tcith  the  variable  plane  11." 

More  fully,  if  the  two  given  functions  of  Imnr  be  f  and  Fi,  and  if  we 
determine  three  points  FoPiPi  by  the  equations  (comp.  67)  f  =  0,  Fi  =  p,  Fi  =  0, 
and  denote  by  Pa  the  intersection  of  their  common  line  A  with  11,  we  shall 
have  the  quotient, 

J  =  (PoPiP,Pj). 

For  example,  if  we  suppose  that 

A,  =  (1001),        Ba  =  (0101),        c  =  (0011), 
a',  =  (lOOr),        b',  =  (OlOl),        (/,  -  (OOlT), 

so  that  Aa  =  DA  *  BOB,  &C.,      and      (PAsAA^a)  =  -  1,  &a, 

we  find  that  the  three  ratios  of  /,  m,  n  to  r,  in  the  symbol  11  -  \Jmnr']y  may  be 
expressed  (comp.  39)  imder  the  form  of  anharmonics  of  groups,  as  follows : 

-  =  (da'jAQ)  ;        ^  =  (DB'aBE)  ;        -  =  (ix/aCs) ; 

where  o,  b,  s  denote  the  intersections  of  the  plane  n  with  the  three  given 

I  2 
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right  lines,  da,  db,  dc.  And  thus  we  have  a  motive  (oomp.  83)  besides  that 
of  analogy  to  lines  in  a  given  plane  (37),  for  calling  (as  above)  the  four  coefffr- 
dents  ly  my  n,  r,  in  the  qimtemary  symbol  (80)  for  a  plane  11,  the  Anharmonic 
Co-ordinates  of  that  Plane  in  Space, 

87.  It  may  be  added,  that  if  we  denote  by  l,  h,  m  the  points  in  whioh  the 
same  plane  11  is  out  by  the  three  given  lines  bc,  ca,  ab,  and  retain  the 
notations  k'\  y!\  if'  for  those  other  points  on  the  same  three  lines  which  were 
so  marked  before  (in  31,  &c.),  so  that  we  may  now  write  (oomp.  36) 

a''  =  (OlIO),        b"  =  (1010),       c"  =  (1100), 

we  shall  have  (oomp.  39,  83)  these  three  other  anharmonics  of  groups,  with 
their  product  equal  to  unity : 

—  =  (ca"bl)  ;     -  =  (ab"om)  ;     —  =  (bc"an)  ; 
n      ^  '        I     ^  m 

and  the  six  given  points^  a",  b",  c",  a'j,  b'»,  c'„  are  all  in  one  given  plane  [b],  of 
whioh  the  equation  and  symbol  are : 

ir  +  y  +  »  +  <^  =  0;         [b]«  [HH]* 

The  six  groups  of  points,  of  whioh  the  anharmonic  functions  thus  represent 
the  six  ratios  of  the  four  anharmonic  co-ordinates,  Imnr^  of  a  variable  plane  11, 
are  therefore  situated  on  the  six  edges  of  the  given  pyramid^  abcd  ;  two  points  in 
each  group  being  comers  of  that  pyramid,  and  the  ttco  others  being  the  intev 
sections  of  the  edge  with  the  ttoo  planes^  [b]  and  11.  Finally,  the  plane  [e]  is 
(in  a  known  modem  sense)  the  plane  of  homology^*  and  the  point  b  is  the  centre 
of  homology y  of  the  given  pyramid  abod,  and  of  an  inscribed  pyramid  AiBiCiDi, 
where  Ai  =  ea  *  bcd,  &c.  ;  so  that  Di  retains  its  recent  signification  (66,  76), 
and  we  may  write  the  anharmonic  symbols, 

Ai  «  (0111),         Bi  =  (1011),         Ci  =  (1101),         D,  =  (1110). 

And  if  we  denote  by  a^b\c'id\  the  harmonic  conjugates  to  these  last 
points,  with  respect  to  the  lines  ba,  eb,  eg,  bd,  so  that 

(baiAa'i)  = . .  =  (bDiDD'i)  -  -  1, 
we  have  the  corresponding  symbols, 

a\  «  (2111),        B'l  -  (1211),        c/i  -  (1121),        d\  -  (1112). 

Many  other  relations  of  position  exist,  between  these  various  points,  lines, 
and  planes,  of  whioh  some  will  come  naturally  to  be  noticed,  in  that  theory 
of  nets  in  space  to  which  in  the  following  Section  we  shall  proceed. 

*  See  Ponoelet's  TraiU  de$  ProprHih  Fnffutvfu  (Paria,  1822). 
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SECTION  4. 
#11  Cfeometrlcal  Itfeta  in  Space. 

88.  When  we  have  (as  in  65)  five  given  points  a  .  .  b,  whereof  no  four 
are  oomplanar,  we  can  connect  any  two  of  them  by  a  right  HnCy  and  the  three 
others  by  9k  plane ^  and  determine  the  point  in  whioh  these  last  intersect  one 
another :  deriving  thus  a  system  of  ten  Knee  Ai,  ten  planes  Uu  and  ten  points  Pi, 
from  the  given  system  of  fite  points  Po,  by  what  may  be  oalled  (comp.  34)  a 
First  Construction.  We  may  next  propose  to  determine  all  the  new  and 
distinct  lineSy  Aa,  and  planeSy  lis,  whioh  oonnect  the  ten  derived  points  Pi  with 
the  five  given  points  Fo,  and  with  each  other ;  and  may  then  inquire  what 
new  and  distinct  points  v%  arise  (at  this  stage)  as  intersections  of  lines  with 
planeSf  or  of  Unes  in  one  plane  with  each  other :  all  such  new  lines,  planes,  and 
points  being  said  (oomp.  again  34)  to  belong  to  a  Second  Construction^  And 
then  we  miglit  proceed  to  a  Third  Construction  of  the  same  kind,  and  so  on 
for  ever :  building  up  thus  what  has  been  called*  a  Oeometrical  Net  in  Space. 
To  express  this  geometrical  process  by  quinary  symbols  (71,  75,  82)  of  points^ 
planes^  and  lineSj  and  by  quinary  types  (78),  so  far  at  least  as  to  the  end  of  the 
second  construction^  will  be  found  to  be  an  useful  exercise  in  the  application  of 
principles  lately  established :  and  therefore  ultimately  in  that  Mkthod  of 
Vectors,  whioh  is  the  subject  of  the  present  Book.  And  the  quinary  form 
will  here  be  more  convenient  than  the  quaternary ^  because  it  will  exhibit  more 
clearly  the  geometrical  dependence  of  the  derived  points  and  planes  on  the^r^ 
given  points,  and  will  thereby  enable  us,  through  a  principle  of  symmetry ^  to 
reduce  the  numhei'  of  distinct  types. 

89.  Of  the  fif>e  given  points^  Fq,  the  quinary  type  has  been  seen  (78)  to 
be  (10000) ;  while  of  the  ten  derived  points  Pi,  of  first  construction,  the 
corresponding  type  may  be  taken  as  (00011) ;  in  fact,  considered  as  symbols^ 
these  two  represent  the  points  a  and  Di.  The  nine  other  points  Pi  are 
a'bVaiBiCiAjB-.Ci  ;  and  we  have  now  (oomp.  83,  87,  86)  the  symbols, 

a'  =  BC  •  ADB  -  (01100),  Ai  «  EA  •  BCD  -  (10001), 

Aj  -  DA  •  BOB  -  (10010)  ; 

also,  in  any  symbol  or  equation  of  the  present  form,  it  is  permitted  to  change 
A,  B,  c  to  B,  c.  A,  provided  that  we  at  the  same  time  write  the  third,  first, 

*  By  MobiuB,  in  p.  291  of  his  already  cited  Barffcmiric  Caleulut, 
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and  second  oo-efficients,  in  the  places  of  the  first,  second,  and  third :  thus, 
b'  =  CA'  BDB=  (10100),  &o.  The  symbol  faj^OOO)  represents  an  arbitrary  paint 
on  the  line  ab;  and  the  symbol  [00»r«],  with  n  +  r  +  «  «  0,  represents  an 
arbitrary  plane  through  that  line :  each  therefore  may  be  regarded  (oomp.  82) 
as  a  symbol  also  of  the  line  ab  itself^  and  at  the  same  time  as  a  type  of  the  ten 
lines  Ai ;  while  the  symbol  [00011],  of  the  plane  abg  (75),  may  be  taken  (78) 
as  a  type  of  the  ten  planes  Hi.    Finally,  the  Jive  pyramids^ 

BODE,     CADB,     ABDB,     ABCB,     ABCD, 

and  the  ten  triangles^  such  as  abc,  whereof  each  is  a  common  face  of  two  such 
pyramids,  may  be  called  pyramids  i^i,  and  triangles  jTi,  of  the  First  Con^ 
sUiAction. 

90.  Proceeding  to  a  Second  Construction  (88),  we  soon  find  that  the  lines 
As  may  be  arranged  in  two  distinct  groups ;  one  group  consisting  of  fifteen  lines 
As,!,  such  as  the  line*  aa'di,  whereof  each  connects  two  points  Pi,  and  passes 
also  through  one  point  Po,  being  the  intersection  of  two  planes  IIi  through  that 
point,  as  here  of  abg,  adb  ;  while  the  other  group  consists  of  thirty  lines  As,s> 
such  as  b^c',  each  connecting  two  points  Pi,  but  not  passing  through  any  point 
Po,  and  being  one  of  the  thirty  edges  of  five  new  pyramids  Bt^  namely, 

cVAsAi,  aVBsBi,  bVCsCi,  AsBsCsBi,  AiBiCiDi : 

which  pyramids  jRs  may  be  said  (comp.  87)  to  be  inscribed  homologues  of  the 
five  former  pyramids  i?i,  the  centres  of  homology  for  these /f?e  pairs  of  pyramids 
being  the  five  given  points  a  . .  e  ;  and  the  planes  of  homology  being  five  planes 
[a]  . .  [e],  whereof  the  last  has  been  already  mentioned  (87),  but  which  belong 
properly  to  a  third  construction  (88).  The  planes  Us,  of  second  construction, 
form  in  like  manner  two  groups ;  one  consisting  of  fifteen  planes  Ilsyi,  such 
as  the  plane  of  ihe  five  points,  abiBsCiCs,  whereof  each  passes  through  one  point 
Po,  and  through  four  points  Pi,  and  contains  two  lines  A%yu  ^  ^^^^  ^^  hnes 
ABiCs,  AGiBs,  besides  containing /(Tur  lines  As,si  as  here  BiBs,  &o.  ;  while  the  other 
group  is  composed  of  twenty  planes  Ils^a,  such  as  AiBiCi,  namely,  the  twenty 
faces  of  the  five  recent  pyramids  B%,  whereof  each  contains  three  points  Pi,  and 
three  Unes  As,s,  but  does  not  pass  through  any  point  Po.  It  is  now  required 
to  express  these  geometrical  conceptions^  of  {keforty-fite  Unes  A%\  the  thirty-five 
planes  Us ;   and  the  five  planes  of  homology  of  pyramids,   [a]  .  .  .  [b],  by 

*  ABiOs,  ABsCi,  da'ai,  ba'as,  are  other  lines  of  this  group. 

t  Mobius  (in  his  BarycmtrvB  CaleuhUf  p.  284,  &c.)  has  very  clearly  pointed  out  the  existence  and 
chief  properties  of  the  foregoing  lines  and  planes  ;  but  besides  that  his  analysis  is  altogether  different 
from  ours,  he  does  not  appear  to  have  aimed  at  enumerating,  or  even  at  classifying,  all  the  points  of 
what  has  been  above  called  (88)  the  second  construction,  as  we  propose  shortly  to  do. 
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qxiinaxy  symhoh  and  typen^  before  prooeeding  to  determine  the  pointe  Ps  of 
Hcand  oonstmotion. 

91.  An  arbitrary  j9(Hn^  on  the  right  line  aa'di  (90)  may  be  represented  by 
the  symbol  {tuuOO) ;  and  an  arbitrary  plane  through  that  line  by  this  other 
symbol,  \Qmmrr\y  where m  and  r  are  written  (to  save  oommas)  instead  of  - m 
and  -  r ;  henoe  these  two  symbols  may  also  (oomp.  82)  denote  the  line  aa^Di 
itself,  and  may  be  used  as  types  (78)  to  represent  the  group  of  lines  Ai,i. 
The  particular  symbol  [01111],  of  the  last  form,  represents  that  particular 

^  plane  through  the  last-mentioned  line,  which  contains  also  the  line  ABiCa  of 
the  same  group ;  and  may  serve  as  a  type  for  the  group  of  planes  Ua,!,  The 
line  bV,  and  the  group  A2,a,  may  be  represented  by  («/wOO)  and  [tttus\  if  we 
agree*  to  write  «  «  ^  +  «,  and  «  «  -  « ;  while  the  plane  B'c^k%^  and  the  group 
n„„  may  be  denoted  by  [11112].  Finally,  the  plane  [k]  has  for  its  symbol 
[11114]  ;  and  the  four  other  planes  [a],  &o.,  of  homology  of  pyramids  (90), 
have  this  last  for  their  common  type. 

92.  The  poinU  Ps,  of  second  construotiou  (88),  are  more  numerous  than  the 
Unes  As  and  planes  Hz  of  that  construction :  yet  with  the  help  of  iypee^  as 
above,  it  is  not  difficult  to  classify  and  to  enumerate  them.  It  will  be  suffi- 
cient here  to  write  down  these  types,  which  are  found  to  be  eighty  and  to  offer 

I  some  remarks  respecting  them ;  in  doing  which  we  shall  avail  ourselves  of  the 
f  eight  following  typical  poinU^  whereof  the  two  first  have  abready  occurred,  and 
'         which  are  all  situated  in  the  plane  of  abc  : 

a"-(01I00);    a'" -(21100);    a^   -(21100);    a^  -  (02100) ; 

a^  =  (02100) ;    A^  =  (12100) ;    a^™  =  (32100) ;    a«  -  (23l00) ; 

^  the  seoond  and  third  of  these  having  (1001 1)  and  (3001 1)  for  congruent  eymhoh 
(71).  It  is  easy  to  see  that  these  eight  types  represent,  respectively,  ten,  thirty, 
thirty,  twenty,  twenty,  sixty,  sixty,  and  sixty  distinct  points,  belonging  to 
eight  groups^  which  we  shall  mark  as  Pa,  19  •  •  Ps^s  ;  so  that  the  total  number  of 
the  points  Pj  is  290.  If  then  we  consent  (88)  to  close  the  present  inquiry,  at 
the  end  of  what  we  have  above  defined  to  be  the  Second  Construction^  the  total 
number  o/the  net  points^  Pi,  P2,  which  are  thus  derived  by  lines  B,nd  planes  from 
Hie  Jive  given  points  Po,  is  found  to  be  exactly  three  hundred:  while  the  joint 
number  of  the  net-lines^  Ai,  As,  and  of  the  net^planes^  111,  lis,  has  been  seen  to 
be  one  hundred,  so  far. 


*  With  this  conTention,  the  line  ab,  and  the  group  Ai,  may*  he  denoted  hy  the  planC'tymbol 
[OOtof],  Hheix point'iymbol  heing  (^uOOO). 
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(1.)  To  the  tjrpe  Pb,i  belong  the  ten  poinU^ 

with  the  quinary  symbols, 

a"=  (01100), .  .     a',=  (lOOlO),  . .     A'l  =  (lOOOT), .  .    d'i  =  (OOOlI), 
which  are  the  hai^monic  conjugates  of  the  tea  points  Pi,  namely,  of 

a'bV,  AaBaCai  AiBiCiDi, 

with  respeot  to  the  ten  lines  Ai,  on  which  those  points  are  situated;  so  that 
we  have  ten  harmonic  equations,  (ba'ca")  =  -  1,  &o.,  as  already  seen  (31,  86, 
87).  Each  point  Pa,i  is  the  common  intersection  of  a  line  Ai  with  three  lines 
Aj,»;  thus  we  may  establish  the  four  ioWowing  formulce  of  concurrefwe  (equi- 
valent, by  89,  to  ten  such  formules)  : 

a''  =  BC  •  bV  •  BiCi  •  BjCj  ;  a',  «  DA  *  DiAi '  b'cj  '  c/bj  ; 

a'i  *=  EA  •  DiAj  •  b'Ci  •  (/Bi  ;  d'i  «  DE  '  AiAj  *  B1B2  '  CiQ|. 

Each  point  Pa,i  is  also  situated  in  three  planes  IIi ;  in  three  other  planes,  of  the 
group  lis,! ;  and  in  six  planes  113,2 ;  for  example,  a''  is  a  point  common  to  the 
twelve  planes, 

ABC,  BCD,  BCE  ;  AB1C2C1B2,  DB^BiO^Ci,  EB^BaC/Cb  ; 

bVAi,  BiCiAi,  BaCaAa,  bVA2,  BiOiDi,  B2C2Di. 

Each  line,  Ai,  or  A3,29  contains  one  point  F2,i  ;  but  no  line  A2,i  contains  any. 
Each  plane,  IIi  or  Ila,),  contains  three  such  points  ;  and  each  plane  Ila,! 
contains  ttvo,  which  are  the  intersections  of  opposite  sides  of  a  quadrilateral  Q2  in 
that  plane,  whereof  the  diagonals  intersect  in  a  point  Po  :  for  example,  the 
diagonals  B1C3,  B2G1  of  the  quadrilateral  BiBaCsCi,  which  is  (by  90)  in  one  of  the 
planes  lis,!,  intersect*  each  other  in  the  point  a  ;  while  the  opposite  sides  GiBi, 
BaCa  intersect  in  a^'  ;  and  the  two  other  opposite  sides,  B1B2,  O2G1  have  the  point 
D^i  for  their  intersection.  The  ten  points  P2,i  are  also  ranged,  three  by  three^ 
on  ten  lines  of  third  construction  As,  namely,  on  tlie  anpes  0/ homology ^ 

A    B  iG  1,  .  •  A    B  2G  2,  •  •  A  lA  2D  1,  •  »  A    B    G   , 

of  ten  pairs  of  tf*iangles  7i,  T2,  which  are  situated  in  the  ten  planes  IIi,  and  of 
which  the  centres  of  homology  are  the  ten  points  Pi :  for  example,  the  dotted 
line  a"b''g",  in  fig.  21,  is  the  axis  of  homology  of  the  two  triangles,  abc,  a'bV, 
whereof  the  latter  is  inscribed  in  the  former,  with  the  point  o  in  that  figure 
(replaced  by  Di  in  fig.  29),  to  represent  their  centre  of  homology.  The  same 
ten  points  p„i  are  also  ranged  six  by  sixy  and  the  ten  last  lines  As  are  ranged 

*  Compare  the  first  Note  to  page  62. 
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faur  by  four y  in  five  planes  lis,  naxnelj  in  \}^e  planes  of  homology  ptfire  pairs  of 
pyramids  J  Bi^  i2a,  already  mentioned  (90) :  for  example,  the  plane  [b]  oontains 
(87)  the  six  points  a"b'V'a',b',c'2,  and  the  four  right  lines, 

a"b  V„        B  V,a'„        (/ V,b'„        a"b"c"  ; 

which  latter  are  the  intersections  of  the  four  faces, 

DCS,  DAG,  DBA,  ABC, 

of  tlie  pyramid  abcd,  with  the  corresponding  faces, 

DABi,  DiAiCi,  DiBjAi,  AiBiOi, 

of  its  inscribed  homologue  AiBiCiDj  ;  and  are  contained,  besides,  in  the  four  other 
planes, 

AjBV,  BiC'a',  C»a'b',  AjBaOj: 

the  three  triangles,  abg,  AiBiCi,  AsBsCa,  for  instance,  being  all  homologousy 
although  in  different  planes^  and  having  the  line  a''b'V  for  their  common  axis 
of  homology.  "We  may  also  say,  that  this  line  a"b' V  is  the  common  trace 
(81)  of  two  planes  1X2,2,  namely  of  AiBid  and  A2BaG2,  on  the  plane  abg  ;  and  in 
like  manner,  that  the  point  a!'  is  the  common  trace,  on  that  plane  IIi,  of  two 
lines  A2,s,  namely  of  BiCi  and  BaGs :  being  also  the  common  trace  of  the  two  lines 
b'iC'i  and  b'2g'2,  which  belong  to  the  third  construction. 

(2.)  On  the  whole,  these  ten  points^  of  second  construction,  a''  .  .  .,  may  be 
considered  to  be  already  well  known  to  geometers,  in  connexion  with  the 
theory  of  transversal^  lines  and  planes  in  space :  but  it  is  important  here  to 
observe,  with  what  simplicity  and  clearness  their  geometrical  relations  are 
expressed  (88),  by  the  quinary  symbols  and  quinary  types  employed.  For 
example,  the  collinearity  (82)  of  the  four  planes j  abg,  AiBiGi,  AaBjGs,  and  [b], 
becomes  evident  from  mere  inspection  of  their  four  symbols, 

[00011],        [1112i],        [11112],         [11114], 

which  represent  (75)  the^r  quinary  equations, 

w-v^O,    a? +  y+ 2-2w^-i?  =  0,    x  +  y-^z-w-2v  -0,    a?  +  ^  +  «  +  «r-4t?  =  0; 

with  this  additional  consequence,  that  the  ternary  symbol  (81)  of  the  common 
trace,  of  the  three  latter  on  the  former,  is  [111]  :  so  that  this  trace  is  (by  38) 
the  line  a''b"c"  of  fig.  21,  as  above.  And  if  we  briefly  denote  the  quinary 
symbols  of  the  four  planes,  taken  in  the  same  form  and  order  as  above,  by 


*  The  collinear,  complanar,  and  harmonic  relations  between  the  ten  points,  which  we  have  above 
marked  as  P2,i,  and  which  hare  been  considered  by  Hobius  also,  in  connexion  with  his  theory  of 
nets  in  space,  appear  to  have  been  first  noticed  by  Oamot,  in  a  Memoir  upon  IransveraaU. 

Hamilton's  Elsmkmts  or  Quatkhmions.  K 
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[iZo]  [iSi]  [£t]  [i2s]>  we  see  that  they  are  oonneoted  by  the  two  relations, 

whence  if  we  denote  the  planes  themselves  by  IIi,  lis,  n^,  lis,  we  have 
(oomp.  84)  the  following  value  for  the  anharmonic  of  their  pencil^ 

(nin,n'an,)  =  -  2 ; 

a  resTilt  which  can  be  very  simply  verified,  for  the  case  when  abcd  is  a  regular 
pyramid,  and  e  (comp.  29)  is  its  tnean  paint :  the  plane  lis,  or  [b],  becoming 
in  this  case  (comp.  38)  the  plane  at  infinity,  while  the  three  other  planes,  abc, 
AiBiGi,  A2B20a,  are  parallel;  the  second  being  intermediate  between  the  other 
two,  but  twice  as  near  to  the  third  as  to  the^r«^. 

(3.)  We  must  be  a  little  more  concise  in  our  remarks  on  the  seven  other 
types  of  points  Pa,  which  indeed,  if  not  so  well  known,*  are  perhaps  also,  on 
the  whole,  not  quite  so  interesting :  although  it  seems  that  some  circumstances 
of  their  arrangement  in  space  may  deserve  to  be  noted  here,  especially  as 
affording  an  additional  exercise  (88),  in  the  present  system  of  symbols  and 
types.  The  type  Pa,8  represents,  then,  a  group  of  thirty  points,  of  which  a'", 
in  fig.  21,  is  an  example ;  each  being  the  intersection  of  a  line  As,i  with  a 
line  A2,3  as  a'"  is  the  point  in  which  aa'  intersects  bV  :  but  each  belonging  to 
no  other  line,  among  those  which  have  been  hitherto  considered.  But  without 
aiming  to  describe  here  all  the  lines,  planes,  and  points,  of  what  we  have 
called  the  third  construction,  we  may  already  see  that  they  must  be  expected 
to  be  numerous :  and  that  the  planes  lis,  and  the  lines  As,  of  that  construction, 
as  well  as  the  pyramids  £&,  and  the  triangles  Tt,  of  the  second  construction, 
above  noticed,  can  only  be  regarded  as  specimens,  which  in  a  closer  study  of 
the  subject,  it  becomes  necessary  to  mark  more  fully,  on  the  present  plan,  as 
lis,!,  .  .  7s,i.  Accordingly  it  is  found  that  not  only  is  each  point  t%,2  one  of 
the  comers  of  a  triangle  Ts,!  of  third  construction  (as  a'''  is  of  a"'b"V"  in 
fig.  21),  the  sides  of  which  new  triangle  are  lines  As,3,  passing  each  tlirough 
one  point  p»,i  and  through  two  points  p„a  (like  the  dotted  line  a"b'"c"'  of 
fig.  21) ;  but  also  each  such  point  Pt,a  is  the  intersection  of  two  new  lines  of 


*  It  doefl  not  appear  that  any^  of  these  other  typet,  or  groups,  of  points  ps,  haye  hitherto  been 
noticed,  in  connexion  with  tlie  net  in  space,  except  the  one  which  we  have  ranked  as  the  Jl/th,  t%,$, 
and  which  represents  two  points  on  each  line  Ai,  as  the  type  F3,i  has  beenrseen  to  represent  one  point 
on  each  of  those  ten  lines  of  first  construction :  but  thht  Jlfth  group,  which  may  be  exemplified  by  the 
intersections  of  the  line  dc  with  the  two  planes  aiBiCi  and  AaBsCa,  has  been  indicated  by  MSbius  (in 
page  290  of  his  already  cited  work),  although  with  a  different  notation,  and  as  the  result  of  a  different 
analysis. 
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third  oonstraotion,  As^a,  whereof  each  oonneots  a  point  Fo  with  a  point  Psu- 
For  example,  the  point  Pl"  is  the  common  trace  (on  the  plane  abc)  of  the  two 
new  lines,  DA^,  sa's  :  hecanse,  if  we  adopt  for  this  point  a!''  the  second  of  its 
two  oongruent  symhols,  we  have  (oomp.  73,  82)  the  expressions, 

a'"«  (lOOll)  -  (d)  -  (a'O  -  (B)  -  (a'O. 

We  may  therefore  establish  the  formula  of  concurrence  (oomp.  the  first  sub- 

article) : 

a'"  =  aa'  '  B  V  •  da'i  •  ba'»  ; 

which  represents  a  system  of  thirty  such  formulas. 

(4.)  It  has  been  remarked  that  the  point  k'"  may  be  represented^  not  only 
by  the  quinary  symbol  (21100),  but  also  by  the  oongruent  symbol,  (10011) ; 
if  then  we  write, 

Ao=(rilOO),  Bo  =(11100),  Ca=(lllOO), 

these  three  new  points  AoBqCo,  in  the  plane  of  abc,  must  be  considered  to  be 
sytUypicalf  in  the  quinary  sense  (78),  with  the  three  points  a'"b''V,  or  to 
belong  to  the  mme  group  Ps,,,  although  they  have  (oomp.  88)  a  different 
ternary  type.  It  is  easy  to  see  that,  while  the  triangle  A!''B'''cf"  is  (comp. 
again  fig.  21)  an  inscribed  homologue  Ts,i  of  the  triangle  a'bV,  which  is  itself 
(oomp.  sub-article  1)  an  inscribed  homologue  T%^i  of  a  triangle  jTi,  namely  of 
ABC,  with  hl'ii'd'  ioT  their  common  axis  of  homology,  the  new  triangle  AoBoCb  is 
on  the  contrary  an  exscribed  homologue  T,,,,  witli  the  same  axis  As,i,  of  the 
same  given  triangle  Ti.  But  from  the  syntypical  relation  existing  as  above  for 
space  between  the  points  a^^'  and  Ao,  we  may  expect  to  find  that  these  two 
points  Fs,3  admit  of  being  similarly  constructed^  when  the  Jive  points  Po  are 
treated  as  entering  symmetrically  (or  similarly),  as  geometrical  elements^  into 
the  constructions.  The  point  Ao  must  therefore  be  situated,  not  only  on  a 
line  As,i,  namely,  on  aa^  but  also  on  a  line  Aa,^,  which  is  easily  found  to  be 
AiAs,  and  on  two  lines  As,sf  each  connecting  a  point  Po  with  a  point  Ps,i ; 
which  latter  lines  are  soon  seen  to  be  bb''  and  cc^^  We  may  therefore 
establish  the  formula  of  concurrence  (comp.  the  last  sub-article) : 

Ao  =  AA'  •  AiAa  *  BB"  '  CC"  ; 

and  may  consider  the  three  points  Ao,  Bo,  Co  as  the  traces  of  the  three  lines  AiAs, 
BiBi,  CiCs :  while  the  three  new  lines  aa'',  bb^^  go'^,  which  coincide  in  position 
with  the  sides  of  the  exscribed  triangle  AoBoCq,  are  the  traces  As,a  of  three 
planes  n„i,  such  as  ABiCiBaCi,  which  pass  through  the  three  given  points  a,b,c, 

K  2 
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but  do  not  contain  the  lines  As,!  whereon  the  six  points  Ps,t  in  their  plane  IIi 
are  situated.  Every  other  plane  IIi  contains,  in  like  manner,  %ix  points  Pt  of 
the  present  group ;  every  plane  Ila,!  contains  eight  of  them ;  and  every  plane 
112,1  contains  three;  each  line  A2,i  passing  through  two  such  points,  but  each 
line  A2,2  only  through  one.  But  besides  being  (as  above)  the  intersection  of 
two  lines  As,  each  point  of  this  group  Fa,t  is  common  to  two  planes  Ed,  four 
planes  Ila,!,  and  two  planes  lis,! ;  while  each  of  these  thirty  points  is  also  a 
common  corner  of  two  different  triangles  of  third  construction,  of  the  lately 
mentioned  kinds  Ts,i  and  Ts^sy  situated  respectively  in  the  two  planes  of  first 
construction  which  contain  the  point  itself.  It  may  be  added  that  each  of  the 
two  points  P2,s,  on  a  line  A*,],  is  the  harmonic  conjugate  of  one  of  the  two  points 
Pi,  with  respect  to  the  point  Po,  and  to  the  other  point  Pi  on  that  line ;  thus 
we  have  here  the  two  harmonic  equations, 

(aa'diA'")  =  (aDiA'Ao)  =  -  1, 

by  which  the  positions  of  the  two  points  a^'^  and  Ao  might  be  determined. 

(5.)  A  third  group,  F2,3,  of  second  construction,  consists  (like  the  preceding 
group)  of  thirty  points,  ranged  two  by  two  on  the  fifteen  lines  Atju  and  six  by 
six  on  the  ten  planes  fli,  but  so  that  each  is  common  to  two  such  planes ;  each 
is  also  situated  in  two  planes  lit,!,  in  two  planes  fit,!;  and  on  one  line  As,i, 
in  which  (by  sub-art.  1)  these  two  last  planes  intersect  each  other,  and  two  of 
the  five  planes  lis,! ;  each  plane  \\t,i  contains /our  such  points,  and  each  plane 
\\%,2  contains  three  of  them ;  but  no  point  of  this  group  is  on  any  line  Ai, 
or  Aa,t.  The  six  points  P2,3,  which  are  in  the  plane  abc,  are  represented  (like 
the  corresponding  points  of  the  last  group)  by  tux>  ternary  types,  namely  by 
(211)  and  (311) ;  and  may  be  exemplified  by  the  two  following  points,  of 
which  these  last  are  the  ternary  symbols : 

A*^  =  AA'  •  a' W  =  AA'  •  AiBiCi  •  AsBiCz  ; 
Ai^  =  Aa'  •  d'iA'sAi  =  AA'  •  B'CiCa  '  (/BiB,. 

The  three  points  of  the  first  sub-group  a^^.  .  are  collinear ;  but  the  three  points 
Ai^^ . .  of  the  second  sub-group  are  the  comers  of  a  new  ti*iangle,  T,,,,  which 
is  homologous  to  the  triangle  abc,  and  to  all  the  other  triangles  in  its  plane 
which  have  been  hitherto  considered,  as  well  as  to  the  two  triangles  AiBiCi  and 
AaBaCi ;  the  line  of  the  three  former  points  being  their  common  axis  of  homology ; 
and  the  sides  of  the  new  triangle,  Ai'^Bi^d*^,  being  the  traces  of  the  three  planes 
(comp.  90)  ^of  homology  of  pyramids,  [a],  [b],  [c];  as  (oomp.  sub-art.  2)  the 
line  A^^B^C^  or  a"b"c"  is  the  conimofi  trace  of  the  two  other  planes  of  the  same 
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^oup  Ilsyiy  namely  of  [d]  and  [b].  We  may  also  say  that  the  point  Ai^  is  the 
trace  of  the  line  a^a's  ;  and  becauBe  the  iines  b^Cq,  c%  are  the  traces  of  the  two 
planes  112,2  in  which  that  point  is  contained,  we  may  write  the  formula  of 
oonourrenoe, 

Ai^  =  AA'  •  a'iA'i  •  b'Go  *  c'Bo. 


(6.)  It  may  be  also  remarked,  that  each  of  the  two  points  P2,„  on  any  line 
A2,i,  is  the  harmonic  conjugate  of  a  point  Pays^  with  respect  to  the  point  Po, 
and  to  one  of  the  two  points  Pi  on  that  Une ;  being  also  the  harmonic  con* 
jugate  of  this  last  point,  with  respect  to  the  same  point  Po*  and  the  othet'  point 
Ps,2 :  thus,  on  the  line  aa  Di,  we  have  the  four  hat^nonie  equations^  which  are 
not  however  all  independent^  since  two  of  them  can  be  deduced  from  the  two 
others,  with  the  help  of  the  two  analogous  equations  of  the  fourth  sub-article: 

(aa"'a'a^)  =  (aa'AoA"^)  «  (aAoDiAi"^)  =  (AD,a'"Ai^)  -  -  1. 

And  the  three  pairs  of  derived  points  Pi,  Pt,3,  Pt,s>  on  any  such  line  A391,  will 
be  found  (comp.  26)  to  compose  an  involution^  with  the  given  point  Po  on  the 
line  for  one  of  its  two  double  points  (or  foci) :  the  other  double  point  of  this 
involution  being  a  point  Ps  of  third  construction ;  namely,  the  point  in  which 
the  line  Aa,!  meets  that  one  of  the  fve  planes  of  homology  lis,!,  which  corre^ 
sponds  (comp.  90)  to  the  particular  point  Po  as  centre.  Thus,  in  the  present 
example,  if  we  denote  by  a^  the  point  in  which  the  line  aa'  meets  the  plane 
[a],  of  which  (by  81,  91)  the  trace  on  abg  is  the  line  [ill],  and  therefore  is 
(as  has  been  stated)  the  side  Bi'^Ci'^  of  the  lately  mentioned  triangle  T^^^  so 
that 

A»  =  (122)  -  AA'-  BC"'-  Cb'"-  Bi'^Ci"^, 

we  shall  have  the  three  harmonic  equations, 

(aaVdx)  =  (aa'"a*Ao)  =  (aa^a^Ai*^)  «  -  1 ; 

which  express  that  this  new  point  a^  is  the  common  harmonic  conjugate  of  the 
given  point  a,  with  respect  to  the  three  pairs  of  points,  a'd„  a'"ao,  a'^Ai*^  ;  and 
therefore  that  these  three  pairs  form  (as  has  been  said)  an  involution^  with  a  and 
A*  for  its  two  double  points. 

(7.)  It  will  be  found  that  we  have  now  exhausted  all  the  types  of  points 
of  second  construction,  which  are  situated  upon  lines  Ai,i;  there  being 
oxAjfour  such  points  on  each  such  line.  But  there  are  still  to  be  considered 
two  new  groups  of  points  Pa  on  lines  Ai,  and  three  others  on  lines  At,,. 
Attending  first  to  the  former  set  of  lines,  we  may  observe  that  each  of  the  tuH) 
new  types,  Pa,^,  p*,^  represents  twenty  points,  situated  two  by  two  on  the  ten 
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lines  ol  first  oonstruotion,  but  not  on  any  line  A3 ;  and  therefore  six  by  six  in 
the  ten  planes  IIi,  eaoh  point  however  being  oonunon  to  three  suoh  planes:  also 
each  point  Fs,4  is  common  to  three  planes  na^sy  and  eaoh  point  P2,5  is  situated 
in  one  such  plane;  while  each  of  these  last  planes  contains  three  points  ?«,«, 
but  only  one  point  P3,6.  If  we  attend  only  to  points  in  the  plane  abg,  we 
can  represent  these  two  new  groups  by  the  two  ternary  types  (021)  and  (021), 
which  as  symbols  denote  the  two  typical  points, 

A^  =  BC  •  c'AiA,  •  DiAiBi  *  DjAtB)  ;      A^  «  bC  *  C'BiBa  =  BC  '  0%  ; 

we  have  also  the  concurrence, 

A^  =  BC  '  (/ao  •  DiC"  •  ab'". 

It  may  be  noted  that  a^  is  the  harmonic  conjugate  of  (/,  with  respect  to  Ao 
and  Bi'^,  which  last  point  is  on  the  same  trace  c'ao,  of  the  plane  (/aiAs  ;  and 
that  A^  is  harmonically  conjugate  to  Bi^,  with  respect  to  (/  and  Bq,  on  tUe 
trace  of  the  plane  </biB),  where  Bi^  denotes  (by  an  analogy  which  wiU  soon 
become  more  evident)  the  intersection  of  that  trace  with  the  line  oa  :  so  that 
we  have  the  two  equations, 

(AoCTBi^^A^)  -  (BoBiVa^)  =  -  1. 

(8.)  Each  line  Ai  contains  thus  two  points  P39  of  each  of  the  two  last  new 
groups,  besides  the  point  P2,i,  the  point  Pi,  and  the  two  points  Po,  which  had 
been  previously  considered :  it  contains  therefore  eight  points  in  all,  if  we  still 
abstain  (88)  from  proceeding  beyond  the  Second  Construction,  And  it  is  easy 
to  prove  that  these  eight  points  can,  in  two  distinct  modes ^  be  so  arranged  as  to 
form  (comp.  sub-art  6)  an  involution^  with  two  of  them  for  the  two  double 
points  thereof.  Thus,  if  we  attend  only  to  points  on  the  line  bc,  and  repre- 
sent them  by  ternary  symbols,  we  may  write, 

B  -  (010),         c  -  (001),        a'  -  (Oil),       a!'  -  (Oil) ; 

A^  -  (021),      A^  «  (021),      Ai^  -  (012),      Ai^  -  (0l2) ; 

and  the  resulting  harmonic  equations 

I.   .  .  (ba'ca'O  «  (bA^CA^')  =  (BAi^CAx^j  =  -  1, 

n.  . .  (a'ba"c)  =  (a'a W)  -  (a'a^a"ai^O  -  -  1> 

will  then  suflSlce  to  show :  Ist,  that  the  two  points  Po,  on  any  line  Ai,  are  the 
double  points  of  an  involution^  in  which  the  points  Pi,  Pj,!  fot^n  one  pair  of 
corrugates,  while  the  two  other  pairs  are  of  the  common  form,  Pa,4i  Pi>5  ;  and 
Ilnd,  that  the  two  points  Pi  and  P2,i,  on  any  such  line  Ai,  are  the  double  points  of 
a  second  involutionf  obtained  by  pairing  the  two  points  of  each  of  the  three  other 
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groups.  Also  each  of  the  two  points  Po,  on  a  line  Ai,  is  the  harmonic  conjugate 
of  one  of  the  two  points  Ps,f  on  that  line,  with  respect  to  the  other  point  of 
the  same  group,  and  to  the  point  Pi  on  the  same  line ;  thus, 

(ba'a>a^)  «  (ca'a^Ai^)  =  -  1. 

(9.)  It  remains  to  consider  briefly  three  other  groups  of  points  Ps,  each 
group  containing  sixty  pointsy  which  are  situated,  two  by  two,  on  the  thirty 
lines  A2,t,  and  six  by  six  in  the  ten  planes  IIi.  Oonfining  our  attention  to 
those  which,  are  in  the  plane  abc,  and  denoting  them  by  their  ternary 
symbols,  we  have  thus,  on  the  line  bV,  the  three  new  typical  points,  of  the 
three  remaining  groups,  Ps,«,  P2,7,  P3,8  : 

A^  =  (121) ;        A^»  =  (321) ;        a«  «  (231) ; 

with  which  may  be  combined  these  three  others,  of  the  same  three  types,  and 
on  the  same  line  bV  : 

Av^  =  (ir2) ;         A,^""  =  (312) ;        Ai«  =  (213) . 

Considered  as  intersections  of  a  line  A2,t  with  lines  As  in  the  same  plane  IIi, 
or  with  planes  Ila  (in  which  latter  character  alone  they  belong  to  the  second 
construction),  the  three  points  a^,  &c.,  may  be  thus  denoted : 

A^  =  bV  •  Bb''  '  CB'"  •  AA^*  =  bV  •  BCiA2A,02  ; 
^Tin  „  b'o'  .  j)^b''  .  ^b" V  «=  bV  •  DiCiAi  *  DiCsA*  ; 

A«  =  bV  •  a'cWBi^^Ci^B^  •  BA^Bi^'Bi^  «  bV  '  a'CiC  ; 

with  the  harmonic  equation, 

(CbAVA")  =  -  1, 

and  with  analogous  expressions  for  the  three  other  points,  Ai^',  &c.  The  line 
bV  thus  intersects  one  plane  lit,!  (or  its  trace  bb'^ou  the  plane  abc),  in  the 
point  A^ ;  it  intersects  two  planes  Ila,*  (or  their  common  trace  d,b")  in  a^"'  ; 
and  one  other  plane  113,2  (or  its  trace  a^Go)  in  a'^  :  and  similarly  for  the  other 
points,  Ai^'',  &c.,  of  the  same  three  groups.  Each  phne  Ila,!  contains  twelve 
points  P2,«,  eight  points  Ps,t,  and  eight  points  Pa,8 ;  while  every  plane  112,2 
contains  six  points  P2,6,  twehe  points  Pa,?,  and  nine  points  Pa,8*  Each  point  p,,, 
is  contained  in  one  plane  Ed ;  in  three  planes  Ila,! ;  and  in  tioo  planes  na,2. 
Each  point  P2,7  is  in  one  plane  IIi,  in  two  planes  112,1,  and  in  four  planes  n2,2* 
And  each  point  P2,8  is  situated  in  one  plane  IIi,  in  two  planes  112,1,  and  in 
three  planes  112,2. 

(10.)  The  points  of  the  three  last  groups  are  situated  only  on  lines  A2,2 ; 
but,  on  each  such  line,  two  points  of  each  of  those  three  groups  are  situated  ; 


72  ELEMENTS  OP  QUATERNIONS.  [L  m.  §  4. 

which,  along  with  one  point  of  each  of  the  two  former  groups,  Pt,i  and  Pt,i, 
and  with  the  tico  points  Pi,  whereby  the  line  itself  is  determined,  make  up  a 
system  of  ten  points  upon  that  line.  For  example,  the  line  bV  contains, 
besides  the  six  points  mentioned  in  the  last  sub-article,  the^^r  others: 

b'  =  (101) ;        o'  =  (110) ;        a"  =  (Oil) ;        a'"  =  (211). 

Of  these  ten  points,  the  ttvo  last  mentioned,  namely  the  points  Pt,]  and  Vi^% 
upon  the  line  A2,t,  are  the  double  points  (comp.  sub-art.  8)  of  a  new  inmlutionj 
in  which  the  two  points  of  each  of  the  four  othet*  groups  compose  a  conjugate 
pair,  as  is  expressed  by  the  harmonic  equations, 

(a^'bW)  =  (a'V«a'"Ai^O  =  (a'V«VAi^O  =  (A'W"Ai«)  =-  1. 

And  the  analogous  equations, 

(b  Wa'")  =  (b'a^^c'a^")  =  (b'Ai^^'Ai^")  =  -  1, 

show  that  the  two  points  Pi  on  any  line  A3,2  are  the  double  points  of  another 
involution  (comp.  again  sub-art.  8),  whereof  the  two  points  Pj,!,  v%^%  on  that 
line  form  one  conjugate  pair,  while  each  of  the  two  points  Pa^e  is  paired 
with  one  of  the  points  P2,7  as  its  conjugate.  In  fact,  the  eight-rayed  pencil 
(a  .  (/fiVW^^A^^  Ai^"  Ai^")  coincides  in  position  with  the  pencil  (a  .  bcaV 
A^A^Ai^Ai^),  and  may  be  said  to  be  dk pencil  in  double  involution;  the  third  and 
fourth,  the  fifth  and  sixth,  and  the  seventh  and  eighth  rays  forming  one  invo- 
lution, whereof  the  first  and  second  are  the  two  double*  rays ;  while  the  first 
and  second,  the  fifth  and  seventh,  and  the  sixth  and  eighth  rays  compose 
another  involution,  whereof  the  double  rays  are  the  third  and  fourth  of  the 
pencil. 

(11.)  If  we  proceeded  to  connect  systematically  the  points  Ps  among  them- 
selves, and  with  the  points  Pi  and  Po,  we  should  find  many  remarkable  lines  and 
planes  of  third  construction  (88),  besides  those  which  have  been  incidentally 
noticed  above ;  for  example,  we  should  have  a  group  lis,)  of  twenty  new  planes^ 
exemplified  by  the  two  following, 

[eJ  =  [11103],        [dJ  =  [11130], 

which  have  the  same  common  trace  As,!,  namely  the  line  a^^b'V^,  on  the  plane 

'abc,  afi  the  two  planes  AtBiCi,  A2BaC29  and  the  two  planes  [d],  [e],  of  the  groups 

1X2,3  and  lis,!,  which  have  been  considered  in  former  sub-articles ;  and  each 

of  these  new  planes  Ils^a  would  be  found  to  contain  one  point  Po,  three  points 

#  Compare  page  172  of  the  Qeom,  Superi&ure  of  M.  Chasles. 
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P2919  ^  points  Pt,2)  and  three  points  Ps^.  It  might  be  proyed  also  that  these 
twenty  new  planes  are  the  twenty  faces  of  five  netc  pyramids  Rs,  whioh  are  the 
execrihed  hamologues  of  the  five  old  pyramids  Ri  (89),  with  the  five  given  points 
Po  for  the  corresponding  centres  of  homology.  But  it  would  lead  us  beyond 
the  proposed  limits,  to  pursue  this  discussion  further :  although  a  few  additional 
remarks  may  be  useful,  as  serving  to  establish  the  campkteness  of  the  enumera^ 
tian  above  given,  of  the  lines,  planes,  and  points  of  second  construction. 

93.  In  general,  if  there  be  any  n  given  points,  whereof  no  four  are  situated 
in  any  common  plane,  the  number  Noi  the  derived  points,  which  are  immediately 
obtained  from  them,  as  intersections  A '  11  of  line  with  plane  (each  line  being 
drawn  through  two  of  the  given  points,  and  each  plane  through  three  others)^ 
or  the  number  of  points  of  the/orm  ab  *  cde,  is  easily  seen  to  be, 

so  that  iV  =  10,  as  before,  when  n  =  5.  But  if  we  were  to  apply  this  formula 
to  the  case  n  «  15,  we  should  find,  for  that  case,  the  value, 

N^f{lS)  «  15  .  14. 13  .  11  =  30030; 

and  thus  fifteen  given  and  independent  points  of  space  would  conduct,  by  what 
might  (relatively  to  them)  be  called  a  First  Construction  (comp.  88),  to  a  system 
of  mare  than  thirty  thousand  points.  Yet  it  has  been  lately  stated  (92),  that 
from  the  fifteen  points  above  called  Po,  Pi,  there  can  be  derived,  in  this  way, 
only  two  hundred  and  ninety  points  Pa,  as  intersections  of  the  form*  A  .  n ; 
and  therefore  fewer  than  three  hundred.  That  this  reduction  of  the  number  of 
derived  points,  at  the  end  of  what  has  been  called  (88)  the  Second  Construction 
for  the  net  in  space,  arising  from  the  dependence  of  the  ten  points  Pi  on  the  five 
points  Po,  would  be  found  to  be  so  considerable,  might  not  perhaps  have  been 
anticipated ;  and  although  the  foregoing  examination  proves  that  all  the  eight 
types  (92)  do  really  represent  points  Pt,  it  may  appear  j708«A/l^,  at  this  stage,  that 
some  other  type  of  such  points  has  been  omitted.  A  study  of  the  manner  in  which 
the  types  of  points  result,  from  those  of  the  Unes  and  planes  of  which  they  are 
the  intersections,  would  indeed  decide  this  question ;  and  it  was,  in  fact,  in 
that  way  that  the  eight  types,  or  groups,  v%,i,  .  .  Yt,%,  of  points  of  second 
construction  for  space,  were  investigated,  and  found  to  be  sufficient :  yet  it 


*  T  he  definition  (88)  of  the  points  fs  admits,  indeed,  inUraeeliona  A  .  A  0/  eomplanar  lines,  when 
they  are  not  already  pointa  pq  or  P| ;  but  all  ntch  intersections  are  also  points  of  the  form  A  .  n  ;  so 
that  no  generality  is  lostf  by  confining  ourselves  to  this  last^/orm,  as  in  the  present  discussion  we 
propose  to  do. 

Hamilton's  EiMuttnrs  of  Quatbrnioms.  L 


74  ELEMENTS  OF  QUATEENIONS.  [I.  m.  §  4. 

may  be  useful  (compare  the  last  sub-art.)  to  i>erify^  as  below,  the  campbtenen 
of  the  foregoing  enumeration. 

(1.)  The  fifteen  paintSf  Po,  Pi,  admit  of  106  binary ^  and  of  456  ternary  combi' 
nations ;  but  these  are  far  from  determining  so  many  distinct  Unee  and  planes. 
In  fact,  those  16  points  are  connected  by  26  eoUineationsy  represented  by  the 
26  lines  Ai,  Aj,  i ;  which  lines  therefore  count  as  76,  among  the  105  binafy 
combinations  of  points :  and  there  remain  only  30  combinations  of  this  sort» 
which  are  constructed  by  the  30  other  lines,  At^s.  Again,  there  are  26  ternary 
combinations  of  points,  which  are  represented  (as  above)  by  lifies,  and  therefore 
do  not  determine  any  pkne.  Also,  in  each  of  the  ten  planes  IIu  there  are  29 
(s  35  -  6)  triangles  Ti,  Tt,  because  each  of  those  planes  contains  7  points  Pq,  Pi, 
connected  by  6  relations  of  oollinearity.  In  like  manner,  each  of  the  fifteen 
planes  Ila,!  contains  8  (=  10  -  2)  other  triangles  T2,  because  it  contains  6  points 
Po,  Pi,  connected  by  two  coUineations.  There  remain  therefore  only  20 
(=  466  -  26  -  290  -  120)  ternary  combinations  of  points  to  be  accounted  for ; 
and  these  are  represented  by  the  20  planes  1X2,8.  The  completeness  of  the 
enumeration  of  the  lines  and  planes  of  the  second  construction  is  therefore 
verified;  and  it  only  remains  to  verify  that  the  306  points,  Po,  Pi,  p,,  above 
considered,  represent  all  the  intersections  A  .  11,  of  the  66  lines  Ai,  As,  with  the 
45  planes  IIi,  Ila. 

(2.)  Each  plane  IIi  contains  three  lines  of  each  of  the  three  groups,  Ai, 
As,i>  A2)S ;  each  plane  112,1  contains  two  lines  Aan*  ftud  four  lines  A29S ;  and 
each  plane  n2,s  contains  three  lines  A%i%.  Hence  (or  because  each  line  Ai  is 
contained  in  three  planes  IIi ;  each  line  Aan  in  two  planes  IIi,  and  in  two 
planes  112,1 ;  and  each  line  A2»  in  one  plane  IIi,  in  two  planes  lis,!,  and  in 
two  planes  112,2)9  it  follows  that,  without  going  beyond  the  second  construc- 
tion, there  are  240  (==  30  +  30  +  30  +  30  +  60  +  60)  cases  of  coincidence  of  line 
and  plane ;  so  that  the  number  of  cases  of  intersection  is  reduced,  hereby,  from 
55  .  45  =  2475,  to  2236  (=  2476  -  240). 

(3.)  Each  point  Po  represents  twelve  intersections  of  the  form  Ai  *  Ui ; 
because  it  is  common  to  four  lines  Ai,  and  to  six  planes  IIi,  each  plane  contain-- 
ing  two  of  those  four  lines,  but  being  intersected  by  the  tuH)  others  in  that 
point  Po;  as  the  plane  ABO,.for  example,  is  intersected  in  a  by  the  two  lines, 
AD  and  AB.  Again,  each  point  Po  is  common  to  three  planes  n2»i,  no  one  of 
which  contains  any  of  the  four  lines  Ai  through  that  point;  it  represents 
therefore  a  system  of  twelve  other  intersections,  of  the  form  Ai  *  1X2,1*  Again, 
each  point  Pq  is  common  to  three  lines  Aa,!,  each  of  which  is  contained  in  two 
of  the  six  planes  111,  but  intersects  the  four  others  in  that  point  Pg ;  which 
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therefore  oounts  as  twehe  intersections,  of  the  form  As,i  *  IIi.  Finally,  eaoh 
of  the  points  Pq  represents  three  intersections,  At,i  '  riaji ;  and  it  represents 
no  other  intersection,  of  the  form  A  *  IT,  within  the  limits  of  the  present 
inquiry.  Thus,  e(ich  of  the  five  given  points  is  to  be  considered  as  represent- 
ing, or  oonstraoting,  thirty-nine  (=  12  -i-  12  +  12  +  3)  intersections  of  line 
with  plane ;  and  there  remain  only  2040  (»  2235  -  195)  other  oases  of  such 
intersection  A  *  11,  to  be  accounted  for  (in  the  present  verification)  by  the  300 
derived  points f  Pi,  Pj. 

(4.)  For  this  purpose,  the  nine  columns^  headed  as  I.  to  IX.  in  the  follow- 
ing Tabkj  contain  the  numbers  of  such  intersections  which  belong  respectively 
to  the  nine  forms  ^ 

Ai  •  n„    Ai  •  1X2,1,    Ai  •  Iljja ;        A„i  •  n„ 

Aj,j  •  III, 

for  eaoh  of  the  nine  typical  derived  points^  a'.  . 
•  .  Psy«.  Column  X.  contains,  for  each  point,  the  sum  of  the  nine  numbers^ 
thus  tabulated  in  the  preceding  columns ;  and  expresses  therefore  the  entire 
number  of  intersections,  which  any  one  such  point  represents.  Column  XI. 
states  the  number  of  the  points  for  eaoh  type ;  and  column  XII.  contains  the 
product  of  the  two  last  numbers,  or  the  number  of  intersections  A  .  11  which 
are  represented  (or  constructed)  by  the  group.  Finally,  the  sum  of  the 
numbers  in  each  of  the  tu>o  last  columns  is  written  at  its  foot ;  and  because 
the  300  derived  points^  of  first  and  second  constructions,  are  thus  found  to 
represent  the  2040  intersections  which  were  to  be  accounted  for,  the  verification 
IS  seen  to  be  con^lete:  and  no  new  type^  of  points  p,,  remains  to  be  discovered. 


A2,i '  IIj,!,    Aa,i  *  1X2,8  \ 

A2,S  '  lis,!,      A2,2  '  1X2,1, 

A»,  of  the  nine  groups  Pi,  p„i, 


(5.) 

Table 

OF  Intersections 

A-  n. 

Type. 

I. 

n. 

m. 

rv. 

T. 

VI. 

vn. 
18 

vm. 

IX. 

X. 

XI. 

XII. 

a' 

1 

6 

6 

6 

12 

18 

24 

24 

115 

10 

1150 

a'' 

0 

3 

6 

0 

0 

0 

6 

d 

12 

30 

10 

300 

a"' 

0 

0 

0 

0 

2 

2 

1 

2 

0 

7 

30 

210 

A*^ 

0 

0 

0 

0 

0 

2 

0 

0 

0 

2 

30 

60 

A' 

0 

0 

d 

0 

0 

0 

0 

0 

0 

3 

20 

60 

A'^ 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

20 

20 

A'" 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

60 

60 

A'" 

0 

0 

0 

0 

0 

0 

0 

0 

2 

2 

60 

120 

A" 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

60 

60 

1 

300 

2040 

Li 
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(6.)  It  is  to  be  remembered  that  we  have  not  admitted,  by  our  definition 
(88),  any  points  which  can  only  be  determined  by  intersections  of  three  planes 
Uif  112,  as  belonging  to  the  second  construction :  nor  have  we  counted,  as  lines 
At  of  that  construction,  any  lines  which  can  onlp  be  found  as  intersections  of 
ttpo  such  planes.  For  example,  we  do  not  regard  the  traces  kJL\  &c.,  of  certain 
planes  At,i  considered  in  recent  sub-articles,  as  among  the  lines  of  second  con- 
struction, although  they  would  present  themselves  early  in  an  enumeration  of 
the  lines  As  of  the  third.  And  any  point  in  the  plane  abg,  which  can  only  be 
determined  (at  the  present  stage)  as  the  intersection  of  tioo  such  traces,  is  not 
regarded  as  a  point  Pa.  A  student  might  find  it  however  to  be  not  useless,  as 
an  exercise,  to  investigate  the  expressions  for  such  intersections ;  and  for  that 
reason  it  may  be  noted  here,  that  the  ternary  types  (comp.  81)  of  the  forty-four 
traces  ol  planes  Ed,  11%,  on  the  plane  abc  which  are  found  to  compose  a  system 
of  only  twenty-two  distinct  lines  in  that  plane,  whereof  nine  are  lines  Ai,  As,  are 
the  seven  following  (comp.  38)  : 

[100],     [Oil],     [111],     [111],     [Oil],     [211],     [2ll]; 

which,  as  ternary  symbols,  represent  the  seven  lines, 

Bc,        aa',         bV,        a"b'V,        aa",        DiA",     a'Cq. 

(7.)  Again,  on  the  same  principle,  and  with  reference  to  the  same  defini- 
tion, that  new  point,  say  f,  which  may  be  denoted  by  either  of  the  two  coti- 
gruent  quinary  symbols  (71), 

F  =  (43210)  -  (01234), 

and  which,  as  a  quinary  type  (78),  represents  a  new  group  of  sixty  points  of 
space  (and  of  no  more,  on  account  of  this  last  congruence,  whereas  a  quinary 
type,  with  all  its  five  coefficients  unequal,  represents  generally  a  group  of  120 
distinct  points),  is  not  regarded  by  us  as  a  point  p^ ;  although  t,his  new  point 
F  is  easily  seen  to  be  the  intersection  of  three  planes  of  second  construction, 
namely,  of  the  three  following,  which  all  belong  to  the  group  IIa,i : 

[Ollll],         [lIOll],         [11110], 

or  AA^DiCiBt,  cc'DiBiAa,  EB^BjC'c,.  It  may,  however,  be  remarked  in  passing, 
that  each  plane,  Ila,!  contains  twelve  points  P3  of  this  new  group :  every  such 
point  being  common  (as  is  evident  from  what  has  been  shown)  to  three  such 
planes.  I 

94.  From  the  foregoing  discussion  it  appears  that  the  five  given  points  Po, 
and  the  three  huftdred  derived  points  Pi,  Pa,  are  arranged  in  space,  upon  ihefifty* 


Ahts.  93-94.]  GBOMETKICAL  KET8  IN  SPACE.  77 

five  Hne8  Ai,  As,  and  in  the  forti/'five  planes  Uu  lit,  as  follows.  Each  line  Ai 
contains  eight  of  the  305  points,  forming  on  it  what  may  be  called  (see  the 
sub-article  (8.)  to  92)  a  double  involution.  Each  line  A2,i  contains  seven  points^ 
whereof  one^  namely  the  given  point,  Po,  has  been  seen  (in  the  earlier  sub- art. 
(6,))  to  be  a  double  point  of  another  involution,  to  which  the  three  derived  pairs  of 
points,  Pi,  Ps,  on  the  same  line  belong.  And  each  line  A2,s  contains  ten 
points,  forming  on  it  a  new  involution ;  wliile  eight  of  these  ten  points,  with 
a  different  order  of  succession,  compose  still  another  involution*  (92,  (10.)). 
Again,  enx^  plane  Ed  ooniAin^  fifty-two  points^  namely  three  given  points,  four 
points  of  firsts  and  45  points  of  second  construction.  Eacli  plane  lis,!  con- 
tains  fortf/'Seven  points,  whereof  one  is  a  given  point,  four  are  points  Pi,  and 
42  are  points  Pa :  of  whicli  last,  (^8  are  situated  on  the  six  lines  At  in  the  plane. 


*  These  theorems  respecting  the  relations  of  iuvolulumf  of  given  and  deriyed  points  on  lines  of 
Jir»t  and  Mcond  oonstractions,  for  a  net  in  tpace^  are  perhaps  new ;  although  some  of  the  harmonic 
r$laiions,  ahoTe  mentioned,  have  been  noticed  under  other  forms  by  Mobius :  to  whom,  indeed,  as  has 
been  stated,  the  conception  of  such  a  net  is  due.  Thus,  if  we  consider  (compare  the  note  to  page  66) 
the  two  intersections, 

Bl  a  DB  *  AiBiOl,     Bs  «  DB  '  AsBsOS, 

we  easily  find  that  they  may  be  denoted  by  the  quinary  symbols, 

Bi  «  (00012),        B3  »  (00021) ; 

they  are,  therefore,  by  Art.  92,  the  two  points  P3,5  on  the  line  i)b  :  end  consequently,  by  the  theorem 
stated  at  the  end  of  sub-art.  {B.),  the  harmonic  conjugate  of  each,  taken  with  respect  to  the  other  and  to 
the  point  Di,  must  be  one  of  the  two  points  d,  b  on  that  line.  Accordingly,  we  soon  derive,  by  comparison 
of  the  symbols  of  theae  Jive  pointe,  dbdiBiBs,  the  two  following  harmonic  equations,  which  belong  to 
the  same  type  as  the  two  last  of  that  sub-art.  (8.) : 

(DiDBai)  «  -  1 ;       (D1BB1B2)  -  -  1  ; 

bat  ihsoe  two  equations  have  been  assigned  (with  notations  slighUy  different)  in  the  formerly  cited 
page  290  of  the  Barycentric  Calculus.  (Comp.  again  the  recent  note  to  page  66.)  The  geometrical 
fHcaninff  of  the  lust  equation  may  be  illustrated,  by  conceiving  that  abcd  is  a  regular  pyramid,  and 
tiiat  B  is  its  mean  point;  for  then  (comp.  92,  sub-art.  (2.) ),  di  is  the  mean  point  of  the  base  abo;  did 
is  the  altitude  of  the  pyramid  ;  and  the  three  segments  die,  diBi,  diBs  are,  respectively,  the  quarter, 
the  third  part,  and  the  half  of  that  altitude;  they  compose  therefore  (as  the  formula  expresses)  a 
harmonic  progression  ;  or  Di  and  bi  are  cor\jugate  points,  with  respect  to  b  and  B3.  But  in  order  to 
exemplify  the  double  involution  of  the  same  sub-art.  (8.),  it  would  be  necessary  t<>  consider  three  other 
points  P2,  on  the  same  Hue  db  ;  whereof  one,  above  called  d'i,  belongs  to  a  known  group  p«,i  (92,  (2.)) ; 
bat  the  two  others  are  of  the  group  F2,4,  and  do  not  seem  to  have  been  previously  noticed.  As  an 
example  of  an  involution  on  a  line  of  third  construction,  it  may  be  remarked  that  on  each  line  of  the 
group  AsyS,  or  on  each  of  the  sides  of  any  one  of  the  ten  triangles  Tz,7,  in  addition  to  one  given  point 
Po,  and  one  derived  point  Pt,i,  there  are  two  points  Ps,s,  and  two  points  Fi,6  ;  and  that  the  two  first 
points  are  the  double  points  of  an  involution,  to  which  the  two  last  pairs  belong  :  thus,  on  the  side 
AoBCb  of  the  ezscribed  triangle  AoBoOo,  or  on  the  trace  of  the  plane  bciAsAiOs,  we  have  the  two 
hannonio  equations, 

(baob"c*)  =  (ba'"b"ci^)  «  -  1. 

Again,  on  the  trace  a'co  of  the  plane  A'ciCa  (which  latter  trace  is  a  line  not  passing  through  any  one 
of  the  given  points),  co  and  Bi*^  are  the  double  points  of  an  involution,  wherein  a'  is  conjugate  to  ci^ 
and  A"*  to  B**.    But  it  would  be  tedious  to  multiply  such  instances. 
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but  four  are  intersectious  of  that  plane  lis,!  with  four  other  lines  of  Beoond 
construction.  Finally,  each  plane  Ila^s  passes  through  no  given  pointy  but 
contains /(?;%-^Ar^^  derived potnfsj  whereof  40  are  points  of  second  construction. 
And  because  the  planes  of  first  construction  alone  contain  specimens  of  all  the  ten 
groups  of  points^  Po»Pi>  ^2,1,  • .  p»,8,  given  or  derived,  and  of  all  the  three  groups 
oflinesy  Ai,A2)i9  A2,2,  at  the  close  of  that  second  construction  (since  the  types 
1*2)49 1'2}59  Ai  are  not  represented  by  any  points  or  lines  in  any  plane  IIz,!,  nor 
are  the  types  Po,  Ai,  A2,i  represented  in  a  plane  112,2),  it  has  been  thought 
convenient  to  prepare  the  annexed  diagram  (fig.  30),  which  may  serve  to 
illustrate,  by  some  selected  instances,  the  an'angement  of  the  fifty-two  points 
Po,  Pi,  P2  in  a  plane  IIi,  namely,  in  the  plane  abg;  as  well  as  the  arrangement 
of  the  nine  lines  Ai,  A2  in  that  plane,  and  the  traces  As  of  other  planes  upon  it. 

View  of  the  Arrangement  of  the  Principal  Points  and  Lines  in  a  Plane  of 

First  Construction. 


In  this  figure,  the  triangle  abc  is  supposed,  for  simplicity,  to  be  the  equi- 
lateral  base  of  a  regular  pyramid  abcd  (comp.  sub-art.  (2.)  to  92) ;  and  Di, 
again  replaced  by  o,  is  supposed  to  be  its  mean  point  (29).  The/r«^  inscribed 
triangle,  a!b'c\  therefore,  bisects  the  three  sides ;  and  the  axis  of  homology 
a^b'V  is  the  line  at  infinity  (38) :  the  number  1,  on  the  line  c'b'  prolonged, 
being  designed  to  suggest  that  the  point  a'\  to  which  that  line  tends,  is  of  the 
type  Pt,i,  or  belongs  to  the  first  group  of  points  of  second  construction.     A 
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seeond  inBoribed  triangle^  a"'b"V',  for  which  fig.  21  may  be  oonsulted,  is  only 
indicated  by  the  number  2  placed  at  the  middle  of  the  side  b^c^  to  suggest  that 
ihU  bisecting  poiut  a!^'  belongs  to  the  second  group  of  Ps.  The  same  number  2, 
but  with  an  accent^  2%  is  placed  near  the  corner  Ao  of  the  exscrihed  triangle 
A«BoQ»,  to  remind  us  that  this  comer  aho  belongs  (by  a  syntypioal  relation  in 
space)  to  the  group  Ps,«.  The  point  a'^,  which  is  now  infinitely  distant,  is 
indicated  by  the  number  3,  on  the  dotted  line  at  the  top ;  while  the  same 
number  with  an  accent,  lower  down,  marks  the  position  of  the  point  Ai*^. 
Finally,  the  ten  other  numbers,  unaccented  or  accented,  4,  i\  5,  6\  6, 6',  7, 7\ 
8,  8',  denote  the  places  of  the  ten  points,  a\  Ai^,  a%  Ai%  a^",  a,^,  a^",  Ai^"S 
A",  Ai".  And  the  principal  hatmonic  relations^  and  relations  of  involution^ 
above  mentioned,  may  be  verified  by  inspection  of  this  Diagram. 

95.  However  far  the  series  of  construction  of  the  net  in  space  may  be 
continued,  we  may  now  regard  it  as  evident,  at  least  on  comparison  with  the 
analogous  property  (42)  of  the  plane  net,  that  every  pointy  line^  or  plane^  to 
which  such  constructions  can  conduct,  must  necessarily  be  rational  (77)  ;  or 
that  it  must  be  rationally  related  to  the  system  of  ihefive  given  points :  because 
the  anharmonie  co-ordinates  (jtQ^  80)  of  every  net-pointy  and  of  every  net-plane^ 
are  equal  or  proportional  to  whole  numbers.  Conversely  (comp.  43)  every  pointy 
UnCj  OT  plancy  in  space,  which  is  thus  rational^  related  to  the  system  of  points 
ABODE,  is  a  point,  line,  or  plane  of  the  net,  which  those  five  points  determine. 
Hence  (comp.  again  43),  every  irrational  point,  line,  or  plane  (77),  is  indeed 
incapable  of  being  rigorously  constructed^  by  any  processes  of  the  kind  above 
described :  but  it  admits  of  being  indefinitely  approximated  tOy  by  points,  lines, 
or  planes  of  the  net.  Every  anharmonie  ratio,  whether  of  a  group  of  net'points^ 
or  of  a  pencil  of  net-lineSy  or  of  net-planesy  has  a  rational  value  (comp.  44), 
which  depends  only  on  the  processes  of  linear  construction  employed,  in  the 
generation  of  that  group  or  pencil,  and  is  entirely  independent  of  the  arrange- 
ment, or  configuration,  of  the  five  given  points  in  space.  Also,  all  relations  of 
eollineation,  and  of  complanarity^  are  preserved,  in  the  passage  from  one  net  to 
another,  by  a  change  of  the  given  system  of  points :  so  that  it  may  be  briefly 
said  (comp.  again  44)  that  all  geometrical  nets  in  space  are  homographic  figures. 
Finally,  any  five  points*  of  such  a  net,  of  which  no  four  are  in  one  plane,  are 


*  The6«  general  properties  (95)  of  the  epace-net  are  in  substance  taken  from  Mobius,  although  (as 
has  been  remarked  before)  the  analyaie  here  employed  appears  to  be  new :  as  do  also  most  of  the 
tkeereme  above  given,  respecting  the  poinit  of  ueond  eorutruction  (92),  at  least  after  we  pass  beyond 
the  Jirst  group  P2,i  of  ten  such  points,  which  (as  already  stated)  have  been  known  comparatively 
long. 
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sufficient  (oomp.  45)  for  the  determination  of  the  whok  net^  or  for  the  linear 
comtmction  of  all  its  points,  including  the  five  gif>en  ones. 

(1.)  As  an  Example,  let  the  five  points  AiBiCiD,  and  b  be  now  supposed  to 
be  given ;  and  let  it  be  required  to  denve  the  four  points  abcd,  by  linear  con- 
struotious,  from  these  new  data.  In  other  words,  we  are  now  required  to 
exscribe  api/ramid  abcd  to  a  given  pyramid  AiBiCiDi,  so  that  it  may  be  homo- 
hgous  thereto,  with  the  point  e  for  their  given  centre  of  homology.  An 
obvious  process  is  (oomp.  45)  to  insctibe  another  homologous  pyramid,  AsBsCsDs, 
so  as  to  have  A3  =  kAi  •  BiCiDi,  &o.  ;  and  then  to  determine  the  intersections  of 
cor  responding  faces  f  such  as  AiBjCi  and  AsBsCs  ;  for  these /owr  lines  of  intersection 
will  be  in  the  common  plane  [b]  of  homology  of  the  three  pyramids^  and  will  be 
the  traces  on  that  plane  of  the^iwr  sought  planes^  abc,  Ac,  drawn  through  the 
four  given  points  Di,  &c.  If  it  were  only  required  to  construct  one  corner  a 
of  the  exscribed  pyramid,  we  might  find  the  point  above  called  a^  as  the 
common  intersection  of  three  planes^  as  follows, 

A'^  =  AiBiCi  •  AiDiE  '  A3B3C8  ; 

and  then  should  have  this  other  formula  of  intersection, 

A  =  EAi  •  DjA'^. 

Or  the  point  a  might  be  determined  by  the  anharmonic  equation, 

(eAAiAs)  =  3, 

which  for  a  regular  pyramid  is  easily  verified. 

(2.)  As  regards  the  genereA  passage  from  one  net  in  space  to  another,  let 
the  symbols  Pi  =  (a?i . .  «?i), . .  Ps  =  {x^ . .  Vi)  denote  any  five  given  points^  whereof 
no  four  are  complanar;  and  let  a'V(!d!e'  and  u'  be  six  coefficients,  of  which 
the  five  ratios  are  such  as  to  satisfy  the  symbolical  equation  (comp.  71, 72), 

o!  (p.)  +  V  (p,)  +  d  (P,)  +  i  (P4)  +  e'  (p.)  =  -  u'  (U) : 
or  the  five  ordinary  equations  which  it  includes,  namely, 

«'a?i  +  .  .  +  e^Xi  =  .  .  a%  +  .  .  +  e'v^  =  -  u' , 

Let  y'  be  any  sixth  point  of  space,  of  which  the  quinary  symbol  satisfies  the 
equation, 

(p')  =  xa'  (pO  +  yV  (Pa)  +  zc'  (p,)  +  wi  (p*)  +  ve'  (pj)  +  w'  ( ?7) ; 

then  it  will  be  found  that  this  last  point  p^  can  be  derived  from  the  five 
points  Pi .  .  Pfi  by  precisely  the  same  constrtu;tionSy  as  those  by  which  the 
point  p  =  [xyztcv)  is  derived  from  the  five  points  abode.  As  an  example,  if 
f^' «  a?  +  y  +  »  +  «^  -  3f7,  then  the  point  [xyzwv')  is  derived  from  AiBiCiDiB, 
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by  the  same  oonstraotions  as  (wyzivv)  from  abcdb  ;  thns  a  itself  may  be 
oonstraoted  from  Ai  .  .  b,  as  the  point  p  »  (30001)  is  from  a  . .  b  ;  which  would 
coBdiict  anew  to  the  anharmonio  equation  of  the  last  sub-article. 

(3.)  It  may  be  briefly  added  here,  that  instead  of  anharmonic  ratios^  as 
connected  with  a  net  in  space,  or  indeed  generally  in  relation  to  spatial 
problems^  we  are  permitted  (comp.  68)  to  substitute  products  (or  quotients)  of 
quotients  of  volumes  of  pyramids;  as  a  specimen  of  which  substitution,  it  may 
be  remarked,  that  the  anharmonic  relation,  just  referred  to,  admits  of  being 
replaced  by  the  following  equation,  involving  one  such  quotient  of  pyramids, 
but  introducing  no  auxiliai'y  point : 

BA  :  AiA  «  SbBADi  :  AiBiCiDi. 

In  general,  if  an/zw  be  (as  in  79,  83)  the  an/iarmonic  co-ordinates  of  a  point  p 
in  space,  we  may  write, 

X        PBCD      EBCD 
y       PCDA  *  BCDA  ' 

with  other  equations  of  the  same  type,  on  which  we  cannot  here  delay. 


SECTION  6. 

On  Baryeentrea  of  Systema  of  Potnts;  and  on  Simple  and  Complex 

Means  of  ¥eetors. 

96.  In  general,  when  the  sum  2a  of  any  number  of  co-initial  vectors, 

O]  ■  OAi,  •  •  a»i  ■  OAm, 

is  divided  (16)  by  their  number^  m,  the  resulting  vector^ 

li  ■  OM  -  -  2a  «  -  SOA, 
m         m 

is  said  to  be  the  Simple  Mean  of  those  m  vectors ;  and  the  point  m,  in  which 
this  mean  vector  terminates,  and  of  which  the  position  (comp.  18)  is  easily  seen 
to  be  independent  of  the  position  of  the  common  origin  o,  is  said  to  be  the  Mean 
Point  (comp.  29),  of  the  system  of  the  m  points,  Ai,  .  .  Am*  It  is  evident  that 
we  have  the  equation, 

0  »  (a,  -  /n)  +  .  .  +  (a«  -  /i)  =  S(a  -  fi)  =  2ma  ; 

or  that  the  sum  of  the  m  vectors,  drawn  ^om  the  mean  point  m,  to  the  points  a 
of  the  system,  is  equal  to  zero.  And  hence  (comp.  10, 11,  30),  it  follows  Ist, 
that  these  m  vectors  are  equal  to  the  m  successive  sides  of  a  closed  polygon  ; 
Ilnd,  that  if  the  system  and  its  mean  point  be  projected,  by  any  parallel 
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ordifuUes,  on  any  assumed  plane  (or  line)^  the  prqfection  m',  of  the  mean  point  m, 
is  the  mean  point  of  the  projected  system  :  and  Ilird,  that  the  ordinate  uu\  of 
the  mean  point  J  is  the  m^an  of  all  the  other  ordinateSy  AiA^,  .  .  AmA^m*  It  follows, 
also,  that  if  n  be  the  mean  point  of  another  system^  Bi,  .  •  Bh  ;  and  if  s  be  the 
mean  point  of  the  total  system,  Ai  .  .  b»,  of  the  m  ■¥  n  =  s  points  obtained  by 
combining  the  two  former,  oonsidered  as  partial  systems ;  while  v  and  a  may 
denote  the  vectors,  on  and  os,  of  these  two  last  mean  points :  then  we  shall 
have  the  equations, 

mfi  =  Sa,         nv  =  S/3,         «<t  =  So  +  S/3  =  m/i  +  nv, 
w (a  -  /i)  =  w  (v  -  <t),         w  .  MS  =  »  .  sn  ; 

so  that  the  general  mean  point,  s,  is  situated  on  the  right  line  mn,  which  oonneots 
the  two  partial  mean  points,  m  and  n  ;  and  divides  that  line  (internally),  into 
ttvo  segments  ms  and  sn,  which  are  inversely  proportional  to  the  two  whole 
numbers^m  and  n. 

(1.)  As  an  Example,  let  abgd  be  a  gauche  quadrilateral,  and  let  e  be  its 
mean  point ;  or  more  fully,  let 

OE  =  i  (oA  +  ob  +  oc  +  on), 

or  €  =  -J-  (a  +  jS  +  y  +  8) ; 

that  is  to  say,  XQta-b^c-dyiu  the  equations  of  Ajrt.  65.  Then,  with  notations 
lately  used,  for  certain  derived  points  Di,  &o.,  if  we  write  the  vector  formuke, 

OAi  =  ai  =  ^(/3  +  7  +  8),  .  ,         8i  =  i  (a  +  /3  +  7), 
OA,  =  aa  =  i  (a  +  8),  .  .  .         7«  =  i  (7  +  8), 

OA'-«'=4(/3+y),-.  T'  =  i(«+/3), 

we  shall  have  seven  different  expressions  for  the  mean  vector,  t ;  namely,  the 

following : 

e  =  I  (a  +  3a,)  =  .  .  ^  (8  +  38i) 

=  i(a'+Oa)     =  .  .  i(T'+7a)- 

And  these  conduct  to  the  seven  equations  between  segments, 

AE  =  3eai  •  •         BE  ==  3edi  ; 

a'b  =  EAa,  .  .  c'e  =  EC|  ; 

which  prove  (what  is  otherwise  known)  that  the/owr  right  lines,  here  denoted 
by  AAi,  .  .  DDi,  whereof  each  connects  a  corner  of  the  pyramid  abcd  with  the 
mean  point  of  the  opposite  face,  intersect  and  quadnsect  each  other,  in  one 
common  point,  b  ;  and  that  the  three  common  bisectors  a'a2,  b'bi,  c'c,,  ol  pairs  of 
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opposite  ed^eSy  Buoh  as  bc  and  da,  intersect  and  bisect  eaoh  other,  in  the  same 
mean  point :  so  that  the  four  middle  points,  (/,  a\  Cs,  As,  of  the  four  suooessive 
sides  AB,  &o.,  of  the  gauche  quadrilateral  abcd,  are  situated  in  one  common 
plancy  which  bisects  also  the  common  bisector^  6%,  of  the  two  diagonals^  ag 
and  BD. 

(2.)  In  this  example,  the  number  s  of  the  points  a  • .  d  being  fouvy  the 
nnmber  of  the  derived  linesy  which  thus  cross  eaoh  other  in  their  general  mean 
point  E  is  seen  to  be  seven  ;  and  the  number  of  the  derived  planes  through  that 
point  is  nine :  namely,  in  the  notation  lately  used  for  the  net  in  space,  tour 
lines  Ai,  three  lines  Ai,i,  six  planes  IIi,  and  three  planes  Ila,!.  Of  these  nine 
planesy  the  six  former  may  (in  the  present  connexion)  be  called  triple  planes, 
because  each  contains  three  lines  (as  the  plane  abb,  for  instance,  contains  the 
lines  AAi,  BBi,  cfci),  all  passing  through  the  mean  point  E  ;  and  the  three  latter 
may  be  said,  by  contrast,  to  be  non-tnpk  planes,  because  each  contains  only 
ttoo  lines  through  that  point,  determined  on  the  foregoing  principles. 

(3.)  In  general,  let  (^  (s)  denote  the  number  of  the  lines,  through  the  general 
mean  points  s  of  a  total  system  of  s  given  points,  which  is  thus,  in  all  possible 
ways,  decomposed  mio  partial  systems ;  let /(»)  denote  the  number  of  the  tripk 
planes,  obtained  by  grouping  the  given  points  into  three  such  partial  systems ; 
let  t/^  (s)  denote  the  number  of  non- triple  planes,  each  determined  by  grouping 
those  s  points  in  two  different  ways  into  two  partial  systems ;  and  let  f  {s) 
=  f  (s)  ■¥  \p  («)  represent  the  entire  number  of  distinct  planes  through  the 
point  s :  so  that 

#(4)  =  7,       /(4)  =  6,        ^(4) -3,        P(4)-9. 

Then  it  is  easy  to  perceive  that  if  we  introduce  a  new  point  c,  each  old  line  mn 
furnishes  two  new  lines,  according  as  we  group  the  new  point  with  one  or 
other  of  the  two  old  partial  systems,  ( Jf )  and  (N) ;  and  that  there  is,  besides, 
one  other  new  line,  namely  cs:  we  have,  therefore,  the  equation  infinite  differences, 

#  («  +  1)  =  2^  («)  +  1 ; 

wliich,  with  the  particular  value  above  assigned  for  ^  (4),  or  even  with  the 
simpler  and  more  obvious  value,  ^  (2)  »  1,  conducts  to  the  general  expression, 

^  («)  =  2*^^  -  1. 

(4.)  Again,  if  (M)  (N)  (P)  be  any  three  partial  systems,  which  jointly 
make  up  the  old  or  given  total  system  (S) ;  and  if,  by  grouping  a  new  point  a 
with  each  of  these  in  turn,  we  form  three  new  partial  systems,  (if')  {N^  (P')  ; 
then  each  old  triple  plane  such  as  mnp,  will  furnish  three  new  triple  planes, 

m'np,      mn'p,      mnp'; 

M  2 
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while  each  old  Ixney  kl,  will  give  one  new  triple  plane,  CKr« :  nor  oan  any  new 

triple  plane  be  obtained  in  any  other  way.     We  have,  therefore,  this  new 

equation  in  differences : 

/(*  +  l)-3/(«)+^(«). 

But  we  have  seen  that  ^  («  -f  1)  »  2^  («)  +  1 ; 

if  then  we  write,  for  a  moment, 

/(«)+♦(«)  =x(«)i 
we  have  this  other  equation  in  finite  differences, 

Abo,  /(3)-l,      *(3)=3,      x(3)-4: 

therefore,  2x  («)  =  3*^^  -  1, 

and  2/(«)  =  3-»  -  2*  +  1. 

(5.)  Finally,  it  is  clear  that  we  have  the  relation, 

3/(«)  +'/'(«)  =  i*  W  .  (♦(»)-!)  =  (2"-l)  (2*^-1); 

because  the  triple  planes,  each  treated  as  three^  and  the  non-triple  planes,  each 
treated  as  one^  must  jointly  represent  all  the  binary  combinations  of  the  lines 
drawn  through  the  mean  point  s  of  the  whole  system.     Hence, 

2i/;(«)=2'-»  +  3.2^»-3«-l; 
and  F  («)  =  2''-'  +  2^*  -  3*-» ; 

so  that  p  («  +  1)  -  4p  («)  =  3"^  -  2^*, 

and  >A(«  +  1)  -^'/'W  =-3/(«); 

which  last  equation  in  finite  differences  admits  of  an  independent  geometrical 
interpretation. 

(6.)  For  instance,  these  general  expressions  give, 

0(5)  =  15;       /(5)=26;      ^(5)  =30;      p(5)=55; 

so  that  if  we  assume  a  gatiche  pentagouy  or  a  system  oifive  points  in  space,  a  . .  b, 
and  determine  the  mean  point  p  of  this  system,  there  will  in  general  be  a  set 
oi  fifteen  lines,  of  the  kind  above  considered,  all  passing  throiigh  this  sixth 
point  P :  and  these  will  be  arranged  generally  in  fifty -five  distinct  planes^ 
whereof  twenty-five  will  be  what  we  have  called  tripky  the  thirty  others  being 
of  the  non-tripk  kind. 

97.  More  generally,  if  ai  .  .  Om  be,  as  before,  a  system  of  m  given  and  co- 
initial  vectors^  and  if  r?,,  .  .  n^  be  any  system  of  m  given  scalars  (17),  then  that 
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new  (Xhimtial  vector  (i,  or  oB,  whioh  is  deduced  from  these  by  the  formula, 

= =  -^r-9  or  OB  =  -- — , 

or  by  the  equation 

2a  (a  -  /3)  =  0,     or     2aBA  =  0, 

may  be  said  to  be  the  Complex  Mean  of  those  m  given  vectors  a,  or  OA,  con- 
sidered as  affected  (or  combined)  with  that  system  of  given  scalars^  a,  as 
coeffidefUSy  or  as  multipliers  (12,  14),  It  may  also  be  said  that  the  derived 
vaint  B,  of  which  (comp.  96)  the  position  is  independent  of  that  of  the  origin  o, 
is  the  Bart/centre  (or  centre  of  gravity)  of  the  given  system  of  points  Ai  .  .  ., 
considered  as  loaded  with  the  given  weights  ^i . . . ;  and  theorems  of  intersections 
of  lines  and  planes  arise,  from  the  comparison  of  these  complex  means,  or  bary^ 
centresj  of  partial  and  total  systems^  whioh  are  entirely  analogous  to  those 
lately  considered  (96),  for  simple  means  of  vectors  and  oi  points, 

(1.)  As  an  example,  in  the  case  of  Art.  24,  the  point  c  is  the  barycentre 
of  the  system  of  the  tiDO  points,  a  and  b,  with  the  weiglits  a  and  h ;  while, 
under  the  conditions  of  27,  the  origin  o  is  the  barycentre  of  the  three  points 
A,  B,  c,  with  the  three  weights  a^  h^  c\  and  if  we  use  the  formula  for  p, 
assigned  in  34  or  36,  the  same  three  given  points  a,  b,  o,  when  loaded  with 
xa^  yby  zc  as  weights,  have  the  point  p  in  their  plane  for  their  barycentre. 
Again,  with  the  equations  of  65,  e  is  the  barycentre  of  the  system  of  ilxQfour 
given  points,  a,  b,  c,  d,  with  the  weights  a,  hy  c^d\  and  if  the  expression  of 
79  for  the  vector  op  be  adopted,  then  xa^  yh^  zc^  wd  are  equal  (or  proportional) 
to  the  weights  with  which  the  same  four  points  A  . .  d  must  be  loaded,  in 
order  that  the  point  p  of  space  may  be  their  barycentre.  In  all  these  cases, 
the  weights  are  thus  proportional  (by  69)  to  certain  segments,  or  areas,  or  volumes, 
of  kinds  which  Iiave  been  already  considered ;  and  what  we  have  called  the 
anharmonic  co-ordinates  of  a  variable  point  p,  in  a  plane  (36),  or  in  space  (79), 
may  be  said,  on  the  same  plan,  to  be  quotients  of  quotients  of  weights. 

(2.)  The  circumstance  that  the  position  of  a  barycentre  (97),  like  that  of  a 
simple  mean  point  (96),  is  independent  of  the  position  of  the  assumed  origin  of 
vectors,  might  induce  us  (comp.  69)  to  suppress  the  symbol  o  of  that  arbitrary 
and  foreign  point ;  and  therefore  to  write*  simply,  under  the  lately  supposed 
conditions, 

B  = or  6b  =  SflfA,  if  6  »  Sa. 

2a 


*  We  should  thuB  have  some  of  the  principal  notatiom  of  the  Baryeenirie  Caleulut :  but  used 
mainly  with  a  reference  to  v^elon.    Compare  the  note  to  page  50. 
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It  is  easy  to  prove  (oomp.  96),  by  principles  already  established,  that  the 
ordifiate  of  the  harycentre  of  any  given  system  of  points  is  the  complex  mean  (in 
the  sense  above  defined,  and  with  the  same  system  of  weights) y  of  the  ordinatee 
of  the  points  of  that  system,  with  reference  to  any  given  plane :  and  that  the 
prqjection  of  the  barycentre^  on  any  such  plane,  is  the  bai-ycentre  of  the  projected 
system. 

(3.)  Without  any  reference  to  ordinates^  or  to  any  foreign  origin^  the 

bary  centric  notaiion  b  = may  be  interpreted ^  by  means  of  owe  fundamental 

convention  (Art.  1)  respecting  the  geometrical  signification  of  the  symbol  b  -  a, 
considered  as  denoting  the  vector  from  a  to  b  :  together  with  the  rules  for 
multiplying  such  vectors  by  scalars  (14,  17),  and  for  taking  the  sums  (6, 7, 8, 9) 
of  those  (generally  new)  vectors,  which  are  (15)  the  products  of  such  multipli- 
cations.    For  we  have  only  to  write  the  formula  as  follows, 

Sflf  (a  -  b)  =  0, 

in  order  to  perceive  that  it  may  be  considered  as  signifjdng,  that  the  system 
of  the  vectors  from  the  barycentre  b,  to  the  system  of  the  given  points  Ai,  At,  .  . 
when  multiplied  respectively  by  the  scalars  (or  coefficients)  of  the  given  system 
Ou  ^7  •  •  becomes  (generally)  a  new  system  of  vectors  with  a  null  sum :  in 
such  a  manner  that  these  last  vectors,  Ui .  bai,  Oa .  bas,  . .  can  be  made  (10)  the 
successive  sides  of  a  closed  polygon^  by  transports  without  rotation. 
(4.)  Thus  if  we  meet  the  formula, 

b  =  i  (Ai  +  A,), 

we  may  indeed  interpret  it  as  an  abridged  form  of  the  equation, 

OB  =  J  (OAi  +  OAt)  ; 

which  implies  that  if  o  be  any  arbitrary  pointy  and  if  o^  be  the  point  which 

completes  (comp.  6)  the  parallelogram  AiOAsO^  then  b  is  the  point  which  bisects 

the  diagonal  oo',  and  therefore  also  the  given  line  AiAs,  which  is  here  the  other 

diagonal.    But  we  may  also  regard  the  formula  as  a  mere  symbolical  tran^oT" 

motion  of  the  equation, 

(a,  -  b)  +  (ai  -  b)  »  0 ; 

which  ( by  the  earliest  principles  of  the  present  Book)  expresses  that  the  tioo 
vector  Sf  from  b  to  the  two  given  points  Ai  and  Ag,  have  a  null  sum ;  or  that 
they  are  equal  in  lengthy  but  opposite  in  direction :  which  can  only  be,  by  b 
bisecting  AiAs,  as  before. 
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(5.)  Again,  the  formula,  Bi  «  -J  (ai  +  a,  +  a,),  may  be  interpreted  as  an 
abridgment  of  the  equation, 

OBi  «  4  (OAi  +  OAa  +  OAs), 

which  expresses  that  the  point  b  trvtects  the  diagonal  oo'  of  the  parallelepiped 
(eomp.  62),  which  has  oai,  oa„  OAa  for  three  co-initial  edges.  But  the  same 
formula  may  also  be  considered  to  express,  in  full  consistency  with  the  foregoing 
interpretation,  that  the  mm  of  the  three  vectors^  from  b  to  the  three  points 
Ai,  As,  As,  vaniahes :  which  is  the  oliaraoteristic  property  (80)  of  the  mean  point  of 
the  triangle  AiAsAs.  And  similarly  in  more  complex  oases :  the  legitimacy  of  such 
tram/ormations  being  here  regarded  as  a  consequence  of  the  original  interpre- 
tation (1)  of  the  symbol  b  -  a,  and  of  the  rules  for  operations  on  vectors,  so  far 
as  they  have  been  hitherto  established. 


SECTION  6. 

Ita  Anluuriiioiilc  fiqiiatloiis,  and  ¥eetor  fixprefMloms  of  Sorfaees 

and  Carres  In  Space. 

98.  When,  in  the  expression  79  for  the  vector  p  of  a  variable  point  p  of 
space,  the  four  yariable  scalars,  or  anharmonic  co-ordinates,  ofyzuf^  are  connected 
(oomp.  46)  by  a  given  algebraic  equation, 

fp  (a?,  y,  «,  iff)  *  0,  or  briefly  /=  0, 

supposed  to  be  rational  and  integral,  and  homogeneous  of  the  p*^  dimension, 
then  the  point  p  has  for  its  locus  a  surface  o/t/iep*^  order,  whereof /=  0  may 
be  said  (oomp.  66)  to  be  the  local  equation.  For  if  we  substitute  instead  of 
the  co-ordinates  x  .  .  to,  expressions  of  the  forms, 

to  indicate  (82)  that  p  is  collinear  with  two  given  points  Po,  Pi,  the  resulting 
algebraic  equation  in  ^ :  u  is  of  the  p*^  degree;  so  that  (according  to  a  received 
modem  mode  of  speaking),  the  surface  may  be  said  to  be  cut  in  p  points 
(distinct  or  coincident,  and  real  or  imaginary*),  by  any  arbitrary  right  line  PoPi. 

*  It  IB  to  be  observed,  that  no  interpretation  ie  here  proposed^  for  imaginary  intereeetiom  of  tbia 
Und,  Bach  as  those  of  a  sphere  with  a  right  line^  which  is  wholly  external  thereto.  The  language  of 
modem  geometry  requires  that  euch  imaginary  iniereeetione  should  be  tpoken  ofy  and  even  that  they 
dumld  be  enumerated :  exactly  as  the  language  of  algebra  requires  that  we  should  count  what  are  called 
the  imaginary  roots  of  an  equation.  But  it  wuuld  be  an  error  to  confound  geometrical  imagiitariee^  of 
ikit  sort,  with  those  square  roots  of  negatives^  for  which  it  will  soon  be  seen  that  the  Calenlus  of 
QftaUmions  supplies,  from  the  outset,  a  definite  and  real  interpretation. 
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And  in  like  mamner,  when  the  four  anharmonio  oo-ordinates  hnnr  of  a  minab/e 
plane  11  (80)  are  oonneoted  by  an  algebraical  equation  of  the  form, 

Vq  (/,  nij  w,  r)  =  0,  or  briefly  f  =  0, 

where  f  denotes  a  rational  and  integral  function,  supposed  to  be  homogenous 
of  the  ^^  dimension,  then  tliis  plane  n  has  for  its  envelope  (oomp.  56)  a 
mrface  of  the  q*^  class,  with  f  =  0  for  its  tangential  eqimtion :  beoause  if  we  make 

1=  tlo-^  uliy ...         r  =  ^ro  +  uviy 

to  express  (oomp.  82)  that  the  variable  plane  11  passes  throtigh  a  given  right 
line  IIo  •  III,  we  are  conducted  to  an  algebraical  equation  of  the  q*^  degree,  which 
gives  q  (real  or  imaginary)  values  for  the  ratio  t :  u,  and  thereby  assigns  q 
(real  or  imaginary*)  tangent  planes  to  the  surface^  drawn  through  any  such 
given  but  arbitrary  right  line.  We  may  add  (comp.  51,  56),  that  if  the 
functions /and  F  be  only  homogeneous  (without  necessarily  being  rational  and 
integral),  then 

is  the  anharmonic  symbol  (80)  of  the  tangent  plane  to  the  surface  /-  0,  at  the 
point  [xyzw) ;  and  that 

(D/F,   D«F,   D„F,   DrF) 

is  in  like  manner,  a  symbol  for  the  jE>om^  of  contact  of  the  plane  [/mnr],  with 
its  enveloped  si^rface,  f  =  0 ;  n,,  .  .  i)/,  .  .  being  characteristics  of  partial  deri- 
vation. 

(1.)  As  an  example,  the  surface  of  the  second  order,  which  passes  through 
the  nine  points  called  lately 

A,      (/,     B,     a',     0,     0%,     D,     At,     B, 

has  for  its  local  equation, 

0  =y-a»-yM^; 

which  gives,  by  differentiation, 

n  =  i>^--x;         r  -D^/=-y; 
so  that  [«,  -  IT,    a?,  -  y] 

is  a  symbol  for  the  tangent  plane,  at  the  point  {x,  y,  z,  ir). 


As  regards  the  uninterpreted  eharacier  of  such  itnaginary  eon  tacts  in  geometry,  the  preceding 
to  the  present  Article,  respecting  imaginary  intereectionef  may  be  consulted. 


*  As  regai 
note 
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(aK)Oer), 


(2.)  In  fact,  the  surface  here  oonsidered  is  the  ruled  (or  hyperbolic)  hyper' 
bokidf  on  which  the  gauche  quadrilateral  abcd  is  superecribedy  and  whioh  passes 
also  through  the  point  b.    And  if  we  write 

p  =  {xyzw),        Q  «  (ayOO),        b  =  (Oy«0),        s  «  (OOstr), 

then  QS  and  rt  (see  the  annexed  figure  31],  namely,  the 
lines  drawn  through  p  to  intersect  the  two  pairs,  ab, 
CD,  and  BC,  da,  of  opposite  sides  of  that  quadrilateral 
ABCD,  are  the  two  generating  lines,  or  generatricesy 
through  that  point ;  so  that  their  plane,  qrst,  is  the 
tangent  plane  to  the  surface,  at  the  point  p.  If,  then, 
we  denote  that  tangent  plane  by  the  symbol  [Imnr^ 
we  have  the  equations  of  condition, 

0  «  &  +  f»y  =  my  +  ««  =  n«  +  r«r  =  f  tt^  +  & ; 
whence  follows  the  proportion, 

/;  f»  :»:  r  =  ar* :  -  y  *:«"*:-  «r* ; 
or,  because  x»  »  yw^ 

I :  mm  :  r  -  z  :  --  w  :  X  :  -^yy 
as  before. 

(3.)  At  the  same  time  we  see  that 

(ac'bq)  =  ^  =  ^  =  (i>0aC8) ; 

80  that  the  variable  generatrix  os  dimdes  (as  is  known)  the  two  fixed  generatrices 
AB  and  DC  homographicallj/* ;  ad,  bc,  and  c^C2  being  three  of  its  positions. 
Conversely,  if  it  were  proposed  to  find  the  locus  of  the  right  line  os,  which  thus 
divides  homographioally  (comp.  26)  two  given  right  lines  in  spaccy  we  might  take 
AB  and  DC  for  those  two  given  lines,  and  ad,  bc,  c'cz  (with  the  recent  meanings 
of  the  letters)  for  three  given  positions  of  the  variable  line ;  and  then  should 
have,  for  the  two  variable  but  corresponding  (or  homologous)  points  q,  s  them- 
selves, and  for  any  arbitrary  point  p  collinear  with  them,  anharmonic  symbols 
of  the  forms, 

Q    =     {Sy    Uy     0,    0),  8    -     (0,    0,    Uy    S)  y  P    =    {sty    tUy    UVy    VS)    'y 

because,  by  82,  we  should  have,  between  these  three  symbols,  a  relation  of 

the  form 

(p)  =  ^(a)+t^(s): 

if  then  we  write  p  »  (xy  y,  s,  tr),  we  have  the  anharmonic  equation  xz  «  ywy  as 


*  Compare  298  of  the  OSomStrie  8upiri$ur$, 
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before ;  so  that  the  lociMf  whether  of  the  line  qs,  or  of  the  point  p,  is  (as  is 
known)  a  ruled  surface  of  the  second  order. 

(4.)  As  regards  the  known  double  generation  of  that  surfaoey  it  may  sufiBioe 
to  obserre  that  if  we  write,  in  like  manner, 

B  =  {OtvO),        T  =  (tOOv),        (p)  =  t*  (b)  +  «  (t), 
we  shall  have  again  the  expression, 

p  =  {st,  tuj  uvy  vs)y    giving    xz  =  f/w, 

as  before :  so  that  the  same  hyperboloid  is  also  the  locus  of  that  other  line  rt, 
which  divides  the  other  pair  of  opposite  sides  bc,  ad  of  the  same  gauche  quadri- 
lateral ABCD  homographically ;  ba,  cd,  and  a'as  being  three  of  its  positions ; 
and  the  lines  a%,  c'ch  being  still  supposed  to  intersect  each  other  in  the 
given  point  e. 

(5.)  The  symbol  of  an  arbitrary  point  on  the  variable  line  rt  is  (by  sub- 
art.  2)  of  the  form,  t  (0,  y, «,  0)  +  w  (a;,  0,  0,  tr),  or  {ux,  tt/y  tz,  uw) ;  while  the 
symbol  of  an  arbitrary  point  on  the  given  line  c/ca  is  (^,  fy  u\  u').  And  these 
two  symbols  represent  one  common  point  (oomp.  fig.  31), 

p'-BT-ci'c»  =  (y,y,«,«), 
when  we  suppose         ^  =  y,  w'  =  »,  ^  =  1,  w  =  si  -  - . 

Hence  the  known  theorem  results,  that  a  variable  generatrix^  bt,  of  one  system^ 

intersects  three  fixed  linesy  bg,  ad,  c^Ca,  which  are  generatrices  of  the  other  system. 

Conversely,  by  the  same  comparison  of  symbols,  for  points  on  the  two  lines  bt 

and  G^Qt,  we  should  be  conducted  to  the  equation  xz  =  j/Wy  as  the  condition  for 

their  intersection  ;  and  thus  should  obtain  this  other  known  theorem,  that  the 

locus  of  a  right  lincy  which  intersects  three  given  right  lines  in  spacCy  is  generally 

an  hyperboloid  with  those  three  lines  for  generatrices.     A  similar  analysis 

shows  that  os  intersects  a%,  in  a  point  (comp.  again  fig.  31)  which  may  be 

thus  denoted : 

p"  =  OS  •  a'as  =  {aiyyx). 

(6.)  As  another  example  of  the  treatment  of  surfaces  by  their  anharmonio 
and  local  equations,  we  may  remark  that  the  recent  symbols  for  p'  and  v'\ 
combined  with  those  of  sub-art.  (2.)  for  p,  q,  b,  s,  t  ;  with  the  symbols  of  83, 
86  for  ^y  a\  Gs,  As,  e  ;  and  with  the  equation  xz  »  ywy  give  the  expressions : 

fp)  «  (q)  +  (s)  =  (b)  +  (t);      (pO  «y(cO  +«(c«)  =  (r)  +  ^(T); 

X 

(B)  -  (cO  +  (0.)  =  (aO  +  (A,);     (p")  -  y  (A')  +  *  (A.)  =  (o)  +^(8) ; 
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whence  it  follows  (84)  that  the  two  points  f^  t'\  and  the  sides  of  the  quadri- 
lateral ABCD,  divide  the  four  generating  lines  through  p  and  e  in  the  following 
anharmonio  ratios : 

((/BCaP')  =  (qp^'sp)  =  -  «  (ba'ce)  =  (aAiDt)  ; 

z 

(a'ka,p'')  =  (rp'tp)  =  -  =  (bc'ao)  «  (ccaBs) ; 

so  that  (as  again  is  known)  the  mridble  generatrices,  as  well  as  iihe  fixed  ones, 
of  the  hyperboloidy  are  all  divided  homographically. 

(7.)  The  tangential  equation  of  the  present  surface  is  easily  found,  by  the 

expressions  in  sub-art.  (1.)  for  the  co-ordinates  Imnr  of  the  tangent  plane,  to 

be  the  following : 

0  =»  F  =  /n  -  wr ; 

which  may  be  interpreted  as  expressing,  that  this  hyperboloid  is  the  surface  of 
the  second  classy  which  touches  the  nine  planes^ 

[1000],  [0100],  [0010],  [0001],  [1100],  [0110],  [0011],  [1001],  [1111] ; 
or  with  the  literal  symbols  lately  employed  (comp.  86,  87), 

BCD,     CDA,     DAB,     ABC,     CDC",    DAA",     ABC's,     BCA'j,     and     [b]. 

Or  we  may  interpret  the  same  tangential  equation  f  »  0  as  expressing  (comp. 
again  86,  87,  where  q,  l,  n  are  now  replaced  by  t,  r,  q),  that  the  surface  is 
the  envelope  of  a  plane  qrst,  which  satisfies  either  of  the  ^k^  connected  conditions 
of  homography: 

(Bc'Ao)  =  --  =  -^=(cQa)s); 

(ca'bb)  =  -  ^=  --  -  (da^t)  ; 

a  double  generation  of  the  hyperboloid  thus  showing  itself  in  a  new  way.  And 
as  regards  the  passage  (or  return)  y  from  the  tangential  to  the  local  eqimtion 
(comp.  56),  we  have  in  the  present  example  the  formulae : 

a? «  D/P  =  n ;      y  =  d»f  =  -  r ;      «  =  DnF  «  / ;      «?  =  d^f  «  -  w ; 

whence    a»  -  yer  =  0,    as  before. 

(8.)  More  generally,  when  the  surface  is  of  the  second  order ,  and  therefore 
also  of  the  second  class^  so  that  the  two  functions  /  and  f,  when  presented 

N  2 
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under  rational  and  integral  forms,  are  both  homogeneous  of  the  second  ditnen- 
mfiy  then  whether  we  derive  I .  .  r  from  x  .  .  why  the  formulse, 

or  X  .  ,  w  from  I .  .  rhy  the  converse  formulae, 

X  =  DjF,         y  =  D«F,         2  =  D»F,         tT  =  DrP, 

the  J9(nr?^  p  =  (xyzw)  is,  relatively  to  that  surface,  what  is  usually  called  (comp. 

52)  the  pole  of  the  plane  U  =  [/wnr] ;  and  conversely,  the  plane  11  is  the  polar 

of  the  point  p  ;  wherever  in  space  the  point  p  and  plane  11,  thus  related  to  each 

othcTj  may  be  situated.     And  because  the  centre  of  a  surface  of  the  second 

order  is  known  to  be  (comp.  again  52)  the  pole  of  (what  is  called)  the  plam  at 

infinity;  while  (comp.  38)  the  equation  and  the  symbol  oi  this  last  plane  are, 

respectively, 

ax  +  by-^cz  +  dw^Oy   and   [a,  6,  c,  rf], 

if  the  four  constants  abed  have  still  the  same  significations  as  in  66,  70,  79, 
&c.,  with  reference  to  the  system  of  the  five  given  points  abcdb  :  it  follows 
that  we  may  denote  this  centre  by  the  symbol, 

K  =  (DaPo,   DftPo,  DePo,  DjFo)  ; 

where  Po  denotes,  for  abridgment,  the  function  p  {abcd)^  and  d  is  still  a  scalar 
constant. 

(9.)  In  the  recent  example,  we  have  Vo-ac^bd;   and  the  anharmonio 
symbol  for  the  centre  of  the  hyperboloid  becomes  thus, 

K  =  (<?,  -  df  a,  -  6). 
Accordingly  if  we  assume  (comp.  sub-arts.  (3.),  (4.),) 

p  =  {stf  tuy  uVf  vs),      p'  =  («Y,  -  fu\  mV,  -  f?V), 
where  Sy  t,  u,  v  are  any  four  scalars,  and  p'  is  a  new  point,  while 

«'  -  J^  +  w,      if  ^cu-¥  dsj      u^  '^  dv  +  atf      v^^  as  +  bu; 
if  also  we  write,  for  abridgment, 

e'  -  ac-  bdf      u/  =  ast  +  btu  +  cuv  +  dvs ; 
we  shall  then  have  the  symbolic  relations, 

e'  (p)  +  (pO  =  w'  (K),      ^  (P)  -  (pO  =  (P'O. 
if  p"=  (a?'yy  V)  be  that  new  point,  of  which  the  co-ordinates  are, 

a?"=  2^st  -  cw\      y"=  2e'tu  +  dw%      »"=  2e'uv  -  aw\      uf'^  2e'vs  +  buf, 
and  therefore,  aaf'-^-  b^'-\-  <»"+  duf'=  0. 
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That  is  to  say,  if  pp'  be  any  chord  of  the  hyperboloid^  which  passes  through  the 

fixed  point  K,  and  if  v''  be  the  harmonic  conjugate  of  that  fixed  point,  with 

respect  to  that  variable  chord,  so  that  (pkpV)  =  - 1,  then  this  conjugate 

point  p"  is  on  the  infinitely  distant  plane  [abcd'\  :  or  in  other  words,  the  fixed 

point  K  bisects  all  the  chords  pp'  which  pass  through  ity  and  is  therefore  (as  above 

asserted)  the  centre  of  the  surface. 

(10.)  With  the  same  meanings  (65,  79)  of  the  constants  a,  ft,  c,  d^  the 

mean  point  (96)  of  the  quadrilateral  abcd,  or  of  the  system  of  its  comers,  may 

be  denoted  by  the  symbol, 

M  =  {(r\  b'\  <r\  d-') ; 

if  then  this  mean  point  be  on  the  surface^  so  that 

ac  "  bd  =  Of 

the  centre  k  iB  on  the  plane  [a,  ft,  c,  d"] ;  or  in  other  words,  it  is  infinitely 
distant:  so  that  the  surface  becomes,  in  this  case,  a  ruled  (or  hyperbolic) 
paraboloid.  In  general  (comp.  sub-art.  (8.)),  if  f©  =  0,  the  surface  of  the 
second  order  is  a  paraboloid  of  some  kind,  because  its  centre  is  then  at  infinity ^ 
in  virtue  of  the  equation 

{ODa  +  ftDi  +  C?D|,  +  doa)  Po  -  0  ; 

or  because  (comp.  50,  58)  the  plane  [abed']  at  infinity  is  then  one  of  its  tangent 
planesy  as  satisfying  its  tangential  equation^  p  =  0. 

(11.)  It  is  evident  that  a  curve  in  space  may  be  represented  by  a  system  of 
two  anharmonic  and  local  equations ;  because  it  may  be  regarded  as  the  inter- 
section of  two  mrfaces.  And  then  its  order ^  or  the  number  of  points  (real  or 
imaginary*),  in  which  it  is  cut  by  an  arbitrary  plane^  is  obviously  the  product 
of  the  orders  of  those  two  surfaces ;  or  the  product  of  the  degrees  of  their  two 
local  equations,  supposed  to  be  rational  and  integral, 

(12.)  A  curve  of  double  curvature  may  also  be  considered  as  the  edge  of 
regression  (or  arite  de  rebroussement)  of  a  developable  surface^  namely  of  the 
locus  of  the  tangents  to  the  curve;  and  this  surface  may  be  supposed  to  be  dr- 
cumscribed  at  once  to  two  given  surfaces^  which  are  envelopes  of  variable  planes 
(98),  and  are  represented,  as  such,  by  their  tangential  equations.  In  this  view, 
a  curve  of  double  curvature  may  itself  be  represented  by  a  system  of  two 
anharmonic  and  tangential  equations;  and  if  the  class  of  such  a  curve  be 
defined  to  be  the  number  of  its  osculating  planes,  which  pass  through  an  arbitrary 
p(nnt  of  space,  then  this  class  is  the  product  of  the  classes  of  the  two  curved  «iir- 

*  Compare  the  notes  to  pages  87,  88. 
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f(itce»  just  now  mentioned  :  or  (what  oomes  to  the  same  thing)  it  is  ^^  product 
of  the  dimensiona  of  the  two  tangential  equations^  by  which  the  ourve  is  (on  this 
plan)  symbolized.  But  we  cannot  enter  further  into  these  details  ;  the 
mechankm  of  calculation  respecting  which  would  indeed  be  found  to  be  the 
same,  as  that  employed  in  the  known  method  (comp.  41)  of  quadriplanar  co- 
ordinates, 

99.  Instead  of  anharmonic  co-ordinates,  we  may  consider  any  other  system 
of  n  variable  scalarSy  Xi,  . .  x^  which  enter  into  the  expression  of  a  variable 
vector y  p ;  for  example,  into  an  expression  of  the  form  (comp.  96,  97), 

And  then,  if  those  n  scalars  x  be  all  Junctions  of  one  independent  and  variable 
scalar^  t,  we  may  regard  this  vector  p  as  being  itself  a  function  of  that  single 
scalar ;  and  may  write, 

I-  •  •  P  =  ♦  (0- 

But  if  the  n  scalars  x  .  ,he  functions  of  tioo  independent  and  scalar  yariabies, 

t  and  Uy  then  p  becomes  a  function  of  those  tuH)  scalars^  and  we  may  write 

accordingly, 

II.  . .  p  »  ^  {tj  u). 

In  the  1st  case,  the  term  f  (comp.  1)  of  the  variable  vector  p  has  generally  for 
its  locus  a  curve  in  space,  which  may  be  plane  or  of  double  curvature,  or  may 
even  become  a  right  line,  according  to  the  form  of  the  vector-function  ^  ;  and  p 
may  be  said  to  be  the  vector  of  this  line,  or  curve.  In  the  Ilnd  case,  pis  the 
vector  of  a  surface,  plane  or  curved,  according  to  the  form  of  ^  {t,  u)  ;  or  to  the 
manner  in  which  this  vector  p  depends  on  the  ttco  independent  scalars  that  enter 
into  its  expression. 

(1.)  As  examples  (comp.  25,  63),  the  expressions, 

I. . .  p  » 


a+^,         TT       „     g  +  </3  +  U7 
^  ^  T7T '        A^'  •  •  P  -    1  +  t  +  u  ' 


signify,  1st,  that  p  is  the  vector  of  a  variable  point  f  on  the  right  line  ab  ;  or 
that  it  is  the  vector  of  that  line  itself,  considered  as  the  locus  of  a  point ;  and 
Ilnd,  that  p  is  the  vector  of  the  plane  abc,  considered  in  like  manner  as  the 
locus  of  an  arbitrary  point  p  thereon. 
(2.)  The  equations, 

I.  . .  p  =  aki  +  y|3,        II. . .  p  =  iTa  +  y/3  +  »7, 

with  ar  +  y*  »  1  f or  the  Ist,    and    a?*  +  y*  +  »*  =  1  f or  the  Ilnd, 

signify  Ist,  that  p  is  the  vector  of  an  Mpse,  and  Ilnd,  that  it  is  the  vector  of 
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an  ellvp%oid^  with  the  origin  o  for  their  oommon  centre,  and  with  oa,  ob,  or  oa, 
OB,  oc,  for  conjugate  semi'cUameters. 
(3.)  The  equation  (oomp.  46), 

expreflsee  that  p  is  the  vector  of  a  cone  of  the  second  order,  with  o  for  its  vertex 
(or  centre),  whioh  is  touched  by  the  three  planes  obc,  oca,  oab  ;  the  section  of 
this  cone,  made  bj  the  plane  abc,  being  an  ellipse  (oomp.  fig.  25),  whioh  is 
inscribed  in  the  triangle  abc  ;  and  the  middle  points  a\  b\  &,  of  the  sides  of  that 
triangle,  being  the  points  of  contact  of  those  sides  with  that  oonio. 
(4.)  The  equation  (oomp.  53), 

p  =  t'^a  +  ur^ji  +  tr^y,     with     ^  +  «  +  r  =»  0, 

expresses  that  p  is  the  vector  of  another  cone  of  the  second  order,  with  o  still  for 
vertex,  but  with  oa,  ob,  og  for  three  of  its  sides  (or  rays).  The  section  bj  the 
plane  abo  is  a  new  ellipse,  circumscribed  to  the  triangle  abc,  and  having  its 
tangents  at  the  comers  of  that  triangle  respectively  parallel  to  the  opposite  sides 
thereof. 

(5.)  The  equation  (oomp.  54), 

p  «  ^a  +  w'j3  +  t^y,     with     ^  +  w  +  t>  «  0, 

signifies  that  p  is  the  vector  of  a  cone  of  the  third  order,  of  whioh  the  vertex  is 
still  the  origin ;  its  section  (oomp.  fig.  27)  by  the  plane  abc  being  a  cubic 
curve,  whereof  the  sides  of  the  triangle  abc  are  at  once  the  asymptotes,  and  the 
three  (real)  tangents  of  inflexion;  while  the  mean  point  (say  o')  of  that  triangle 
is  a  conjugate  point  of  the  curve ;  and  therefore  the  nght  line  oo^,  from  the 
vertex  o  to  that  mean  point,  may  be  said  to  be  a  corrugate  ray  of  the  cone, 
(6.)  The  equation  (oomp.  98,  sub-art.  (3.) ), 

_  sta^  +  tubfi  +  uvcy  +  vsdi 

sta  ■¥  tub  +  uvc  +  vsd    ' 

•  .       «  t 

in  which  ~  and  -  are  two  variable  soalars,  while  a,  b,  c,  d  axe  still  four 
u  V 

constant  soalars,  and  a,  /3,  y,  S  are  four  constant  vectors,  but  p  is  still  a 
variable  vector,  expresses  that  p  is  the  vector  of  a  ruled  (or  single-sheeted) 
hyperboloid,  on  which  the  gauche  quadrilateral  abcd  is  superscribed,  and  which 
passes  through  the  given  point  e,  whereof  the  vector  c  is  assigned  in  65. 
(7.)  If  we  make  (oomp.  98,  sub-art.  (9.) ), 

,     s'ifaa  -  Ifu'b^  +  u'v'cy  -  ffs'dl 
^■"     s'Ha^Hu'b^u'v'c-v's'd    ' 

where         s^-bi  +  cv,      f^cu-^-ds,      u^»dv  +  at,      tf^as-¥bu^ 
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then  p  =  op'  is  the  vector  of  another  point  p'  on  the  same  hyperholoid ;  and 
because  it  is  found  that  the  sum  of  these  two  last  rectors  is  constant, 

/>  +  p-2K,lfK 2(«c  -  bd) 

it  follows  that  k  is  the  vector  of  a  fixed  point  k,  which  bisects  every  chord  pp' 
that  passes  through  it :  or  in  other  words  (comp.  52),  that  this  point  k  is  the 
centre  of  the  surface, 

(8.)  The  three  vectors,      ic,      ""^^j         9~> 

are  termino'collinear  (24) ;  if  then  a  gauche  quadrilateral  abcd  be  superscribed 
on  a  ruled  hyperboloid,  the  common  bisector  of  the  two  diagonah^  ac,  bd,  passes 
through  the  centre  k. 

(9.)  When  ac  =  bd^  or  when  we  have  the  equation, 

_  sta  +  /m/3  +  uvy  +  vsi 
st  -h-  tu  +  Uf>  -k-  vs     * 

or  simply,         p==sta  \-  tufi  +  uvy  +  wS,  with  s  +  u  =  t  +  v-lj 

p  is  then  the  vector  of  a  ruled  paraboloidj  of  which  the  centre  (comp.  52,  and  98, 
sub-art.  (10.) ),  is  infinitely  distant^  but  upon  which  the  quadrilateral  abcd  is 
still  superscribed.  And  this  surface  passes  through  the  mean  point  m  of  that 
quadrilateral,  or  of  the  system  of  the  four  given  points  a  . .  d  ;  because,  when 
«  =  ^sat*  =  f7  =  J,  the  variable  vector  p  takes  the  value  (comp.  96,  sub-art.  (1.) ), 

A*  =  i(a-*-/i  +  7  +  S)- 
(10.)  In  general,  it  is  easy  to  prove,  from  the  last  vector-expression  for  /o, 
that  this  paraboloid  is  the  locus  of  a  right  line^  which  divides  similarly  the  two 
opposite  sides  ab  and  dc  of  the  same  gauche  quadrilateral  abcd  ;  or  the  other 
pair  of  opposite  sides,  bc  and  ad. 


SECTION  7. 
On  DiflRereiitlaAi  of  ¥eeton. 

100.  The  equation  (99, 1.), 

P  =  ♦  (0, 
in  which  p  «  op  is  generally  the  vector  of  a  point  f  of  a  curve  in  spaccy  fq  .  •  . , 
gives  evidently,  for  the  vector  oq  of  anot/ier  point  q  of  the  same  curve,  an 

expression  of  the  form 

/»  +  Ap  =  #  (^  +  AO I 


/ 
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80  that  the  chard  pq,  regarded  as  being  itself  a  vectoTj  oomes  thus  to  be 
represented  (4)  by  the  finiie  difference^ 

PO  =  Af>  =  A0  (0  =  ^  (^  +  AO  -  ♦  (0- 

Suppose  now  that  the  other  finite  difierenoe,  A^^  is 

the  ffi^  part  of  a  new  scalar ^  u  ;  and  that  the  chord 

Apf  or  PQ,  is  in  like  manner  (oomp.  fig.  32),  the 

i  n*^  part  of  a  new  vector ^  (Xm  or  pr  ;  so  that  we  may 

^write,  Pig.  82. 

n^t  =  w,  and  »Ap  =  n  .  pq  =  (r„  =  pb. 

Then,  if  we  treat  the  ttpo  scalarSy  t  and  Uy  as  constant^  but  the  number  n  as 
vafiabk  (the  form  of  the  vector^Junction  0,  and  the  origin  o,  being  given)  y  the 

'  vector  p  and  the  point  p  will  be  ./Zo^eif ;  but  the  two  points  q  and  r,  the  tico 

differences  A^  and  Ap,  and  the  multiple  vector  n/ipy  or  <rn,  will  (in  general) 
vary  together.  And  if  this  number  n  be  indefinitely  increasedy  or  made  to  tend 
to  infinity y  then  each  of  the  two  differenoes  A^,  Ap  will  in  general  tend  to  zero; 
such  being  the  common  limity  of  n~^f«,  and  of  ^  (^  +  n'^  u)  -  <!>  {t) :  so  that  the 

I  variable  point  q  of  the  curve  will  tend  to  coincide  with  the  fixed  point  p.     But 

although  the  chord  pq  will  thus  be  indefinitely  shortenedy  its  n'*  multiplcy  pr  or  <r«,9 
will  ^^fkf  (generally)  to  e^  finite  limity*  depending  on  the  supposed  continuity  of 

I  the  function  ^  (f) ;  namely,  to  a  certain  definite  vector  y  pt,  or  a^,  or  (say)  t, 

which  vector  pt  will  evidently  be  (in  general)  tangential  to  the  curve:  or,  in 
other  words,  the  variable  point  r  will  tend  to  a  fixed  position  t,  on  the  tangent  to 
that  curve  at  p.     We  shall  thus  have  a  limiting  equationy  of  the  form 

* 

r  »  PT  -  lim.  PR  =  u^  =  lim.  nA^  {t),    if  «A^  =  u ; 

i  and  u  being,  as  above,  two  given  and  (generally)  finite  scalars.  And  if  we 
then  agree  to  call  the  second  of  these  two  given  scalars  the  differential  of  the 
first,  and  to  efeno^  it  by  the  symbol  dty  we  shall  define  that  the  vector-limity  r  or 
<j.,  is  the  (corresponding)  differential  of  the  vector  p,  and  shall  dawte  it  by  the 
corresponding  symboly  dp;  so  as  to  have,  under  the  supposed  conditions, 

u  a  d^,  and  r  »  dp, 

*  Or,  eliminating  the  two  symbols  u  and  r,  and  not  'necessarily  supposing  that  P 

is  a  point  of  a  curvCy  we  may  express  our  Definition^  of  the  Differential  of  a 


i 

I 

I 


*  Compare  Newton's  IVinoipia,  t  Compare  the  Note  to  page  35. 
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Vector  py  considered  as  a  Function  ip  of  a  Scalar  t^  by  the  following  General 
Formula: 


dp=mt)  -  lim.  n  ^^  +  ^^  -  ^(/)j, 


in  whioh  t  and  d^  are  two  arbitrary  and  independent  scalars^  both  generally  finite; 
and  dp  is,  in  general,  a  new  and  finite  vector,  depending  on  those  two  scalars, 
aooording  to  a  law  expressed  by  the  formula,  and  derived  from  that  given  law, 
whereby  the  old  oi  former  vector,  p  or  ^  {t)  depends  upon  the  single  scalar,  t. 
(1.)  As  an  example,  let  the  given  vector-function  have  the  form, 

/o  «  0(^)  =  ^^*a,  where  a  is  a  given  vector. 

u 
Then,  making  A^  =  -,  where  u  is  any  given  scalar,  and  n  is  a  variable  whole 

It 

number,  we  have 

^.^(o-i|(«.:)--.).^(..i), 


and  finally,  writing  d^  and  dp  for  u  and  <r^. 

dp  =  d^  {t)  ^  d(^\^  atdt. 

(2.)  In  general,  let  0  (t)  =  €f{t),  where  a  is  still  a  given  or  constant  vector, 
and/(Q  denotes  a  scalar  function  of  the  scalar  variable,  t.  Then  because  a  is 
a  common  factor  within  the  brackets  {  }  of  the  recent  general  formula  (100) 

for  dp,  we  may  write, 

d^  =  d*(0-d.q/*(0=«ad/(0; 

provided  that  we  now  define  that  the  differential  of  a  scalar  function,  f{t),  is  a 
new  scalar  function  of  two  independent  scalars,  t  and  d^,  determined  by  the 
precisely  similar  formula : 

which  can  easily  be  proved  to  agree,  in  all  its  consequences,  with  the  usual  rules 
for  differentiating  functions  of  one  variable. 

(3.)  For  example,  if  we  write  d^  =  nh,  where  A  is  a  new  variable  scalar, 
namely,  the  n*^  part  of  the  given  and  (generally}  finite  differential,  dt,  we  shall 
thus  have  the  equation, 

dt        k=ti  h 

in  which  the  first  member  is  here  considered  as  the  actual  quotient  qf  two  finite 


y 


m 
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scalarsj  df{t) :  d^,  and  not  merely  as  a  differential  coefficient.  We  mat/y  however, 
as  usual,  oousider  this  quotient^  from  the  ezpreBsion  of  which  the  differential  At 
disappear,  as  a  derived  function  of  iS^Q  former  variable^  t ;  and  may  denote  it,  as 
such,,  by  either  of  the  ttoo  ueual  eymhoh^ 

fit)  and  D^(0. 

(4.)  In  like  manner  we  may  write,  for  the  derivative  of  a  vector-function* 
^  {t)f  ^e  formula : 

these  two  last  forms  denoting  that  acttuil  and  finite  vector^  (i  or  ^'(f)^  whioh  is 
obtained,  or  derived^  by  dividing  (oomp.  16}  the  not  leas  actual  (or  finite)  vector^ 
dp  or  d0  (^),  by  the  finite  scalar ^  it.  And  if  again  we  denote  the  n^  part  of 
this  last  soalar  by  A,  we  shall  thus  have  the  equally  general  formula : 

/j\     r      0(^  +  A)-*W 
Aao  n 

with  the  equations 

dp  =  D^ .  d<  =  p'dt ;        d^  {t)  =  d<0  {t) .  it «  ^'{t) .  it, 

exactly  as  if  the  vector-function^  p  or  0,  were  a  scalar  function^  f 

(5.)  The  particular  value,  d^  « 1,  gives  thus  ip  =  p^;  so  that  the  derived 
vector  p'  is  (with  our  definitions)  a  particular  but  important  case  of  the  diffe- 
rential of  a  vector.  In  applications  to  mechanics,  if  t  denote  the  time^  and  if  the 
term  p  of  the  variable  vector  p  be  considered  as  a  moving  pointy  this  derived 
vector  p^  may  be  called  the  Vector  of  Velocity :  because  its  length  represents 
the  amounty  and  its  direction  is  the  direction  of  the  velocity.  And  if,  by  setting 
oflE  vectors  ov  «  p'  (comp.  again  fig.  32)  Jrom  one  origin,  to  represent  thus  the 
velocities  of  a  point  moving  in  space  according  to  any  supposed  law,  expressed 
by  the  equation  p  =  ^  (0,  we  construct  a  new  curve  tw  . .  of  which  the  corre- 
sponding equation  may  be  written  as  p^ «  i>\t)y  then  this  new  curve  has  been 
defined  to  be  the  HoDOORAPH,t  as  the  oldvQ..  may  be  called  the  orbit  of  the 
motion,  or  of  the  moving  point. 

*  In  the  theory  of  Difermtials  of  Funetiotu  of  Quaternions^  a  definition  oi  the  differential  d^  (g) 
wiU  be  propoaed,  which  is  expressed  by  an  equation  of  precisely  the  same  form  as  those  above  assigned, 
for  df{t),  and  for  d^(^) ;  but  it  will  be  found  that,  for  quaternions,  the  quotient  d^  [q):  dq  is  not 
generaUy  independent  ofdq\  and  consequently  that  it  cannot  properly  be  called  a  derived  function, 
sach  as  ^'{q)y  of  the  quaternion  q  alone,    (Compare  again  the  Note  to  page  86.)    [See  327.] 

t  The  subject  of  the  Sodograph  will  be  resumed  at  a  subsequent  stage  of  this  work.  In  fact,  it 
almost  requires  the  assistance  of  Quaternions,  to  connect  it,  in  what  appears  to  be  the  best  mode,  with 
Kewton*s  Law  (A  Ghrayitation.    [Compare  419.] 
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(6.)  We  may  differentiate  a  vector-function  twice  (or  oftener),  and  so  obtaiii 
its  successive  differentiah.  For  example,  if  we  differentiate  the  derived  vector  p\ 
we  obtain  a  result  of  the  f  orm, 

d/»'=  p^'d^,  where  /o"=  D(/o'=  d^'/o, 

by  an  obvious  extension  of  notation ;  and  if  we  suppose  that  the  second  differential^ 
dd<  or  d'^,  of  the  scalar  t  is  zero,  then  the  second  differential  of  the  vector  p  is, 

d>  =  dd/>  =  d./o'd^  =  dp'.d^  =  p".d^; 

where  d^,  as  usual,  denotes  (d^)^ ;  and  where  it  is  important  to  observe  that, 
with  the  definitions  adopted,  d'p  is  as  finite  a  vector  as  d/o,  or  as  p  itself.  In 
applioations  to  motiouy  if  t  denote  the  time,  p'  may  be  said  to  be  the  Vector  of 
Acceleration. 

(7.)  We  may  also  say  that,  in  meohanios,  \!tM^  finite  differential  dp,  of  the 
Vector  of  Position  p,  represents,  in  length  and  in  direction,  the  right  line 
(suppose  FT  in  fig.  32)  which  ^vould  have  been  described^  by  a  freely  moving  point 
p,  in  the  finite  interval  of  time  dty  immedieitely  following  the  time  t,  ifeA  the  end 
of  this  time  t  all  foreign  forces  had  ceased  to  act* 

(8.)  In  geometry y  if  p  =  ^(^)  be  the  equation  of  a  curve  of  double  curvaturcy 
regarded  as  the  edge  of  regression  (oomp.  98,  (12.))  of  a  developable  surface,  then 
the  equation  of  that  surface  itself,  considered  as  the  locus  of  the  tangents  to  the 
curve,  may  be  thus  written  (comp.  99,  II.)  : 

p  =  0(^)  +  tt0'(O  ;  or  simply,  p  =  <p{t)+  d^(0> 

if  it  be  remembered  that  u,  or  d^,  may  be  any  arbitrary  scalar. 

(9.)  If  anf/  other  curved  surface  (oomp.  again  99,  II.)  be  represented  by  an 
equation  of  the  form,  p  =  0(^>^),  where  0  now  denotes  a  vector'^nction  of  two 
independent  and  scalar  variableSy  x  and  y,  we  may  then  differentiate  this  equation, 
or  this  expression  for  p,  with  respect  to  either  variable  separately,  and  so  obtain 
what  may  be  called  two  partial  (but  finite)  differentialsy  d^,  dyp,  aliti^.  two 
partial  derivatives,  T>xp,  Dyp,  whereof  the  former  are  connected  with  the  latfi^ 
and  with  the  tu?o  arbitrary  {hut  finite)  scalars,  dic,  dy,  by  the  relations, 

dxp  =  D^p  .  dx ;    dyp  s  Dyp .  dy. 

And  these  two  differentials  (or  derivatives)  of  the  vector  p  of  the  surface 
denote  two  tangential  vectors,  or  at  least  two  vectors  parallel  to  two  tangents  to 


*  Ai  is  weU  illustrated  by  Atwood*s  machine. 
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that  surfaoe  at  the  point  p  :  so  that  their  plane  is  (or  is  parallel  to)  the  tangent 
plane  at  that  point. 

(10.)  The  mechanism  of  all  Buoh  differentiations  of  vect'Or- functions  is,  at  the 
present  stage,  precisely  the  same  as  in  the  usual  processes  of  the  Differential 
Calculus  ;  because  the  most  general  form  of  such  a  f>ector'functionj  which  has 
been  considered  in  the  present  Book,  is  that  of  a  sum  of  products  (comp.  99) 
of  the  form  xa^  where  a  is  a  constant  vector ^  and  a;  is  a  variable  scalar:  so  that 
we  have  only  to  operate  on  these  scalar  coefficients  a?  •  .,  bj  the  usual  rules  of  the 
oaloolus,  the  vectors  a.  .being  treated  as  constant  factors  (comp.  sub-art.  2). 
But  when  we  shall  come  to  consider  quotients  or  products  of  vectors^  or  generally 
those  new  functions  of  vectors  which  can  only  be  expressed  (in  our  system)  by 
Quaternions^  then  some  few  new  rules  of  differentiation  become  necessary, 
although  deduced  from  the  same  (or  nearly  the  same)  definitions^  as  those 
which  have  been  established  in  the  present  section. 

(11.)  As  an  example  of  partial  differentiation  (comp.  sub-art.  9)  of  a  vector 
function  (the  word  'Sector"  being  here  used  as  an  a^ective)  of  two  scalar 
variables^  let  us  take  the  equation 

in  which  p  (comp.  99,  (3.))  is  the  vector  of  a  certain  cone  of  the  second  order;  or, 
more  precisely,  the  vector  of  one  sheet  of  such  a  cone,  if  x  and  y  be  supposed 
to  be  real  scalars.    Here,  the  two  partial  derivatives  of  p  are  the  following : 

D-^  =  a?a+(ir  +  y)y;         Dyp  =  y^  +  (a? +y) y  ; . 
and  therefore, 

2p  ^  xDjp  +  yDyp  \ 

so  that  the  three  vectors^  p,  Dap,  Dyp,  if  drawn  (18)  from  one  commoth  origin^  are 
contained  (22)  in  one  common  plane;  which  implies  that  the  tangent  plane  to 
the  surface,  at  any  point  p,  passes  through  the  origin  o :  and  thereby  verifies 
the  conical  character  of  the  locus  of  ihsA  point  p,  in  which  the  variable  vector  p^ 
or  OP,  terminates, 

(12.)  If,  in  the  same  example,  we  make  a; » 1,  y  =  - 1,  we  have  the  values, 

p  =  i(a  +  0),  D^  =  a,  Dy/o=-0; 

whence  it  follows  that  the  middle  point,  say  c^,  of  the  right  line  ab,  is  one  of 
the  points  of  the  conical  locus ;  and  that  (comp.  again  the  sub-art.  3  to  Art. 
99,  and  the  recent  sub-art.  9)  the  right  lines  oa  and  ob  are  parallel  to  two  of 
the  tangents  to  the  surfaoe  at  that  point;  so  that  the  cone  in  question  is 
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touched  by  the  plane  aob,  ahng  the  Bide  (or  ray)  oc/.  And  in  like  manner  it 
may  be  proved,  that  the  same  cone  is  touched  by  the  two  other  planes  bog  and 
coA,  at  the  middle  points  a'  and  b'  of  the  two  other  lines  bc  and  ca  ;  and 
therefore  along  the  two  other  sides  (or  rays),  oa'  and  ob'  :  which  agaia  agrees 
with  former  results. 

(13.)  It  will  be  found  that  a  vector  function  of  the  sum  of  two  scalar 
mfiablesj  t  and  d^,  may  generally  be  developed^  by  an  extension  of  Taylor's 
Series^  under  the  form, 

^(^+  it)  =  0(0  +  d(^{t)  +idV(0  +  2^  dV(0  +  •  • 

it  being  supposed  that  dH^0jiH:^0f  &c.  (comp.  sub-art.  6).  Thus,  if 
^t  -  iat*  (as  in  sub-art.  1),  where  a  is  a  constant  vector^  we  have  d^t^  atdt^ 
dV<  =  ad^S  d'0^ «  0,  &c. ;  and 

f^{t  +  dO  =  ia{t  +  dO*«  iaf  +  a^^  +  i  adf, 

rigorously^  without  any  supposition  that  d^  is  small. 

(14.)  When  we  thus  suppose  A^'=d^,  and  develop  the  finite  difference^  A^(0 
=  0(^-i'dO  -0(0,  thd  first  term  of  the  development  so  obtained,  or  the  term  of 
first  dimension  relatively  to  d^,  is  hence  (by  a  theorem^  which  holds  good  for 
vector'JunctionSj  as  well  as  for  scalar  functions)  the  first  differential  di^t  of  the 
function ;  but  we  do  not  choose  to  define  that  this  Differential  is  (or  means) 
that  ./fr«^  term:  because  the  Formula  (100),  which  we  prefer,  does  not 
postulate  the  possibility ^  nor  even  suppose  the  conception^  of  any  such  development. 
Many  recent  remarks  will  perhaps  appear  more  clear,  when  we  shall  come  to 
connect  them,  at  a  later  stage,  with  that  theory  of  Quaternions^  to  which  we 
next  proceed. 

[Compare  generally  HI.  ii.  Two  elementary  illustrations  of  Hamilton's 
method  are  given  in  §  2  of  the  Chapter  cited.  It  may  be  of  interest  to  refer 
to  Art.  xxviii.  of  J.  Clerk  Maxwell's  "  Matter  and  Motion."  "  Another 
mode  of  obtaining  the  diagram  of  velocities  of  a  system  at  a  given  instant  is 
to  take  a  small  interval  of  time,  say  the  u*^  part  of  the  unit  of  time,  so  that 
the  middle  of  this  interval  corresponds  to  the  given  instant.  Take  the 
diagram  of  displacements  corresponding  to  this  interval  and  magnify  all  its 
dimensions  n  times.  The  result  will  be  a  diagram  of  the  mean  velocities  of 
the  system  during  the  interval.  If  we  now  suppose  the  number  n  to  increase 
without  limit  the  interval  will  diminish  without  limit,  and  the  mean  velocities 
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will  approximate  to  the  actual  Telooitiefl  at  the  giyen  instant.  Finally,  when 
n  beoomes  infinite  the  diagram  will  represent  aooarately  the  velocities  at  the 
given  instant."  The  unit  of  time  is  of  course  not  necessarily  small :  compare 
sub-art.  (5).  In  a  letter  to  De  Morgan,  dated  April  26th,  1852  (G-raves's  life, 
vol.  III.,  p.  629),  Hamilton  says  : — "  I  lay  no  stress  on  the  infinitely  great 
value  of  n.    It  would  suit  me  almost  as  well  to  define 

e^r?  =  Um.  arM/(?  +  ajrfj)  - /(g) } , 


though  I  think  the  other  form  a  little  clearer.  But  the  important  thing  is 
that  I  avoid — 1st,  commutation  of  factors;  2nd,  development  in  series; 
3rd,  smallness  of  differentials."] 
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ON  QTTATEENIONS,  CONSIDEEED  AS  QUOTIENTS  OF  VECTORS,  AND  AS 

INVOLVING  ANGULAB  RELATIONS. 
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CHAPTER  L 

FUNDAMENTAL  PRINCIPLES   RESPECTING  QUOTIENTS   OF 

VECTORS. 


SECTION  1. 

Introdactory  Remarlu ;  First  Principles  adopted  firom  Algebra. 

Art.  101. — The  only  angular  relations^  considered  in  the  foregoing  Book,  have 
been  those  ot  parallelism  between  rectors  (Art.  2,  &o.)  ;  and  the  only  quotients^ 
hitherto  employed,  have  been  of  the  three  following  kinds: 

I.  Scalar  quotients  ofscalars^  such  as  the  arithmetical  fraction  -  in  Art.  14 ; 

m 

Q 

II.   Vector  quotients f  of  vectors  divided  by  scalar Sy  as  -  ==  a  in  Art.  16 ; 

III.  Scalar  quotients  of  vectors^  with  directions  either  similar  or  opposite^  as 

—  =  a?  in  the  last  cited  Article.  But  we  now  propose  to  treat  of  other  geometric 
a 

QuoTiBNTS  (or  geometric  Fractions^  as  we  shall  also  call  them),  such  as 

OB        l3 

—  a  ^  =  flr^  with  0  not  II  a  (comp.  15) ; 
OA      a 

for  each  of  which  the  Divisor  (or  denominator)  y  a  or  oa,  and  the  Dividend  (or 
numerator)  y  j3  or  OB,  shall  not  only  both  be  Vectorsy  but  shall  also  be  inclined 
to  each  other  at  an  Angle,  distinct  (in  general)  ivomzeroy  and  from  two*  right 
angles, 

102.  In  introducing  this  new  conception^ol  a  Oeneral  Quotient  of  VectorSy  with 
Angular  delations  in  a  given  plane,  or  in  space,  it  will  obviously  be  necessary 
to  employ  some  properties  of  circles  and  spheres,  which  were  not  wanted  for 

*  More  generally  speaking,  how  9v«ry  wen  muUipU  of  a  right  angU. 
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the  purpose  of  the  former  Book.  But,  on  the  other  hand,  it  will  be  possible 
and  useful  to  suppose  a  much  less  degree  of  acquaintance  with  many  important 
theories*  of  modern  geometry y  than  that  of  which  the  possession  was  assumed, 
in  seye]:al  of  the  foregoing  sections.  Indeed  it  is  hoped  that  a  very  moderate 
amount  of  geometrical,  algebraical,  and  trigonometrical  preparation  will  be 
found  suflScient  to  render  the  present  Book,  as  well  as  the  early  parts  of  the 
preceding  one,  fully  and  easily  intelligible  to  any  attentive  reader. 

103.  It  may  be  proper  to  premise  a  few  general  principles  respecting 
quotients  of  vectors,  which  are  indeed  sxiggestedhj  algebray  but  are  here  adopted 
by  definition.  And  1st,  it  is  evident  that  the  supposed  operation  of  division 
(whatever  its/w//  geometrical  import  may  afterwards  be  found  to  be),  by  which 
we  here  conceive  ourselves  to  pass  from  a  given  divisor-lvie  a,  and  from  a  given 
dividend' line  /3,  to  what  we  have  called  (provisionally)  their  geometric  quotienty 
q,  may  (or  rather  must)  be  conceived  to  correspond  to  some  converse  act  (as  yet 
not  fully  known)  of  geometrical  multiplication :  in  which  new  act  the  former 
quotient  J  g,  becomes  a  Factor,  and  operates  on  the  line  a  so  as  to  produce  (or 
generate)  the  line  j3.     We  shall  therefore  wnte^  as  in  algebra, 

/3  =  g  .  a,  or  simply,  /3  =  ga,  when  j3  :  a  =  y  ; 

even  if  the  two  lines  a  and  j3,  or  oa  and  ob,  be  supposed  to  be  inclined  to  each 
other,  as  in  fig.  33.  And  this  very  simple  and  natural  notation  (comp.  16) 
will  then  allow  us  to  treat  as  identities  the  two  following  formulsB  : 

although  we  shall,  for  the  present^  abstain  from  writing  also  such  f ormulsdf  as 
the  following : 

a  a 

where  a,  j3  still  denote  two  vectors^  and  q  denotes  their  geometrical  quotient : 

*  Such  as  homology ,  homoffraphy,  involution,  and  generally  whateyer  depends  on  anharmonic  ratio : 
although  all  that  is  needful  to  be  known  respecting  such  ratio,  for  the  applications  subsequently  made, 
may  be  learned,  without  reference  to  any  other  treatise,  from  the  dejinitiofu  incidentally  given,  in 
Art.  25,  &c.  It  was,  perhaps,  nctt  strictly  necessary  to  introduce  any  of  these  modern  geometrical 
theories,  in  any  part  of  the  present  work  ;  but  it  was  thought  that  it  might  interest  one  class,  at  least, 
of  students,  to  see  how  they  could  be  combined  with  that  fundamental  conception  of  the  Vbctoh,  which 
the  First  Book  was  designed  to  develop. 

t  It  will  be  seen,  however,  at  a  later  stage,  that  these  two  forniulss  are  permitted,  and  even 
required,  in  the  development  of  the  Quartemion  Sybtem. 
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because  we  haye  not  yet  even  begun  to  consider  the  multiplication  of  one  vector 
by  another^  or  the  division  of  a  quotient  by  a  line, 

104.  As  a  Ilnd  general  prinoiple,  suggested  by  algebra,  we  shall  next  lajr 
it  down,  that  if 

?=2,    and    a=a,    then    0'  =  0; 

a        a 

or  in  words,  and  under  a  slightly  varied  form,  that  unequal  vectors^  divided  by 
equal  vectorSy  give  unequal  quotients.  The  impoiianoe  of  this  very  natural  and 
obvious  assumption  will  soon  be  seen  in  its  applications. 

105.  As  a  Ilird  principle,  which  indeed  may  be  considered  to  pervade  the 
whole  of  mathematical  language,  and  without  adopting  which  we  could  not 
usefully  speaky  in  any  case,  of  equality  as  existing  between  any  two  geome- 
trical quotients,  we  shall  next  assume  that  two  such  quotients  can  never  be  equal 
to  the  same  third*  quotient^  without  being  at  the  same  time  equai  to  each  other : 
or  in  symbols,  that 

if  g'  =  y,    and    ^'  =  g,    then     /'  =  q\ 

106.  In  the  lYth  place,  as  a  preparation  for  operations  on  geometrical 
quotients f  we  shall  say  that  any  two  such  quotients,  or  fractions  (101),  which 
have  a  common  divisor-line^  or  (in  more  familiar  words)  a  common  denominator^ 
are  added,  subtracted,  or  divided,  among  themselves,  by  adding,  subtracting,  or 
dividing  their  numerators :  the  common  denominator  being  retained,  in  each 
of  the  two  former  of  these  three  cases.  In  symbols,  we  thus  define  (comp.  14) 
that,  for  any  three  (actual)  vectors,  a,  /3,  y, 

a      a  a  a      a  a 

and 

a    a  "0' 

aiming  still  at  agreement  with  algebra. 

107.  Finally,  as  a  Yth  principle,  designed  (like  the  foregoing)  to  assimilate, 
so  far  as  can  be  done,  the  present  Calculus  to  Algebra,  in  its  operations  on 
geometrical  quotients,  we  shall  define  that  the  following  formula  holds  good : 


*  It  is  scarcely  necessary  to  add,  what  is  indeed  included  in  this  Ilird  principle,  in  virtue  of  the 
identity  g  =  q,  that  if  ^'  =:  ^,  then  g  =  q'  \  or  in  words,  that  we  shall  never  admit  that  any  two 
geometrical  quotients,  q  and  ^,  are  equai  to  each  other  in  one  order,  without  at  the  same  time  admitting 
that  they  are  eqwU^  in  the  oppotite  order  aUo, 


^ 
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or  that  if  two  geometrical  fractiom^  q  and  q\  be  so  related,  that  the  denominator, 
j3,  of  the  multiplier  /  (here  written  towards  the  left-hand)  is  equal  to  the 
numerator  of  the  multiplicand  q,  then  the  product,  ^ .  q  or  q'q,  is  that  third 
fraction,  whereof  the  numerator  is  the  numerator  y  of  the  multiplier,  and  the 
denominator  is  the  denominator  a  of  the  multiplicand :  all  such  denominators, 
or  divisor- lines,  being  still  supposed  (16)  to  be  actual  (and  not  nuU)  vectors. 


SECTION  2. 
First  Motive  for  naming  the  itnotlent  of  two  Teetors  a  H^aatemion. 

108.  Already  we  may  see  grounds  for  the  application  of  the  name. 
Quaternion,  to  such  a  Quotient  of  two  Vectors  as  has  been  spoken  of  in  recent 
articles.  In  the  first  place,  such  a  quotient  cannot  generally  be  what  we  have 
called  (17)  a  Scalar  :  or  in  other  words,  it  cannot  generally  be  equal  to  any 
of  the  (so-called)  reals  of  algebra,  whether  of  the  positive  or  of  the  negative 
kind.  For  let  x  denote  any  such  (actual*)  scalar,  and  let  a  denote  any 
(actual)  vector ;  then  we  have  seen  (15)  that  the  product  xa  denotes  another 
(actual)  vector,  say  j3^  which  is  either  similar  or  opposite  in  direction  to  a, 
according  as  the  scalar  coefficient,  or  factor,  x,  is  positive  or  negative ;  in 
neither  case,  then,  can  it  represent  any  vector,  such  as  j3,  which  is  inclined  to  a, 
at  any  actual  angle,  whether  acute,  or  right,  or  obtuse :  or  in  other  words 
(comp.  2),  the  equation  ^'  =  j3,  or  ^ra  »  j3,  is  impossible,  under  the  conditions 
here  supposed.     But  we  have  agreed  (16,  103)  to  write,  as  in  algebra, 

—  -  a? ;  we  must,  therefore  (by  the  Ilnd  principle  of  the  foregoing  section, 

stated  in  Art.  104],  abstain  from  writing  also  ^^x,  under  the  same  conditions: 

a 

X  still  denoting  a  scalar.    Whatever  else  a  quotient  of  two  inclined  vectors  may 
be  found  to  be,  it  is  thus,  at  least,  a  Non-Scalar. 

109.  Now,  in  forming  the  conception  of  the  scalar  itself,  as  the  quotient  of 
two  parallel^  vectors  (17),  we  took  into  account  not  only  relative  length,  or  ratio 
of  the  usual  kind,  but  also  relative  direction,  under  the  form  of  similanty  or 
opposition.    In  passing  from  a  to  xa,  we  altered  generally  (15)  the  length  of 


«  By  an  actual  scalar,  as  by  an  actual  vector  (oomp.  1),  we  mean  here  one  that  is  different  from 
sero.  An  actual  vector ,  multiplied  by  a  null  scalar t  has  for  product  (16)  a  null  vector;  it  ia  therefore 
unnecessary  to  prove  that  the  quotient  of  two  actual  vectors  cannot  be  a  null  scalar,  or  zero. 

t  It  is  to  be  remembered  that  we  have  proposed  (15)  to  extend  the  use  of  this  term  parallel,  to 
the  case  of  two  vectors  which  are  (in  the  usual  sense  of  the  word)  parallel  to  one  common  line,  even 
when  they  happen  to  be  parts  oi  one  and  the  same  right  line* 


r 
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the  line  a,  in  the  ratio  of  ±  a?  to  1.;  and  we  presened  or  reversed  the  direction 
of  that  line,  aooording  as  the  scalar  coefficient  x  was  positive  or  negative.  And 
in  like  manner,  in  proceeding  to  form,  more  definitely  than  we  have  yet  done, 
the  conception  of  the  nori'Scalar  quotient  (108),  g  « j3  :  a  »  ob  :  oa,  of  ttco  t»- 
clined  vectors f  which  for  simplicity  may  be  supposed  (18)  to  be  co-initialy  we 
have  still  to  take  account  both  of  the  relative  lengthy  and  of  the  relative  direction^ 
of  the  two  lines  compared.  But  while  the  former  element  of  the  complex 
relfition  here  considered,  between  these  two  lines  or  vectors,  is  still  represented 
by  a  simple  Batio  (of  the  kind  commonly  considered  in  geometry),  or  by  a 
number*  expressing  that  ratio ;  the  latter  element  of  the  same  complex  relation 
is  now  represented  by  an  Ai9GLE,  aob  :  and  not  simply  (as  it  was  before)  by 
an  algebraical  sign,  +  or  -. 

110.  Again,  in  estimating  this  anghy  for  the  purpose  of  distinguishing  one 
quotient  of  vectors  from  another,  we  must  consider  not  only  its  magnitude  (or 
quantity) 9  but  also  its  Plane  :  since  otherwise,  in  violation  of  the  principle 
stated  in  Art.  104,  we  should  have  ob^  oa  ~  ob  :  oa,  if  ob  and  ob^  were  two 
distinct  rays  or  sides  of  a  cone  of  revolution,  with  oa  for  its  axis ;  in  which 
case  (by  2)  they  would  necessarily  be  unequal  vectors.  For  a  similar  reason, 
we  must  attend  also  to  the  contrast  between  two  opposite  angles^  of  equal 
magnitudes,  and  in  one  common  plane.  In  short,  for  the  purpose  of  knowing 
Jully  the  relative  direction  of  two  co-initial  lines  oa,  ob  in  npace^  we  ought  to  know 
not  only  how  many  degrees^  or  other  parts  of  some  angular 
unitj  the  angle  aob  contains ;  but  also  (comp.  fig.  33) 
the  direction  of  the  rotation  from  oa  to  ob  :  including  a 
knowledge  of  the  plane^  in  which  the  rotation  is  per- 
formed ;  and  of  the  hand  (as  right  or  lefty  when  viewed 

from  a  known  side  of  the  plane),  towards  which  the  rotation  is  directed. 

111.  Or,  if  we  agree  to  select  some  one  fixed  hand  (suppose  the  right\  hand), 
and  to  call  all  rotations  positive  when  they  are  directed  towards  this  selected 


•  This  number^  which  re  shall  presently  call  the  tensor  of  the  quotient,  may  he  whoU  or  fraC" 
tional,  or  even  incommenaurahle  with  unity ;  hut  it  may  always  he  equated,  in  calculation,  to  apotitive 
scalar:  although  it  might  perhaps  more  properly  he  said  to  he  a  signless  number,  as  heing  deriyed  solely 
from  comparison  of  lengths,  without  any  reference  to  directions. 

t  If  right-handed  rotation  he  thus  considered  as  positive,  then  the  positive  axis  of  the  rotation  aob 
in  fig.  33,  must  he  conceived  to  he  directed  ^i^rrau^ar^,  or  below  the  plane  of  the  paper.  [Compare  the 
Note  to  295  (2),  and  Art.  23  of  Clerk  Maxwell's  Electricity  and  Magnetism,  Hamilton  compared  the 
potitiYe  axis  to  a  handle  or  tumscrew  used  in  screwing  a  right-handed  screw  into  a  nut.  It  is  now 
nsnal  to  regard  the  positive  axis  as  drawn  in  the  direction  of  the  translation  of  a  right-handed  sciew 
moring  in  a  fixed  nut,  or  Hamilton's  left-handed  rotatbn  is  now  called  right-handed.} 


f 
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hand,  but  all  rotaiions  negative  when  they  are  directed  towards  the  other  handy 
then,  for  any  given  angle  aob,  supposed  for  simplicity  to  be  less  than  two  right 
angles,  and  considered  as  representing  a  rotation  in  a  given  plane  from  oa  to 
OB,  we  may  speak  of  one  perpendicular  og  to  that  plane  aob  as  being  the  positive 
aads  of  that  rotation ;  and  of  the  opposite  perpendicular  oo'  to  the  same  plane  as 
being  the  negative  axis  thereof :  the  rotation  round  the  positive  axis  being 
itself -poAivTQj  and  vice  versd.  And  then  the  rotation  aob  may  be  considered  to 
be  entirely  knotcn,  if  we  know,  1st,  its  quantity ^  or  the  ratio  which  it  bears  to  a 
right  rotation ;  and  Ilnd,  the  direction  of  its  positive  axiSy  oc :  but  not  without 
a  knowledge  of  these  two  things,  or  of  some  data  equivalent  to  them.  But 
whether  we  consider  the  direction  of  an  Axis,  or  the  aspect  of  a  Plane,  we  find 
(as  indeed  is  well  known)  that  the  determination  of  such  a  direction,  or  of  such 
an  aspect,  depends  on  two  polar  co-ordinates*  or  other  angular  elements, 

112.  It  appears,  then,  from  the  foregoing  discussion,  that /or  the  complete 
determination,  of  what  we  have  called  the  geotnetiwil  Qvotient  of  tico  co-initial 
Vectors,  a  System  ofFowr  Elements,  admitting  each  separately  of  numerical 
expression,  is  genially  required,  Qi  these  four  elements,  mie  serves  (109)  to 
determine  the  relative  length  of  the  two  lines  compared ;  and  the  other  three 
ore  in  general  necessary,  in  order  to  determine  fully  their  relative  direction. 
Again,  of  these  three  latter  elements,  one  represents  the  mutual  inclination,  or 
elongation,  of  the  two  lines ;  or  the  magnitude  (or  quantity)  of  the  angle  be- 
tween them  ;  while  the  two  others  serve  to  determine  the  direction  of  the  aans, 
perpendicular  to  their  common  plane,  round  which  a  rotation  through  that 
angle  is  to  be  performed,  in  a  sense  previously  selected  as  the  positive  one  (or 
towards  a  fixed  and  previously  selected  hand),  for  the  purpose  of  passing  (in 
the  simplest  way,  and  therefore  in  the  plane  of  the  two  lines)  from  the  direc' 
tion  of  the  divisor4ine,  to  the  direction  of  the  dividend-line.  And  no  more  than 
four  numerical  elements  are  necessary,  for  our  present  purpose :  because  the 
relative  length  of  two  lines  is  not  changed,  when  their  two  lengths  are  altered 
proportionally,  nor  is  their  relative  direction  changed,  when  the  angle  which 
they  form  is  merely  turned  about,  in  its  own  plane.  On  account,  then,  of  this 
essential  connexion  of  that  complex  relation  (109)  between  two  lines,  which  is 
compounded  of  a  relation  of  lengths,  and  of  a  relation  of  directions,  and  to  which 
we  have  given  (by  an  extension  from  the  theory  of  scalars)  the  name  of  a 


*  The  actual  (or  at  least  ihe  frequent)  use  of  9ueh  co-ordinates  is  foreign  to  the  spirit  of  the 
present  System :  but  the  mention  of  them  here  seems  likely  to  assist  a  student,  by  suggesting  an 
appeal  to  results,  with  which  his  previous  reading  can  scarcely  fail  to  have  rendered  him  familiar. 


Akt8.  111-114.] 


ADDITIONAL  ILLUSTRATIONS. 
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geometrical  quotient^  with  a  ByBtem  of  Four  numerieal  Ekments^  we  have 
already  a  motive^  for  saying,  that  "  the  Quotient  of  ttoo  Vectors  is  generally 
a  Quaternion.^* 


SECTION  3. 
Additlmua  lUmlratloM. 

113.  Some  additional  light  may  be  thrown,  on  this  first  conception  of  a 
Quaternion^  by  the  annexed  figure  2 

84.  In  that  figure,  the  letters 
CDBFG  are  designed  to  indicate 
comers  of  a  prismatic  desk,  resting 
upon  a  horizontal  table.  The 
angle  hcd  (supposed  to  be  one  of 
thirty  degrees)  represents  a  (left- 
handed)  rotation,  whereby  the 
horizontal  led^e  cd  of  the  desk  is 
oonoeived  to  be  elongated  (or  re- 
moved)  from  a  given  horizontal  line 
CH,  which  may  be  imagined  to  be  an  edge  of  the  table.  The  angle  ocf 
(supposed  here  to  contain  forty  degrees)  represents  the  slcpef  of  the  desk,  or 
the  amount  of  its  inclination  to  the  table.  On  the  face  cdef  of  the  desk  are 
drawn  two  similar  and  similarly  turned  triangles,  aob  and  aVb^  which  are 
supposed  to  be  halves  of  two  equilateral  triangles ;  in  such  a  manner  that 
each  rotation,  aob  or  a'oV  is  one  of  sixty  degrees,  and  is  directed  towards  one 
common  hand  (namely  the  right  hand  in  the  figure) :  while  if  lengths  alone  be 
attended  to,  the  side  ob  is  to  the  side  oa,  in  one  triangle,  as  the  side  o^b^  is  to 
the  side  o V,  in  the  other ;  or  as  the  number  tico  to  one, 

114.  Under  these  conditions  of  construction,  we  consider  the  tico  quotients, 
or  the  two  geometric  fractions. 


Fig.  34. 


J^f 


J        ,         ,  OB         ,0B 

ob  :  OA  and  ob  :  oa  ,  or  —  and  -7-7, 

OA  o  A 

as  being  equal  to  each  other ;  because  we  regard  the  tuH>  lines,  oa  and  ob,  as 
ha^ng  the  same  relative  length,  and  the  same  relative  direction,  as  the  two  other 

•  SeTeral  other  reasoni  for  thtu  speaking  will  offer  themBelyes,  in  the  course  of  the  present  work. 
t  I%et0  two  anglM^  hcd  and  ocp,  may  thus  be  considered  to  correspond  to  httgitude  of  node,  and 
inciinaiion  o/orbity  of  a  planet  or  comet  in  astronomy. 
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lines^  oV  and  c/b'.  And  we  consider  and  speak  of  each  Quotient^  or  Fraction^ 
as  a  Quaternion :  because  its  complete  construction  (or  detei*mination)  depends, 
for  all  that  is  essential  to  its  conception^  and  requisite  to  distinguish  it  from 
others,  on  a  system  of /ot*r  numerical  elements  (comp.  112) ;  which  are,  in  this 
Example,  the /our  numbers^ 

2,    60,    30,    and    40. 

115.  Of  these  four  elements  (to  recapitulate  what  has  been  above  supposed], 
the  Ist,  namely  the  number  2,  expresses  that  the  length  of  the  dividend-line^  ob 
or  o'b',  is  double  of  the  length  of  the  divisor-line^  oa  or  oV.  The  Ilnd 
numerical  element,  namely  60,  expresses  here  that  the  angle  aob  or  a'o'b',  is 
one  of  sixty  degrees)  while  the  corresponding  rotation^  from  oa  to  ob,  or 
from  oV  to  o'b^  is  towards  a  known  hand  (in  this  case  the  right  hand,  as  seen 
by  a  person  looking  at  the^o^  cdef  of  the  desk),  which  hand  is  the  same  for 
both  of  these  two  equal  angles.  The  Ilird  element,  namely  30,  expresses  that 
the  horizontal  ledge  cd  of  the  desk  makes  an  angle  of  thirty  degrees  with  a 
known  horizontal  line  ch,  being  removed  from  it,  by  that  angular  quantity, 
in  a  known  direction  (which  in  this  case  happens  to  be  towards  the  left  hand, 
as  seen  from  above).  Finally,  the  lYth  element,  namely  40,  expresses  here 
that  the  desk  has  an  elevation  ol  forty  degrees  as  before. 

116.  Now  an  alteration  in  any  one  of  these  Four  Elements^  such  as  an  altera- 
tion of  the  slope  or  aspect  of  the  desk  would  make  (in  the  view  here  taken)  an 
essetitial  change  in  the  Quaternion^  which  is  (in  the  same  view)  the  Quotient  of 
the  two  lines  compared :  although  (as  the  figure  is  in  part  designed  to  suggest) 
no  such  change  is  conceived  to  take  place^  when  the  triangle  aob  is  merely  turned 
aboutf  in  its  own  plane,  without  being  turned  over  (comp.  fig.  36) ;  or  when 
the  sides  of  that  triangle  are  lengthened  or  shortened  proportionally,  so  as  to 
preserve  the  ratio  (in  the  old  sense  of  that  word),  of  any  one  to  any  other  of 
those  sides.  We  may  then  briefly  say,  in  this  mode  of  illustrating  the  notion 
of  a  Quaternion*  in  geometry,  by  reference  to  an  angle  on  a  desk,  that  the 
Four  Elements  which  it  involves  are  the  following : 

Ratio,    Angle,     Ledge,    and     Slope; 

although  the  two  latter  elements  are  in  fact  themselves  angles  also,  but  are  not 
immediately  obtained  as  such,  from  the  simple  comparison  of  the  two  lines,  of 
which  the  Quaternion  is  the  Quotient. 

*  As  to  the  mere  uford,  Quattmianj  it  signifies  primarily  (as  is  well  known),  like  its  Latin  original, 
**  Quatemio/'  or  the  Greek  noun  rcr^oicr^s,  a  Set  of  Four :  but  it  is  obviously  used  M^e,  and  else- 
where in  the  present  work,  in  a  technical  tense. 
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SECTION  4. 


Fig.  36. 


On  Equality  of  liaatemlons ;  and  on  the  Plane  of  a  liaaternlon. 

117.  It  is  an  immediate  oonsequenoe  of  the  foregoing  conception  of  a 
Quaternion,  that  ttpo  quaternions^  or  two  quotients  of  vectors^  supposed  for 
simplicity  to  be  all  co-initial  (18),  are  regarded  as  being  bqual  to  each  other, 
or  that  the  equation, 

SB  OD        OB 

-  -  «^,    or    —  =  — , 

7        a  OC       OA 

is  bj  US  considered  and  defined  to  hold  good,  tchen  the 

ttco   triangles^  aob  and  cod,  are  similar  and  similarly 

turned^  and  in  one  common  plane,  as  represented  in  the 

annexed  fig.  35 :  the  relative  length  (109),  and  the 

RELATIVE  DIRECTION  (110),  of  the  two  lines,  OA,  OB, 

being  then  in  all  respects  the  same  as  the  relative  length  and  the  relative 

direction  of  the  ttco  other  lines,  oc,  od. 

118.  Under  the  same  conditions,  we  shall  write  the  following  formula  of 

direct  similitude^ 

A  AOB  a  COD ; 

reserving  this  other  formula, 

Aaoboc'aob',  or  Aa'ob  aA'os', 

which  we  shall  call  bl  formula  of  invei^se  similitude,  to  denote  that 

the  two  triangles,  aob  and  aob',  or  a'ob  and  a'ob',  although 

otherwise  similar  (and  even,  in  this  case,  equal,*  on  account  of 

their  having  a  common  side,  oa  or  oa'),  are  oppositely  turned 

(oomp.  fig.  36),  as  if  one  were  the  reflexion  of  the  other  in  a 

mirror ;  or  as  if  the  one  triangle  were  derived  (or  generated)  from  the  other, 

by  a  rotation  of  its  plane  through  two  right  angles.    We  may  therefore  write, 

OB      OD   ..  ^ 

—  «  — ,  if  A  AOB  a  COD. 

OA     oc 

119.  When  the  vectors  are  thus  all  drawn  from  one  common  origin  o, 
the  plane  aob  of  any  tuH>  of  them  may  be  called  the  Plane  of  the  Quaternion 


Fig.  36. 


*  That  ifl  to  say,  equai  in  absolute  amount  of  area,  but  with  opposite  algebraic  eigne  (28).  The  two 
fuotiente  OB  :  OA,  and  ob'  :  oa,  although  not  equal  (110),  will  soon  ho  defined  to  be  conjugate  quater- 
nione.    Under  the  eame  conditionfl,  we  shall  write  also  the  formula, 


^ 


A  aob'  oc  '  COD. 


Q  2 


f 
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(or  of  the  Quotient),  ob  :  oa  ;  and  of  oourse  also  the  plane  of  the  inverse  (or 
reciprocal)  quaternion  (or  of  the  inverse  quotient),  oa  :ob.  And  any  two  quch 
temionSy  whioh  have  a  common  plane  (through  o),  may  be  said  to  be  Complanar* 
Quaternions^  or  oomplanar  quotients,  or  fractions ;  but  any  two  quaternions 
(or  quotients),  whioh  have  different  planes  {intersecting  therefore  in  a  right  line 
through  the  origin),  may  be  said,  by  contrast,  to  be  Diplanar. 

120.  Any  two  quaternions^  considered  as  geometric  fractions  (101),  can  be 
reduced  to  a  common  denominator  without  change  of  the  valued  of  either  of 

them,  as  follows.    Let  —  and  —  be  the  two  triven  fractions,  or  quaternions; 

OA  DC  ° 

and  if  they  be  complanar  (119),  let  oe  be  any  line  in  their  common  plane;  but 
if  they  be  diplanar  (see  again  119),  then  let  0£  be  any  assumed  part  of  the 
line  of  intersection  of  the  two  planes :  so  that,  in  each  case,  the  line  os  is 
situated  at  once  in  the  plane  aob,  and  also  in  the  plane  cod.  We  can  then 
always  conceive  two  other  linesy  or,  og,  to  be  determined  so  as  to  satisfy  the 
two  conditions  of  direct  similitude  (118), 

A  EOF  a  aob,         a  eoo  a  god  ; 

and  therefore  also  the  two  equations  between  quotients  (117, 118), 

OF       OB       OG       OD 
OB       Oa'      OB        OC' 

and  thus  the  required  reduction  is  effected,  ob  being  the  camnwfi  denominator 
sought,  while  of,  og  are  the  new  or  reduced  numerators.  It  may  be  added 
that  if  H  be  a  new  point  in  the  plane  aob,  such  that  A  hok  a  aob,  we  shall 
have  also, 

OE        OB        OF 


OH       OA       OB ' 


and  therefore,  by  106, 107, 

OD       OB       0G±0F^  OD    OB       OG  ^  OD    OB  _  OG^ 

00        OA  "        OB       '  OC'OA       OF*  00  *  OA       OH* 

whatever  two  geometric  quotients  (complanar  or  diplanar)  may  be  represented 
by  OB :  OA  and  od  :  oo. 

•  It  i«,  however,  oonveiiient  to  extend  the  use  of  this  word,  complanar,  so  as  to  include  the  cue 
of  quaternions  represented  by  angles  in  parallel  planes.  Indeed,  as  all  vectors  which  have  equal 
lengths,  and  similar  directions^  are  equal  (2),  so  the  quaternion,  which  is  a  quotient  of  <M?osuch  vectors, 
ought  not  to  be  considered  as  undergoing  any  change,  when  either  vector  is  merely  changed  in  posOUmf 
by  a  transport  without  rotation. 

t  That  is  to  say,  the  new  or  tranrformed  quaternions  will  be  respectively  equal  to  the  old  or 

given  ones. 


^  Arts.  119-123.]  PLANE  OF  A  QUATEENION.  117 

121.  If  now  the  two  triangles  aob,  cod  are  not  only  eamplanar  but  directly 
similar  (118),  so  that  A  aob  a  cod,  we  shall  evidently  have  A  kof  a  bog  ;  so 
that  we  may  write  of  =  oo  (or  f  =  g,  by  20),  the  tuH>  new  lines  of,  og  (or  the 
two  nevf  paints  f,  o)  in  this  case  coinciding.     The  general  construotion  (120), 

^  for  the  reduction  to  a  common  denominator,  gives  therefore  here  only  one 

new  triangkf  kof,  and  atie  new  quotient^  of: ok,  to  which  in  this  case  each 
(oomp.  105)  of  the  two  given  equal  and  complanar  quotients,  ob:oa  and 
od:oc,  is  equal. 

122.  But  if  these  two  latter  symbols  (or  {h^  fractional  forme  oorrespondiug) 
\            denote  two  diplanar*  quotients^  then  the  two  new  numerator-lines^  of  and  og, 

have  different  directions^  as  being  situated  in  ttco  different  planes^  drawn  through 
the  new  denominator'line  oe,  without  having  either  the  direction  of  that  Une 

\  itself,  or  the  direction  opposite  thereto ;  they  are  therefore  (by  2]  unequal 

tectorsj  even  if  they  should  happen  to  be  equally  long ;  whence  it  follows 
(by  104)  that  the  two  new  quotientSy  and  therefore  also  (by  105)  that  the  two 
old  or  given  quotients,  are  unequal,  as  a  consequence  of  their  diplanarity.  It 
results,  then,  from  this  analysis,  that  diplanar  quotients  ofveetore,  and  tliere- 

^  fore  that  Diplanar  Quaternions  (119),  are  always  unequal  \  a  new  and  compara- 

'  tively  technical  process  thus  confirming  the  conclusion,  to  which  we  had 

arrived  by  general  considerations,  and  in  (what  might  be  called)  a  popular 
way  before,  and  which  we  had  sought  to  illustrate  (comp.  fig.  34)  by  the  con- 

\  sideration  of  angles  on  a  desk :  namely,  that  a  Quaternion,  considered  as  the 

quotient  of  two  mutually  inclined  lines  in  space,  involves  generally  a  Plane,  as 
an  essential  part  (comp.  110)  of  its  constitution,  and  as  necessary  to  the  com- 

f  pleteness  of  its  conception. 

123.  We  propose  to  use  the  mark 


as  a  Sign  of  Complanarity,  whether  of  Urns  or  of  quotients ;  thus  we  shall 
write  the  formula, 

y|IK/3, 

to  express  that  the  three  vectors^  a,  j3,  y,  supposed  to  be  (or  to  be  made) 
co-initial  (18),  are  situated  in  one  plane ;  and  the  analogous  formula, 

y      a 

*  And  therefore  non^Boalar  (108) ;  for  a  tealar^  considered  u  a  quotient  (17),  Has  no  determined 
plane^  but  mmt  be  considered  as  eomplanar  with  evety  geomeirie  quotient ;  since  it  may  be  represented 
(or  constructed)  by  the  quoticDt  of  two  similarly  or  oppositely  directed  lines,  tit  any  proposed  pUme 
i  whatever. 

! 
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to  express  that  the  ttoo  quateniiona^  denoted  here  by  q  and  /,  and  therefore 

that  the  four  vectorsy  a,  j3,  y,  B,  are  complanar  (119).     And  because  we  have 

just  found  (122)  that  diplanar  quotients  are  unequal,  we  see  that  one  equation 

of  quatetmions  includes  two  complanariiies  of  vectors;  in  suoh  a  manner  that  we 

may  write,  sj     o 

-y|||«,/3,    and    8 1||  «,  ^,    if    ^  =  ^; 

the  equation  of  quotients,  —  =  — ,  being  impossible,  unless  all  the  four  lines 
from  o  be  in  one  common  plane.     We  shall  also  employ  the  notation 

y  III  ?. 

to  express  that  the  vector  y  is  in  (or  parallel  to)  the  plane  of  the  quaternion  q, 
124.  With  the  same  notation  for  complanarity,  we  may  write  generally, 

xa  III  a,  /3  ; 

a  and  /3  being  any  two  vectors,  and  x  being  an^/  scalar ;  because,  if  a  «  oa  and 
/3  -  OB  as  before,  then  (by  15, 17)  xa »  oa^  where  a'  is  some  point  on  the 
indefinite  right  Kne  through  the  points  o  and  a  :  so  that  the  plafie  aob  contains 
the  line  o\\  For  a  similar  reason,  we  have  generally  the  following  formula 
of  complanarity  of  quotients. 


^    ...     ' 
xa       a 


whatever  two  scalars  x  and  y  may  be ;  a  and  j3  still  denoting  any  two  vectors, 
125.  It  is  evident  (comp.  fig.  35)  that 

if  A  aob  a  COD,      then  A  boa  a  doc,     and  A  aoc  oe  bod  ; 

whence  it  is  easy  to  infer  that  for  quaternions,  as  well  as  for  ordinary  or 
algebraic  quotients, 

if  —  =  -,  then,  inversely,  ^  =  -L  ^^^  alternately,  -  =  tj  ; 
ay  P      ^  ^      P 

it  being  permitted  now  to  establish  the  converse  of  the  last  formula  of  118,  or 
to  say  that 

. .  OB      OD    ,.  . 

if  —  =  — ,  then  A  aob  a  ood. 
OA      oc 

Under  the  same  condition,  by  combining  inversion  with  alternation,  we  have 

a      8 
also  this  other  equation,  —  =  ^» 

y      o 
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126,  If  the  «*#,  OA,  OB,  of  ft  triangle  aob,  or  those  ridee  either  way 
prolonged,  be  cut  (as  in  fig.  37)  by  any  paraUel,  a'b' 
or  a''b",  to  the  base  ab,  we  have  evidently  the  rela- 
tions of  direet  similarity  (118), 

A  a'ob'  a  AOB,      A  a"ob"  a  aob  ; 

whence  (comp.  Art.  13  and  fig.  12)  it  follows  that 
we  may  write,  for  quaternions  as  in  algebra,  the 
general  equation,  or  identity, 

52  .  ^ ;  "  Fig.  87. 

xa       a 

where  x  is  again  auy  scalar^  and  a,  j3  are  any  Uoo  vectors.     It  is  easy  also  to 

see,  that  for  any  quaternion  f,  and  any  soalar  x,  we  have  the  product  (oomp. 

107), 

xB  3     xB      P       Pa 

^      /3     a       a       ar^a      a    aT^a     ^ 

so  that,  in  the  multiplication  of  a  quaternion  by  a  scalar  (as  in  the  multipli- 
cation of  ft  vector  by  a  scalar^  15),  the  order  of  the  factors  is  indifferent. 


SECTION  6. 

•■  tbe  Axis  and  Anglife  of  a  liiiateniloii  i  and  on  the  Index 

of  a  Right  linotlent,  or  linatemlon. 

127.  From  what  has  been  already  said  (111,  112),  we  are  naturally  led 
to  define  that  the  Axis,  or  more  fully  that  ^hib  positive  axis^  of  any  quaternion 
(or  geometric  quotient)  ob  :  oa,  is  a  right  line  perpendicular  to  the  plane  aob  of 
that  quaternion  ;  and  is  such  that  the  rotation  round  this  axis,  from  the  divisor^ 
Kne  OA,  to  the  dividend-line  ob,  is  positive  :  or  (as  we  shall  henceforth  assume) 
directed  towards  the  flight-hand*  like  the* motion  of  the  hands  of  a  watch. 

128.  To  render  still  more  definite  this  conception  of  the  axis  of  a  qua- 
temionf  we  may  add,  Ist,  that  the  rofationy  here  spoken  of,  is  supposed  (112) 
to  be  the  simplest  possible^  and  therefore  to  be  in  the  plane  of  the  two  lines  (or 
of  the  quaternion),  being  also  generally  less  than  a  semi-revolution  in  that 
plane ;  Ilnd,  that  the  axis  shall  be  usually  supposed  to  be  a  line  ox  drawn 


*  Thi*  is,  of  course,  merely  conyentional,  and  the  reader  may  (if  he  pleases)  substitute  the  Uft^ 
hand  throughout.    [The  axis  is  supposed  to  be  drawn  outwards  from  the  fi&ce  of  the  watch.    See 
i  Kote,  page  111.] 
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from  the  assumed  origin  o ;  and  Illrdy  that  the  length  of  this  line  shall  be 
supposed  to  be  given^  otjixed^  and  to  be  equal  to  some  assumed  unit  of  length: 
so  that  the  term  x,  of  this  axis  ox,  is  situated  (by  its  oonstruction)  on  a  given 
spheric  surface  described  about  the  origin  o  as  centre^  which  surface  we  may 
call  the  surface  of  the  unit-spherb. 

129.  In  this  manner,  for  every  given  non-scalar  quotient  (108),  or  for 
every  given  quaternion  q  which  does  not  reduce  itself  (or  degenerate)  to  a 
mere  positive  or  negative  number^  the  axis  will  be  an  entirely  definite  vector^ 
which  may  be  called  an  unit- vector,  on  account  of  its  assumed  lengthy  and 
which  we  shall  denote*  for  the  present,  by  the  symbol  Ax .  q.  Employing 
tlien  the  usual  sign  of  perpendicularity ^  ±,  we  may  now  write,  for  any  two 
vectors  a,  j3,  the  formula : 

Ax.^Xa;     Ax.^X/3;   or  briefly,    Ax.^xl^. 

a.  CL  a        (a 

130.  The  Angle  of  a  quaterniony  such  as  ob  :  oa,  shall  simply  be,  with  us, 
the  angle  aob  between  the  two  lines,  of  which  the  quaternion  is  the  quotient ; 
this  angle  being  supposed  here  to  be  one  of  the  usual  kind  (such  as  are  con- 
sidered by  Euclid) :  and  therefore  being  acute,  or  iHght,  or  obtuse  (but  not  of 
any  class  distinct  from  these),  when  the  quaternion  is  a  non^scalar  (108).  We 
shall  denote  this  angle  of  a  quaternion  q,  by  the  symbol,  L  q ;  and  thus  shall 
have,  generally,  the  two  inequalities  f  following : 

jLq>0;        Lq<Tc\ 
where  ic  is  used  as  a  symbol  for  two  right  angles. 

131.  When  the  general  quaternion,  q,  degenerates  into  a  scalar,  x,  then  the 
axis  (like  the  planeX)  becomes  entirely  indeterminate  in  its  direction ;  and  the 
angle  takes,  at  the  same  time,  either  zero  or  two  right  angles  for  its  value, 
according  as  the  scalar  is  positive  or  negative.  Denoting  then,  as  above,  any 
such  scalar  by  x,  we  have : 

Ax  •  0?  »  an  indeterminate  unit-vector ; 
Lx^Q,  \ix>  Q\   Z  0?  =  IT,  if  a?  <  0. 

*  At  a  later  stage,  reasons  will  be  assigned  for  denoting  this  axu.  Ax  .  <7,  of  a  quaternion  q^  hj 
XhQ  le$s  arhitrary  (or  more  systematic)  «ymdo/,  Wq ;  but  for  the  present,  the  notation  in  the  text  may 
Ruffice.    [See  291.] 

t  In  some  inYestigations  respecting  eomplanar  quat^mionSf  and  powers  or  roott  of  qiutemions,  it 
is  convenient  to  consider  negative  anglee^  and  angles  greater  than  two  right  angles :  but  these  may  then 
be  called  amplitudbb  ;  and  the  word  **  Angle,'*  like  the  word  '<  Ratio,"  may  thus  be  restricted,  at 
least  for  the  present,  to  its  ordinary  geometrieal  tense,    [See  235.] 

X  Compare  the  Note  to  page  117.  The  angle,  as  well  as  the  axis,  becomes  indeterminate^  when 
the  quaternion  reduces  itself  to  tero;  unless  we  happen  to  know  a  law,  according  to  which  the 

B       0 
dividend-line  tends  to  become  null,  in  the  transition  from  -  to  -• 


r 

V 


^ 
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182.  Of  non'Sealar  quatemianSf  the  most  important  are  those  of  which  the 
angk  is  rights  as  in  the  annexed  figure  38 ;  and  when  we  have     b 
ihnSi 


q  ^  — ,  and  ob  J.  oa,  or  ^  g  «  -, 

^       OA  2 


— ^\ 


the  quaternion  q  may  then  be  said  to  be  a  Bight  Quotibmt;* 

or  sometimes,  a  Right  Quaternion.  ^' 

(1.)  If  then  a  B  oA  and  p  -  op,  where  o  and  a  are  ^tro  given  (or  Jl^ed) 
paints^  but  p  is  a  variable  pointy  the  equation 

a     2 

expresses  that  the  locm  of  this  point  p  is  the  plane  through  o,  perpendicular  to 

the  line  OA ;  for  it  is  equivalent  to  the  formula  of  perpendicularity  p  JL  a  (129). 

(2.)  More  generally,  if  /3  »  ob,  b  being  any  third  given  pointy  the  equation, 

P       P 

a         a 

expresses  that  the  locus  of  t  is  one  sheet  of  a  cone  of  revolution,  with  o  for 
vertex,  and  oa  for  axis,  and  passing  through  the  point  b  ;  because  it  implies 
that  the  angles  aob  and  aop  are  equal  in  amount,  but  not  necessarily  in  one 
common  plane. 

(3.)  The  equation  (comp.  128, 129), 

A.X  •  ~*  ^  AX  •  ~", 
a  a 

expresses  that  the  hcus  of  the  Tariable  point  p  is  the  given  plane  aob  ;  or 
rather  the  indefinite  half-plane,  which  contains  all  the  points  p  that  are  at 
once  complanar  with  the  three  given  points  o,  a,  b,  and  are  also  at  the  same  side 
of  the  indefinite  right  line  oa,  as  the  point  b. 
(4.)  The  system  of  the  two  equations, 


L.-'  —  /. "~,  A.X  ■  —  =  A.X  •  -~, 


a  a 


expresses  that  the  point  p  is  situated,  ^ther  on  the  finite  right  line  ob,  or  on  that 
Vine  prolonged  through  b,  but  not  through  o ;  so  that  the  locus  of  p  may  in  this 
case  be  said  to  be  the  indefinite  half-line,  or  ray,  which  sets  out  from  o  in  the 


*  BeftBons  wfll  afterwardfl  be  assigned,  for  equating  tueh  a  guotientj  or  quaternion,  to  a  Vector ; 
^  namely  to  the  Une  whidh  wiU  presenUy  (133)  be  called  the  Inde»  rf  th$  Might  Quotient.    [See  290.] 
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direction  of  the  vector  ob  or  /3 ;  and  we  may  write  p  =  a?)3,  x>Q  {x  being 
understood  to  be  a  sea&irj^instead  of  the  equations  assigned  above. 
(5.)  This  other  system  of  ttoo  equations, 

a  a  a  a 

expresses  that  the  /oatM  of  p  is  the  opposite  ray  from  o ; 

or  that  p  is  situated  on  the  prolongation  of  the  revector  bo  P'       . 

(1) ;  or  that  p  «  a?/3,  x<0;  or  that  •    »     • 

/o«a?0',  ir><),  if  j3'=^0B'=-/3. 
(Oomp.  fig.  33,  bis.) 

(6.)  OMe/'  notations^  for  representing  these  and  other  geometric  loci^  will 
be  found  to  be  supplied,  in  great  abundance,  by  the  Calculus  of  Quaternions ; 
but  it  seemed  proper  to  point  out  these,  at  the  present  stage,  as  serving 
already  to  show  that  even  the  tico  st/mbola  of  the  present  section,  Ax.  and  Z, 
when  considered  as  Characteristic's  of  Operation  on  quotients  of  vectors,  enable 
us  to  express,  very  simply  and  concisely,  several  useful  geometrical  conceptions. 

133.  If  a  third  line,  oi,  be  drawn  in  the  direction  of  the  axis  ox  of  such  a 
right  quotient  (and  therefore  perpendicular,  by  127,  129,  to  each  of  the  two 
given  rectangular  lines,  oa,  ob)  ;  and  if  the  length  of  this  new  line  oi  bear  to 
the  length  of  that  axis  ox  (and  therefore  also,  by  128,  to  the  assumed  unit  of 
length)  the  same  ratio,  which  the  length  of  the  dividend-line,  ob,  beara  to  the 
length  of  the  divisor-line,  oa  ;  then  the  line  oi,  thus  determined,  is  said  to  be 
the  Index  of  the  Bight  Quotient.  And  it  is  evident,  from  this  definition  of 
such  an  Index,  combined  with  our  general  definition  (117,  118)  of  Equality 
between  Quaternions,  that  two  right  quotients  are  equal  or  unequal  to  each  other ^ 
according  as  their  ttoo  index-lines  (or  indices)  are  equal  or  unequal  vectors. 


SECTION  6. 

On  the  Reelproeal,  Conjagate,  Opposite,  and  Morm  of  a 
linaternlon  ;    and  on  Mnll  linaternlons* 

134.  The  Bbgiprocal  (or  the  Inverse,  oomp.  119)  of  a  quaternion,  such 
as  ;  »— ,  is  that  other  quaternion, 

which  is  formed  by  interchanging  the  divisor-line  and  the  dividend-line ;  and  in 
thus  passing  from  any  non-scalar  quaternion  to  its  reciprocal,  it  is  evident  that 


Aicra.  182-187.]  RECIPROCAL  OP  A  QUATERNION.  128 

the  angk  (as  lately  defined  in  130)  remains  unchanged^  but  tliat  the  axis  (127, 
128)  is  reversed  in  direction  :  so  that  we  may  write  generally, 

L^  *i^  — ;         Ax  .^  =  - Ax  .  ^. 

pa  p  a 

135.  The  product  of  ttco  reciprocal  quaternions  is  always  equal  to  positive 
unity ;  and  each  is  equal  to  the  quotient  of  unity  divided  by  the  other ;  because 
we  have,  by  106, 107, 

l.&«!i.&  =  5.      and     -  2-^-1 

a      a    a      p  p    a      a 

It  is  therefore  unnecessary  to  introduce  any  nete  or  peculiar  notation j  to  ex- 
press the  mutual  relation  existing  between  a  quaternion  and  its  reciprocal  \ 
sinoe,  if  one  be  denoted  by  the  symbol  g,  the  other  may  (in  the  present  System, 

as  in  Algebra)  be  denoted  by  the^  connected  symbol,*  1 :  j,  or  -.    We  have 

thus  the  two  general  formulae  (comp.  134) : 

/.-"«  I  a  ;        Ax  .  -  -  -  Ax  .  J. 

136.  Without  yet  entering  on  the  general  theory  of  multiplication  and 
divisions  of  quaternions,  beyond  what  has  been  done  in  Art.  120,  it  may  be 
here  remarked  that  if  any  two  quaternions  q  and  q^  be  (as  in  134)  reciprocal  to 

)  each  other,  so  that  q^ »  q  "  1  (by  135),  and  if  y"  be  any  third  quaternion,  then 

I  (as  in  algebra),  we  have  the  general  formula, 

because  if  (by  120)  we  reduce  q  and  q'^  to  a  common  denominator  a,  and  denote 
'  the  fiew  numerators  by  /3  and  7,  we  shall  have  (by  the  definitions  in  106,  107), 

L  137.  When  tu:o  complanar  triangles  aob,  aob',  with  a  common  side  oa,  are 

(as  in  fig.  36)  inversely  similar  (118),  so  that  the  formula  A  aob'  a'  aob  holds 

'  OB  OB' 

good,  then  the  two  unequal  quotients^f  —  and  —  are  said  to  be   Conjugate 

*  The  fljmbol  qr^,  for  tlie  reciprocal  of  a  quaternion  7,  is  also  permitted  in  the  present  Calculus ; 
but  we  defer  the  use  of  it,  until  its  legitimacy  shall  have  been  established,  in  connexion  with  a 
^  general  theory  of  powers  of  Quaternions.    [See  234.] 

.  t  Compare  the  Note  to  page  115. 
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Quaternions  ;  and  if  the  first  of  them  be  still  denoted  bj  q^  then  the  second^ 
which  is  thus  the  cofijugate  of  that  firsts  or  of  any  other  quaternion  which  is 
equal  thereto,  is  denoted  by  the  new  symbol^  ^q :  in  which  the  letter  E  may 
be  said  to  be  the  Characteristic  of  Conjugation.  Thus,  with  the  construction 
above  supposed  (oomp.  again  fig.  36),  we  may  write, 

OA  OA        ^  OA 

138.  From  this  definition  of  conjugate  quaternions,  it  follows,  1st,  that  if 

the  equation  —  ^TS.  —  hold  good,  then  the  line  ob'  may  be  called  (118)  the 

reflexion  of  the  line  ob  (and  conversely,  the  latter  line  the  reflexion  of  the 
former) f  tcith  respect  to  the  line  oa  ;  Ilnd,  that,  under  the  same  condition,  the 
line  OA  (prolonged  if  necessary)  bisects  perpendicularly  the  One  bb',  in  some 
point  a!  (as  represented  in  fig.  36) ;  and  Ilird,  that  any  two  conjugate  quater- 
nions (like  any  two  reciprocal  quaternions,  oomp.  134,  135)  have  equal  angles^ 
but  opposite  axes :  so  that  we  may  write,  generally, 

L'Kq^  Lq\       .Ax.  "Kq^-  Ax  ,q\ 

and  therefore*  (by  136), 

lKq  =  /.-I        Ax .  Kq  =  Ax .  -. 

139.  The  reciprocal  of  a  scalar ,  Xy  is  simply  another  scalar^  -,  or  ar*,  having 

X 

the  same  algebraic  sign^  and  in  all  other  respects  related  to  a;  as  in 
algebra.  But  the  conjugate  £^,  of  a  scalar  tr,  considered  as  a  limit  of  a  quater- 
nion, is  equal  to  that  scalar  x  itself;  as  may  be  seen  by  supposing  the  two  equal 
but  opposite  angles,  aob  and  aob^,  in  fig.  36,  to  tend  together  to  zero  or  to 
two  right  angles.    We  may  therefore  write,  generally, 

"Kx  ■>  ^,  if  it;  be  any  scalar ; 
and  conversely,! 

'  .  *  j" -  a  scalar,  HKq^  q; 

because  then  (by  104)  we  must  have  ob  «  ob',  bb'  •  0 ;  and  therefore  each  of 
the  two  (now  coincident)  points  b,  b\  must  be  situated  somewhere  on  the 
indefinite  right  line  oa. 

*  It  will  soon  be  seen  that  these  two  last  eq^oations  (138)  express,  that  the  conjugate  and  the 
nciproeal,  of  any  proposed  (quaternion  q,  have  always  equal  versort^  although  they  have  in  general 
unequal  tensors,    [See  157.] 

t  Somewhat  later  it  will  be  seen  that  the  equation  Kqtsq  may  also  be  written  as  Y^  s  0 ;  and 
that  this  last  is  another  mode  of  expressing  that  the  quaternion^  q,  degenerates  (131)  into  a  scalar, 
[See  204,  xiv.] 


Abts.  137-142.]      CONJUGATE  AND  NULL  QUATERNIONS.  125 

140.  In  general,  by  the  oonstrtiotion  represented  in  the  same  figure,  the 
sum  (comp.  6)  of  the  two  numerators  (or  dividend-lines,  ob  and  ob^),  of  the  two 
conjugate  fractiona  (or  quotients,  or  quaternions),  q  and  K;  (137),  is  equal  to 
the  doubh  of  the  line  oa';  whence  (by  106),  the  mm  of  those  two  co^fugate 
quaiemione  themselves  is, 

Kj  +  j-j  +  Kj-— ; 

this  sum  is  therefore  (Uways  scalar^  being  positive  if  the  angle  Lqhe  acute^  but 
negative  if  that  angle  be  obtuse. 

141.  In  the  intermediate  case^  when  the  angle  aob  is  rights  the  interval 
oiL  between  the  origin  o  and  the  line  bb'  vanishes ;  and  the  two  lately 
mentioned  numerators^  OB,  ob',  become  two  opposite  vectors^  of  which  the  sum 
is  null {5).  Now,  in  general,  it  is  natural,  and  will  be  found  userul,  or  rather 
necessary  (for  oonsistenoy  with /o;*in^r  definitions),  to  admit  that  a  null  vector ^ 
divided  by  an  actiuil  vector^  gives  always  a  Null  Quaternion  as  the  quotient ; 
and  to  denote  this  null  quotient  by  the  usual  symbol  for  Zero.  In  fact,  we 
have  (by  106)  the  equation, 

2.!LZ^.f.!!.1.1.0; 

a  a         a      a 

the  zero  in  the  numerator  of  the  ^-hand  fraction  representing  here  a  null 
line  (or  a  null  vector^  1,  2) ;  but  the  zero  on  the  ri^A^-hand  side  of  the  equation 
denoting  a  null  quotient  (or  quaternion).  And  thus  we  are  entitled  to  infer 
that  the  sum^  'Kq  +  q^  ox  q  +  Kg',  of  a  right-angled  quaternion^  or  right  quotient 
(132),  and  of  its  conjugate^  is  always  equal  to  zero. 

142.  We  have,  therefore,  the  three  following  formulae,  whereof  the  second 
exhibits  a  oofUinuity  in  the  transition  from  the  first  to  the  third : 

I.  .•j  +  Kg>0,    if    ^?<o> 
II.  ..j  +  Ky«0,    if    i^?=|; 

III.  • .  y +  Ky<0,    if    ^?>o' 

And  because  a  quaternion,  or  geometric  quotients  with  an  actual  and  finite 
divtsar^Hne  (as  here  oa),  cannot  become  eqtial  to  zero  unless  its  dividend- line 
vanishes,  beoause  by  (104)  the  equation 

-  =  0  »  -  requires  the  equation  /3  •  0, 
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if  a  be  aoy  actual  and  finite  vector,  we  may  infer,  oonverselyy  that  the  sum 
q  +  "Kq  cannot  vanish^  without  the  line  oa'  ako  vanishing ;  that  is,  without 
the  Unes  ob,  ob^  becoming  opposite  vectorsj  and  therefore  the  quaternion  q 
becoming  a  Hght  quotient  (132).  We  are  therefore  entitled  to  establish  the 
three  following  converse  formulae  (which  indeed  result  from  the  three  former) : 

IT 

r.  .  •  if  g  +  Kg'  >  0,    then    ^  J?  <  h  > 

IT 

II'.  . .  if  y  +  Kg=  0,    then    ^?  =  o5 

in'.  .  .  if  J' +  K5'<0,    then    Lq>  j:* 

143.  When  tico  opposite  vectors  (1),  as  /3  and  -  j3,  are  both  divided  by  one 
common  (and  actual)  vector,  a,  we  shall  say  that  the  ttvo  quotients^  thus 
obtained  are  Opposite  Quaternions  ;  so  that  the  opposite  of  any  quaternion 
;,  or  of  any  quotient  /3  :  o,  may  be  denoted  as  follows  (oomp.  4) : 

-/3     0-/3     0     j3     . 

a  a  a      a 

while  the  quaternion  q  itself  may,  on  the  same  plan,  be  denoted  (oomp.  7)  by 
the  symbol  0  +  g^,  or  +  g^.  The  sum  of  any  two  opposite  quaternions  is  zero^ 
and  their  quotient  is  negative  unity ;  so  that  we  may  write,  as  in  algebra 
(oomp.  again  7), 

(-?)  +  y  -(+?)  +  (-?)  =  0 ;     (-  ?) :  ?  =  -  1 ;  -  g  =  (- 1)  5 ; 
because,  by  106  and  141, 

a        a  a  a  a     a        p 

The  reciprocals  of  opposite  quaternions  are  themselves  opposite ;  or  in  symbols 
(comp.  126), 

1  1    ,  a        -  o        a 

—  «  — «  because  — 7^  =  -^r-  =  —  -tt  • 

m 

Opposite  quaternions  have  opposite  axes^  and  supplementary  angles  (comp.  fig. 

33,  bis) ;   so  that  we  may  establish   (oomp.  132, .  (5.) )  the  two  following 

general  formulae, 

L[-q)  ^ic  -  Lq\    Ax.(-5')«- Ax.g. 

144.  We  may  also  now  write,  in  full  consistency  with  the  recent  formulae 
II.  and  ir.  of  142,  the  equation, 

IF.  ..Kjr--y,    if    z?  =  g; 
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and  oonversely*  (oomp*  138), 

ir^.,if Kj  =  -?,    then    zKj-z?-|- 

In  words,  the  conjugate  of  a  right  quotient^  or  of  a  right-angled  (or  right) 
quaternion  (132),  is  the  right  quotient  opposite  thereto;  and  oon  tersely,  if  an 
actual  quaternion  (that  is,  one  which  is  not  null)  be  opposite  to  its  own  conjugate 
it  most  be  a  right  quotient. 

(1)  If  then  we  meet  the  equation, 

Ke^.e,  or^  +  Ke-o, 

a        a  a         a 

we  shall  know  that  p  X  a ;  and  therefore  (if  a  «  oa,  and  p  »  of,  as  before), 
that  the  hcus  of  the  point  P  is  deplane  through  o,  perpendicular  to  the  line  oa 
(as  in  132,  (1.)). 

(2.)  On  the  other  hand,  the  equation, 

a        a         a         a 

expresses  (bj  139)  that  the  quotient  p  :  a  is  a  scalar ;  and  therefore  (by  131) 
that  its  angle  z  (p :  a)  is  either  0  or  tt  ;  so  that  in  this  ease,  the  locus  of  p  is  the 
indefinite  right  line  through  the  two  points  o  and  A. 

146.  As  the  opposite  of  the  opposite,  or  the  reciprocal  of  the  reciprocal,  so 
also  the  corrugate  of  the  cotyugatCy  of  any  quaternion,  is  that  quaternion  itself  i 
or  in  symbols, 

-(-?)-  +  ?;        1:(1 :?)-?;        KKy«?-lj; 
so  that,  by  abstracting  from  the  subject  of  the  operation,  we  may  write  briefly, 

K*-KK  =  1. 

It  is  easy  also  to  prove,  that  the  conjugates  of  opposite  quaternions  are  them- 
selves opposite  quaternions  ;  and  that  the  conjugates  of  reciprocals  are  reciprocal : 
or  in  symbols,  that 

L.,K(-j)--K?,  or  K?  +  K(-y)«0; 


and 


II.  ..K:--l:Ky,    or    Kq.K-^l. 


p  *  It  will  be  seen  at  a  later  stage,  that  the  equation  Kj'  a  ~  ^,  or  qi-KqssO,  may  be  transformed 

to  thia  other  equation,  &q^0;  and  that,  under  this  last  form,  it  expresses  that  the  scalar  part  of  tbe 
^  quaternion  q  wmUh$9 :  or  that  this  quaternion  is  a  right  quotient  (132).    [See  196,  u.] 
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(I.)  The  equation  E(-g)  b-Ej^  is  included  (oomp.  143)  ia  this  more 
general  formula,  K(2^)  =  xKq^  where  x  is  any  ^' 

scalar]  and  this  last  equation  (comp.  126)  may     / 
be  proved,  by  simply  conoeiving  that  the  tw6  / 
lines  OB,  ob',  in  fig.  36,  are  multiplied  by  any  j 
oommon  scalar ;  or  that  they  are  both  cut  by  v 
any  parallel  to  the  line  bb\ 

(2.)  To  prove  that  conjugates  of  reciprocals        ''^*-. 

are  reciprocal,  or  that  Kj.K-  -  1,  we  may  pig.  86, ««. 

conceive  that,  as  in  the  annexed  figure  36,  Unj  while  we  have  iiill  the  relation 

of  inverse  similitude, 

AAOB'a'AOB  (118,  137), 

as  in  the  former  figure  36,  a  new  point  c  is  determined,  either  on  the  line  oa 
itself,  or  on  that  line  prolonged  through  a,  so  as  to  satisfy  either  of  the  two 
following  connected  conditions  of  direct  similitude  : 

A  BOG  ocaob';        a  b^oc  a  aob  ; 

or  simply,  as  a  relation  between  \hQ  four  points  o,  a,  b,  c,  the  formula, 

A  boo  a 'aob. 

For  then  we  shall  have  the  transformations, 

^1— OA     i^ob^     ob      oa      _1_ 
q         OB  00      oc     ob'     "Kq 

(3.)  The  two  quotients  ob  :  oa,  and  6b  :  oc,  that  is  to  say,  the  quaternion  q 
itself  sLad.  the  conjugate  of  its  reciprocal^  or*  the  reciprocal  of  its  co^fugate^  have 
the  same  angle^  and  the  same  axis ;  we  may  therefore  write,  generally, 

lY.-"^  Lq\  Ax.E-«Ax.j. 

(4.)  Since  oa  :  ob  and  oa  :  ob'  have  thus  been  proved  (by  sub-art.  2)  to  be 
a  pair  of  conjugate  quotients^  we  can  now  infer  this  theorem^  that  any  two  geo* 

metric  fractions^  ^  and  ^/,  which  have  a  common  numerator  a,  are  conjugate 

•  It  will  be  Been  afterwardf,  that  the  common  val^e  of  tbeee  two  equal  quatemione,  K-  and=- 

q        Kqf 

may  be  repreaented  by  either  of  the  two  new  symbols,  XJ^ :  T^,  or  qilffq;  or  in  words,  that  it  is 
equal  to  the  vcrtor  divid$d  btf  the  Unaor ;  and  also' to  the  qmtemion  itself  divided  hff  the  nwm,  [See 
190,  (3).] 
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quatemionSf  if  the  denominator  /3^  of  the  second  be  the  reflexion  of  the  denominO' 

tor  /3  of  the  firsts  tcith  reject  to  that  common  numerator  (oomp.  138, 1.) ; 

^  whereas  it  had  only  been  previously  aasumedj  as  a  definition  (137),  that  such 

conjugation  exists,  under  the  same  geometrical  condition,  between  the  two  other 

Q         0' 
(or  inverse)  fractions,  —  and  — ;  the  three  vectors  a,  j3,  j3'  being  supposed  to 

be  all  co^initial  (18). 

(5.)  Conversely,  if  we  meet,  in  any  investigation,  the  formula 

OA  :  ob'  «  K  (oA  :  ob), 

we  shall  know  that  the  point  \f  is  the  reflexion  of  the  point  b,  with  respect  to 
the  line  oa  ;  or  that  tbis  line,  oa,  prolonged  if  necessary  in  either  of  two 
opposite  directions,  bisects  at  right  angles  the  line  bb^  in  some  point  a',  as  in 
either  of  the  two  figures  36  (comp.  138,  II.). 

(6.)  Under  the  recent  conditions  of  construction,  it  follows  from  the  most 
elementary  principles  of  geometry,  that  the  circle^  which  passes  through  the 
three  points  a,  b,  o,  is  touched  at  b,  hy  the  right  line  ob  ;  and  that  this  line  is, 
til  length,  a  mean  proportional  between  the  lines  OA,  oc.  Let  then  on  be  such 
a  geometric  mean,  and  let  it  be  set  off  from  o  in  the  common  direction  of  the 
two  last  mentioned  lines,  so  that  the  point  n  falls  between  a  and  c ;  also  let  the 

'  vectors  oc,  on  be  denoted  by  the  symbols  7,  S ;   we  shall  then  have  ex- 

)  pressions  of  the  forms, 

S  =  aof  y  «  fl'o, 

where  a  is  some  positive  scalar,  a  >  0  ;  and  the  vector  j3  of  b  will  be  connected 
(oomp.  sub-art.  2)  with  this  scalar  a,  and  with  the  vector  a,  by  the  formula 

ob     _  oA  00     TT-  ob  a^a     ^  jS 

oc  OB  OB  OA  p  a 

(7.)  Conversely,  if  we  still  suppose  that  y  =  a^a^  this  last  formula  expresses 
the  inverse  similitude  of  tHangles,  A  boc  cc'  aob  ;  and  it  expresses  nothing  more : 
or  in  other  words,  it  is  satisfied  by  the  vector  j3  of  every  point  b,  which  gives 
that  inverse  similitude.  But  for  this  purpose  it  is  only  requisite  that  the 
length  of  ob  should  be  (as  above)  a  geometric  mean  between  the  lengths  of  oa, 
oc ;  or  that  the  two  lines,  ob,  od  (sub-art.  6),  should  be  equally  long :  or  finally, 
that  B  should  be  situated  somewhere  on  the  surface  of  a  sphere,  which  is  described 
^  so  as  to  pass  through  the  point  n  (in  fig.  36,  bis),  and  to  have  the  origin  0  for 

its  centre* 
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(8.)  If  then  we  meet  an  equation  of  the  form, 

p  a  a         a 

in  whioh  a  -  oa,  p  »  op,  and  a  is  a  scalar,  as  before,  we  shall  know  that  the 

locus  of  the  point  p  is  a  spheric  surface^  with  its  centre  at  the  point  o,  and  with 

the  veotor  aa  for  a  radius  ;  and  also  that  if  we  determine  a  point  c  by  the 

equation  oc  «  a'a,  this  spheric  locus  of  p  is  a  common  orthogonal  to  all  the  circles 

APC,  which  can  be  described,  so  as  to  pass  through  the  tico  fixed  points^  a  and  c : 

because  every  radius  op  of  the  y>here  is  a  tangent^  at  the  variable  point  p,  to  the 

circle  apc,  exactly  as  ob  is  to  abc  in  the  recent  figure. 

(9.)  In  the  same  fig.  36,  bis^  the  similar  triangles  show  (by  elementary 

principles)  that  the  length  of  bc  is  to  that  of  ab  in  the  sub-duplicate  ratio 

of  00  to  OA  ;  or  in  the  simple  ratio  of  od  to  oa  ;  or  as  the  scalar  a  to  1.    If 

then  we  meet,  in  any  research,  the  recent  equation  in  p  (sub-art.  8),  we  shall 

know  that 

length  of{p'-  a^a)  «  a  x  length  of{p-a); 

while  the  recent  interpretation  of  the  same  equation  gives  this  other  relation  of 

the  same  kind : 

length  of  p  «  a  x  length  of  a. 

(10.)  At  a  subsequent  stage  [200  (3)  ],  it  will  be  shown  that  the  Calculus 
of  Quaternions  supplies  Rules  of  Transformation ^  by  which  we  can  pass  from 
any  one  to  any  other  of  these  last  equations  respecting  p,  tcithout  (at  the  time) 
constructing  any  Figure^  or  {immediately)  appealing  to  Geometry :  but  it  was 
thought  useful  to  point  out,  already,  how  much  geometrical  meaning*  is  con- 
tained in  so  simple  a  formula^  as  that  of  the  last  sub-art.  8. 

(11.)  ThQ  product  of  ttco  conjugate  quatet^iions  is  said  to  be  their  common 

NoRM,t  and  is  denoted  thus  : 

qKq  =  Ng. 

•  A  student  of  ancient  geometry  may  recognise,  in  the  two  equations  of  sub-art.  9,  a  sort  of 
translation,  into  tlie  language  ofveetorsy  of  a  celebrated  local  theorem  of  Afollonevs  of  Perga,  which 
has  been  preserved  through  a  citation  made  by  his  early  commentator,  Eutocius,  and  may  be  thus 
enunciated :  Given  any  two  points  (as  here  a  and  c)  in  a  plane,  and  any  ratio  of  inequality  (as  here 
that  of  1  to  a),  it  is  possible  to  construct  a  circle  in  the  plane  (as  here  the  circle  bob'},  such  that  the 
(lengths  of  the)  two  right  lines  (as  here  ab  and  cb,  or  ap  and  cp],  which  are  inflected  from  the  two 
given  points  to  any  common  point  (as  b  or  p)  of  the  circimiference,  shall  be  to  each  other  in  the  given 
ratio.     {6.io  So$4rrt»p  ffrifttlwpf  ic.  r.  \.    P«ge  11  of  Halley's  Edition  of  Ai>ollonius,  Oxford,  udccx.) 

t  This  name.  Norm,  and  the  corresponding  eharaoterittic,  K,  are  here  adopted,  as  suggestions 
from  the  Theory  of  Numbers ;  but,  in  the  present  work,  they  will  not  be  often  wanted,  although  it 
may  occasionally  be  convenient  to  employ  them.    For  we  shall  soon  introduce  [in  187]  the  conception. 


/ 
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It  follows  that  NKq  «  N^ ;  and  that  the  no9yn  of  a  quaieimion  is  generally  a 
pontipe  scalar :  namely,  the  square  of  the  quotient  of  the  lengths  of  the  two  lines 
of  which  (as  vectors)  the  quaternion  Uself  is  the  quotient  (112).  In  faot  we 
have,  by  sub-art.  6,  and  by  the  definition  of  a  nonn^  the  transformations : 


OA      OA 


'   OC   OB'   OC  OB  _  DC  __  /^^^Y . 
.  "  OB'  '  OA   OB "  OA   OA  ~  \OAy  ' 


a      a       a      \length  of  aj 


As  a  limits  we  may  say  that  the  norm  of  a  null  quatenium  is  zero ;  or  in  symbols, 
N0  =  0. 

(12.)  With  this  notation,  the  equation  of  t/ie  spheric  locus  (sub-art.  8),  which 
has  the  point  o  for  its  oentre,  and  the  vector  oa  for  one  of  its  radii,  assumes 
the  shorter  form  : 

N^«a*;   orN-^-1. 
a  aa 


SECTION  7. 
•n  Radial  %ootleBti ;  and  ob  the  Square  of  a  %vateniloii. 

146.  It  was  early  seen  (comp.  Art.  2,  and  fig.  4)  that  anp  two  radii^  ab, 
ACy  of  any  one  circle,  or  sphere,  are  necessarily  unequal  vectors ;  because  their 
directions  differ.  On  Ihe  other  hand,  when  we  are  attending  onlp  to  relative 
direction  (110),  we  may  suppose  that  all  the  vectors  compared  are  not  merely 
c(hinitial  (18),  but  are  also  equally  long ;  so  that  if  their  common  length  be  taken 
for  the  unity  they  are  all  radii,  oa,  ob,  . .  of  what  we  ^ 

haye  called  the  Uhit-Sphei'e  (128),  described  round 
the  origin  as  centre ;  and  may  all  be  said  to  be  Unit^ 
Vectors  (129).    And  then  the  quaternion,  which  is     ^yy^\ 
the  quotient  of  any  one  such  vector  divided  by  any  ^  w    <»o 

other,  or  generally  the  quotient  of  any  two  equally  long 

reciarsy  may  be  called  a  Radial  Quotient;   or  sometimes  simply  a  Badial. 
(Compare  the  annexed  figure  39.) 


and  the  characteristic,  of  the  Tentor,  Tq,  of  a  quatemiozi,  which  is  of  gi-eater  geometrical  utility  than 
the  Nitrm^  hut  of  which  it  will  he  pro7ed  that  this  norm  is  simply  the  tquarey 

Cotupare  the  Note  to  sub-SLrt.  8. 

S  2 
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147.  The  two  UhU'SealarSf  namely,  Positive  and  Negative  Unity^  may  be 
oonsidered  as  limiting  cases  of  radial  quotients^  corresponding  to  the  ttoo  extreme 
valuesj  0  and  v^  of  the  angle  aob,  or  Lq  (131).    In  the  inter^ 

B 

mediate  case^  when  aob  is  a  right  angle^  or  Z  j'  =  ^,  as  in 

fig.  40,  the  resulting  quotient,  or  quaternion,  may  be  called 
(oomp.  132)  a  RigM  Radial  Quotient ;  or  simply,  a  Eight 
Badial.     The  consideration  of  such  right  radiah  will  be  o 
found  to  be  of  great  importance,  in  the  whole  theory  and 
practice  of  Qruatemions. 

148.  The  most  important  general  property  of  the  quotients  lost  mentioned 
is  the  following :  that  the  Square  of  every  Right  Radial  is  equal  to  Negative 
Unity ;  it  being  understood  that  we  write  generally,  as  in  algebra, 

q.q^qq^^, 

and  call  this  product  of  two  equal  quaternions  the  squarb  of  each  of  them. 


Fig.  40. 


Fig.  41,  Hi. 

For  if,  as  in  fig.  41,  we  describe  a  aemioirele  aba^  with  o  for  centre^  and  with 
OB  for  the  bisecting  radius^  then  the  two  right  quotients,  ob  :  oa,  and  oa'  :  ob, 
are  equal  (comp.  117) ;  and  therefore  their  common  square  is  (comp.  107)  the 
product^ 

^obV 

,oaJ 


(; 


oa'    ob     oa'_     - 

OB    *0A       OA  * 


where  oa  and  ob  may  represent  any  two  equally  long^  but  mutually  rectangular 
lines.  More  generally,  the  Square  of  every  Right  Quotient  (132)  is  equal  to  a 
Negative  Scalar ;  namely,  to  the  negative  of  the  square  of  the  number^  which 
represents  the  ratio  of  the  lengths*  of  the  two  rectangular  lines  compared ;  or 
to  zero  minus  the  square  of  the  number  which  denotes  (comp.  133)  the  length  of 
the  Index  of  that  Bight  Quotient :  as  appears  from  fig.  41,  bis^  in  which  on  is 


•  Hence,  by  146  (11.),  j«=  -  Ny,  if  ^  ^  =  -. 
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only  an  ordinate^  and  not  (as  before)  a  radius^  of  the  semioirole  aba'  ;  for  we 
have  thus, 

f2?Y.  9i'  .  _  (p!p^)\  if  OB  ±  OA. 

\0A/     OA         \lengtA  of  ok) 

149.  Thus  every  Right  Radial  is,  in  the  'present  System,  one  of  the  Square 
Roots  of  Negative  Unity;  and  may  therefore  be  said  to  be  one  of  the  Values  of 
the  Symbol y/-l;  whioh  celebrated  symbol  has  thus  a  certain  degree  of 
vaguenesSf  or  at  least  of  indeterminationy  of  meaning  in  this  theory,  on  account 
of  which  we  shall  not  often  employ  it.  For  although  it  thus  admits  of  a 
perfectly  clear  and  geometrically  real  Interpretation^  as  denoting  what  has  been 
above  called  a  Right  Radial  Quotient  ^  yet  the  Plane  of  that  Quotient  is  arbitrary; 
and  therefore  the  symbol  itself  must  be  considered  to  have  (in  the  present 
system)  indefinitely  many  values ;  or  in  other  words  the  Equation^  ^  ^  -1^ 
has  (in  the  Calculus  of  Quaternions)  indefinitely  many  Roots*  which  are  all 
Oeometrical  Reals :  besides  any  other  roots^  of  a  purely  symbolical  character^ 
whioh  the  same  equation  may  be  conceived  to  possess,  and  which  may  be 
called  Geometrical  Imaginaries.f  Conversely,  if  ;  be  any  real  quaternion, 
which  satisfies  the  equation  (/'"-l,  it  must  be  a  right  radial;  for  if,  as  in 
fig.  42,  we  suppose  that  A  aob  a  hoc,  we  shall  have 

,       /obV       00    OB       00 

?  "  —    »  —  .—  -—; 

\0A/         OB    OA       OA 

and  this  square  of  q  cannot  become  equal  to  negative  unity, 
except  by  oc  being  «  -  oa,  or  «  oa'  in  fig.  41 ;  that  is,  by 
the  line  ob  being  at  right  angles  to  the  line  oa,  and  being 
at  the  same  time  equally  long,  as  in  fig.  40. 
(1.)  If  then  we  meet  the  equation, 

where  a  »  oa,  and  p  »  op,  as  before,  we  shall  know  that  the  locus  of  the  point 

*  It  Hill  be  subsequently  sbown  [in  222],  that  if  d;,  y,  £  be  any  three  tealart,  of  which  the  sum  of 
the  equaree  i§  unUff,  so  that 

«»  +  y«  +  a^=i; 

and  if  i,j\  k  be  any  three  right  radiah,  in  three  mutually  reetanyular planet ;  then  the  expreetion^ 

q^ix  -^-Jy  +  A«, 

denotes  anoth$r  right  radial,  which  satisfies  [aa  euehy  and  by  symbolical  laws  to  be  assigned)  the 
equation  ^  as  _  l ;  and  is  therefore  one  of  the  geometrieaUy  real  values  of  the  aymbol  V  -  1. 

t  8ueh  imaginnriee  wiU  be  found  to  offer  themselves,  in  the  treatment  by  Quaternions  (or  rather 
by  vhatwill  be  caMedJBiquaternions),  o(  ideal  interseetionSf  and  of  ideal  contacts,  in  geotnetry  [see  214] ; 
but  we  confine  oar  attention,  for  the  present,  to  geometrical  reals  alone.  Compare  the  Notes  to  pages 
87  and  88. 
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p  is  tlie  circun\f€rence  of  a  circle^  with  o  for  its  centre^  and  with  a  radius  which 
has  the  same  kngth  as  the  line  oa  ;  while  the  plane  of  the  oirole  is  peipendieular 
to  that  given  line.  In  other  words,  the  locus  of  p  is  a  great  circle^  on  a  sphere 
of  which  the  centre  is  the  origin;  and  the  given  point  a,  on  the  same 
spheric  surface,  is  one  of  the  poles  of  that  circle. 

(2.)  In  general,  the  equation  ^*  =  -  a',  where  a  is  any  (real)  scalar j  requires 
that  the  quaternion  q  (if  real)  should  be  some  right  quotient  (132) ;  the 
number  a  denoting  the  length  of  the  index  (133),  of  that  right  quotient  or 
quaternion  (comp.  Art.  148,  and  fig.  41,  bis).  But  the  plane  of  q  is  still 
entirely  arbitrary ;  and  therefore  the  equation 

?•  -  -  a\ 
like  the  equation  q*  ^-1^  which  it  includes,  must  be  considered  to  have  (in 
the  present  system)  indefinitely  many  geometrically  real  roots. 
(3.)  Hence  the  equation, 

in  which  we  may  suppose  that  a>0,  expresses  that  the  locus  of  the  point  p  is  a 

(new)  circular  circumference^  with  the  line  oa  for  its  axis*  and  with  a  radius  of 

which  the  length  «  a  x  the  length  of  oa. 

150.  It  may  be  added  that  the  index  (133),  and  the  axis  (128),  of  a  right 

radial  {147)f  are  the  same;  and  that  its  reciprocal  (134),  its  conjugate  (137), 

and  its  opposite  (143),  are  all  equal  to  each  other.     Conversely,  if  the  reciprocal 

of  a  given  quaternion  q  be  equal  to  the  opposite  of  that  quaternion,  then  q  is  a 

right  radial;  because  its  square^  q^,  is  then  equal  (comp.  136)  to  the  quaternion 

itself,  divided  by  its  opposite ;  and  therefore  (by  143)  to  negative  unity.    But 

the  conjugate  of  every  radial  quotient  is  equal  to  the  reciprocal  of  that  quotient; 

because  if,  in  fig.  36  [p.  115],  we  conceive  that  the  three  Unes  oa,  ob,  ob^ 

are  equally  long,  or  if,  in  fig.  39,  we  prolong  the  arc  ba,  by  an  eqtuil  arc  ab',  we 

have  the  equation, 

ob'     oa     1 


And  conversely,! 


Kq 

OA       OB      q 

if  Kq  =  -,     or  if  qKq  «  1, 


then  the  quaternion  qisdk  radial  quotient. 


*  It  being  understood,  that  tlie  axis  of  a  circle  is  a  right  line  peipendicular  to  the  plane  of  that 
circle,  and  passing  through  its  centre. 

t  Hence,  in  the  notation  of  norms  (145,  (11.))}  i^  N^  s  1,  then  ;  ia  a  radial  \  and  conversely,  the 
nwm  of  a  radial  qmHmty  is  always  w^ojaXio  positive  unity. 
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SECTION  8. 

•n  tbe  ¥ersor  of  a  %oatenilon,  or  of  a  ¥ectori  and  on 
some  Cleneral  Formvl»  of  Transformation. 


161.  When  a  quaternion  q-^:a  is  thus  a  radial  quotient  (146),  or  when 
the  lengths  of  tlie  two  lines  a  and  j3  are  equaly  the  effect  of  this  quaternion  q^ 
considered  as  a  Factor  (103),  in  the  equation  qa  -  j3,  is  simply  the  turning  of 
the  muttiplicand'line  a,  in  the  plane  of  q  (119),  and  towards  the  hand  determined 
by  the  direction  of  the  positive  axis  Ax  .  q  (129),  through  the  angle  denoted  by 
Lq  (130) ;  so  as  to  bring  that  line  a  (or  a  revolving  line  which  had  coincided 
therewith)  into  a  tieiv  direction  :  namely,  into  that  of  the  product -Ihie  j3.  And 
with  reference  to  this  conceived  operation  of  turning,  we  shall  now  say  that 
every  Radial  Quotient  is  a  Yersor. 

152.  A  Versor  has  thus,  in  general,  a  plane,  an  axis,  and  an  angle ; 
namely,  those  of  the  Radial  [li6)  to  which  it  corresponds,  or  is  equal  x  the  only 
difference  between  them  being  a  difference  in  the  points  of  view*  from  which 
they  are  respectively  regarded ;  namely,  the  radial  as  the  quotient,  q,  in  the 
formula,  g  =  /3:a;  and  the  versor  as  the  (equal) /oc^or,  q,  in  the  converse 
formula,  ^  -  q.a;  where  it  is  still  supposed  that  the  two  vectors,  a  and  [i, 
are  equally  long. 

153.  A  versor,  like  a  radial  (147),  cannot  degenerate  into  a  scalar,  except 
by  its  angle  acquiring  one  or  other  of  the  two  limit-values,  0  and  tt.  In  the 
first  case,  it  hecomeB  positive  unity;  and  in  the  second  case,  it  becomes  negative 
unity :  each  of  these  two  unit-scalars  (147)  being  here  regarded  as  ^^  factor  (or 
coefficient,  oomp.  12),  which  operates  on  a  line,  to  preserve  or  to  reverse  its 
direction.    In  this  view,  we  may  say  that  -  1  is  an  Inversor ;  and  that  every 

jBi;(rA^F«r«(?r  for  versor  with  an  angle- ^j  is  a  Semi-inversor  :*  because  it  half" 
inverts  the  line  on  which  it  operates,  or  turns  it  through  haff  of  two  right  angles 

*  In  a  slightly  metaphytieal  mode  of  expression  it  may  be  said,  that  the  radial  ptoiUnt  is  the 
r$ntlt  of  an  anafysUf  wherein  two  radii  of  one  sphere  (or  circle)  are  compared^  as  regards  their  relative 
direction ;  and  that  the  equal  vereor  is  the  instrutnent  of  a  corresponding  tynthetiSf  wherein  one  radius 
is  conceived  to  be  generated,  by  a  certain  rotation,  from  the  other. 

t  This  word,  **  semi-inversor/'  will  not  be  often  used ;  but  the  introduction  of  it  here,  in  passing, 
seems  adapted  to  throw  light  on  the  vieto  taken,  in  the  present  work,  of  the  symbol  >J—  1,  when 
regarded  as  denoting  a  certain  important  class  (149)  of  Reals  in  Geotnetry.  There  are  uses  of  that 
symbol,  to  denote  Oeometrieal  Imaginaries  (comp.  again  Art.  149,  and  the  Notes  to  pages  87  and  88), 
coaaideted  as  connected  with  ideal  inlerseetionSf  and  with  ideal  contacts ;  but  with  such  uses  of  V  —  1 
we  have,  at  present,  nothing  to  do. 


I 
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(comp.  fig.  41).  For  the  same  reason,  we  are  led  to  consider  every  right  versor 
(like  every  right  radial^  149,  from  which  indeed  we  have  just  seen,  in  152, 
that  it  diflPers  only  m  factor  diflfers  from  quotient)^  as  being  one  of  the  square 
roots  of  negative  unity :  or  as  one  of  the  values  of  the  symbol^-  1. 

154.  In  fact  we  may  observe  that  the  effect  of  a  right  versor^  considered 
as  operating  on  a  line  (in  its  own  plane),  is  to  turn  that  line^  towards  a  given 
handj  through  a  right  angle.  If  then  q  be  such  a  versor^  and  if  ja  =  /3,  we  shall 
have  also  (comp.  fig.  41),  q^  =  -  a\  so  that,  if  a  be  any  line  in  the  plane  of  a 
right  versor  j,  we  have  the  equation, 

g' .  ja  =  -  a  ; 

whence  it  is  natural  to  write,  under  the  same  condition, 

as  in  149,  On  the  other  hand,  no  versor^  which  is  not  right-angledy  can  be  a 
value  q/'y/'  -  1 ;  or  can  satisfy  the  equation  q^a  =  -  a,  as  fig.  42  may  serve  to 
illustrate.  For  it  is  included  in  the  meaning  of  this  last  equation,  as  applied 
to  the  theory  of  versors^  that  a  rotation  through  2/.  g,  or  through  the  double  of 
the  angle  of  q  itself,  is  equivalent  to  an  inversion  of  direction ;  and  therefore  to 
a  rotation  through  two  right  angles. 

155.  In  general,  if  a  be  any  vector^  and  if  a  be  used  as  a  temporary* 
symbol  for  the  number  expressing  its  length  ;  so  that  a  is  here  a  positive  scalar^ 
which  bears  to  positive  unityy  or  to  the  scalar  +  1,  the  same  ratio  as  that  which 
the  length  of  the  line  a  bears  to  the  assumed  unit  of  length  (comp.  128) ;  then 
the  quotient  a :  a  denotes  generally  (comp.  16)  a  new  vector^  which  has  the 
same  direction  as  the  proposed  vector  a,  but  has  its  length  equal  to  that  assumed 
unit :  so  that  it  is  (comp.  146)  the  Unit-Vector  in  the  direction  of  a.  We  shall 
denote  this  unit-vector  by  the  symbol^  XTa ;  and  so  shall  write,  generally, 

XJa  =  -,    if  a^  length  of  a; 
a 

that  is,  more  fully,  if  a  be,  as  above  supposed,  the  number  (commensurable  or 
incommensurable,  but  positive)  which  represents  that  length,  with  reference  to 
some  selected  standard. 

156.  Suppose  now  that  g  «  /3  :  a  is  (as  at  first)  a  general  quateifiionj  or  the 
quotient  of  any  two  vectors,  a  and  /3,  whether  equal  or  unequal  in  length.  Such 
a  Quaternion  will  not  (generally)  be  a  Versor  (or  at  least  not  simply  such)^ 

*  We  shall  soon  propose  [in  185]  a  general  notation  for  representing  the  lengtht  ofve^rt,  accord- 
ing to  which  the  symbol  Ta  will  denote  what  has  been  aboTC  called  a ;  but  are  unwilling  to  introduce 
nioi-e  than  one  new  eharaeterUtic  of  operation,  such  as  K,  or  T,  or  U,  &c.,  at  one  time. 
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according  to  the  definition  lately  given  ;  because  ito  effecty  when  operating  as 
9^  factor  (103)  on  a,  will  not  in  general  be  simply  to  turn  that  line  (151) :  but 
will  (generally)  alter  the  lengthy*  as  well  as  the  direction.  But  if  we  reduce 
the  two  proposed  vectors,  a  and  )3,  to  the  two  unit-vectors  TJa  and  U/3  (155), 
and  form  the  quotient  of  these^  we  shall  then  have  taken  account  of  relative 
direction  alone :  and  the  result  will  therefore  be  a  versor^  in  the  sense  lately 
defined  (151).  We  propose  to  call  the  quotient,  or  the  versor,  thus  obtained, 
the  versor-elementy  or  briefly,  the  Vbrsor,  of  the  Quaternion  q ;  and  shall  find 
■  it  convenient  to  employ  the  same\  CkaractenstiCy  TJ,  to  denote  the  operation  of 

taking  the  versor  of  a  quaternion^  as  that  employed  above  to  denote  the  opera- 
tion (155)  of  reducing  a  vector  to  the  unit  of  lengthy  without  any  change  of  its 
direction.  On  this  plan,  the  symbol  JJq  will  denote  the  versor  ofq ;  and  the 
foregoing  definitions  will  enable  us  to  establish  the  General  Formula : 

'  TT       Tt/5       ^^ 

in  which  the  ttpo  unit-vectors^  T7a  and  U/3,  may  be  called,  by  analogy,  and  for 

other  reasons  which  will  afterwards  appear,  the  versorsX  of  the  vectors^  a  and  /3. 
)  157.  In  thus  passing  from  a  given  quaternion^  q^  to  its  versor ^  Ug,  we  have 

only  changed  (in  general)  the  lengths  of  the  two  lines  compared,  namely,  by 
i  reducing  eacli  to  the  assumed  unit  of  length  (155,  156),  without  making  any 

f  change  in  their  directions.    Hence  the  plane  (119),  the  axis  (127,  128),  and 

'  the  angle  (130),  of  the  quaternion,  remain  unaltered  in  this  passage ;  so  that 

we  may  establish  the  two  following  general  formulse  : 

LJJq^  Lq\        Ax . XJ g  «  Ax .  j'. 

)  *  By  what  we  shall  soon  call  an  act  of  tmtion,  which  will  lead  ub  to  the  consideration  of  the  tensor 

of  a  qiiatemion. 

t  For  the  moment,  this  doable  use  of  the  characteristic  IJ,  to  assist  in  denoting  both  the  tmit» 
vector  TJa  derived  from  a  given  line  a,  and  aho  the  vereor  JJq  derived  from  a  quaternion  q,  may  be 
regarded  as  established  here  by  arbitrary  dejinition  ;  but  as  permitted,  because  the  difference  of  the 
ejfmboit,  as  here  a  and  q,  which  serve  for  the  present  to  denote  vectors  and  quatei-nions,  considered  as 
the  tuhfects  of  these  two  operations  V,  will  prevent  such  double  nse  of  that  eharacteristie  from  giving 
rise  to  any  confusion.    But  we  shall  further  find  that  several  important  analogies  are  by  anticipation 

^  expreuedf  or  at  least  suggested^  when  the  proposed  fu>^a^t0ft  is  employed.    Thus  it  will  be  found  (comp. 

the  Note  to  page  121),  that  every  vector  a  may  usefully  be  equated  to  that  right  quotient,  of  which  it 
is  (133)  the  index  \  and  that  then  the  unit-vector  Ua  may  be,  on  the  same  plan,  equated  to  that  right 
radial  (147) ,  which  is  (in  the  sense  lately  defined)  the  versor  of  that  right  quotient.  We  shall  also  find 
ourselves  led  to  regard  everg  unit'vector  as  the  axis  of  a  quadrantal  (or  right)  rotation,  in  a  plane 
perpendicular  to  that  axis :  which  will  supply  another  inducement,  to  speak  of  every  sueh  vector  as  a 
versor.  On  the  whole,  it  appears  that  there  will  be  no  inconvenience,  but  rather  a  prospective 
advantage,  in  our  already  reading  the  symbol  Ua  as  **  versor  of  a**;  just  as  we  may  read  the  analogous 
symbol  Vq,  as  **  versor  ofq,^*  [Compare  286  and  290.] 
*  Compare  the  Note  immediately  preceding. 
Hamilton's  Blbhsnts  of  Quaternions.  T 
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More  generally  we  may  write, 

L^^  iq^  and  Ax.g'- Ax.j,  if  XJ/eUg; 

the  veraor  of  a  qtuiternlon  depmding  solely  on^  but  conversely  being  sufficient  to 
detemiinej  the  relative  direction  (156)  of  the  two  lines^  of  which  (as  vectors)  the 
quaternion  itself  is  the  quotient  (112) ;  or  the  axis  and  angle  of  the  rotation^ 
in  the  plane  of  those  two  lines,  from  the  divisor  to  the  dividend  (128) :  so 
that  any  two  quaternions,  which  have  equal  veraora^  must  also  have  equal  angles^ 
and  equal  (or  coincident)  axea^  as  is  expressed  by  the  last  written  formula. 
Conversely,  from  this  dependence  of  the  vevsor  JJq  on  relative  direction*  alone^ 
it  follows  that  any  two  quaternions,  of  which  the  angles  and  the  axes  are 
equal,  have  also  eqiMtl  versors ;  or  in  symbok,  that 

Uj'^XJ^,    if    /.q^-lqj    and    Ax.^^  Ax.q. 

i^or  example,  we  saw  (in  138)  that  the  conjugate  and  the  reciprocal  of  any 
quaternion  have  thus  their  angles  and  their  axes  the  same ;  it  follows,  there- 
fore, that  the  versor  of  the  conjugate  is  always  equal  to  the  versor  of  the  redpro^ 
cal;  so  that  we  are  permitted  to  establish  the  following  general  formula,! 

TJKy  =  U-. 

q 

158.  Again,  because 

it  follows  that  the  versor  of  the  reciprocal  of  any  quaternion  is,  at  the  same 
time,  the  reciprocal  of  the  versor ;  so  that  we  may  write, 

U-  =  4-;    or    JJq.V^^l. 
q     Vq'  ^       q 

Hence,  by  the  recent  result  (157),  we  have  also,  generally, 

UKj  =  :^;     or,    1Jg.XJKj=l. 

*  The  unit'Veetor  IJa,  which  we  have  recently  proposed  (166)  to  call  the  vinor  of  the  vector  a, 
depends  in  like  manner  on  the  direction  of  that  vector  alone ;  which  exchuive  reference^  in  each  of  these 
two  cases,  to  Direction,  may  serre  as  an  additional  motive  for  employing,  as  we  have  lately  done, 
one  common  name,  Vbisor,  and  one  eomtnon  eharaeterietie,  U,  to  assist  in  descrihing  or  denoting  both 
the  Unit'  Victor  tJa  itself  and  the  Quotient  of  two  such  Unit-  Veetore,  U^  «=  XJi9 :  Ua ;  aU  danger  of 
eonfuiion  being  sufficiently  guarded  against  (comp.  the  Note  to  Art.  166),  by  the  difference  of  the  two 
eymbolSf  a  and  q,  employed  to  denote  the  vector  and  the  guatemiot^  which  are  respectively  the  tuhfeet* 
of  the  two  operatione  U ;  while  those  two  operations  agree  in  this  eesential  point,  that  each  serves  to 
eliminate  the  quantitative  element,  of  absolute  or  relative  length, 

t  Compare  the  Note  to  Art.  188, 
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AIbo,  because  the  ffersar  Vq  is  always  a  radial  quotient  (151,  152),  it  is  (bj 
150)  the  corrugate  ofita  otm  reciprocal  \  and  therefore,  at  the  same  time  (oomp. 
145),  the  reciprocal  of  its  oum  conjugate  \  so  that  the  product  of  ttco  coi^fugate 
tersorSf  or  what  we  have  called  (145,  (11.)  )  their  common  Norm,  is  always 
equal  to  positive  unity;  or  in  symbols  (oomp.  150), 

NUg-Uj.KUg-1. 

For  the  same  reason,  the  conjugate  of  the  versor  of  any  quaternion  is  equal  to 
the  reciprocal  of  that  versor,  or  (by  what  has  just  been  seen)  to  the  versor  of  the 
reciprocal  of  that  quaternion ;  and  therefore  also  (by  157),  to  the  versor  of  the 
conjugate ;  so  that  we  may  write  generally,  as  a  summary  of  recent  results, 
the  formula : 

^9         9 

each  of  these  four  symbols  denoting  a  new  versor^  which  has  the  same  plane, 
and  the  same  angle,  as  the  old  or  given  versor  TJq,  but  has  an  opposite  axis,  or 
an  opposite  direction  of  rotation :  so  that,  with  respect  to  that  given  Versor,  it 
may  naturally  be  called  a  Beybrsor. 

159.  As  regards  the  versor  itself,  whether  of  a  vector  or  of  a  quaternion, 
the  definition  (155)  of  TJa  gives, 

TJxa  =  +  Ua,     or     =  -  TJa,    according  as    a?  >  or  <  0 ; 

because  (by  15)  the  scalar  coefficient  x  preserves,  in  the  first  case,  but  reverses, 
in  the  second  case,  the  direction  of  the  vector  a;  whence  also,  by  the  definition 
(156)  of  TJ^,  we  have  generally  (comp.  126, 143), 

TJofq  «  +  JJq,    or    «  -  JJq,    according  as    a?  >  or  <  0. 

The  versor  of  a  scalar,  regarded  as  the  limit  of  a  quaternion  (131, 139),  is  equal 
to  positive  or  negative  unity  (comp.  147,  153),  according  as  the  scalar  itself  is 
positive  or  negative ;  or  in  symbols, 

TJx  -  +  1,    or    -  -  1,    according  as    «  >  or  <  0 ; 

iAiQ  plane  and  axis  of  each  of  these  two  unit  scalars  (147),  considered  as  versors 
(153),  being  (as  we  have  already  seen)  indeterminate.  The  versor  of  a  null 
quaternion  (141)  must  be  regarded  as  wholly  arbitrary,  unless  we  happen  to 
know  a  law,*  according  to  which  the  quaternion  tends  to  zero,  before  actually 
reaching  that  limit ;  in  which  latter  case,  the  plane,  the  axis,  and  the  angle  of 

*  Compare  the  Note  to  Art.  131. 

T  2 
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the  versor^  T70  may  all  become  determined^  as  limits  deduoed  from  that  law. 
The  versor  of  a  right  quotient  (132),  or  of  a  right-angled  quafemion  (141),  is 
always  a  flight  radial  (147),  or  a  right  versor  (153) ;  and  therefore  is,  as  such, 
one  of  the  square  roots  of  negative  unity  (149),  or  one  of  the  valines  of  the  symbol 
v^  -  1 ;  while  (by  160)  the  axis  and  the  index  of  snch  a  versor  coincide ;  and 
in  like  manner  its  reciprocal^  its  conjugate^  and  its  opposite  are  all  equal  to  each 
other. 

160.  It  is  evident  that  if  a  proposed  quaternion  q  be  already  a  mrsor  (151), 
in  the  sense  of  being  a  radial  (146),  the  operation  of  taking  its  versor  (156) 
produces  no  change ;  and  in  like  manner  that,  if  a  given  vector  a  be  already  an 
unit-vector^  it  remains  the  same  vector,  when  it  is  divided  (155)  by  its  own 
length  \  that  is,  in  this  case,  by  tlie  number  on>e.  For  example,  we  have 
assumed  (128,  129),  that  the  axis  of  every  quaternion  is  an  unit-vector  \  we 
may  therefore  vmte,  generally,  in  the  notation  of  165,  the  equation, 

TJ  (Ax .  g)  =  Ax .  g. 

A  second  operation  XT  leaves  thus  the  remit  of  the  first  operation  XT  unchanged^ 
whether  the  subject  of  such  successive  operations  be  a  lincy  or  a  quaternion ;  we 
have  therefore  the  two  following  general  formulea,  differing  only  in  the 
symbols  of  that  subject : 

whence,  by  abstracting  (comp.  1^5)  from  the  subject  of  the  operation,  we  may 
write,  briefly  and  symbolically, 

U'  =  uu  «  u. 

161.  Hence,  with  the  help  of  145,  168,  159,  we  easily  deduce  the  follow- 
ing (among  other)  transformations  of  the  versor  of  a  quaternion  : 

JJq  =  TJiT^,  if  a;  >  0 ;         =  -  Vxq^  if  a?  <  0. 
We  may  also  write,  generally, 

*  When  the  uro  in  this  symbol^  UO,  is  confiidered  as  denoting  a  ntUl  vector  (2),  the  symbol  itself 
denotes  generally ,  by  the  foregoing  principles,  an  indeterminate  unit'Veetor ;  although  the  direction  of 
this  unit-veotor  may,  in  certain  questions,  beeomfi  determined,  as  a  limit  resulting  from  a  law. 
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the  parentheses  being  here  unneoessarj,  because  (as  will  soon  be  more  fully 

seen)  the  symbol  TJy*  denotes  om  common  versor^  whether  we  interpret  it  as 

denoting  the  square  of  the  versor^  or  as  the  versor  of  the  square^  of  q.    The 

present  Calculus  will  be  found  to  abound  in  General  Transformations  of  this 

sort ;  which  all  (or  nearly  all),  like  the  foregoing,  depend  ultimately  on  very 

simple  geometrical  conceptions'^  but  which,  notwitlistanding  (or  rather,  perhaps, 

on  account  of)  this  extreme  simplicity  of  their  origin^  are  often  usefulj  as 

elements  of  a  new  kind  of  Symbolical  Language  in  Geometry :  and  generally,  as 

instmments  of  expression^  in  all  those  mathematical  or  physical  researches  to 

wbioh  the  Calculus  of  Quaternions  can  be  applied.      It  is,  however,  by  no 

means  necessary  that  a  student  of  the  subject,  at  the  present  stage,  should 

make  himself  familiar  with  all  the  recent  transformations  of  XJ^;  although  it 

may  be  well  that  he  should  satisfy  himself  of  their  correctness,  in  doing  which 

the  following  remarks  will  perhaps  be  found  to  assist. 

(1.)  To  give  a  geometrical  illustration,  which  may  also  serve  as  a  proof  of 

the  recent  equation, 

J  :  Kj  -  (Uq)\ 

we  may  employ  fig.  36,  bis  [p.  128]  ;  in  which,  by  145,  (2.),  we  have 

1         OB      Ok        OB        /obV      /ttObV      /tt  \2 
Kq       OA      OB        OB        \0D/       \     OA/ 

(2.)  As  regards  the  equation,  JJif)  -  (U^)%  we  have  only  to  conceive  that 
the  three  lines  oa,  ob,  oc,  of  fig.  42,  are  cut  (as  in  fig.  42,  bis)       c 
in  three  new  points,  a',  b',  (/,  by  an  unit'Circle  (or  by  a  circle 
with  a  radius  equal  to  the  unit  of  length),  which  is  described 
about  their  common  origin  o  as  centre,  and  in  their  common 
plane ;  for  then  if  these  three  lines  be  called  a,  /3,  7,  the  three 
new  lines  oa',  ob',  oc'  are  (by  156)  the  three  unit-vectors  de- 
noted by  the  symbols,  Ua,  TJ/S,  XT7 ;  and  we  have  the  trans-  q* 
formations  (oomp.  148, 149), 

(3.)  As  regards  other  recent  transformations  (161),  although  we  have  seen 
(135)  that  it  is  not  necessary  to  invent  any  new  or  peculiar  symbol,  to  represent 
the  reciprocal  of  a  quaternion,  yet  if «  for  the  sake  of  present  convenience,  and 
as  a  merely  temporary  notation,  we  write 

9 

employing  thus,  for  a  moment,  the  letter  K  as  a  characteristic  of  reciprocation^ 
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or  of  the  operation  of  taking  the  reciprocal,  we  shall  then  have  the  stfmboUeal 
equations  (comp.  145,  158) : 

Il»  =  K'  =  l;       RK  =  ZR;       RTT  =  UR  =  KU -TJK; 

but  we  have  also  (by  160),  U'  =  TJ ;  whenoe  it  easily  follows  that 

XJ  =  RTJR  =  RKTJ  =  RUZ  =  ZITR  -  KRU  =  KUK 
=  URK  =  UKR  =  UKUR  -  UKRU  -  (UK)*  =  &o. 
(4.)  The  equation 

U^=TJ^,    or  simply,    Up=TJ8, 

a         a 

expresses  that  the  Iocub  of  the  point  p  is  the  indefinite  right  line^  or  rap  (eomp. 
132,  (4.)),  which  is  drawn  from  o  in  the  direction  o/ob^  but  not  in  the  opposite 
direction ;  because  it  is  equivalent  to 

Ug  =  l;    or    ^^  =  0;    or    p^x^yX>0. 

(6.)  On  the  other  hand  the  equation, 

Ue«-U^,    or    U^  =  -U/3, 

a  a 

expresses  (oomp.  132,  (5.))  that  the  locus  of  p  is  the  opposite  ray  from  o ;  or 
that  it  is  the  indefinite  prolongation  of  the  revector  bo  ;  because  it  may  be  trans- 
formed to 

"Cr^  =  -1;     or    L^-ir\     or    p  =  a?/3,  «  <  0. 

(6.)  If  a,  /3,  7  denote  (as  in  sub-art.  2)  the  three  lines  oa,  ob,  oc  of  fig. 
42  (or  of  fig.  42,  6w),  so  that  (by  149)  we  have  the  equation  -  =  (—)>  then 
this  other  equation, 

expresses  generally  that  the  locus  of  p  is  the  system  of  the  two  last  loci ;  or 
that  it  is  the  whole  indefinite  right  linCj  both  ways  prolonged,  through  the  two 
points  o  and  b  (comp.  144,  (2.)). 

(7.)  But  if  it  happen  that  the  line  7,  or  oc,  like  oa^  in  fig.  41  (or  in  fig. 
41,  bis)j  has  the  direction  opposite  to  that  of  a,  or  of  oa,  so  that  the  last 
equation  takes  the  particular  /ormj 


(-SJ-. 
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then  IT  -  must  be  (by  154)  a  right  versor ;  and  reoiprooally,  everj/  nght  f>€r8ory 

a 

with  a  plane  oontaining  a,  will  be  (by  153)  a  value  satisfying  the  equation. 
In  this  case,  therefore,  the  locus  of  the  point  p  is  (as  in  132,  (1.),  or  in  144, 
(1.))  the  plane  through  Oy  perpendicular  to  the  line  oa;  and  the  reoent  equation 
itself,  if  supposed  to  be  satisfied  by  a  real*  vector  p,  may  be  put  under  either 
of  these  two  eai'lier  but  equivalent /onn« : 


SECTION    9. 

•n  Teetor-Arcfl,  and  Tector-Angles,  considered  as  RepresentatlTe* 
of  Yemors  of  f^naternlons  %  and  on  the  llaltlplleatlon  and 
Division  of  any  one  sncli  ¥er«or  by  anollier. 

162.  Since  every  unit-vector  oa  (129),  drawn  from  the  origin  o,  terminates 
in  some  point  a  on  the  surface  of  what  we  have  called  the  unit-sphere  (128), 
that  tertn  a  (1)  may  be  considered  as  a  Representative  Pointy  of  which  the 
position  on  that  surface  determines,  and  may  be  said  to  represent,  the  direction 
of  the  line  oa  in  space ;  or  of  that  line  multiplied  (12, 17)  by  ani/  positive  scalar. 
And  then  the  Quaternion  which  is  the  quotient  (112)  of  any  ttpo  such  unit- 
vectors,  and  which  is  in  one  view  a  Radial  (146),  and  in  another  view  a 
Versor  (151),  may  be  said  to  have  the  arc  of  a  great  circle,  ab,  upon  the  unit 
sphere,  which  connects  the  terms  of  the  two  vectors,  for  its  Representative  Arc. 
We  may  also  call  this  arc  a  Ybctor  Arc,  on  account  of  its  having  a  definite 
direction  (comp.  Art.  1),  such  as  is  indicated  (for  example)  by  a  cut^ed  arrow 
in  fig.  39  [p.  131]  ;  and  as  being  thus  contrasted  with  its  own  opposite,  or  with 
what  may  be  called  by  analogy  the  Revector  Arc  ba  (comp.  again  1) :  this 
latter  arc  representing,  on  the  present  plan,  ut  once  the  reciprocal  (134),  and 
the  conjugate  (137),  of  the  former  versor ;  because  it  represents  the  corre- 
sponding Reversor  (168). 

163.  This  mode  of  representation,  of  versors  of  quaternions  by  vector  arcs, 
would  obviously  be  very  imperfect,  unless  equals  were  to  be  represented  by 
equals.  We  shall  therefore  define,  as  it  is  otherwise  natural  to  do,  that  a  vector 
arc,  AB,  upon  the  unit  sphere,  is  equal  to  every  other  vector  arc  cd  which  can  be 

*  Compare  149,  (2.) ;  aUo  the  second  Kote  to  the  same  Article ;  and  the  Notes  to  pages  87  and  88. 
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derived  from  it,  by  simply  causing  (or  oonoeiying)  it  to  alide*  in  ita  own  great 
circle,  mthout  any  change  of  lengthy  or  reversal  of  direction.  In  fact,  the  two 
isosceles  and  plane  triangles  aob,  cod,  whieli  have  the  origin  o  for  their 
common  vector,  and  rest  upon  the  chords  of  these  two  arcs  as  bases,  are  thus 
complanar,  similar,  and  similarly  turned ;  so  that  (by  117, 118)  we  may  here 
write,  ^  OB      on 

A  AOB  OC  COD,      —  =  — ; 

OA       GO 

the  condition  of  the  equality  of  the  quotients  (that  is,  here,  of  the  versors), 

represented  by  the  two  arcs,  beiug  thus  satisfied.     We  shall  j^ 

sometimes  denote  this  sort  of  equality  of  two  rector  arcs,  ab  /'^^'^ 

and  CD,  by  the  formula,  /    /  \ 

n  AB  =»  A  CD ;  /    /  \« 

and  then  it  is  clear  fcomp.  125,  and  the  earlier  Art.  3)  that     1/^^'^'"'     \ 
we  shall  also  have,  by  what  may  be  called  inversion  and  ' 

alternation,  these  two  other  f  ormulsB  of  arcual  equality,  * 

n  BA  =  n  DC  ;  n  AC  =  n  BD. 

(Compare  the  annexed  figure  35,  bis.) 

164.  Conversely,  unequal  versors  ought  to  be  represented  (on  the  present 
plan)  by  unequal  vector  arcs ;  and  accordingly,  we  purpose  to  regard  any  two 
such  arcs,  as  being,  for  the  present  purpose,  unequal  (comp.  2),  even  when  they 
agree  in  quantity,  or  contain  the  same  number  of  degrees,  provided  that  they 
differ  in  direction:  which  may  happen  in  either  of  two  principal  ways,  as 
follows.  For,  1st,  they  may  be  opposite  arcs  of  one  great  circle;  as,  for 
example,  a  vector  arc  ab,  and  the  corresponding  revector  arc  ba  ;  and  so  may 
represent  (162)  a  versor,  ob  :  oa,  and  the  corre- 
sponding reversor,  oA  :  ob,  respectively.  Or,  Ilnd, 
the  tuH>  arcs  may  belong  to  different  great  circles,  like 
ab  and  bg  in  fig.  43 ;  in  which  latter  case,  they 
represent  two  radial  quotients  (146)  in  different 
planes  ;  or  (comp.  119)  two  diplanar  verso-rs,  ob  :  oa, 
and  OC :  OB ;  but  it  has  been  shown  generally  (122), 
that  diplanar  quaternions  are  always  unequal :  we 
consider  therefore,  here  again  the  arcs,  ab  and  bc,  themselves,  to  be  (as  has 
been  said)  unequal  vectors. 

*  Some  aid  to  the  conception  maj  here  he  derived  from  the  inspection  of  fig.  84  [p.  11 8] ;  in  which 
two  equal  angha  are  supposed  to  he  traced  on  the  surface  of  one  eomnum  desk.    Or  the  four  lines  oa, 
OB,  OC,  OD,  of  fig.  35,  may  now  he  conceived  to  he  equally  long  ;  or  to  he  cut  hy  a  circle  with  o  for 
•  centre  as  in  the  modification  of  that  figure,  which  is  given  in  Article  163,  a  little  lower  down. 
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165.  In  this  maanery  then,  we  maj  be  led  (oomp.  122)  to  regard  the 

conception  o/apfane^  or  of  the  poeiiion  of  a  great  circle  on  the  unit  sphere,  as 

enteriDgy  essentially ^  in  general,*  into  the  conception  of  a  metor-arc^  oonsidered 

as  the  representative  of  a  versor  (162).    But  even  without  expressly  referring  to 

vei'sorsy  we  maj  see  that  if,  in  fig.  43,  we  suppose  that  b  is  the  middle  point 

of  an  arc  kjl  of  a  great  cirole,  so  that  in  a  reoent  notation  (163)  we  may 

establish  the  arcual  eqtuitionf 

o  AB  =  A  ba', 

we  ought  then  (oomp.  105)  not  to  write  a&o, 

n  AB  -  A  BC  ; 

because  the  ttvo  co-initial  arcs,  ba'  and  bg,  which  terminate  differently^  must  be 
oonsidered  (oomp.  2)  to  be,  as  vector-arcs^  unequal.  On  the  other  hand,  if  we 
should  refuse  to  admit  (as  in  163)  that  any  two  complanar  arcs^  if  equally  long, 
and  similarly  (not  oppositely)  directed,  like  ab  and  cd  in  the  reoent  fig.  35,  bis^ 
are  equal  vectors,  we  could  not  usefully  speak  of  equality  between  vector-arcs  as 
existing  under  any  circumstances.  We  are  then  thus  led  again  to  include, 
generally,  the  conception  of  emplane,  or  of  one  great  circle  as  distinguished  from 
another,  as  an  element  in  the  conception  of  a  Vector- Arc.  And  hence  an 
equation  between  two  such  arcs  must  in  geueral  be  conceived  to  include  tu>o 
relations  of  co-arcuality.  For  example,  the  equation  a  ab  =  n  cd,  of  Art.'^163, 
includes  generally,  as  a  part  of  its  signification,  the  assertion  (comp.  123)  that 
the  four  points  a,  b,  c,  d  belong  to  one  common  great  circle  of  the  unit-sphere ; 
or  that  each  of  the  two  points,  c  and  d,  is  co-arcual  with  the  two  other  points, 
A  and  B. 

166.  There  is,  however,  a  remarkable  case  of  exception,  in  which  two  vector 
arcs  may  be  said  to  be  equal,  although  situated  in  different  planes :  namely, 
when  they  are  both  greai  semicircles.  In  fact,  upon  the  present  plan,  every 
great  semicircle,  aa',  considered  as  a  vector  arc,  represents  an  inversor  (153) 
or  it  represents  negative  unity  {ojl  :  oa  »  -  a  :  a  «  -  1),  considered  as  one  limit 
of  a  ve^'sor ;  but  we  have  seen  (159)  that  such  a  versor  has  in  general  an  inde- 
terminate  plane.  Accordingly,  whereas  the  initial  and  final  points,  or  (oomp.  1) 
the  origin  a  and  the  term  b,  of  a  vector  arc  ab,  are  in  general  sufficient  to 
determine  the  plane  of  that  arc,  considered  as  the  shortest  or  the  most  direct 
path  (comp.  112, 128)  from  the  one  point  to  the  other  on  the  sphere;  in  the 
particular  case  when  one  of  the  two  given  points  is  diametrically  opposite  to 

*  We  say,  in  general ;  for  it  will  soon  be  seen  that  there  is  a  sense  in  which  <Ul  great  eefnieircles, 
considered  as  vector  arcs,  may  be  said  to  be  equal  to  each  other. 

HAMaTOM's  Elbkbnts  op  Quatkrnionh.  U 
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the  other,  as  a'  to  a,  the  direction  of  this  path  beoomes,  on  the  contrary,  inde- 
terminate. If  then  we  only  attend  to  the  effect  produced^  in  the  way  of  change 
of  position  of  a  pointy  by  a  conceived  vection  (or  motion)  upon  the  sphere,  we  are 
permitted  to  say  that  all  great  semicircles  are  equal  vector  arcs ;  each  serving 
simply,  in  the  present  view,  to  transport  a  point  from  one  position  to  the 
opposite)  and  thereby  to  reverse  (like  the  factor-  1,  of  which  it  is  here  the 
representative)  the  direction  of  the  radius  which  is  drawn  to  that  point  of  the 
unit  sphere. 

(1.)  The  equation,  n  aa'  «  n  bb', 

in  which  it  is  here  supposed  that  a'  is  opposite  to  a,  and  b'  to  b,  satisfies 
evidently  the  general  conditions  of  co^arcuality  (165) ;  because  iAxQ  four  points 
aba'b^  are  all  on  one  great  circle.  It  is  evident  that  the  same  aroual  equation 
admits  (as  in  163)  of  inversion  and  alternation ;  so  that 

rs  JlJl  =  n  b'b,      and    n  AB  «  n  a'b'. 

(2.)  We  may  also  say  (comp.  2)  that  all  null  arcs  are  equals  as  producing 
no  effect  on  the  position  of  a  point  upon  the  sphere;  and  thus  may  write 
generally, 

A  AA  =  A  BB  =  0, 

with  the  alternate  equation,  or  identity,  a  ab  =  r»  ab, 

(3.)  Every  such  null  vector  arc  aa  is  a  representative^  on  the  present  plan, 
of  the  other  unit  scalar j  namely  positive  unity y  considered  as  another  limit  of  a 
versor  (153) ;  and  its  phne  is  again  indeterminate  (159),  unless  some  law  be 
given,  according  to  which  the  arcual  vection  may  be  conceived  to  heginy  from  a 
given  point  a,  to  an  indefinitely  near  point  b  upon  the  sphere. 

167.  The  principal  use  of  Vector  ArcSy  in  the  present  theory,  is  to  assist 
in  representingy  and  (so  to  speak)  in  constructing,  by  means  of  a  Spherical 
Triangle,  the  Multiplication  and  Division  of  any  two  Diplanar  Versors  (comp. 
119,  164).  In  fact,  any  two  such  versors  of  quaternions  (156),  considered  as 
radial  quotients  (152),  can  easily  be  reduced  (by  the  general  process  of  Axt, 
120)  to  the  forms, 

q-  (i:a  =  OB:oAy        g^  «  7  :  |3  =  oc :  ob, 

where  a,  b,  c  are  corners  of  such  a  triangle  on  the  unit  sphere ;  and  then  (by 
107),  the  former  quotient  multiplied  by  the  latter  will  give  for  product : 

q\  q  -  y  :  a  =  oc:  OA. 

If  then  (on  the  plan  of  Art.  1)  any  ttco  successive  arcs,  as  ab  and  bc  in  fig.  43, 
be  called  (in  relation  to  each  other)  rector  and  proveetor ;  while  that  third  are 
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AC,  whioh  is  drawn  from  the  initial  point  of  the  first  to  the  final  point  of  the 
second,  shall  be  called  (on  the  eame  plan)  the  tramvector :  we  may  now  say 
that  in  the  multiplication  of  any  one  versor  (of  a  quaternion)  by  any  other,  if 
the  multiplicand  q  be  represented  (162)  by  a  vector -arc  ab,  and  if  the  multiplier 
Q^  be  in  like  manner  represented  by  a  pravector-arc  bc,  which  mode  of  repre- 
sentation is  always  possible,  by  what  has  been  already  shown,  then  the  product 
/ .  ?,  or  j^g,  is  represented^  at  the  same  time,  by  the  transvector-arc  ac  corre- 
sponding. 

168.  One  of  the  most  remarkable  consequences  of  this  construction  of  the 
multiplication  o/f^ersors  ib  the  following:  that  the  value  of  the  product  of  two 
diplanar  versors  (164)  depends  upon  the  order  of  the  factors ;  or  that  q'q  and  q^ 
are  unequal^  unless  /  be  complanar  (119)  with  q.  For  let  aa'  and  ex/  be  any 
two  arcs  of  great  circles,  in  different  planes^  bisecting  each  other  in  the  point  b, 
as  fig.  43  is  designed  to  suggest ;  so  that  we  have  the  two  arcnal  equations 

(163), 

A  AB  =  r»  ba',    and    n  bc  «  a  a  b  ; 

then  one  or  other  of  the  two  following  alternatives  will  hold  good*  Either, 
1st,  the  two  mutually  bisecting  arcs  will  both  be  semicircles^  in  which  case  the 
two  new  arcSf  ac  and  c'a',  will  indeed  both  belong  to  one  great  circle^  namely 
to  that  of  which  b  is  a  pole,  but  will  have  opposite  directions  therein ;  because, 
in  this  case,  a^  and  &  will  be  diametrically  opposite  to  a  and  c,  and  therefore 
(by  166,  (1.) )  the  equation 

n  AC^  r\  a'c', 

but  not  the  equation 

n  AC  =  A  c'a', 

will  be  satisfied.  Or,  Ilnd,  the  arcs  aa'  and  cc',  which  are  supposed  to  bisect 
each  other  in  b,  will  not  both  be  semicircles,  even  if  one  of  them  happen  to  be 
such;  and  in  this  case,  the  arcs  ac,  cV  will  belong  to  two  distinct  great  circles, 
so  that  they  will  be  diplanar^  and  therefore  unequal,  when  considered  as 
vectors.  (Compare  the  Ist  and  Ilnd  cases  of  Art.  164.)  In  each  case,  therefore, 
AC  and  c'a'  are  unequal  vector  arcs ;  but  the  former  has  been  seen  (167)  to 
represent  the  product  q^q ;  and  the  latter  represents,  in  like  manner,  the  other 
product,  qq^y  of  the  same  two  versors  taken  in  the  opposite  order,  because  it  is 
the  new  transvector  arc,  when  c'b  («  bc)  is  treated  as  the  new  vector  arc,  and 
ba'  (-  ab)  as  the  new  provector  arc,  as  is  indicated  by  the  curved  arrows  in 

*  Here,  as  in  107,  and  elsewhere,  we  write  the  symbol  of  the  muUiplier  towards  the  left-hand,  and 
that  of  the  multiplieand  towards  the  right. 

U  2 
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fig.  43.  The  two  products^  q'q  and  ggf^  are  therefore  themselves  unequal^  as 
above  asserted,  under  the  supposed  condition  of  diplananty. 

169.  On  the  other  hand,  when  the  two  factors,  q  and  /,  are  complnnar 
versorsy  it  is  easy  to  prove,  in  several  different  ways,  that  their  products,  ^q 
and  qq\  are  equals  as  in  algebra.  Thus  we  may  conceive  that  the  arc  cc^,  in 
fig.  43,  is  made  to  turn  round  its  middle  point  b,  until  the  spherical  angle  cba' 
vanishes ;  and  then  the  two  new  transvector-arcSj  ac  and  cV,  will  evidently 
become  not  only  complanar  but  equal,  in  the  sense  of  Art.  163,  as  being  stiil 
equally  long,  and  being  now  similarly  directed.  Or,  in  fig.  35,  bis^  of  the  last 
cited  Article,  we  may  conceive  a  point  s,  bisecting  the  arc  bc,  and  therefore 
also  the  arc  ad,  which  is  commedial  therewith  (comp.  Art.  2,  and  the  second 
figure  3  of  that  Article) ;  and  then,  if  we  represent  the  one  versor  q  by  either 
of  the  two  equal  arcs,  ae,  bd,  we  may  at  the  same  time  represent  the  other 
versor  ^  by  either  of  the  two  other  equal  arcs,  bc,  be  ;  so  that  the  one  product, 
gfq,  will  be  represented  by  the  arc  ac,  and  the  other  product,  y/,  by  the  equal 
arc  BD.  Or,  without  reference  to  vector  arcs,  we  may  suppose  that  the  two 
factors  are, 

?  »  /3 :  o  »  OB :  0A9        j^=  y  :  a  =  00 :  OA, 

OA,  OB,  oc  being  any  three  complanar  and  equally  long  right  lines  (see  again 
fig.  35,  bis) ;  for  thus  we  have  only  to  determine  a  fourth  line,  8  or  od,  of  the 
same  length,  and  in  the  same  plane,  which  shall  satisfy  the  equation 
8  :  y  =  /3  :  o  (117),  and  therefore  also  (by  125)  the  alternate  equation, 
8 :  ^  =  7  :  a ;  and  it  will  then  immediately  follow*  (by  107)  that 

.         8^887  , 

pa       a      y   a 

We  may  therefore  infer,  for  any  two  versors  of  quaternions,  q  and  /,  the  two 
following  reciprocal  relations : 

\...<iq-qi,    if    /Ilk  (123); 

II.  ..ify'y-y/,    then    ?'|||?(168); 

convertibility  0/ factors  (as  regards  their  places  in  the  product)  being  thus  at 
once  a  consequence  and  h  proof  ol  complanarity. 

170.  In  the  1st  case  of  Art.  168,  the  factors  q  and  ^  are  both  right  versors 
(153)  ;  and  because  we  have  seen  that  then  their  twoproductSj  q^q  and  qq^,  are 


•  It  is  eyident  that,  in  this  last  process  of  reasoning,  we  make  no  tue  of  the  supposed  equaliif  of 
Imgthi  of  the  four  lines  compared;  so  that  we  might  prove,  in  exactly  the  same  way,  that 
q q '^  q^  ii  q' \\\q  (123),  without  assuming  that  these  two  complanar  faclori^  or  quaternions,  q  and 
q\  are  venors. 


4 
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versors  represented  by  equally  long  but  oppositely  direoted  aros  of  one  great 
drde,  as  in  the  1st  case  of  164,  it  follows  (oomp.  162j  that  these  two  products 
are  at  once  reciprocal  (134),  and  conjugate  (137),  to  each  other;  or  that  they 
are  related  as  veraor  and  revereor  (158).    We  may  therefore  write,  generally, 

I.  •  .  gj^  =  Kj^y,     and    II. .  .  j/  «  -^, 

if  q  and  ^  be  any  two  right  versors ;  because  the  multiplication  of  any  two 

such  yersors,  in  two  opposite  orders,  may  always  be  represented  or  constructed 

by  a  figure  such  as  that  lately  numbered  43,  in  which  the  bisecting  arcs  aa' 

and  c&  are  semicircles.    The  Ilnd  formula  may  also  be  thus  written  (comp. 

135, 164) : 

III.  .  .  if  3*«  -  1,  and  jr'»  =  -  1,  then  y'y .  jy'  ■=  +  1 ; 

and  under  this  form  it  evidently  agrees  with  ordinary  algebra,  because  it 
expresses  that,  under  the  supposed  conditions^ 

but  it  will  be  found  that  this  last  equation  is  not  an  identity  in  the  general 
theory  of  quaternions. 

171.  If  the  two  bisecting  semicircles  cross  each  other  at  right  angles^  the 
conjugate  products  are  represented  by  ttco  quadrants^  oppositely  tutmed^  of  one 
great  circle.  It  follows  that  if  two  right  versors^  in  two  mutually  rectangular 
planes^  he  multiplied  together  in  Uco  opposite  orders^  the  two  resulting  products 
frill  be  two  opposite  right  versors^  in  a  third  planCy  rectangular  to  the  two  former ; 
or  in  symbols,  that 

if  3^  =  -  1,  2^  «  -  1,  and  Ax.  ^  ±  Ax.q, 

then  (/?)•- (y?')' =  - 1,    i^q^-qq"; 

and  Ax.qfq  ±AjL.qj    Ax.  ^q ±Ajl.  qf. 

In  this  case,  therefore,  we  haye  what  would  be  in  algebra  a  paradox^  namely 
the  equation, 

istqy  =  -  ^'.  q\ 

m 

if  q  and  ^  be  any  two  right  f>ersorSy  in  two  rectangular  planes ;  but  we  see  that 
this  result  is  not  more  paradoxical,  in  appearance,  than  the  equation 

3^j  =  -  qq\ 

which  exists,  under  the  same  conditions.  And  when  we  come  to  examine  what, 
in  the  last  analysis,  may  be  said  to  be  the  meaning  of  this  last  equation,  we 
find  it  to  be  simply  this :  that  any  two  quadrantal  or  flight  rotations^  in  planes 
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perpendicular  to  each  other^  compound  themselves  into  a  third  right  rotation^  as 
their  resultant^  in  a  plane  perpendicular  to  each  of  them :  and  that  this  third  or 
resultant  rotation  has  one  or  other  of  two  opposite  directions^  according  to  the 
order  in  which  the  two  component  rotations  are  taken,  so  that  one  shall  be 
successive  to  the  other. 

172.  We  propose  to  return,  in  the  next  section,  to  the  consideration  of 
such  a  System  of  Right  Versors  as  that  which  we  have  here  briefly  touched 
upon :  but  desire  at  present  to  remark  (comp.  167)  that  a  spherical  triangle 
ABC  may  serve  to  construct,  by  means  of  representative  arcs  (162),  not  only  the 
multiplication,  but  also  the  division,  of  any  one  of  two  diplanar  versors  (or 
radial  quotients)  by  the  other.  In  fact,  we  have  only  to  conceive  (comp. 
fig.  43)  that  the  vector  arc  ab  represents  a  given  divisor,  say  g,  or  j3 :  a,  and 
that  the  transvector  arc  ac  (167)  represents  a  given  dividend,  suppose  y",  or 
y :  a  ;  for  then  \hQ  protector  arc  bc  (comp.  again  167)  will  represent,  on  the 
same  plan,  the  quotient  of  these  two  versors,  namely  g":  g',  or  7 :  j3  (106),  or  the 
versor  lately  called  ^\  since  we  have  generally,  by  106,  107,  120,  for 
quaternions,  as  in  algebra,  the  two  identities : 

{f'q).q  =  f\  (iq^i^i- 

173.  It  is  however  to  be  observed  that,  for  reasons  already  assigned,  we 
must  not  employ,  for  diplanar  versors,  such  an  equation  as  q .  (/':  q)  -  g"; 
because  we  have  found  (168)  that,  for  such  versors,  the  ordinary  algebraic 
identity,  q^  =  ^q,  ceases  to  be  true.  In  fact  by  169,  we  may  now  establish 
the  two  converse  f  ormulee  : 

L  ..     q{fiq)-f,    if     /'|ll?(123); 

II.  ..iiq  {q"':  q)  =  ?",  then  g^'  |||  q. 

Accordingly,  in  fig.  43,  if  q,  q^,  ^'  be  still  represented  by  the  arcs  ab,  bc, 
AC,  the  product  q  {q^'i  q),  or  q^,  is  not  represented  by  ac,  but  by  the  different 
arc  cV  (168),  which  as  a  vector  arc  has  been  seen  to  be  unequal  thereto : 
although  it  is  true  that  these  two  last  arcs,  ac  and  cV,  are  always  equally 
long,  and  therefore  subtend  equal  angles  at  the  centre  o  of  the  unit  sphere ;  so 
that  we  may  write,  generally,  for  any  two  versors  (or  indeed  for  any  two 
quaternions),*  q  and  q'\  the  formula, 

*  It  will  Boon  be  seen  [see  191]  that  several  of  the  fonnulas  of  the  present  section,  respecting  the 
inuUiplieatum  and  division  of  versart,  considered  as  radial  quotients  (151),  require  little  or  no  modi- 
fication, in  the  passage  to  the  corresponding  operations  on  quaternions,  considered  as  general  quotients 
qf  vectors  (112). 
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174-  Another  mode  of  Representation  of  Veraorsj  or  rather  two  such  new 
modes,  although  intiiuatelj  oonneoted  with  each  other,  may  be  briefly  noticed 
here. 

Ist.  We  may  consider  the  angle  aob,  at  the  centre  o  of  the  unit'Spherey  when 
coDoeived  to  have  not  only  a  definite  quantity ^  but  also  a  determined /?Ai»^  (110), 
and  a  given  direction  therein  (as  indicated  by  one  of  the  curved  arrows  in 
fig.  39  [p.  131],  or  by  the  arrow  in  fig.  33  [p.  HI]),  as  being  what  may  be  called 
by  analogy  a  Vector^Angk ;  and  may  say  that  it  represents,  or  that  it  is  the 
Representative  Angle  of,  the  Versor  ob  :  oa,  where  oa,  ob  are  radii  of  the  unit- 
sphere. 

Und.  Or  we  may  replace  this  rectilinear  angle  aob  at  the  centre,  by  the 
equal  Spherical  Angle  ac%  at  what  may  be  called  the  Positive  . 
Pole  of  the  representative  arc  ab  ;  so  that  (/a  and  c'b  are  qtutd- 
rants ;  and  the  rotation,  at  this  pole  d,  from  the  first  of  these  two 
quadrants  to  the  second  (as  seen  from  a  point  outside  the  sphere), 
has  the  direction  which  has  been  selected  (111,  127)  for  the 
positive  one,  as  indicated  in  the  annexed  figure  44 :  and  then 
we  may  consider  this  spherical  angle  as  a  new  Angular  Reprc" 
sentative  of  the  same  versor  q,  or  ob  :  oa,  as  before. 

175.  Conceive  now  that  after  employing  a  first  spherical  triangle  abc,  to 
construct  (as  in  167)  the  multiplication  of  any  one  given  versor  q,  by  any  other 
given  versor  q\  we  form  a  second  or  polar  triangle,  of  which  the  comers  a',  b',  o' 
shall  be  respectively  (in  the  sense  just  stated)  the  posi- 
live  poles  of  the  three  successive  sides,  bc,  ca,  ab,  of  the 
former  triangle ;  and  that  then  we  pass  to  a  third  tri- 
angle a'bV,  as  part  of  the  same  lune  b'i&'^  with  the 
aeoond,  by  taking  for  b"  the  point  diametrically  opposite 
to  b'  ;  so  that  b^'  shall  be  the  negative  pole  of  the  arc 
ca,  or  the  positive  pole  of  what  was  lately  called  (167) 
the  transvector-arc  AO :  also  let  c'^  be,  in  like  manner, 
the  point  opposite  to  &  on  the  unit  sphere.     Then  we 
may  not  only  write  (oomp.  129), 

AjL.q'q 


Fig.  44. 


OA 


Ax .  q  =  0(f,      Ax .  / 
but  shall  also  have  the  equations, 
Z?-b'Va',      2:/=CaV, 


OB 


Fig.  45. 


these  three  spherical  angles,  namely  the  ttoo  base-angles  at  &  and  a',  and  the 
external  vertical  angle  at  b",  of  the  new  or  third  triangle  a'bV,  will  therefore 


162  ELEMENTS  OP  QUATERNIONS.  [U.  i.  §  9. 

represent,  respectively,  on  the  plan  of  174,  II.,  the  multiplieandy  g,  the  multi- 
plier,  g^y  and  the  product,  q'q.     (Compare  the  annexed  figure  45.) 

176.  Without  expressly  referring  to  the  former  triangle  abc,  we  can 
connect  this  last  construction  of  multiplication  ofva'sors  (176)  with  the  general 
formula  (107),  as  follows. 

Let  a  and  /3  he  now  conceived  to  he  two  unit-tangents*  to  the  sphere  at  cf, 
perpendicular  respectively  to  the  two  arcs  c/b"  and 
(fA\  and  drawn  towards  the  same  sides  of  those  arcs 
as  the  points  a'  and  b'  respectively;  and  let  two 
other  unit-tangents,  equal  to  these,  and  denoted  hy 
the  same  letters,  be  drawn  (as  in  the  annexed  figure 

45,  bis)  at  the  points  b'^  and  a\  so  as  to  he  normal 
there  to  the  same  arcs  c/b^^  and  o'a^  and  to  fall 
towards  the  same  sides  of  them  as  before.  Let  also 
two  other  unit-tangents,  equal  to  each  other,  and 
each  denoted  by  7,  be  drawn  at  the  two  last  points  *"  pj^  45  ^^ 
b"  and  jlj  so  as  to  be  both  perpendicular  to  the  arc 
a!b'\  and  to  fall  towards  the  same  side  of  it  as  the  point  </.  Then  (comp. 
174,  II.)  the  two  quotients,  j3  :  a  and  7  :  /3,  will  be  equal  to  the  two  f>ersors,  q 
and  g',  which  were  lately  r^fn^esented  (in  fig.  45)  by  the  two  base  angles,  at  c' 
and  a',  of  the  spherical  triangle  a'b'V;  \ihQ  product,  /j,  of  these  two  versors, 
is  therefore  (by  107)  equal  to  the  third  quotient,  7:0;  and  consequently  it  is 
represented,  as  before,  by  the  external  vertical  angle  c'Va'  of  the  same  triangle, 
which  is  evidently  equal  in  quantity  to  the  angle  of  this  third  quotient,  and 
has  the  same  axis  ob",  and  the  same  direction  of  rotation,  as  the  arrows  in  fig. 

46,  bis,  may  assist  to  show. 

177.  In  each  of  the  two  last  figures,  the  internal  vertical  angle  at  b''  is  thus 
equal  to  the  Supplement,  ir  -  l  ^q^  of  the  angle  of  the  product*,  and  it  is  im- 
poi-tant  to  observe  that  the  corresponding  rotation  at  the  vertex  B",from  the 
side  b'V  to  the  side  b'V,  or  (as  we  may  briefly  express  it)  from  the  point  a'  to 
the  point  cf,  18  positive ;  a  result  which  is  easily  seen  to  be  a  general  one,  by  the 
reasoning  of  the  foregoing  Article.!  We  may  then  infer,  generally,  that 
when  the  multiplication  of  any  two  versors  is  constructed  by  a  spherical  triangle^ 
of  which  the  two  base  angles  represent  (as  in  the  two  last  Articles)  the  factors, 

*  Bj  an  unit  tangent  is  here  meant  simply  an  unit  line  (or  unit  veetOTf  129)  so  drawn  as  to  be 
tangential  to  the  unit^iphere^  and  to  have  its  originy  or  its  initial  point  (I),  on  the  turfaee  of  that 
sphere,  and  not  (as  we  haye  ueually  supposed)  at  the  centre  thereof. 

t  If  a  person  be  supposed  to  stand  on  the  aphere  at  b",  and  to  look  towards  the  arc  aV,  it  would 
appear  to  him  to  haye  a  right-handed  direction,  which  is  the  one  here  adopted  as  positive  (127). 
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while  the  external  vertical  angle  repr^ents  the  product^  then  the  rotation  round 
the  axis  (ob")  of  that  product  ^q^from  the  axis  (oa')  of  the  multiplier  j^,  to  the 
axis  (o(/}  of  the  multiplicand  q^  is  positive :  whenoe  it  follows  that  the  rotation 
round  the  axis  Ax .  ^  of  the  multiplier,  from  the  axis  Ax .  q  of  the  multipli- 
candy  to  the  axis  Ax  •  g^q  of  the  product,  is  also  positive.  Or,  to  express  the 
same  thing  more  fully,  sinoe  the  only  rotations  liitherto  considered  have  been 
plane  ones  (as  in  128,  &o.),  we  may  say  that  if  the  two  latter  axes  be  projected 
on  a  plane  perpendicular  to  the  former^  so  as  still  to  have  a  common  origin  o, 
then  the  rotation  round  Ax .  ((^from  the  projection  of  Ax  .  q  to  the  projection 
of  Ax .  /g,  will  be  directed  (with  our  conventions)  towards  the  right  hand, 

178.  We  have  therefore  thus  a  new  mode  of  geometrically  exhibiting  the 
inequality  of  the  two  product Sy  q^q  and  qgfy  of  two  diplanar  versors  (168),  when 
taken  as  factors  in  two  different  orders.    For  this  purpose,  let 

Ax .  g  =  OP,    Ax  .^'=00,    Ax .  g^j  =  or  ; 

and  prolong  to  some  point  s  the  arc  pr  of  a  great  circle  on  the  unit  sphere. 
Then,  for  the  spherical  triangle  pqr,  by  principles  lately  established,  we  shall 
have  (comp.  175)  the  following  values  of  the  two  internal  base  angles  at  p 
and  Q,  and  of  the  external  vertical  angle  at  r  : 

RPQ  =  z  J ;         PQR  =  z  s^ ;         SRQ  -  L^q\ 

and  the  rotation  at  q,  from  the  side  qp  to  the  side  qr  will  be  right-handed. 
Let  fall  an  arcual  perpendicular,  rt,  from  the  vertex  r  on  s 

the  base  pq,  and  prolong  this  perpendicular  to  r',  in  such  a  y^l 

manner  as  to  have  /        \ 


A  RT  =  A  tr'  ; 


also  prolong  pr'  to  some  point  s'.     "We  shall  then  have  a    \Tj 
new  triangle  pqr',  which  wiU  be  a  sort  of  rejlexion  (comp,      \ 
138)  of  the  old  one  with  respect  to  their  common  base  pq  ;         \ 
and  this  new  triangle  will  serve  to  construct  the  netc  product, 
qq\    For  the  rotation  at  p  from  pq  to  pr'  will  be  right-  o 

Fur.  46. 

banded,  as  it  ought  to  be ;  and  we  shall  have  the  equations, 

qpr'  =  z  ? ;         r'qp  =  Z  S^  ;        QR's'  =  Lqq" ;        or'  =  Ax  .  jj^  ; 

so  that  the  new  external  and  spherical  angle,  qr's',  will  represent  the  new  versor, 
q^,  as  the  old  angle  srq  represented  the  old  versor,  ^q,  obtained  from  a  different 
order  of  the  factors.    And  although,  no  doubt,  these  two  angles,  at  r  and  r', 
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are  always  equal  in  quantity^  so  that  we  may  establish  (oomp.  173)  the  general 
formula^ 

cq'q^-iqq'f 

yet  as  vector  angles  (174),  and  therefore  as  representatives  ofversors^  they  must 
be  considered  to  be  unequal :  because  they  have  different  planes^  namely,  the 
tangent  planes  to  the  sphere  at  tlie  two  vertices  r  and  r'  ;  or  the  two  planes 
respectively  parallel  to  these,  which  are  drawn  through  the  centre  o. 

179,  Division  of  Versors  (comp.  172)  can  be  constructed  by  means  of  Re- 
presentative Angles  (174),  as  well  as  by  representative  arcs  (162).  Thus  to 
divide  q"  by  g,  or  rather  to  represent  such  division  geometrically y  on  a  plan 
entirely  similar  to  that  last  employed  for  multiplication,  we  have  only  to 
determine  the  two  points  p  and  r,  in  fig.  46,  by  the  two  conditions, 

OP  -  Ax .  g,         OR  =  Ax .  /', 
and  then  to  find  a  third  point  Q  by  the  two  angular  equations, 

RPQ  =  Z  ?,  ORP  =  Tf  -  l4\ 

the  rotation  round  p  from  pr  towards  pq  being  positive ;  after  which  we  shall 
have, 

Ax  .(?":?)  =  oq;        l  (/' :  ?)  =  pqr. 

(1.)  Instead  of  conceiving,  in  fig.  46,  that  the  dotted  line  rtr^,  which  con- 
nects the  vertices  of  the  two  triangles,  with  pq  for  their  common  base  (178), 
is  Bn  arc  of  a  great  circle^  perpendicularly  bisected  by  that  base,  we  may 
imagine  it  to  be  bxl  arc  of  a  small  circlcy  described  with  the  point  p  for  its 
positive  pole  (comp.  174,  II.).  And  then  we  may  say  that  the  passage  (oomp. 
173)  ^/rom  the  versor  <(\  or  /^,  to  the  unequal  versor  q  (j^':  ?),  or  qgf^  is  geo- 
metrically performed  by  a  Conical  Rotation  of  the  Axis  Ax .  ^\  round  the  axis 
Ax .  g,  through  an  angle  =  2z.qy  without  any  [quantitative)  change  of  the  angle  l  j"; 
so  that  we  have,  as  before,  the  general  formula  (comp.  again  173), 

(2.)  Or  if  we  prefer  to  employ  the  construction  of  multiplication  and 
division  by  representative  arcs^  which  fig.  43  [p.  144]  was  designed  to  illus- 
trate, and  conceive  that  a  new  point  d'  is  determined  in  that  figure  by  the 
condition  n  aV^  -  a  (/a',  we  may  then  say  that  in  the  passage  from  the  versor 
/',  which  is  represented  by  ac,  to  the  versor  q  {<(' :  q)^  represented  by  (/a'  or  by 
a'c",  the  representative  arc  of(j['  is  made  to  move^  without  change  of  lengthy  so  as 
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to  preserve  a  constant  inclination*  to  the  representative  arc  ab  of  q^  while  its 
initial  point  describes  the  double  of  that  arc  ab,  in  passing  from  a  to  a\ 

(3.)  It  may  be  seen,  bj  these  few  examples,  that  if,  even  independently 
of  some  new  characteristics  ofoperatiouy  such  as  K  and  U,  new  combinations  qf 
old  symbols^  such  as  q[g[''q)i  occur  in  the  present  Calculus,  which  are  not 
wanted  in  algebra,  they  admit  for  the  most  part  of  geometrical  interpretations, 
of  an  easy  and  interesting  kind  ;  and  in  fact  represent  conceptions,  which  can- 
not well  be  dispensed  with,  and  which  it  is  useful  to  be  able  to  express,  with 
so  much  simplicity  and  conciseness.  (Compare  the  remarks  in  Art.  161 ;  and 
the  sub-articles  to  132, 145.) 

180.  In  connexion  with  the  construction  indicated  by  the  two  figures  46, 
it  may  be  here  remarked,  that  if  abc  be  any  spherical  triangle,  and  if  Jl,  b',  (f 
be  (as  in  175)  the  positive  poles  of  its  three  successive  sides,  bc,  ca,  ab,  then  the 
rotation  (comp.  177,  179)  round  a' from  b'  to  cf,  or  that  round  b'  from  (/  to  a', 
&o.,  is  positive.  The  easiest  way,  perhaps,  of  seeing  the  truth  of  this  assertion 
is  to  conceive  that  if  the  rotation  round  a  from  b  to  o  be  not  already  positive, 
we  make  it  such,  by  passing  to  the  diametrically  opposite  triangle  on  the  sphere^ 
which  will  not  change  the  poles  a\  b',  cf.  Assuming  then  that  these  poles 
are  thus  the  near  ones  to  the  corresponding  comers  of  the  given  triangle,  we 
arrive  without  any  difficulty  at  the  conclusion  stated  above :  which  has  been 
virtually  employed  in  our  construction  of  multiplication  (and  division)  of  versors, 
by  means  of  Representative  Angles  (175,  176) ;  and  which  may  be  otherwise 
justified  (as  before),  by  the  eonsideration  of  the  unit-tangents  of  fig.  45,  bis, 

(1.)  Let  then  a,  /3,  y  be  any  three  given  unit  vectors,  such  that  the  rotation 
roimd  the  first,  from  the  second  to  the  third,  is  positive  (in  the  sense  of  Art. 
177) ;  and  let  a,  fi\  y^  be  three  other  unit  vectors,  derived  from  these  by  the 
equations, 

a'=Ax.(y:^),        P'  =  Ax.(a:y),        /=Ax.(j3:a); 

then  the  rotation  round  a,  from  /3^  to  y\  will  be  positive  also ;  and  we  shall 
haye  the  converse  formulad, 

o  =  Ax  .  (/  r/SO,        /3  =  Ax .  (o' :  y),       y  =  Ax.  (j3':  a% 

(2.)  If  the  rotation  round  a  from  j3  to  7  were  given  to  be  negative,  a,  /3',  7' 
beiBg  still  deduced  from  those  three  vectors  by  the  same  three  equations  as 
before,  then  the  signs  of  a,  /3,  y  would  all  require  to  be  changed,  in  the  three 

*  In  a  maimer  analogous  to  the  motion  of  the  equator  on  the  eeliptie,  by  luni-solar  preeetnon,  in 
wttronomj. 

X  2 
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last  (or  reciprocal)  f ormulsB ;  but  the  rotation  round  a',  from  /3'  to  y',  would 
still  be  positive. 

(3.)  Before  closing  this  section,  it  may  be  briefly  noticed,  that  it  is  some- 
times convenient,  from  motives  of  analogy  (oomp.  Art.  5),  to  speak  of  the 
Transvector-Arc  (167),  which  has  been  seen  to  represent  a  product  of  two 
versors,  as  being  the  Arcual  Sum  of  the  two  successive  vector-arcs^  which 
represent  (on  the  same  plan)  the  factors  ;  Provector  being  still  said  to  be  added 
to  Vector :  but  the  Order  of  such  Addition  of  Diplanar  Arcs  being  not  now 
indifferent  (168),  as  the  corresponding  order  had  been  early  found  (in  7)  to 
be,  when  the  vectors  to  be  added  were  right  lines.     [Thus  in  fig.  43,  n  bc 

+  n  AB  =  ^  AC    and    nBA'  +  n  c'b  =  n  c'a'.      But  n  BA'  =  n  AB    and    n  (/b  =  n  BC, 

consequently  a  ab  +  n  bc  =  n  c'a'.  If  a  and  /3  are  any  two  vector  arcs,  and  if 
X  is  any  scalar,  a?  (a  ±  j3)  is  fiot  equal  to  xa  ±  x(i.  Compare  14,  and  notice 
that  the  property  there  proved  depends  on  the  possibility  of  constructing 
similar  plane  triangles  of  different  sizes.] 

(4.)  We  may  also  speak  occasionally,  by  an  extension  of  the  same  analogy, 
of  the  External  Vertical  Angle  of  a  spherical  triangle,  as  being  the  Spherical 
Sum  of  the  two  Base  Angles  of  that  triangle,  taken  in  a  suitable  order  of  sum' 
mation  (comp.  fig.  46} ;  the  Angle  which  represents  (174)  the  Multiplier  being 
then  said  to  be  added  (as  a  sort  of  Angular  Provector)  to  that  other  Vector^ 
Angle  which  represents  the  Multiplicand]  whilst  what  is  here  called  the  sum 
of  these  two  angles  (and  is,  with  respect  to  them,  a  species  of  Transvector* 
Angle)  represents,  as  has  been  proved,  the  Product. 

(5.)  This  conception  of  angular  transvection  becomes  perhaps  a  little  more 
clear,  when  (on  the  plan  of  174, 1.)  we  assume  the  centre  o  as  the  common 
vertex  of  three  angles  aob,  boc,  aoc,  situated  generally  in  three  different  planes* 
For  then  we  may  conceive  a  revolving  radius  to  be  either  carried  by  two 
successive  angular  motions^  from  oa  to  ob,  and  thence  to  oc ;  or  to  be  trans- 
ported immediately,  by  one  such  motion,  from  the  first  to  the  third  position. 

(6.)  Finally,  as  regards  the  construction  indicated  by  fig.  45,  Jw,  in  which 
tangents  instead  of  radii  were  employed,  it  may  be  well  to  remark  distinctly 
here,  that  JLTi^"c\  in  that  figure,  may  be  any  given  spherical  triangle^  for  which 
the  rotation  round  b''  from  a'  to  c'  is  positive  (177) ;  and  that  then,  if  the  two 
factors  q  and  ^^  be  defined  to  be  the  two  versors^  of  which  the  internal  angles  at 
(f  and  a'  are  (in  the  sense  of  174,  II.)  the  representatives,  the  reasonings  of 
Art.  176  will  prove,  without  necessarily  referring,  even  in  thought,  to  any  other 
triangle  (such  as  abc),  that  the  external  angle  at  b^^  is  (in  the  same  sense)  the 
representative  of  the  product,  q'q,  as  before. 
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SECTION  10. 

•n  a  Syvtem  of  Three  Right  ¥ersor«,  In  Three  Reetangvlar 
Planes;  and  on  the  I^aws  of  the  Symboii,  I,  J,  k. 

181.  Suppose  that  oi,  oj,  ok  are  any  three  given  and  co-initial  but 
rectangular  unit-lines,  the  rotation  round  the  first  from  the  second  to  the 
third  being  positive ;  and  let  oi^,  oj',  ok'  be  the  three  unit- vectors  respectively 
opposite  to  these,  so  that 

oi'  =  -  01,        o/  «  -  oj,        ok'  =  -  OK. 

Let  the  three  new  symbols  »,/,  k  denote  a  system  (oomp.  172)  of  three  right 
versors^  in  three  mutiudly  rectangular  planes^  with  the 
three  given  lines  for  their  respective  axes ;  so  that 

Ax.*«0T,      Ax.y=oj,      Ax.  A  =  OK, 
and 

t  =  OK :  OJ,     y = 01 :  OK,      A  =  oj :  oi, 

as  figure  47  may  serve  to  illustrate.    We  shall  then 

have    these    other  expressions    for  the  same  three 

yersors : 

f  «  o/  :  OK «  ok' :  oj'  =  oj  :  ok'; 

j  =  ok'  :  01  =  oi'  :  ok'  =  ok  :  oi'; 

A  =  oi'  :  oj  =  oj'  :  oi'  »  oi  :  oj'; 

while  the  three  respectively  opposite  versors  may  be  thus  expressed : 

- 1  =  OJ  :  OK  -  ok'  :  oj  =  oj'  :  ok'=  ok  :  oj'; 
-y  =  ok  :  01  =»  oi'  :  ok  -  ok'  :  oi'  -  oi  :  ok'; 
-  A  «  01  :  oj  «  oj'  :  01  «  oi'  :  oj'  -  oj  :  of. 

And  from  the  comparison  of  these  different  expressions  several  important 
symbolical  consequences  follow,  which  it  will  be  worth  while  to  enunciate 
separately  here,  although  some  of  them  are  virtually  included  in  the  results 
of  former  sections. 

182.  In  the/r«^  place,  since 

t»  =  (oj':  ok)  .  (oK :  oj)  «  oj':  oj,  Ac, 

we  deduce  (comp.  148)  the  following  equal  values  for  the  squares  of  the  new 
symbols : 

L..»'--l;       ^'*  =  -l;       *«--1; 


Fig.  47. 
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as  might  indeed  have  been  at  once  inferred  (154),  from  the  oireumfitanoe 
that  the  three  radial  quotients,  (143)»  denoted  here  by  t,y,  k^  are  all  right 
versora  (181). 

In  the  second  place,  since 

i  ,j  =  (oj  :  ok')  .  (ok'  :  oi)  ■  oj  :  oi,  &o., 

we  have  the  following  values  for  the  products  of  the  same  three  symbols,  or 

versors,  when  taken  ttco  by  twOy  and  in  a  certain  order  of  successiofi  (oomp. 

168,  171) : 

XL  .•*>'«*;       jk  =  %\        ki  =j\ 

But  in  the  third  place  (comp.  again  171),  since 

y .  *  =  (oi  :  ok)  .  (ok  :  oj)  =  oi  :  oj,  &c., 

we  have  these  other  and  contrasted  formulae,  for  the  binary  prodttcts  of  the 
same  three  right  versors,  when  taken  as  factors  with  an  opposite  order: 

III.  ..yi  =  -A;        ^--i;        ik^-j\ 

Hence,  while  the  square  of  each  of  the  three  right  versors^  denoted  by  these 

three  new  symbols^  (;%,  is  equal  (154)  to  negative  unity^  the 

product  of  any  two  of  them  is  equal  either  to  the  third  itself, 

or  to  the  opposite  (171)  of  that  third  versor,  according  as  the 

multiplier  precedes  or  follows  the  multiplicand^  in  the  cyclical 

succession^ 

♦>y>*,  i,y,  ...  Fig.  47,*«. 

which  the  annexed  figure  47,  bis,  may  give  some  help  towards  remembering. 

(1.)  To  connect  such  multiplications  of  t,  j\  k  with  the  theory  of  repre- 
sentative arcs  (162),  and  of  representative  angles  (174),  we  may  regard  any 
one  of  the  four  quadrantal  arcs,  jk,  kj',  j'k',  k'j,  in  fig.  47,  or  any  one  of  the 
four  spherical  right  angles,  jik,  kij',  j'ik',  k'ij,  which  those  arcs  subtend  at 
their  common  pole  i,  as  representing  the  versor  i;  and  similarly  for  j  and  k^ 
with  the  introduction  of  the  point  i'  opposite  to  i,  which  is  to  be  conceived  as 
being  at  the  back  of  the  figure. 

(2.)  The  squaring  of  t,  or  the  equation  i*  «  -  1,  comes  thus  to  be  geome- 
trically constructed  by  the  doubling  (comp.  Arts.  148,  154,  and  figs.  41,  42)  of 
an  arc,  or  of  an  atigle.  Thus,  we  may  conceive  the  quadrant  kj'  to  be  added 
to  the  equal  arc  jk,  their  sum  being  the  great  semicircle  jj',  which  (by  166) 
represents  an  inversor  (153),  or  negative  unity  considered  as  ^factor.  Or  we 
may  add  the  fight  angle  ki/  to  the  equal  angle  jik,  and  so  obtain  a  rotation 
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through  two  right  angles  at  the  pole  i,  or  at  the  centre  o ;  which  rotation  is 
equivalent  (oomp.  154, 174)  to  an  inversion  of  direction^  or  to  a  passage  from 
the  radius  oj,  to  the  opposite  radius  o/. 

(3.)  The  multiplication  otj  by  t,  or  the  equation  «}*  =  *,  may  in  like  manner 
be  arcually  constructed,  by  the  addition  of  kV,  as  a  provector-arc  (167),  to  ik' 
as  a  vector-are  (162),  giving  u,  which  is  a  representative  of  i,  as  the  transvector" 
arcy  or  arcual-sum  (180,  (3.)).  Or  the  same  multiplication  may  be  angularly 
oonstructed,  with  the  help  of  the  spherical  triangle  ijk  ;  in  which  the  base* 
angles  at  i  and  J  represent  respectively  the  multiplier^ »',  and  the  multiplicand, 
y,  the  rotation  round  i  from  j  to  k  being  positive :  while  their  spherical  sum 
(180,  (4.)),  or  the  external  vertical  angle  at  k  (comp.  175,  176),  represents  the 
same  product,  k,  as  before. 

(4.)  The  contrasted  multiplication  of  i  by  j\  or  of  J  into*  t,  may  in  like 
manner  be  constructed,  or  geometrically  represented,  either  by  the  addition  of 
the  arc  ki,  as  a  new  provector,  to  the  arc  jk  as  a  new  vector,  which  new  process 
gives  Ji  (instead  of  u)  as  the  new  transvector ;  or  with  the  aid  of  the  new 
triangle  ijk'  (comp.  figs.  46,  47),  in  which  the  rotation  round  i  from  J  to  the 
new  vertex  k^  is  negative,  so  that  the  angle  at  i  represents  now  the  multiplicand, 
and  the  resulting  angle  at  the  new  pole  k'  represents  the  new  and  opposite 
product,ji=  -  k. 

183.  Since  we  have  thus  ji  =>-  ij  (as  we  had  q^q  -  -  ?/  in  171),  we  see 
that  the  laws  of  combination  of  the  netc  symbols,  i,j,  k,  are  not  in  all  respects  the 
same  as  the  corresponding  laws  in  algebra ;  since  the  Commutative  Property  of 
Multiplication,  or  the  convertibility  (169)  of  the  places  of  the  factors  without 
change  of  value  of  the  product,  does  not  here  hold  good:  which  arises  (168) 
from  the  circumstance,  that  the  factors  to  be  combined  are  here  diplanar 
versors  (181).  It  is  therefore  important  to  observe,  that  there  is  a  respect  in 
which  the  laws  ofi,j,  k  agree  with  usual  and  algebraic  laws :  namely,  in  the 
Associative  Property  of  Multiplication ;  or  in  the  property  that  the  new  symbols 
always  obey  the  associative  formula  (comp.  9), 

c  •  fcA  »  lie  •  A, 

whichever  of  them  may  be  substituted  for  i,  for  ic,  and  for  A ;  in  virtue  of 
which  equality  of  values  we  may  omit  the  point,  in  any  such  symbol  of  a 

*  A  multiplicand  is  said  to  be  multiplied  ^  the  multiplier ;  while,  on  the  other  hand,  a  multiplier 
it  said  to  be  multiplied  into  the  multiplicand  :  a  dittinetion  of  this  sort  between  the  twofaeton  being 
neeessarjr,  aa  we  have  seen,  for  quaUmiontf  although  it  is  not  needed  for  algebra. 
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ternary  product  (whethor  of  equal  or  of  unequal  faotors),  and  write  it  simply 
as  ikX.    In  particular  we  have  thus, 

f .  y*  =  i .  f  =  t«  =  -  1 ;        fy  •  A  =  A .  A  =  A»  -  -  1 ; 

or  briefly, 

ifk  =  -  1. 

We  may,  therefore,  by  182,  establish  the  following  important  Fbrmula : 

t^  =/  «  A«  =  yi  =  -  1  ;  (A) 

to  whioh  we  shall  occasionally  refer,  as  to  "  Formula  A,"  and  which  we  shall 
find  to  contain  (virtually)  all  the  laws  of  the  symbols  ijk^  and  therefore  to  be  a 
sufficient  symbolical  basis  for  the  whole  Calcultis  of  Quaternions  :*  because  it 
will  be  shown  that  every  quaternion  can  be  reduced  to  the  Qmdrinomial  FonUy 

q  -w-¥  ix  +jy  +  A«, 

where  tr,  a;,  y,  z  compose  a  system  of  four  scalarSj  while  i,  /,  k  are  the  same 
three  right  versors  as  above.     [See  221.] 

(1.)  A  direct  proof  of  the  equation,  ijk  =  -  1,  may  be  derived  from  the 
definitions  of  the  symbols  in  Art.  181.  In  fact,  we  have  only  to  remember 
that  those  definitions  were  seen  to  give, 

i  =  oj' :  OK,       y  =  OK  :  oi',        A  =  oi' :  oj  ; 

and  to  observe  that,  by  the  general  formula  of  multiplication  (107),  whatever 
four  lines  may  be  denoted  by  a,  j3,  y,  8,  we  have  always, 

?  y^«?  2  =  ^  =  ^  ^  =  ?I    ^. 

or  briefly,  as  in  algebra, 

8  y^^S 

7  j3  a       a 
the  point  being  thus  omitted  without  danger  of  confusion :  so  that 

ijk  =  oj' :  oj  =  -  1,  as  before. 

*  This  formula  (A)  was  accordingly  made  the  boats  of  that  Calculus  in  the  first  communication  on 
the  subject,  by  the  present  writer,  to  the  Soyal  Irish  Academy  in  1843 ;  and  the  letters  t,  J,  k, 
continued  to  be,  for  some  time,  the  <mfy  peculiar  tymboU  of  the  Calculus  in  question.  But  it  was 
gradually  found  to  be  useful  to  incorporate  with  these  a  few  other  notations  (such  as  K  and  IT,  &c,), 
for  representing  Operations  on  Quaternions,  It  was  also  thought  to  be  instructive  to  establish  the 
principles  of  that  Calculus,  on  a  more  geometrical  (or  less  exclusively  symbolical)  foundation  than  at 
first ;  which  was  accordingly  afterwards  done,  in  the  volume  entitled :  Lectures  on  QuatemionM 
(Dublin,  1853) ;  and  is  again  attempted  in  the  present  work,  although  with  many  differencea  in  the 
adopted  plan  of  exposition,  and  in  the  applications  brought  f  orwai'd,  or  suppressed. 
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Similarly,  we  have  these  two  other  ternary  products : 

jki  =  (ok'  :  oi)  (oi :  oj^  (oj'  :  ok)  =  ok'  :  ok  «  -  1 ; 
kij  =  (oi'  :  oj)  (oj  :  ok')  (ok'  :  oi)  =  oi'  :  oi  =  -  1. 
(2.)  On  the  other  hand, 

kji  =  (oj  :  oi)  (oi  :  ok)  (ok  :  oj)  =  oj  :  oj  =  +  1 ; 

and  in  like  manner, 

ikj  «  +  1,    and   jik  =  +  1. 

(3.)  The  equations  in  182  give  also  these  other  ternary  products,  in  which 
the  law  of  association  of  factors  is  still  obeyed : 

t.|;  =tA  =  -^  =0  «  W.J,  |y--j; 

t .  jt  =  t .  -  *  =  - 1*  « J  =  *♦ «  v .  f,       {;» =  +  J ; 

•    •••      «        (f****  •••       • 

t.j[;=::t.-l--t  =  A;  =  y,j,  «;  =  -»; 

with  others  deducible  from  these,  by  mere  cyclical  permutation  of  the  letters, 
on  the  plan  illustrated  by  fig.  47,  bis. 

(4.)  In  general,  if  the  Associative  Law  of  Combination  exist  for  any  three 
symbols  whatever  of  a  given  class^  and  for  a  given  mode  of  combination,  as  for 
addition  of  lines  in  Art.  9,  or  for  multiplication  of  ijk  in  the  present  Article, 
the  same  law  exists  for  any  four  (or  more)  symbols  of  the  same  class,  and 
combinations  of  the  same  kind.  For  example,  if  each  of  the  four  letters'<,  k, 
X,  fA  denote  some  one  of  the  three  symbols  t,y,  k  (but  not  necessarily  the  same 
one),  we  have  the  formula, 

(5.)  Hence,  any  multiple  (or  complex)  product  of  the  symbols  i/k,  in  any 
manner  repeated^  but  taken  in  one  given  order,  may  be  interpreted,  with  one 
definite  resutt,  by  any  mode  of  association,  or  of  reduction  to  partial  factors, 
which  can  be  performed  without  commutation,  or  change  of  place  of  the  given 
factors.  For  example,  the  symbol  ijkkji  may  be  interpreted  in  either  of  the 
t'wo  following  (among  other)  ways : 

if.kk.ji^ij.-ji^i.-j^.i^  w  =  -  1 ;        ifk.fy'i^  -  1 . 1  =  -  1. 

184.  The  formula  (a)  of  183  includes  obviously  the  three  equations  (I.)  of 
182.  To  show  that  it  includes  also  the  six  other  equations,  (II.),  (III.),  of 
the  last  cited  Article,  we  may  observe  that  it  gives,  with  the  help  of  the 

9 AMaTON's  Bi;bmbmts  of  Quatbrmions.  Y 


162  ELEMENTS  OF  QUATERNIONS.  [II.  i.  §§  10, 11. 

associative  principle  of  multiplication  (which  may  be  suggested  to  the  memory 
by  the  absence  of  tbe^otn^  in  the  symbol  ijk)^ 

i/  =  -  ij.kk^  -  ijk.k  =  -¥  k;      jk  =  -  {.{fk  = -\-  i; 
jt=j.jk=fk^-k;  !*  =  «,*;  =  0  =  -7; 

And  then  it  is  easy  to  prove,  mthout  any  reference  to  geometry y  if  the  foregoing 
laws  of  the  symbols  be  admitted,  that  we  have  also, 

jki  =  kij  =  -  1,        *;*  =jik  ^  ikj  =  +  1, 

as  otherwise  and  geometrically  shown  in  recent  sub-articles.  It  may  be  added 
that  the  mere  inspection  of  the  formula  (a)  is  sufficient  to  show  that  the  three* 
square  roots  of  negative  unity ^  denoted  in  it  by  t,y,  k^  cannot  he  subject  to  all  the 
ordinary  rules  of  algebra:  because  that  formula  gives,  at  sight, 

«yA'  =(-!)•  =  -  1  -  -  {ijkf ; 

the  non-commutative  character  (183),  of  the  multiplication  of  such  roots  among 
themselves,  being  thus  put  in  evidence. 

[Conversely  if  three  symbols  t,  j\  and  k  satisfy  the  equations 

jk  +  kj  ==0f        ki  +  fi  =  0,        ij  -\-ji  =  0  ; 

and  if  the  associative  property  hold  good, 

f*  is  therefore  commutative  in  multiplication  with  i,  j\  and  k  and  with  pro- 
ducts formed  from  them,  and  cannot  be  distinguished  from  a  scalar.  Assum- 
ing therefore  that  the  squares  of  the  symbols  are  scalars,  and  that  the  symbols 
have  been  multiplied  by  suitable  numerical  coefficients  so  that  their  squares 

are  equal,  t*  =y*  =  *•  =  P. 

Again  i.Jk  r»  ^  i,l^' ==  kij  =  -  kji  =jki  =  -jik  =  Q  suppose, 

and  iQ  =  i .  ijk  =  P ,jk  =jki .  i  =  Qi. 

The  product  Q  is  likewise  conmiutative  with  t,  j\  and  k,  and  is  indistinguish- 
able from  a  scalar.    Also  Q'  =  -  ijk .  hji  =  -  P',  so  if  P  =  -  1,  Q  =  ±  1. 

*  It  is  evident  that  —  i,  —Jt  —  h  are  aUo^  on  the  same  principles,  yalues  of  the  symbol  V  —  1 ; 
because  they  also  are  right  versors  (163) ;  or  because  (—  ^)2  =  f.  More  generally  (comp.  a  Note  to 
page  133],  if  a;,  y,  2  be  any  three  tealart  which  satisfy  the  condition  x'  +  y'  +  2'  »  1,  it  will  be  prored, 
at  a  later  stage,  that 

(iP+^>  +  Ar«)»  =  -P-l. 
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Mr.  Oliver  Heaviside  takes  P»  +  l  but  i^jk^j^ki  and  k^ij\  and 
consequently  i^.J^j  but  i.i;  =  ik  =* -jy  and  in  his  system  the  associatiye 
property  does  not  hold,  or  the  product  of  three  symbols  has  no  definite  mean- 
ing (see  Art.  25  of  a  paper  "  On  the  Forces  in  the  Electro-magnetic  Field/' 
Trans.  Eoy.  Soc.  A.,  1892). 

Grassmann  supposes  P  »  0,  and  his  progressive  multiplication  is  associa- 
tive, but  his  regressive  multiplication  is  not.  Q  is  taken  as  a  scalar  differing 
from  zero.  Hamilton  (p.  61  of  the  preface  to  the  "  Lectures  on  Quaternions  ") 
refers  to  the  octaves  of  Messrs.  J.  T.  Ghraves  and  Arthur  Cayley  as  not  obey- 
ing the  associative  principle.  See  Prof.  Oayley's  paper  *'  On  the  8-square 
Imaginaries/'  Am.  Jour,  of  Math.,  1881.  When  the  associative  principle 
does  not  hold,  a  distinct  operation  of  grouping  must  be  combined  with  multi- 
plication to  render  a  product  definite.] 


SECTION  11. 

On  the  Tensor  of  a  ¥eetor,  or  of  a  Quaternion ;  and  on  the 
Product  or  Quotient  of  any  two  H^uatemlons. 

185.  Having  now  sufficiently  availed  ourselves,  in  the  two  last  sections, 
of  the  conceptions  (alluded  to,  so  early  as  in  the  First  Article  of  these  Ele- 
ments) of  a  vector-arc  (162),  and  of  a  vector-angle  (174)  in  illustration*  of  the 
laws  of  multiplication  and  division  of  versors  of  quaternions;  we  propose  to 
return  to  that  use  of  the  word.  Vector,  with  which  alone  the  First  Book,  and 
the  first  eight  sections  of  this  First  Chapter  of  the  Second  Book,  have  been 
concerned:  and  shall  therefore  henceforth  mean  again,  exclusively^  by  that 
word  "  vector,"  a  Directed  Right  Line  (as  in  1).  And  because  we  have  already 
considered  and  expressed  the  Direction  of  any  such  line,  by  introducing  the 
oonception  and  notation  (155)  of  the  Unit- Vector,  TJa,  which  has  the  same 
direction  with  the  line  a,  and  which  we  have  proposed  (156)  to  call  the  Versor 
of  that  Vector y  a ;  we  now  propose  to  consider  and  express  the  Length  of  the 
same  line  o,  by  introducing  the  new  name  Tensor,  and  the  new  symbol;^  Ta ; 


*  One  of  the  chief  lues  of  Huh  yectors,  in  connexion  with  those  kws,  has  been  to  illustrate  the 
nonmcommutatwe  property  (168)  ot  multiplieaticn  ofverswrt^  by  exhibiting  a  corresponding  property  of 
▼bat  has  been  called,  by  analogy  to  the  earlier  operation  of  the  same  kind  on  linear  vectors  (6),  the 
addiiim  of  arct  and  angUs  on  a  tphm'e.    Compare  180,  (3.)»  (4.)* 

t  Compare  the  Note  to  Art.  166. 
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which  latter  eymbol  we  shall  read^  as  the  Tenwr  of  the  Vector  a :  and  shall 

dejine  it  to  be,  or  to  denote,  the  Number  (comp.  again  155)  which  represents  the 

Length  of  that  line  a,  by  expressing  the  Ratio  which  that  length  bears  to  some 

assumed  standard,  or  Unit  (128). 

186.  To  connect  more  closely  these  two  conceptions,  of  the  versor  and  the 
tensor  of  a  vector ,  we  may  remember  that  when  we  employed  (in  155)  the 

letter  a  as  a  temporary  symbol  for  the  number  which  thus  expresses  the 

length  of  the  line  a,  we  had  the  equation,  T7a  >■  a :  a,  as  one  form  of  the 

definition  of  the  unit'i>e€tor  denoted  by  T7a.    We  might  therefore  have  written 

also  these  two  other  forms  of  equation  (comp.  15, 16), 

a  =  fl  .  TJa,  a  ^^  al  TJa, 

to  express  the  dependence  of  the  vector ^  a,  and  of  the  sealar,  a,  on  each  other, 
and  on  what  has  been  called  (156)  the  versor^  TJa.  For  example,  with  the 
construction  of  fig.  42,  bis  (comp.  161,  (2.)),  we  may  write  the  three  equations, 

a  B  OA :  oa',        6  =  OB :  ob',        c  «  oc  :  oo', 

if  a,  by  e  be  thus  the  three  positive  scalarSy  which  denote  the  kngths  of  the  three 
lines,  OA,  ob,  oc  ;  and  these  three  scalars  may  then  be  considered  as  factors^ 
or  as  coefficients  (12),  by  which  the  three  unit-vectors  TJa,  TJj3,  TJy,  or  oa',  ob', 
(xf  (in  the  cited  figure),  are  to  be  respectively  multiplied  (15),  in  order  to 
change  them  into  the  three  other  vectors  a,  j3,  7,  or  oa,  ob,  oc,  by  altering 
their  lengths,  without  any  change  in  their  directions.  But  such  an  exclusive 
Operationy  on  the  Length  (or  on  the  extension)  of  a  line,  may  be  said  to  be  an 
Act  of  Tension  ;*  as  an  operation  on  direction  alone  may  be  called  (comp.  151) 
S31  act  of  version.  We  have  then  thus  a  motive  for  the  introduction  of  the 
namey  Tensor,  as  applied  to  the  positive  number  which  (as  above)  represents  the 
length  of  a  line.  And  when  the  notation  Ta  (instead  of  a)  is  employed  for 
such  a  tensor,  we  see  that  we  may  write  generally,  for  any  vector  a,  the 
equations  (compare  again  15, 16) : 

Ua  -  a  :  Ta;         Ta  «  a  :Ua ;         a  -  Ta  .TJa  -  Ua.Ta. 

For  example,  if  a  be  an  unit-vector,  so  that  TJa  »  a  (160),  then  Ta  «  1 ;  and 
therefore,  generally,  whatever  vector  may  be  denoted  by  a,  we  have  always, 

TTJa=  1. 

*  Compare  the  first  Note  in  page  187. 
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For  the  same  reason,  whatever  quaternion  may  be  denoted  by  q^  we  have  always 
(oomp.  again  160)  the  equation, 

T(Ax.j)«l, 
(1.)  Henoe  the  equation 

Tp-1, 

where  p  »  op,  expresses  that  the  Iocub  of  the  variable  point  p  is  the  surface  of 
the  unit  sphere  (128). 

(2.)  The  equation  Tp  «  Ta  expresses  that  the  locus  of  p  is  the  spheric 
surface  with  o  for  centre,  which  passes  through  the  point  a. 

(3.)  On  the  other  hand,  for  the  sphere  through  o,  which  has  its  centre  at 
A,  we  have  the  equation, 

T(p-a)-Ta; 

which  expresses  that  the  lengths  of  the  two  lines,  ap,  ao,  are  equal. 
(4.)  More  generally,  the  equation, 

T(p-a)-TO-a), 

expresses  that  the  locus  of  p  is  the  spheric  surface  through  b,  which  has  its 
oentre  at  a. 

(5.)  The  equation  of  the  Apollonian*  Locus,  145,  (8.),  (9.),  may  be  written 
under  either  of  the  two  following  forms : 

T  (p  -  a»a)  -  aT  0>  -  a);        Tp  «  aTa; 

from  each  of  which  we  shall  find  ourselves  able  to  pass  to  the  other,  at  a  later 
stage,  by  general  Rules  of  Transfonnationy  without  appealing  to  geometry 
(comp.  146,  (10.)  [and  200  (3.),  (4.)]). 

(6.)  The  equation,         T  (p  +  o)  «  T  (p  -  a), 

expresses  that  the  locus  of  p  is  the  plane  through  o,  perpendicular  to  the  line 
OA ;  because  it  expresses  that  if  oa'  «  -  oa,  then  the  point  p  is  equally  distant 
from  the  two  points  a  and  k\  It  represents  therefore  the  same  locus  as  the 
equation, 


L^- 


or  as  the  equation. 


|,  of  132,  (1.) ; 


or  as 


^  +  K^-0,  of  144,  (1.); 

a  a 


(u^J--l,  ofl61,(7.); 


*  Comptrt  the  fint  Note  to  p«ge  180. 


166  ELEMENTS  OF  QUATEENIONS.  [II.  i.  §  11. 

or  as  the  fiimple  geometrioal  formula,  p  ±  a  (129).  And  in  fact  it  will  be 
found  possible,  by  General  Rules  of  this  Calculus,  to  transform  any  one  of  these 
five  formulae  into  any  other  of  them  ;  or  into  this  sixth  form^ 

a 

which  expresses  that  the  scalar  part*  of  the  quaternion  -  is  %ero^  and  therefore 

that  this  quaternion  is  a  right  quotient  (132). 
(7.)  In  like  manner,  the  equation 

TC.-/3)  =  T0>-«) 

expresses  that  the  locus  of  p  is  the  plane  which  perpendicularly  bisects  the 
line  AB ;  because  it  expresses  that  f  is  equally  distant  from  the  two  points 
A  and  B. 

(8.)  The  tensor^  To,  being  generally  a  positive  scalar^  but  vanishing  (as  a 
Umit)  with  a,  we  have, 

Txa  =  ±  afTa^    according  as    a;  >  or  <  0 ; 

thus,  in  particular, 

T  (-  a)  =  Ta;     and    TOa  =  TO  =  0. 
(9.)  That 

T0  +  a)=T/3+Ta,     if     Uj3  =  Da, 

but  not  otherwise  (a  and  j3  being  any  two  actual  vectors),  will  be  seen,  at  a 

later  stage,  to  be  a  symbolical  consequence  from  the  rules  of  the  present 

Calculus ;  but  in  the  mean  time  it  may  be  geometrically  proved,  by  conceiving 

that  while  a  =  oa,  as  usual,  we  make  j3  +  a  -  oc,  and  therefore  j3  =  oc  -  da  =  AC 

(4) ;  for  thus  we  shall  see  that  while,  in  general^  the  three  points  o,  a,  c  are 

comers  of  a  triangle^  and  therefore  the  lei%gth  of  the  side  oc  is  less  than  the  sum 

of  the  lengths  of  the  two  other  sides  oa  and  ac,  the  former  length  becomes, 

on  the  contrary,  equal  to  the  latter  sum,  in  the  particular  case  when  the 

triangle  vanishes,  by  the  point  a  falling  on  the  finite  line  oc ;  in  which  case,  oa 

and  AC,  or  a  and  j3,  have  one  common  direction^  as  the  equation  T7a  -  TJ/3 

implies. 

(10.)  If  a  and  j3  be  any  actual  vectors,  and  if  their  versors  be  unequal 

(Uo  not  -  U^),  then 

T(/3  +  a)<Tj3  +  Ta; 

an  inequality  which  results  at  once  from  the  consideration  of  the  reoent 


*  Compare  the  Note  to  pag«  127 ;  and  the  following  Section  of  the  pieeent  Chapter. 
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triangle  oac  ;  but  whicli  (as  it  will  be  found)  may  also  be  %yfnhoUcaUy  proved, 
by  i^le8  of  the  calculus  of  quaternions.     [See  210  (15.)] 

(11.)  If  U/3  -  -  Ua,  then  TO  +  a)  =  ±  (T/3  -  Ta),  according  as 
Tj3>  or  <  To;  but 

T(/3  +  a)>±(Ti3-Ta),    if    U/3no^  =  -Ua. 

187.  The  quotient y  Uj3  :  Ua,  of  the  versors  of  the  two  vectors,  a  and  ^,  has 
been  called  (156)  the  Veraor  of  the  Quotient  ^  or  quaternion,  q  =  ^:a;  and  has 
been  denoted,  as  such,  by  the  symbol,  Vq.  On  the  same  plan,  we  propose 
now  to  call  the  quotient,  T/3 :  Ta,  of  the  tensors  of  the  same  two  vectors,  the 
Tensoi^  of  the  Quaternion  j,  or  /3  :  a,  and  to  denote  it  by  the  corresponding 
symbol^  Tq.  And  then,  as  we  have  called  the  letter  U  (in  156)  the  character- 
istic of  the  operation  of  taking  the  versor^  so  we  may  now  speak  of  T  as  the 
Characteristic  of  the  (corresponding)  Operation  of  taking  the  Tensor j  whether  of 
a  Vector  J  a,  or  of  a  Quaternion^  q.     We  shall  thus  have,  generally, 

T(j3:a)  =  T/3:Ta,  as  we  had  U03:  a)  =  U^:Uo  (156) ; 

and  may  say  that  as  the  versor  Uq  depended  solely  on,  but  conversely  was 
sufficient  to  determine,  the  relative  direction  (157),  so  the  tetisor  Tq  depends  on 
and  determines  the  relative  lengthf  (109),  of  the  two  vectors,  a  and  j3,  of  which 
the  quaternion  q  is  the  quotient  (112). 

(1.)  Hence  the  equation  T-  =  1,  like  Tp  =  Ta,  to  which  it  is  equivalent, 

a 

expresses  that  the  locus  of  p  is  the  sphere  with  o  for  centre,  which  passes 
through  the  point  a. 

(2.)  The  equation  (comp.  186,  (6.)), 

T^^"  =  l, 

p  -a 

expresses  that  the  locus  of  p  is  the  plane  through  o,  perpendicular  to  the 
line  OA. 

*  Compare  the  Note  to  Art.  109,  in  page  111 ;  and  the  fint  Note  in  page  137. 

t  It  has  been  shown,  in  Art.  112,  and  in  the  Additional  lUtuirations  of  the  third  section  of  the 
present  Chapter  (113-116),  that  Relative  Length,  as  well  as  relative  direction,  enters  as  an  eeeential 
element  into  the  yery  Conception  of  a  Quaternion,  Accordingly,  in  Art.  117,  an  agreement  of  relative 
lenglke  (as  well  as  an  agreement  of  relative  directions)  was  made  one  of  the  condiiione  of  equality, 
between  any  two  quaternions,  considered  as  quotients  of  vectors  :  so  that  we  may  now  say,  that  the 
ientore  (as  well  as  the  veraors)  of  equal  quaternions  are  equal.  Compare  the  first  Note  to  page  138,  as 
regards  what  was  there  called  the  quantitative  element,  of  absolute  or  relative  length,  which  was 
eliminated  from  a,  or  from  q,  by  means  of  the  eharacterittie  U ;  whereas,  the  new  characteristic,  T, 
of  the  present  section,  serves  on  the  contrary  to  retain  that  element  alone,  and  to  eliminate  what  may 
be  called  by  contrast  the  qualitative  element,  of  absolute  or  relative  direction. 
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(3.)  Other  examples  of  the  same  sort  may  easily  be  derived  from  the 
sub-articles  to  186,  by  introducing  the  notation  (187)  for  the  tensor  of  a 
quotietUf  or  quaternion,  as  additional  to  that  for  the  tensor  of  a  vector  (185). 

(4.)        T  (/3 :  a)  >,  =,  or  <  1,  according  as  Tj3  >,  «,  or  <  Ta. 

(5.)  The  tensor  of  a  right  quotient  (132)  is  always  equal  to  the  tensor  of  its 

index  (133). 

(6.)  The  tensor  of  a  radial  (146)  is  always  positive  unity ;  thus  we  have, 

generally,  by  166, 

TUq  -  1 ; 
and  in  particular,  by  181, 

Ti  =  T:;  =  TA-l. 

(7.)  Txq  =  ±  afTqy  according  as  a?  >  or  <  0 ; 

thus,  in  particular,  T  {- q)  ^  Tq^  or  the  tensors  of  opposite  quaternions  are 
equaL 

(8.)  Tx-±Xy  according  as  a?  >  or  <  0 ; 

thus,  the  tensor  of  a  scalar  is  that  scalar  taken  positively. 
(9.)  Hence,  TTa  =  Ta,        TTq^^Tq; 

so  that,  by  abstracting  from  the  subject  of  the  operation  T  (oomp.  145,  160), 
we  may  establish  the  symbolical  equation, 

T»  =  TT  =  T. 

(10.)  Because  the  tensor  of  a  quaternion  is  generally  a  positive  scalar, 
such  a  tensor  is  its  own  conjugate  (139) ;  its  angle  is  zero  (131) ;  and  its  versor 
(169)  is  positive  unity :  or  in  symbols, 

KT?  =  Tj;        LTq^O;       TJTq^l. 

(11.)  T  (1 :  g)  =  T  (a :  P)  =  Ta :  T/3  «  1 :  T? ; 

or  in  words,  the  tensor  of  the  reciprocal  of  a  quaternion  is  equal  to  the  reciprocal 
of  the  tensor. 

(12.)  Again,  since  the  two  lines,  ob  and  ob^,  in  fig.  36  [p.  115],  are  equally 
long,  the  definition  (137)  of  a  conjugate  gives 

TKq  =  Tqi 

or  in  words,  the  tensors  of  conjugate  quaternions  are  equal. 

(13.)  It  is  scarcely  necessary  to  remark,  that  any  two  quaternions  which 
have  equal  tensors^  and  equal  versors,  are  themselves  equal:  or  in  symbols,  that 

/-y,    if    T}'=Tj',    and    U/^Uy. 


i 
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188.  Since  we  have,  generally, 

/3_T/3.TJ^_T3   TJ3     TT/3   T^ 

we  may  establish  the  two  following  general  formulae  of  decomposition  of  a 
quaternion  into  ttcofactorSy  of  the  tensor  and  versor  kinds : 

I.  .  .  g  =  T^ . XJ^;        II.  .  .  g  =  TJs^ .  Tj; 

which  are  exactly  analogous  to  the  formulae  (186)  for  the  corresponding 
decomposition  of  a  vector^  iTi\jo  factors  of  the  same  two  kinds :  namely, 

r.  .  .  a  =  Ta  .  Ua;         11'.  .  .  a  «  Ua  .  Ta. 

To  illustrate  this  last  decomposition  of  a  quaternion,  q^  or  ob  :  oa,  into  factors, 
we  may  conceive  that  aa'  and  bb'  are  two  concentric  and  circular,  but  oppo- 
sitely directed  arcs,  which  terminate  respectively  ^ 
on  the  two  lines  ob  and  oa,  or  rather  on  the  longer 
of  those  two  lines  itself,  and  on  the  shorter  of  them                  a' 
prolonged,  as  in  the  annexed  figure  48 ;  so  that  oa' 
has  the  length  of  da,  but  the  direction  of  ob,  while 
ob',  on  the  contrary,  has  the  length  of  ob,  but  the  ^ 
direction  of  oa  ;  and  that  therefore  we  may  write, 
by  what  has  been  defined  respecting  versors  and  tensors  of  vectors  (155,  156, 

185,  186), 

o a'  «  Ta .  Uj3 ;        ob'  =  Tj3 .  Ua. 

Then,  by  the  definitions  in  156,  187,  of  the  versor  and  tensor  of  a  quaternion^ 

JJq  =  U  (ob  :  oa)  «  oa'  :  oa  =  ob  :  ob'; 

T^'  =  T  (ob  :  oa)  =  ob'  :  oa  =  ob  :  oa'; 
whence,  by  the  general  formula  of  multiplication  of  quotients  (107), 

I. .  j'  =  ob  :  OA  =  (ob  :  oa')  .  (oa'  :  oa)  =Tlq,Vq\ 
and 

II.  .  j'  =  OB  :  OA  =  (ob  :  ob')  .  (ob'  :  oa)  =  JJq .  Tg, 
as  above. 

189.  In  words,  if  we  wish  to  pass  from  the  vector  a  to  the  vector  ^,  or 
from  the  line  oa  to  the  line  ob,  we  are  at  liberty  either,  1st,  to  begin  by  tutm- 
ing^  from  oa  to  oa',  and  then  to  end  by  stretching,  from  oa'  to  ob,  as  fig.  48  may 
serve  to  illustrate ;  or,  Ilnd,  to  begin  by  stretching,  from  oa  to  ob',  and  end 
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by  turniDg,  from  ob'  to  ob.  The  act  of  multipUcatum  of  a  line  a  bj  a  quater* 
nion  q,  considered  as  ei  factor  (103),  whioh  affeots  both  length  and  direction 
(109),  may  thus  be  decomposed  into  ttoo  distinct  and  partial  acts,  of  the  kinds 
which  we  have  called  Version  and  Tension ;  and  these  two  acts  may  be  per- 
formed, at  pleasure,  in  either  of  two  orders  of  succession.  And  although,  if  we 
attended  merely  to  lengths,  we  might  be  led  to  say  that  the  tensor  of  a  quater- 
nion was  a  signless  number*  expressive  of  a  geometrical  ratio  of  magnitudes, 
yet  when  the  recent  construction  (fig.  48)  is  adopted,  we  see,  by  either  of  the 
two  resulting  expressions  (188)  for  ^q,  that  there  is  a  propriety  in  treating 
this  tensor  as  k  positive  scalar,  as  we  have  lately  done,  and  propose  systemati- 
cally to  do. 

190.  Since  TK^  =  T^,  by  187,  (12.),  and  JTK.q  «  1 :  TJq,  by  158,  we  may 
write,  generally,  for  any  quaternion  and  its  conjugate,  the  two  connected 

expressions : 

L  .  .q^Tlq.Vq)         11.  .  .K?  =  T?:U^; 

whence,  by  multiplication  and  division, 

III.  ..q.Kq=  {TqY  ;  IV.  .  .  q  :Kq  ^  (OqY. 

This  last  formula  had  occurred  before;  and  we  saw  (161)  that  in  it  the 
parentheses  might  be  omitted,  because  (UqY  ==  TJ(fi'')-     In  like  manner  (oomp. 

161,  (2.) ),  we  have  also 

(Tqy  =.  T{f)  =  Tq\ 

parentheses  being  again  omitted ;  or  in  words,  the  tensor  of  the  square  of  a 
quaternion  is  always  equal  to  the  square  of  the  tensor :  as  appears  (among 
other  ways)  from  inspection  of  fig.  42,  bis  [p.  141],  in  which  the  lengths  of 
OA,  OB,  oc  form  a  geometrical  progression ;  whence 

\0A/  OA       T.OA       \T.OJlJ      \     OA/ 

At  the  same  time,  we  see  again  that  the  product  qKq  of  two  corrugate  quater^ 
nions,  which  has  been  called  (145,  (11.) )  their  common  Norm,  and  denoted  by 
the  symbol  Ng,  represents  geometrically  the  square  of  the  quotient  of  the  lengths 
of  the  two  lines,  of  which  (when  considered  as  vectors)  the  quaternion  q  is 
itself  the  quotient  (112).     We  may  therefore  write  generally,! 

V.  ..qKq  =  T^  =  N^;  VL  .  .  Tg  =  ^/Ny  =  ^ {qKq). 


•  Compare  the  Note,  in  page  111,  to  Art.  109.  t  Compare  the  second  Note  in  page  180. 
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(1.)  We  have  also,  by  II.,  the  following  other  general  transformations  for 
the  tensor  of  a  quaternion : 

VIL  ..Tq'^Kq.JJq;  VIII.  .  .  T?  -  Uy.  Kj; 

of  which  the  geometrical  significations  might  easily  be  exhibited  by  a  dia- 
gram, but  of  which  the  validity  is  su£3ciently  proved  by  what  precedes. 
(2.)  Also  (oomp.  158), 

(3.)  The  reciprocal  of  a  quaternion,  and  the  conjugate*  of  that  reciprocal, 
may  now  be  thus  expressed : 

1     K?     K?     KUq     jL    J_     i.    _L 
q'Tf'Nq''    Tq    '' Vq' Tq  "  Tq  '  Vq' 

Trl      _?_      X     ?i-J. 
q'^q^iy'  Tq'Kq' 

(4.)  We  may  also  write,  generally, 

IX,  .  .Kq^Tq.KOq^Nqiq. 

191.  In  general,  let  any  two  quaternions,  q  and  q%  be  considered  as  multi- 
plicand and  multiplier,  and  let  them  be  reduced  (by  120)  to  the  forms  /3 :  a 
and  7  :  ^ ;  then  the  tensor  and  versor  of  that  third  quaternion,  7  :  a,  which  is 
(by  107)  ihm  product  q'q^  may  be  thus  expressed : 

I. . .  T/?«  T(7:a)  -Ty:  Ta  =  (Ty  :  TjS) .  (T/3  :  Ta)  =  T/.Tj; 

n.  ..11/^  =  ^(7: a)  ="fJ7:Ua-(U7:Uj3).(Ui3:Ua)-W.TT?; 

where  T^q  and  U/y  are  written,  for  simplicity,  instecd  of  T(/.  q)  and  U  [^.  q). 
Hence,  in  any  such  multiplication,  the  tensor  of  the  product  is  the  product  of  the 
tentar ;  and  the  versor  of  t/ie  product  is  the  product  of  the  versors ;  the  order  of 
the  factors  being  generally  retained  for  the  htter  (comp.  168,  &o.),  although  it 
may  be  t>aried  for  the  former ^  on  account  of  the  scalar  character  of  a  tensor. 
In  like  manner,  for  the  dwision  of  any  one  quaternion  /,  by  any  other  ^,  we 
have  the  analogous  formulas : 

ni. .  .  T(^:g)  =  T/:Ty;        IV. .  .  U(^: ?)  «  W-''Cr^; 
or  in  words,  the  tensor  of  the  quotient  of  any  two  quaternions  is  equal  to  the 

*  Compare  Art.  146|  and  the  Note  to  page  128. 
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quotient  of  the  tensors  ;  and  similarly,  the  tersor  of  the  quotient  is  equal  to  the 
quotient  of  the  versors.  And  because  multiplication  and  division  of  tensors  are 
performed  according  to  the  rules  of  algebra,  or  rather  of  arithmetic  (a  tensor 
being  always,  by  what  precedes,  a  positive  number),  we  see  that  the  difficulty 
(whatever  it  may  be)  of  the  general  multiplication  and  division  of  quaternions  is 
thus  reduced  to  that  of  the  corresponding  operations  on  versors :  for  which 
latter  operations  geometrical  constructions  have  been  assigned,  in  the  ninth 
section  of  the  present  Chapter. 

(1.)  The  two  products,  q^q  and  qq^,  of  any  two  quaternions  taken  as  factors 
in  two  different  orders,  are  equal  or  unequal,  according  as  those  two  factors  are 
comphnar  or  diplanar;  because  such  equality  (169),  or  inequality  (168),  has 
been  already  proved  to  exist,  for  the  case*  when  each  tensor  is  unity :  but  we 
have  always  (comp.  178), 

T/y  =  Tqq",    and    Lifq^L  q<f. 

(2.)  If  il  g'  «  Z  g' «  -,  then  q(f  =  ^iq  (170) ;  so  that  the  products  of  two 

At 

right  quotients,  or  right  quaternions  (132),  taken  in  opposite  orders,  are  always 
corrugate  quaternions. 

(3.)  If     Lq-  L^  =  -,    and    Ax .  /  ±  Ax .  q,    then    $/  =  -  qq. 

At 

Lqi^  ^iq^  o>        hj..^q\^hji.q,        Ax./g±Ax. /  (171); 

so  that  the  product  of  two  right  quaternions,  in  two  rectangular  planes,  is  a  third 
right  quaternion,  in  a  plane  rectangular  to  both ;  and  is  changed  to  its  own  oppo* 
site,  when  the  order  of  the  factors  is  reversed :  as  we  had  ij  =  k  =  -ji  (182). 

(4.)  In  general,  if  q  and  /  be  any  two  diplanar  quaternions,  the  rotation 
round  Ax .  q\  from  Ax .  q  to  Ax .  q'q,  is  positive  (177). 

(5.)  TTnder  the  same  condition,  q  (q'  :q)  is  a  quaternion  with  the  same 
tensor,  and  same  angle,  as  ^,  but  with  a  different  axis;  and  this  new  axis, 
Ax .  qiq":  q),  may  be  derived  (179,  (1.))  from  the  old  axis,  Ax .  y^,  by  a  conical 
rotation  (in  the  positive  direction)  round  Ax .  q,  through  an  angle  ^^2  jLq. 

(6.)  The  product  or  quotient  of  two  complanar  quaternions  is,  in  general, 
a  third  quaternion  complanai*  with  both ;  but  if  they  be  both  scalar,  or  both 
right,  then  this  product  or  quotient  degenerates  (131)  into  a  scalar. 

*  Compare  the  Notes  to  pages  148, 150. 
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(7.)  Whether  q  and  /  be  oomplanar  or  diplctnar,  we  have  always  as  in 
algebra  (comp.  106, 107,  136)  the  two  identioal  equations : 

V.  .  .  (/:  y)  .  g'  =  jr' ;        VI.  .  .  (/.  s') :  g'  =  q\ 

(8.)  Also,  by  190,  Y.,  and  191, 1.,  we  have  this  other  general  formula : 

or  in  words,  the  norm  of  the  product  is  equal  to  \Aieproducft  of  the  norms. 
192.  Let  q  =-  jiia,  and  Q^  -  7  :  jB,  as  before ;  then 

l:g'g«l:(y:a)-a:7-(a:/3).(i3:7)-(l:j).(l;y); 

60  that  the  reciprocal  0/ the  product  of  any  two  quaternions  is  equal  to  the  pro^ 
duct  of  the  reciprocakj  taken  in  an  inverted  order :  or  briefly, 

if  B  be  again  used  (as  in  161,  (3.) )  as  a  (temporary)  characteristic  ofrecipro^ 
cation.  And  because  we  have  then  (by  the  same  sub-artiole)  the  symbolical 
equation,  KU  =  UR,  or  in  words,  the  conjugate  of  the  versor  of  any  quaternion 
q  is  equal  (158)  to  the  versor  of  the  reciprocal  of  that  quaternion ;  while  the 
tersor  of  a  product  is  equal  (191)  to  the  product  of  the  versors :  we  see  that 

^JJqq  =  VTSi^q  -  VTSiq .  UR/  =  YJJq .  KU^. 
But 

Kq^Tq.  KVq,  by  190,  IX. ;   and  T^q  =  T/.  Tq»Tq.  Tq", 

by  191 ;  we  arrive  then  thus  at  the  following  other  important  and  general 

formula: 

IL  ..Kq'q^Kq.Kq'; 

or  in  words,  the  co^tjugate  of  the  product  of  any  two  quaternions  is  equal  to  the 
product  of  the  conjugates^  taken  (still)  in  an  inverted  order. 

(1.)  These  two  results,  I.,  II.,  may  be  illustrated,  for  versors  (Tg'^T/- 1), 
by  the  consideration  of  a  spherical  triangle  abc  (comp.  fig.  43  [p.  144] ) ;  in 
which  the  sides  ab  and  bc  (comp.  167)  may  represent  q  and  /,  the  arc  AC  then 
representing  ^q.  For  then  the  new  multiplier  Jiq  =  Kq  (158)  is  represented 
(162)  by  BA,  and  the  new  multiplicand  R^  =  Kg'  by  cb  ;  whence  the  new 
product,  Ry .  R/=  Kq .  K^,  is  represented  by  the  inverse  arc  ca,  and  is  there- 
fore at  once  the  reciprocal  B>g^q^  and  the  cof\jugate  K^q^  of  the  old  product  ^q. 

(2.)  If  q  and  ^  be  right  quaternions,  then  Ky  •»  -  y,  K/«  -  ^  (by  144) ; 
and  the  recent  formula  II,  becomes,  K^q  "  q^t  as  in  170. 
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(3.)  In  general)  that  formula  II.  (of  192)  may  be  thus  written  : 

III.  ..K^=K^.K^; 

where  a,  j3,  y  may  denote  ant/  three  vectors. 

(4.)  Suppose  then  that,  as  in  the  annexed  fig.  49,  we  have  the  two  follow- 
ing relations  of  inverse  similitude  of  triangles  (118), 

A  AOB  a'  Boc,        A  BOB  a'  dob  ;  ^v^^^^^IT^^c 

and  therefore  (by  137)  the  two  equations,  y^AB^^^^^^^^^^^^^^^ 


we  shall  have,  by  III., 


■i  =  K-,    or    Anooa'AOE; 

o  a 


Fig.  49. 


80  that  this  third  formula  of  inverse  similitude  is  a  consequence  from  the  other 
two. 

(6.)  If  then  (oomp.  145,  (6.) )  any  two  circles^  whether  in  one  plane  or  in 
spaoe,  touch  one  another  at  a  point  b  ;  and  if  from  any  point  o,  on  the  common 
tangent  bo,  two  secants  gag,  ged  be  drawn,  to  these  two  circles;  \h<b  four  points 
of  section^  a,  c,  d,  e,  will  be  on  one  common  circle  :  for  such  condrculanty  is  an 
easy  consequence  (through  equxil  angles^  &c.),  from  the  last  inverse  similitude. 

(6.)  The  same  conclusion  (respecting  concircularity,  &c.)  may  be  otherwise 
and  geometrically  drawn,  from  the  equality  of  the  two  rectangles^  ago  and  dob, 
each  being  equal  to  the  square  of  the  tangent  gb;  which  may  serve  as  an 
instructive  verification  of  the  recent  formula  III.,  and  as  an  example  of  the 
consistency  of  the  results,  to  which  calculations  with  quaternions  conduct. 

(7.)  It  may  be  noticed  that  the  construction  would  in  general  give  three 
circles,  although  only  one  is  drawn  in  the  figure ;  but  that  if  the  two  triangles 
ABC  and  dbe  be  situated  in  different  planes,  then  these  three  circles,  and  of 
course  the^r^  points  abode,  are  situated  on  one  common  sphere. 

193.  An  important  application  of  the  foregoing  general  theory  of  Multi- 
plication and  Division,  is  the  case  of  Bight  Quaternions  (132),  taken  in  con- 
nexion with  their  Index-Vectors,  or  Indices  (133). 

Considering  division  first,  and  employing  the  general  formula  of  106,  let 
fi  and  7  be  each  JL  a  ;  and  let  /3'  and  7'  be  the  respective  indices  of  the  two 
right  quotients,  J  =  j3  :  a,  and  g'  =  7  :  a.  We  shall  thus  have  the  two  oom- 
planarities,  j3'  |||  j3,  7,  and  7'  |||  /S,  7  (comp.  123),  because  the  four  lines  /3,  7, 
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P\  7^  are  all  perpendioalar  to  a ;  and  within  their  common  plane  it  ia  easy  to 
see,  from  definitions  already  given,  that  these  four  lines  form  a  proportion  of 
veciorsy  in  the  same  sense  in  which  a,  j3,  y,  S  did  so,  in  the  fourth  section  of 
the  present  Chapter :  so  that  we  may  write  the  equation  ofquotients^ 

r':0'  =  y:/3. 
In  fact,  \re  have  (bj  133, 185,  187)  the  following  relations  of  length, 
T^'  =  T^:To,    Ty'-TyiTa,  and  .-.  T(y':  j3') -T(y  :/3); 
while  the  relation  of  directions,  expressed  by  the  formula, 

IT  (/ : /3')  -  U  (y  : /3),    or    Uy' :  U0' -  Uy :  U^, 
is  easily  established  by  means  of  the  equations, 

^(y-  y)  -  ^(j3':  0)  -  |;        Ax.(y':  y)  -  Ax.  0':  j3)  =  U«. 

We  arrive,  then,  at  this  general  Theorem  (oomp.  again  133)  :  that  *'  the 
Quotient  of  any  two  Right  Quaternions  is  equal  to  the  Quotient  of  their  Indices,^^* 
(1.)  For  example  (comp.  150,  159,  181),  the  indices  of  the  right  versors 
i,y,  k  are  the  a^ees  of  those  three  versors,  namely,  the  lines  oi,  OJ,  ok  ;  and  we 
have  the  equal  quotients, 

y : »  -  01 :  oj'  =  A  =  oj :  oi,  &c. 
(2.)  In  like  manner,  the  indices  of  -  i,  -j\  -  A;  are  oi',  oj^  ok';  and 

i :  -y  -  o/ :  oi'  -  *  «  01 :  o/,  &c. 

(3.)  In  general  the  quotient  of  any  two  right  versors  is  equal  to  the  quotient 
of  their  axes ;  as  the  theory  of  representative  arcs^  and  of  their  j9ofe«,  may  easily 
serve  to  illustrate. 

194.  As  regards  the  multiplication  of  two  right  quaternions,  in  connexion 
with  their  indices,  it  may  here  suffice  to  observe  that,  by  106  and  107,  the 
product  7 :  a  =  (7  :  j3) .  (j3  :  a)  is  equal  (comp.  136)  to  the  quotient,  (y :  j3) :  (a :  j3) ; 

*  We  have  thus  a  nev  point  of  agreement^  or  of  eonnexionf  between  right  quaUmums,  and  their 
HuUX'veetora,  tending  to  justify  the  ultimate  assumption  (not  yet  made),  of  equality  between  the  former 
and  the  latter  [see  290].  In  fact,  we  shall  soon  provt  that  the  index  of  the  aum  (or  difference),  of  any 
two  right  quotients  (132),  is  equal  to  the  8um  (or  difference)  of  their  indieei  [see  206]  ;  and  shaU  find 
it  conTenient  subsequently  to  interpret  the  product  fia  of  any  two  vectore,  as  being  the  quaternion* 
product  (194)  of  the  two  right  quaiemiom,  of  which  those  two  lines  are  the  indices  (1^3)  :  after 
which,  the  above-mentioned  assumption  of  equality  will  appear  natural,  and  be  found  to  be  useful. 
(Compere  the  Notes  to  pages  121,  137)*  [In  198  the  notation  I^  is  proposed  as  an  abridgment  of 
•*  Index  of  y."] 


176  ELEMENTS  OP  aUATEENIONB.  [II.  i.  §§  11, 12. 

whence  it  is  easy  to  infer  that  "  the  product^  g'g,  of  any  two  Right  Quaternions^ 
is  equal  to  the  Quotient  of  the  Index  of  the  Multiplier j  ((^  divided  by  the  Index  of 
the  Reciprocal  of  the  Multiplicand^  qP 

It  follows  that  the  plane^  whether  of  the  product  or  of  the  quotient  of  two 
right  quaternions,  coincides  with  the^&u^  of  their  indices  ;  and  therefore  also 
with  the  plane  of  their  axes ;  because  we  have,  generally,  by  principles  already 
established,  the  transformation, 

if  Z  fi'  =  Q>  ^^^^  Index  ofq=Tq.  Ax  .  q. 


SECTION  12. 

On  the  Sam  or  DlfDerenee  of  any  two  Knaternlons ;  and  on  tbe 

Scalar  (or  Scalar  Part)  of  a  Unatcrnion. 

195.  The  Addition  of  any  given  quaternion  ^',  considered  as  a  geometrical 
quotient  or  fraction  (101),  to  any  other  given  quaternion  g,  considered  also 
as  a  fraction,  can  always  be  accomplished  by  the  first  general  formula  of 
Art.  106,*  when  these  two  fractions  have  a  common  denominator ;  and  if  they 
be  not  already  given  as  having  such,  they  can  always  be  reduced  so  as  to  have 
one,  by  the  process  of  Art.  120.  And  because  the  addition  of  any  two  lines 
was  early  seen  to  be  a  commutative  operation  (7,  9),  so  that  we  have  always 
7  +  |3  =  j3  +  y,  it  follows  (by  106)  that  the  addition  of  any  two  quaternions 
ifl  likewise  a  commutative  operation,  or  in  symbols,  that 

I.  .  .?  +  ?'  =  /+?; 

80  that  the  Sum  of  any  twof  Quaternions  has  a  Value,  which  is  independent  of 
their  Order :  and  which  (by  what  precedes)  must  be  considered  to  be  given,  or 
at  least  known,  or  definite,  when  the  two  summand  quaternions  are  given.  It 
is  easy  also  to  see  that  the  conjugate  of  any  such  sum  is  equal  to  the  sum  of  the 
conjugates,  or  in  symbols,  that 

11.  .  .K(g'+ j)  =K/+Kgr. 

(1.)  The  important  formula  last  written  becomes  geometiically  evident, 
when  it  is  presented  under  the  following  form.  Let  obdg  be  any  parallelo- 
gram, and  let  oa  be  any  right  line,  drawn  from  one  corner  of  it,  but  not 

*  [This  formula  is  a  definition.] 

t  It  will  be  found  [in  207]  that  this  result  admits  of  being  extended  to  the  case  of  three  (or  more) 
quaternions ;  but,  for  the  moment,  we  content  ourselves  with  two,  [As  an  example  of  non-comma'- 
tatire  addition  contrast  Art.  180  (3.)] 
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generally  in  its  plane.  Let  the  three  othei*  corners,  b,  c,  d,  be  reflected  (in 
the  sense  of  145,  (5.) )  with  respect  to  that  line  oa,  into  three  new  points, 
b\  &j  j/;  or  let  the  three  lines  ob,  0(7,  od  be  reflected  (in  the  sense  of  138) 
with  respect  to  the  same  line  oa  ;  which  thus  bisects  at  right  angles  the  three 
joining  lines,  bb',  (x/,  dd^  as  it  does  bb'  in  fig.  36  [p.  115].  Then  each  of 
the  lines  ob,  oc,  od,  and  therefore  also  the  whole  plane  flgure  obdc,  may  be 
oonsidered  to  have  simply  revolved  round  the  line  oa  as  an  axisj  by  a  conical 
rotation  through  ttco  right  angles;  and  consequently  the  new  figure  OB^D^&f  like 
that  old  one  obdc,  must  be  a  parallelogram.    Thus  (comp.  106,  137),  we  have 

od'=  0(/  +  ob',        S'^  y'  +  13',        8':  a  =  (y':  a)  +  (jS':  a); 

and  the  recent  formula  II.  is  justified. 

(2.)  Simple  as  this  last  reasoning  is,  and  unnecessary  as  it  appears  to  be  to 
draw  any  new  diagram  to  illustrate  it,  the  reader's  attention  may  be  once  more 
invited  to  the  great  simplicity  of  expression,  with  which  many  important 
geometrical  conceptions,  respecting  space  of  three  dimensions,  are  stated  in  the 
present  Calculus :  and  are  thereby  kept  readp  for  future  application,  and  for 
easy  combination  with  other  results  of  the  same  kind.  Compare  the  remarks 
already  made  in  132,  (6.) ;  145,  (10.) ;  161 ;  179,  (3.) ;  192,  (6.) ;  and  some 
of  the  shortly  following  sub-articles  to  196,  respecting  properties  of  an  oblique 
cone  with  circular  base. 

196.  One  of  the  most  important  cases  of  addition,  is  that  of  two  conjugate 
summands,  q  and  Kq ;  of  which  it  has  been  seen  (in  140)  that  the  sum  is 
always  a  scalar.  We  propose  now  to  denote  the  half  of  this  sum  by  the 
symbol,    Bq ;    thus  writing  generally, 

I.  ..y  +  Kj-Ky  +  j-  28q ; 

or  defining  the  new  symbol  S;  by  the  formula, 

IL  .  .  Sgr  =  i  (gr  +  Kj) ;  or  briefly,  IF.  .  .  S  -  i  (1  +  K). 

For  reasons  which  will  soon  more  fully  appear,  we  shall  also  call  this  new 
quantity,  8q,  the  scalar  part,  or  simply  the  Scalar,  of  the  Quaternion,  q ;  and 
shall  therefore  call  the  letter  S,  thus  used,  the  Characteristic  of  the  Operation 
of  taking  the  Scalar  of  a  quaternion.  (Comp.  132,  (6.) ;  137 ;  156 ;  187.) 
It  follows  that  not  only  equal  quaternions,  but  also  cotyugate  quaternions,  have 
equal  scalars ;  or  in  symbols, 

in.  .  .  S^ -  Sg',    if    q"^  q;    and    IV.  .  .  8Kq  =  Sq; 
or  briefly, 

IV'.  • .  SK  -  S. 

Hamilton's  ELBMsirrs  of  Quaternions.  2  A 
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And  because  we  have  seen  that  Kq  »  +  j^,  if  ;  be  a  scalar  (139),  but  that 
Kq  =  -  j',  if  J  be  a  right  quotient  (144),  we  find  that  the  scalar  of  a  scalar  (con- 
sidered as  a  degenerate  quatemiony  131)  is  equal  to  that  scalar  itself ^  but  that  the 
scalar  of  a  right  quaternion  is  zero.     We  may  therefore  now  write  (comp.  160) : 

V.  .So;  =  ar,  if  a?  be  a  scalar;        VI.  .  .SSy  =  Sy,    S'  =  SS  =  S; 
and  VII.  .  .  Sj  •  0,    if    Lq^-^* 

At 

Again,  because  oa'  in  fig.  36  [p.  115]  is  multiplied  by  x^  when  ob  is  multi- 
plied thereby,  we  may  write,  generally, 

VIII.  .  .  Sorg  =  a?Sg',  if  X  be  any  scalar ; 

and  therefore  in  particular  (by  188), 

IX.  .  .  Sg  =  S  (Ty .  Mq)  «  Tg .  SUj. 

Also  because  SKg' «  S^,  by  IV.,  while  lS^^q  -  U  -,  by  168,  we  have  the  general 
equation, 

X...SUJ-SU-;    or    X'.  .  .  SU^  -  SU^; 
whence,  by  IX., 

XL  ..Sy  =  Ty.SU-;    or    XF.  .  .  S^  -  T^.  SU  ^; 

q  a  a  p 

and  therefore  also,  by  190,  (V.),  since  Tj  .  T  -  =  1, 

XIL  ..Sj«Tj».S-=Ny.8-;    XIF. . .  S^-N^  .  8^. 

i  q  a  a        p 

The  results  of  142,  combined  with  the  recent  definition  I.  or  II.,  enable  us  to 
extend  the  recent  formula  VII.,  by  writing, 

XIII.  .  .  S J  >,  «,  or  <  0,  according  as  ii  g  <,  =,  or  >  ^  ; 
and  conversely, 

XIV.  .  •  Z.  $'  <,  =j  or  >  ^,  according  as  8q  >,  =,  or  <  0. 

In  fact,  if  we  compare  that  definition  I.  with  the  formula  of  140,  and  with 
fig.  36,  we  see  at  once  that  because,  in  that  figure, 

S  (oB  :  oa)  =  oa'  :  oa, 
we  may  write,  generally, 

XV.  .  .  Sj  =  Ty .  cos zy ;    or    XVI. . .  STTy  «  cos z; ; 
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equations  whioh  will  be  found  of  great  importance,  as  serving  to  cminect 
quaternions  with  Trigonometry ;  and  which  show  that 

XVII.  ..Li^Lq,  if  su/=  Sirs', 

the  angle  L  q  being  still  taken  (as  in  130),  so  as  not  to  fall  outside  the  limits  0 
and  ir;  whence  also, 

XVIII.  .  .Zj^-Zjr,    if    Sj^-Sg',    and    T/=Ts', 

the  angle  of  a  quaternion  being  thus  given^  when  the  scalar  and  the  tensor  of  that 
quaternion  are  given,  or  known.  Finally  because,  in  the  same  figure  36 
(comp.  15,  103),  the  line^ 

oa' »  (oa'  :  oa)  •  oa  »  oa  .  S  (ob  :  oa), 

may  be  said  to  be  the  prelection  of  ob  on  oa,  since  a'  is  the  foot  of  the  perpen* 
dicular  let  fall  from  the  point  b  upon  this  latter  line  oa,  we  may  establish  this 
other  general  formula : 

XIX.  .  .  oS  -  -  S  -  •  o  =»  prqjeetion  of^  on  a ; 

a  result  whioh  will  be  found  to  be  of  great  utility,  in  investigatious  respecting 
geometrical  loci,  and  which  may  be  also  written  thus : 

XX.  .  .  Projection  offi  on  a  -  TTa .  T/3  .  SU^; 

ct 

with  other  transformations  deducible  from  principles  stated  above.  It  is 
scarcely  necessary  to  remark  that,  on  account  of  the  scalar  character  of  Sg, 
we  have,  generally,  by  169,  and  187,  (8.),  the  expressions, 

XXI. . .  US?  -  ±  1 ; .      XXII. . .  TS?  -  ±  Sj; 
while,  for  the  same  reason,  we  have  always,  by  139,  the  equation  (comp.  lY.), 

XXIII.  ..KS^-S?;    or    XXIIF.  .  .  K8  -  8; 


and,  by  131, 


XXIV. .  .  il Sy  «  0,    or    «  IT,    unless  Lq=  -\ 


in  which  last  case  Sg  =  0,  by  VII.,  and  therefore  Z.  Sg  is  indeterminate  :* 
USy  becoming  at  the  same  time  indeterminate,  by  159,  but  TSg  vanishing,  by 
186, 187. 


*  Compare  the  Note  in  page  120,  to  Art.  131. 

2  A2 
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(1.)  The  equation,  8^  =  0, 

ct 

is  now  seen  to  be  equivalent  to  the  formula,  p  ±  a  ;  and  therefore  to  denote 
the  same  plane  locus  for  p,  as  that  which  is  represented  by  any  one  of  the  four 
other  equations  of  186,  (6.) ;  or  by  the  equation, 

T^^-l,ofl87,  (2.). 
(2.)  The  equation, 

S^ZJ=0,    or    S^-s2, 

a  a         a 

expresses  that  bp  ±  oa  ;  or  that  the  points  b  and  p  have  the  same  projection 
on  OA ;  or  that  the  locus  of  p  is  the  plane  through  b,  perpendicular  to  the  line  oa. 
(3.)  The  equation, 

SU?-8U2, 

a  a 

expresses  (oomp.  132,  (2.))  that  p  is  on  one  sheet  of  a  cone  of  revolution^  with  o 
for  vertex^  and  oa  for  axis^  and  passing  through  the  point  b. 

(4.)  The  other  sheet  of  the  same  cone  is  represented  by  this  other  equation, 

a  a 

and  both  sheets  jointly  by  the  equation, 

(sneJ.(sTTej. 

(5.)  The  equation, 

8^  =  1,    or    SU^-T-, 

a  a         p 

expresses  that  the  locus  of  p  is  the  plane  through  a^  perpendicular  to  the  line  oa  ; 
because  it  expresses  (comp.  XIX.)  that  the  projection  of  op  on  oa  is  the  line 

OA  itself;  or  that  the  angle  oap  is  right ;  or  that  8 «  0. 

a 

(6.)  On  the  other  hand  the  equation, 

8^  =  1,    or    8U^«T^, 
P  P        P 

expresses  that  the  projection  of  ob  on  op  is  op  itself ;  or  that  the  angle  opb  is 

right;  or  that  the  locus  of  p  is  tliat  spheric  surface  which  has  the  line  ob  for 

a  diameter* 
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(7.)  Henoe  the  system  of  the  two  equations^ 

a  p 

represents  the  circle^  ia  which  the  sphere  (t>.),  with  ob  for  a  diameter ^  is  cut  bj 
the  plane  (5.),  with  oa  for  the  perpendicular  let  fall  on  it  from  o. 
(8.)  And  therefore  this  new  equation^ 

a         p 

obtained  by  multiplying  the  two  last,  represents  the  Cyclic*  Cone  (or  cone  of 
the  second  order j  but  not  generally  of  revolution)^  which  rests  on  this  last  circle 
(7.)  as  its  basCj  and  has  the  point  o  for  its  vertex.  In  fact,  the  equation 
(8.)  is  evidently  satisfied,  when  the  two  equations  (7.)  are  so ;  and  therefore 
every  point  of  the  circular  circumference^  denoted  by  those  two  equations,  must 
be  a  point  of  the  locus j  represented  by  the  equation  (8.).  But  the  latter  equa- 
tion remains  unchanged,  at  least  essentially,  when  p  is  changed  to  a?/t>,  x  being 
any  scalar ;  the  locus  (8.)  is,  therefore,  some  conical  surface^  with  its  vertex  at 
the  originy  o  ;  and  consequently  it  can  be  none  other  than  that  particular  cone 
(both  ways  prolonged),  which  rests  (as  above)  on  the  given  circular  base  (7.). 
(9.)  The  system  of  the  two  equations, 

a        p  y 

(in  vmting  the  first  of  which  the  point  may  be  omitted),  represents  a  conic 
section ;  namely  that  section,  in  which  the  cone  (8.)  is  cut  by  the  new  plane, 
which  has  oc  for  the  perpendicular  let  fall  upon  it,  from  the  origin  of 
vectors  o. 

(10.)  Conversely,  every  plane  ellipse  (or  other  contc  section)  in  space^  of 
which  the  plane  does  not  pass  through  the  origin,  may  be  represented  by  a 
system  of  two  equations,  of  this  laet  form  (9.) ;  because  the  cone  which  resta  on 
any  such  conic  as  its  base^  and  has  its  vertex  at  any  given  point  o,  is  known  to 
be  a  cyclic  cone. 

(11.)  The  curve  (or  rather  the  pair  of  curves),  in  which  an  oblique  but  cyclic 
cone  (8.)  is  cut  by  a  concentric  sphere  (that  is  to  say,  a  cone  resting  on  a  circular 

*  Historically  speaking,  the  oblique  e<me  with  circular  base  may  deflerre  to  be  named  the  Apollonian 
Cone,  from  ApoUoniua  of  Perga,  in  whose  great  work  on  Coniei  {Kmrae&r),  already  referred  to  in  a  Note 
to  page  130,  the  properties  of  tueh  a  cone  appear  to  have  been  first  treated  systematically  ;  although 
the  eons  of  revolution  had  been  studied  by  Euclid.  But  the  designation  **  cyclic  eone*^  is  shorter;  and 
it  seems  more  natural,  in  geometry ^  to  speak  of  the  aboye- mentioned  oblique  cone  Mim,  for  the  purpose 
of  marking  its  connexion  with  the  circle^  than  to  call  it,  as  is  now  usually  done,  a  cone  of  the  second 
order,  or  of  the  eeeond  degree :  although  these  phrases  also  have  their  advantages. 
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base  bj  a  ephere  which  has  its  centre  at  the  vertex  of  that  oone}|  has  come,  in 
modern  times,  to  be  called  a  Spherical  Conic,  And  any  Buch  conic  may,  on 
the  foregoing  plan»  be  represented  by  the  system  of  the  two  equations, 

S^S^-1,        Tp-1; 
a     p 

the  length  of  the  radius  of  the  sphere  being  here,  for  simplicity,  supposed  to 
be  the  unit  of  length.  But,  by  writing  T/>  »  a,  where  a  may  denote  any 
constant  and  positive  scalar,  we  can  at  once  remove  this  last  restriction,  if  it  be 
thought  useful  or  convenient  to  do  so. 

(12.)  The  equation  (8.)  may  be  written,  by  XII.  or  XII^,  under  the  form 
(comp.  191,  VII.) : 

or  briefly, 

si^s^,-i, 

p    « 

ifa'-/3Tg-Ta.Uj3,    and    j3'- oT^- T/3.Ua; 

so  that  a  and  j3'  are  here  the  lines  oa'  and  ob^  of  Art.  188,  and  fig.  48. 

(13.)  Hence  the  cone  (8.)  is  cut,  not  only  by  the  plane  (5.)  in  the  cirde 
(7.)  9  which  is  on  the  sphere  (6.),  but  also  by  the  (generally)  n^tr  |?/an«,  S-^^  1, 

a 

in  the  (generally)  new  circle,  in  which  this  new  plane  cuts  the  (generally)  new 
sphere,  S  ~  »  1 ;  or  in  the  circle  which  is  represented  by  the  system  of  the  two 
equations, 

8^  =  1,        8^-1. 

a  p 

(14.)  In  the  particular  case  when  /3 1|  a  (15.))  bo  that  the  quotient  j3  :  o  is  a 
scalar,  which  must  be  positive  and  greater  than  unity,  in  order  that  the  plane 
(5.)  may  {really)  cut  the  sphere  (6.),  and  therefore  that  the  circle  (7.)  and  the 
cone  (8.)  may  be  real,  we  may  write 

j3 -a'a,       a>l,       T(j3;a)=a%       a'-^a,      ^'-^; 

and  the  circle  (13.)  coincides  with  the  circle  (7.). 

(16.)  In  the  same  case,  the  cone  is  one  of  revolution ;  every  point  p  of  its 
circular  base  (that  is,  of  the  circumference  thereof)  being  at  one  constant  distance 
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from  the  vertex  o,  namely  at  a  distanoe  >  aTa.    For,  in  the  case  supposed,  the 
equations  (7.)  give,  by  XII., 

Ne-82:S--l:S--a':S^  =  a»;    or    To  -  aTa. 

a        a        p  p  p 

(Compare  145,  (12.),  and  186,  (5.).) 

(16.)  Gonyersely,  if  the  cone  be  one  of  revolutiony  the  eqaations  (7.)  must 
oonduot  to  a  result  of  the  form, 

a««Ne-S^:S--s2:S-,  or  (comp.  (2.)),  8^-^:^  -  0; 

a         a        p         p        p  p 

whioh  can  only  be  by  the  Une  j3  -  a*a  vanishing,  or  by  our  having  j3  «  a^a^  as 
in  (14.) ;  since  otherwise  we  should  have,  by  XIV.,  /»  ±  j3  -  a\  and  all  the 
points  of  the  base  would  be  situated  in  one  plane  passing  through  the  vertex  o, 
which  (for  any  actual  cone)  would  be  absurd. 

(17.)  Supposing,  then,  that  we  have  not  j3  ||  a,  and  therefore  not  a  »  a, 
/3' "  |3,  as  in  (14.),  nor  even  a  ||  a,  j3^  ||  j3,  we  see  that  the  cone  (8.)  is  not  a 
cone,  of  revolution  (or  what  is  often  called  a  right  cone) ;  but  that  it  is,  on  the 
contrary,  an  oblique  (or  scalene)  coney  although  still  a  cyclic  one.  And  we  see 
that  such  a  cone  is  cut  in  two  distinct  series*  of  circular  sections^  by  planes 
parallel  to  the  two  distinct  (and  mutually  non-parallel)  planes,  (5.)  and  (13.) ; 
or  to  tuK>  new  planes,  drawn  through  the  vertex  o,  whioh  have  been  called  f  the 
two  Cyclic  Planes  of  the  cone,  namely,  the  two  following : 

S^-0;        Sj-0; 
a  p 

while  the  two  lines  from  the  vertex,  da  and  ob,  which  ex^  perpendicular  to  these 
ttco  planes  respectively,  may  be  said  to  be  the  two  Cyclic  Normals. 

(18.)  Of  these  two  linesy  a  and  |3,  the  second  has  been  seen  to  be  a  diameter 
of  the  sphere  (6.),  which  may  be  said  to  be  circumscribed  to  the  cone  (8.), 
when  that  cone  is  considered  as  having  the  circle  (7.)  for  its  base ;  the  second 
cyclic  plane  (17.)  is  therefore  tlie  tangent  plane  at  the  vertex  of  the  cone,  to  that 
first  circumscribed  sphere  (6.). 

(19.)  The  sphere  (13.)  may  in  like  manner  be  said  to  be  circumscribed  to 


*  Them  tufo  teries  of  titb-eontrary  (or  antiparaUel)  but  circular  tectiotu  of  a  cyclic  cone,  appear  to 
hare  been  first  diBCorered  by  Apollonius :  see  the  Fifth  Proposition  of  his  First  Book,  in  which  he 
says,  Ka\tM»  Sh  4  roi«&ni  ro/i^  iirwwrla  (page  22  of  HaUey's  Edition). 

t  By  M.  Ghasles, 
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the  oone,  if  the  latter  be  considered  as  resting  on  the  new  oirole  (13.),  or  as 
terminated  by  that  circle  as  its  new  base ;  and  the  diameter  of  this  new  sphere 
is  the  line  ob^  or  j3^  which  has  by  (12.)  the  direction  of  the  line  a,  or  of  the 
first  cyclic  nortnal  (17.) ;  so  that  (oomp.  (18.) )  the  first  cyclic  plane  is  the 
tangent  plane  at  the  vertex,  to  the  second  circumscribed  sphere  (13.). 

(20.)  Any  other  sphere  through  the  vertex,  which  touches  the  first  cyclic 
planey  and  which  therefore  has  its  diameter  Jrotn  the  vertex  «  4'j3',  whore  V  is 
some  scalar  oo-efficient,  is  represented  by  the  equation, 

8-^=1,    or    S^  =  't7; 
9  9      b 

it  therefore  cuts  the  cone  in  a  circle^  of  which  (by  (12.) )  the  equation  of  the 
plane  is 

S^-J',    or    8/7  =  1, 

a  0  a 

so  that  the  perpendicular  from  the  vertex  is  Va  \\  j3  (comp.  (5.) ) ;  and  conse- 
quently this  plane  of  section  of  sphere  and  cone  is  j^arallel  to  the  second  cyclic 
plane  (17.). 

(21.)  In  like  manner  any  sphere^  such  as 

S  —  =  1,  where  b  is  any  scalar, 

which  touches  the  second  cyclic  plane  at  the  vertex,  intersects  the  cone  (8.)  in  a 
circle,  of  which  the  plane  has  for  equation, 

and  is  therefore  parallel  to  the  first  cyclic  plane. 

(22.)  The  equation  of  the  cone  (by  IX.,  X.,  XVI.)  may  also  be  thus 
written : 

8U^.SU^  =  T-|;     or,     cos  .i^.  cos  z-^  =  T~; 
a  p         p  a  (i        p 

it  expresses,  therefore,  that  the  product  of  the  cosines  of  the  inclinations^  of(iny 
variable  side  (p)  of  an  oblique  cyclic  conCy  to  two  fixed  lines  (a  and  )3),  namely  to 
the  two  cyclic  normals  (17.),  is  constant ;  or  that  the  product  of  the  sines  of  the 
inclinations^  of  the  same  variable  side  (or  ray,  p)  of  the  cone,  to  two  fixed  planesy 
namely  to  the  two  cyclic  planes,  is  thus  a  constant  quantity. 
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(23.)  The  ttpo  great  circks^  in  which  the  concentric  sphere  Tp  ^  1  is  cut  bp 
the  two  cyclic  planeSy  have  been  oalled  the  two  Cyclic  Arcs*  of  the  Spherical 
Conic  (11. )>  in  which  that  sphere  is  out  by  the  cone.  It  follows  (by  (22.) ) 
that  the  product  of  the  sinen  of  the  {arcual)  perpendicularSy  let  fall  from  any  point 
vofa  given  spherical  conic^  on  its  two  cyclic  arcs,  is  constant. 

(24.)  These  properties  of  cyclic  cones,  and  of  splietical  conies,  are  not  put 
forward  as  new ;  but  they  are  of  importance  enough,  and  have  been  here 
deduced  with  sufficient  facility,  to  show  that  we  are  already  in  possession  of  a 
Calculus,  with  its  own  Rules'^  of  Transformation,  whereby  one  enunciation  of  a 
geometrical  theorem,  or  problem,  or  construction,  can  be  translated  into 
several  others,  of  which  some  may  be  clearer,  or  simpler,  or  more  elegant 
than  the  one  first  proposed. 

197.  Let  a,  j3,  y  be  any  three  co-initial  vectors,  oa,  &c.,  and  let  od  «  8 
-  7  +  j3,  so  that  OBDC  is  a  parallelogram  (6) ;  then,  if  we  write 

j3  :  a  =  5^,        y  :a=  gf,    and     S  :  a  •»  j^' -  g'  +  g'  (106), 

and  suppose  that  b\  (f,  i/  are  the  feet  of  perpendiculars  let  fall  from  the 
points  B,  c,  D  on  the  line  oa,  we  shall  have,  by  196,  XIX.,  the  expressions, 

(ob'=)  j3'  -  oSj,         y'  =  aS/,  ^  -  a%^'  =  aS  (/  +  y) . 

But  also  OB  »  CD,  and  therefore  ob'  «  c'd',  t}ie  similar  projections  of  equal  lines 
being  equal*,  hence  (comp.  11)  the  sum  of  the  projections  of  the  lines  j3,  y 
must  be  equal  to  the  projection  of  the  sum,  or  in  symbols, 

od'=  oc'+  ob',         8'«  y  +  j3',         S':  a  «  (y  :  a)  -h  (jS':  a). 

Hence,  generally,  for  any  two  quaternions,  q  and  q\  we  have  the  formula : 

L..S(7'+y)=S^+Ss'; 

or  in  words,  the  scalar  of  the  sum  is  equal  to  the  sum  of  the  scalars.  It  is  easy 
to  extend  this  result  to  the  case  of  any  three  (or  more)  quaternions,  with  their 
respective  scalars;  thus,  if  5^  be  a  third  arbitrary  quaternion,  we  may  write 

S{?"+  (?'+  q))  »  Sj''+  S  (/+  ?)  .  S/'+  (S^+  Sg) ; 

where,  on  account  of  the  scalar  character  of  the  summands,  the  last  paren- 
theses may  be  omitted.     We  may  therefore  write,  generally, 

n.  .  .  S2j  «  2Sy,    or  briefly,    SS  «  SS ; 
where  2  is  used  as  a  sign  of  Summation  :  and  may  say  that  the  Operation  of 

*  By  H.  Ghtfles.  t  C!omp.  146,  (10.),  &c. 
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taking  the  Scalar  of  a  Quaternion  is  a  Distributive  Operation  (oomp.  13) .  As 
to  the  general  Subtraction  of  any  one  quaternion  from  any  other,  there  is  no 
difficulty  in  reducing  it,  hy  the  method  of  Art.  120,  to  the  second  general 
formula  of  106 ;  nor  in  proving  that  the  Scalar  of  the  Difference*  is  always 
equal  to  the  Difference  of  the  Scalars.     In  symbols, 

III.  ..S((7'-^)  =  S/-S^; 
or  briefly, 

rV.  .  .  SAy  =  ASg,        SA  =  AS ; 

when  A  is  used  as  the  characteristic  of  the  operation  of  taking  a  difference,  by 
subtracting  one  quaternion,  or  one  scalar,  from  another. 

(1.)  It  has  not  yet  been  proved  (comp.  195)  that  the  Addition  of  any 
number  of  Quaternions,  q,  ^,  (f\  . .  is  an  associative  and  a  commutative  operation 
(comp.  9).  But  we  see,  already,  that  the  scalar  of  the  sum  of  any  such  set  of 
quaternions  has  a  value,  which  is  independent  of  their  order,  and  of  the  mode 
of  grouping  them. 

(2.)  If  the  summands  be  all  right  quaternions  (132),  the  scalar  of  each 
separately  vanishes,  by  196,  VII. ;  wherefore  the  scalar  of  their  sum  vanishes 
also,  and  that  sum  is  consequently  itself,  by  196,  XIV.,  a  right  quaternion  : 
a  result  which  it  is  easy  to  verify.  In  fact,  if  )3  ±  a  and  7  X  a,  then  7  +  /3 
±  a,  because  a  is  then  perpendicular  to  the  plane  of  j3  and  7 ;  hence,  by  106, 
the  sum  of  any  two  right  quaternions  is  a  right  quaternion,  and  therefore  also  the 
sum  of  any  number  of  such  quaternions. 

(3.)  Whatever  two  quaternions  q  and  q'  may  be,  we  have  always,  as  in 
algebra,  the  two  identities  (comp.  191,  (7.) ) : 

V. ..(/-?)  +  ?«  g';        VL  .  .  (/+  y)  -  J  =  /. 

198.  Without  yet  entering  on  the  general  theory  of  scalars  of  products  or 
quotients  of  quaternions,  we  may  observe  here  that  because,  by  196,  XV.,  the 
scalar  of  a  quaternion  depends  only  on  the  tensor  and  the  angle,  and  is  independent 
of  the  axis,  we  are  at  liberty  to  write  generally  (comp.  173,  178,  and  191, 

(1.),  (5.) ), 

I.  .  .  S<y$^  =  Qq'q ;        II.  .  .  S  .  y  (g' :  y)  =  S^ ; 

the  two  products,  q^  and  <fq,  having  thus  always  equal  scalars,  although  they 
have  been  seen  to  have  unequal  axes,  for  the  general  case  of  diplanarity  (168, 
191).     It  may  also  be  noticed  that,  in  virtue  of  what  was  shown  in  193, 

*  flxamples  have  already  occurred  in  196,  (2.)»  (6.)f  (16.). 
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respecting  the  quotient,  and  in  194  respecting  the  product,  of  any  two  rigM 
quaternions  (132),  in  connexion  with  their  indices  (133),  we  may  now  estab- 
lish, for  any  such  quaternions,  the  formulsB  : 

III. . .  S  (/ :  j)  -  8  (Ij' :  I?)  -  T  (^ :  <?) .  COS  z  ( Ax .  jr' :  Ax .  g) ; 

rV.  ..S/y»S(/.g)-Sri/:I-^«-T/y.oos/l(Ax.y':  Ax.y); 

where  the  new  symbol  I^  is  used,  as  a  temporary  abridgment,  to  denote  the 

Index  of  the  quaternion  q,  supposed  here  (as  above)  to  be  a  right  one.     With 

the  same  supposition,  we    have  therefore  also  these    other    and    shorter 

formulae : 

V.  .  .  SU  {gf:q)''  +  cos  Z.  (Ax  .  / :  Ax .  q) ; 

VI.  .  .  SUq^q  =  -  cos  z  (Ax .  / :  Ax .  q) ; 

which  may,  by  126,  XYI.,  be  interpreted  as  expressing  that,  under  the  same 
condition  of  redanguhnty  of  q  and  /, 

VII.  . .  21(5^:  g)  -  ii (Ax .  2^:  Ax .  jr) ; 
VIII. .  .  L^q^Tf  "  L (Ax . ^ :  Ax .  q). 

In  words,  the  Angle  of  the  Quotient  of  two  Right  Quaternions  is  equal  to  the 
Angle  of  their  Axes ;  but  the  Angle  of  the  Product^  of  two  such  quaternions, 
is  equal  to  the  Supplement  of  the  Angle  of  the  Axes,  There  is  no  difficulty  in 
proving  these  results  otherwise,  by  constructions  such  as  that  employed  in 
Art.  193;  nor  in  illustrating  them  by  the  consideration  of  isosceles  quad- 
rantal  triangles,  upon  the  surface  of  a  sphere. 

199.  Another  important  case  of  the  scalar  of  a  product  is  the  case  of  the 
scalar  of  the  square  of  a  quaternion.  On  referring  to  Art.  149,  and  to  fig.  42 
[p.  133],  we  see  that  while  we  have  always  Tfj*)  -  (Tg)»,  as  in  190,  and 
U  [t)  *  (J^i)\  M  Ml  161,  we  have  also, 

I. .  .  z(2»)  =  2iCjr,    and    Ax.  (?*)  -  Ax.y,    if    ^i<2*^ 

but,  by  the  adopted  definitions  olLq  (130),  and  of  Ax  .  y  (127, 128), 

II.  ..Z(?')«2(7r-Zy),     Ax.(g«)--Ax.y,     if    Lq>'^. 

In  each  case,  however,  by  196,  XYI.,  we  may  write, 

III.  .  .  Str  (j»)  =  008  ^  (}')  -  008  2  ^  J ; 

a  formula  which  holds  even  when  Z  ;  is  0,  or  -,  or  tt,  and  which  gives, 

.  IV. . .  SU  (j")  -  2  (SU?)'  -  1. 

2  B  2 
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Henoe,  generally,  the  scalar  of  q^  may  be  put  under  either  of  the  two  following 

forms: 

V. .  .  S (j»)  =  T(?» .  cos2z  g;    VI.  . ,  S  {q')  =  2  (Sj)»  -  Tj«; 

where  we  see  that  it  would  not  be  safe  to  omit  the  parentheaeSy  without  some 
convention  previously  made,  and  to  write  simply  Sg^,  without  first  deciding 
whether  this  last  symbol  shall  be  understood  to  signify  the  Bcalar  of  the  square^ 
or  the  square  of  the  scalar  of  q :  these  two  things  being  generally  unequal.  The 
latter  of  them,  however,  occurring  rather  oftener  than  the  former,  it  appears 
convenient  to  fix  on  it  as  that  which  is  to  be  understood  by  S^,  while  the  otJier 
mB,j  occasionally  be  written  with  a  point  thus,  S  .  g* ;  and  then,  with  these 
conventions  respecting  notation*  we  may  write : 

VII.  .  .  S^*  =  (S^)*;        Vin.  •  .  8 .  ^-  S  if). 

But  the  square  of  the  conjugate  of  any  quaternion  is  easily  seen  to  be  the 

conjugate  of  the  square ;   so  that  we  have  generally  (comp.  190,  II.)  the 

formula : 

IX. .  .  Kj»  =  K  if)  -  {Kqy  -  Tj» :  Vf. 

(1.)  A  quaternion,  like  a  positive  scalar,  may  be  said  to  have  in  general 
ttffo  opposite  square  roots ;  because  the  squares  of  opposite  quaternions  are  always 
equal  (comp.  (3.)).  But  of  these  two  roots  the  principal  (or  simpler)  one,  and 
that  which  we  shall  denote  by  the  symbol  ^q  or  vq^  and  shall  call  by 
eminence  the  Square  Root  of  q^  is  that  which  has  its  angle  acute^  and  not 
obtuse.     We  shall  therefore  write,  generally, 

X.  .  •  L^/q  =  i  /.q;        Ax.  \/q  -  Ax.q; 

with  the  reservation  that,  when  Z.  g^  =  0,  or  =  ir,  this  common  axis  of  q  and  y^g 

becomes  (by  131,  149)  an  indeterminate  unit-line. 

(2.)  Hence, 

XI.  .  .  S-v/g>  0,    if    Lq<ir\ 

while  this  scalar  of  the  square  root  of  a  quaternion  may,  by  YI.,  be  thus  trans- 

formed : 

XIL..Sv/s'-v^{i(Tg  +  Sj)); 

a  formula  which  Iiolds  good,  even  at  the  limit  Lq^v. 


*  As,  in  the  Differential  Caleulut,  it  is  usual  to  write  dx*  instead  of  (da:)* ;  while  d  [afl)  is  some* 
times  written  as  d.  jp'.  But  as  d^x  denotes  Si  second  differential^  so  ii  seems  safest  not  to  denote  the 
square  of  S^  by  the  symbol  S'^,  which  properly  signifies  SS^,  or  S;,  as  in  196,  YI.  ;  the  eeeond 
aeeUar  (like  the  eeeond  tensor^  187,  (9.),  or  the  second  veraor,  160)  being  equal  to  the/r<^.  Still  erery 
calculator  will  of  course  use  his  own  discretion ;  and  the  employment  of  the  notation  8'^  for  S  {g)\ 
as  cos'd;  is  often  written  for  (cos  a;)',  may  sometimes  causo  a  ewin^  ofepaee. 
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(3.)  The  prinoiple*  (1.)  that,  in  quaternions,  as  in  algubra,  the  equation, 

XTII.  .  .  (-  qY  -  q\ 

is  an  identity^  may  be  illustrated  by  oonoeiving  that,  in  fig.  42,  a  point  b'  is 
determined  by  the  equation  ob'  »  bo  ;  for  then  we  shall  hare  (comp.  fig.  33, 
Jm  [p.  122]), 

(-  g)'  =»  ( —  J  =  —  =  g^*,  because  A  aob'  a  b'oc. 

\0A  /         OA 

200.  Another  useful  connexion  between  acaUirs  and  tensors  ^or  norms)  of 
quaternions  may  be  derived  as  follows.  In  any  plane  triangle  aob,  we  havef 
the  relation, 

(T.ab)*-(T.oa)'-2(T.oa).(T.ob).oosaob  +  (T.ob)«; 

in  which  the  symbols  T .  da,  &o.,  denote  (by  185, 186)  the  lengths  of  the  sides 
OA,  &o. ;  but  if  we  still  write  y  =  ob  :  oa,  we  have  j  -  1  «  ab  :  oa  ;  dividing 
therefore  by  (T  .  oa)',  the  formula  becomes  (by  196,  &o.), 

L..T(g^-l)»-l-2Tj.SUj  +  T2»-Tj»-2Sg  +  l; 
or 

n.  .•N(?-1)-Nj-2S?  +  1. 

But  q  is  here  a  perfectly  general  quaternion ;  we  may  therefore  change  its 
sign^  and  write, 

III.  •.T(l  +  j)»-l+2Sy  +  Tj«;    IV.  ..N(l  +  j)  =  l  +  2S?+Nj. 

And  since  it  is  easy  to  prove  (by  106,  107)  that 


V...(^  +  l)?»/+i?, 


whatever  two  quaternions  q  and  ^  may  be,  while 

VI.  ..S^.Nj-S.jTIj-S.jKj', 

we  easily  infer  this  other  general  formula, 

Vn. . .  N(/+ ?)  -  Nj'+ 2S.gK/+Ny; 
which  gives,  if  x  be  any  scalar, 

VIII.  .  .  N  (gr  +  a?)  =  Ng  +  24?Sg  +  ir». 

*  Compare  the  Note  to  page  162. 

t  B7  the  Second  Book  of  £uclid»  or  by  plane  trigonometry. 
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(1.)  We  are  now  prepared  to  effect,  by  rukn*  of  traf^formation,  some  other 
passages  from  one  mode  of  expression  to  another,  of  the  kind  which  has  been 
alluded  to,  and  partly  exemplified,  in  former  sub-articles.  Take,  for  example, 
the  formula, 

T'^^-l,  of  187,  (2.); 

or  the  equiyalent  formula, 

T(p-ha)  =  T(p-a),  of  186,  (6.); 

which  has  been  seen,  on  geometrical  grounds,  to  represent  a  certain  loeusy 
namely  the  plane  through  o,  perpendicular  to  the  line  oa  ;  and  therefore  the 
same  locus  as  that  which  is  represented  by  the  equation 


8^-0,  of  196,(1.}, 


To  pass  now  from  the  former  equations  to  the  latter,  by  calculation^  we  have 
only  to  denote  the  quotient  p :  a  by  9,  and  to  observe  that  the  first  or  second 
form,  as  jnst  now  cited,  becomes  then, 

T(?  +  1)  =  T(2-1);    or    N(j  + 1) -N(?-l); 

or  finally,  by  II.  and  IV., 

8^  =  0, 

which  gives  the  third  form  of  equation,  as  required. 

(2.)  Conversely,  from  S  ~  =  0,  we  can  return,  by  the  same  general  for- 

mulsB  n.  and  IV.,  to  the  equation  N [- -  1 J  =  N [ -  +  1 ),  or  by  I.  and  III. 

toT(^-l)-T^^+lYortoT(p-o)«T(p  +  a),ortoT^-l,aBabove; 
and  generally, 

Sj-0  gives  T(j-1)«T(?  +  1),  or  T?^-l; 

while  the  latter  equations,  in  turn,  involve,  as  has  been  seen,  the  former. 

(3.)  Again,  if  we  take  the  Apollonian  Locus,  145,  (8.),  (9.),  and  employ 
i)xQ  first  of  the  two  forms  186,  (5.)  of  its  equation,  namely, 

T  Ot>  -  a^a)  '^aTip--  a), 
*  Compare  145,  (10) :  and  seyeral  subsequent  sub-articles. 
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where  a  is  a  given  poritire  scalar  different  from  unity,  we  may  write  it  as 

T(?-a')-aT(?-l),    oras    N(y- a») -«»N(?  -  1); 

or  by  Vm., 

Nq  -  2<^8q  +  a*~a*  (Ng  -  2Sj  +  1) ; 

or,  after  sappressing  -  2a*  Sq^  transposing,  and  dividing  by  a'  -  1, 

Ng  -  a* ;    or,    N/o  =  a'No  ;    or,    Tp  «  oTa ; 

which  last  is  the  second  form  186,  (5.),  and  is  thus  deduced  from  the  firsts  by 
calculation  alotte,  without  any  immediate  appeal  to  geometry ^  or  the  oonstruotion 
of  any  diagram. 

(4.)  Conversely  if  we  take  the  equation, 

N^-a',  of  145,  (12.), 

a 

which  was  there  seen  to  represent  the  same  locus,  considered  as  a  spheric 
surface,  with  o  for  centre,  and  oa  for  one  of  its  radii,  and  write  it  as  N^  »  a\ 
we  can  then  by  calculation  return  to  the  form 

N(^-a«)-a*N(?-l),    or    T(y  -  a')  -  aT(^ -1>, 
or  finally, 

T  (p-  a'a)  -  flT  (f)  -  a),  as  in  186,  (5.) ; 

HijBfiretform  of  that  sub-article  being  thus  deduced  from  the  second^  namely 

from  Tp  =  aTa,  or  T^-fl. 

a 

(5.)  It  is  far  from  being  the  intention  of  the  foregoing  remarks,  to  dis- 
courage attention  to  the  geometiical  interpretation  of  the  various /orm«  ofexpres" 
sioHy  and  general  rules  of  transfoi^aiiony  which  thus  offer  themselves  in  working 
with  quaternions ;  on  the  contrary,  one  main  object  of  the  present  Chapter 
has  been  to  establish  a  firm  geometrical  basisy  for  all  such  forms  and  rules. 
But  fthen  such  a  foundation  has  once  been  laid,  it  is,  as  we  see,  not  necessary 
tliat  we  should  continually  recur  to  the  examination  of  it,  in  building  up  the 
superstructure.  That  each  of  the  twoforms^  in  186,  (6.),  invokes  tlie  otl^r  may 
be  provedy  as  above,  by  calcuhthn  ;  but  it  is  interesting  to  inquire  what  is  the 
meaning  of  this  result :  and  in  seeking  to  interpret  it,  we  should  be  led  anew 
to  the  theorem  of  the  Apollonian  Locus. 

(6.)  The  result  (4.)  of  calculation,  that 

N  (^  -  a')  -  a'N  {q  -  1),  if  Ny  -  a\ 
may  be  expressed  under  the  form  of  an  identity ^  as  follows  : 

rX. . .  N  (^  -  N?)  -  N?  .  N  (?  -  1); 
in  which  q  may  be  any  quaternion. 


192  ELEMENTS  OF  QUATERNIONS.  [II.  i.  §§  12, 18. 

(7.)  Or,  by  191,  Vil.,  beoause  it  will  soon  be  seen  that 

J  (y  -  1)  =  J*  -  g',  as  in  algebra, 
we  may  write  it  as  this  other  identity  : 

X  .  .  N  (g  -  Nj)  -  N  {q'  -  q). 

(8.)  If  T  (j'  -  1)  =  1,  then  S  -  =  ^  >  ^"d  conversely,  the  former  equation 

q      Z 

follows  from  the  latter;  because  each  may  be  put  under  the  form  (oomp. 
196,  XIL),        Ng  =  2S^.  2 

(9.)  Hence,  if  T  (p  -  a)  =  To,  then  8  —  =  1,  and  reciprocally.    In  fact 

(comp.  196,  (6.) ),  each  of  these  two  equations  expresses  that  the  locus  of  p  is 
the  sphere  which  passes  through  o,  and  has  its  centre  at  a  ;  or  which  has 
OB  »  2o  for  a  diameter. 

(10.)  By  changing  ;  to  ;  +  1  in  (8),  we  find  that 

if  ^q  «  1,    then    S  - — r  «  0,  and  reciprocally. 

(11.)  Hence  if  Tp  «  Ta,  then  8  ^-^  =  0,  and  reciprocally ;  because  (by 
106) 

/o+a         a  a  \a         /\o        / 

(12.)  Each  of  these  two  equations  (11.)  expresses  that  the  locus  of  P  is 
the  sphere  tlirough  a,  which  has  its  centre  at  o  ;  and  their  proved  agreement 
is  a  recognition,  by  quaternions,  of  the  elementary  geometrical  theorem,  that 
the  angle  in  a  semicircle  is  a  right  angle. 


SECTION  13. 

On  the  Right  Part  (or  Teetor  Part)  of  a  Aaatcnilon ;  and  on  the 
DistribntlTe  Property  of  the  Mnltlplleatlon  of  Aaaternlons. 

201.  A  given  vector  ob  can  always  be  decomposed,  in  one  but  in  only  one 

way,  into  two  component  vectors,  of  which  it  is  the  num  (6) ;  and  of  which 

one^  as  ob'  in  fig.  50,  is  parallel  (15)  to  another  given  Bf- --^^.b 

vector  OA,  while  the  others  as  ob"  in  the  same  figure,  is    j  y^    \ 

perpendicular  to  that  given  line  oa  ;  namely,  by  letting    \         y^  \ 

fall  the  perpendicular  bb'  on  oa,  and  drawing  ob"  =  b'b,     \y^  \ 

so  that  ob'bb"  shall  be  a  rectangle.     In  other  words,  if  ^ 

...  Fig.  60. 

a  and  /3  be  any  two  given,  actual,  and  co-initial  vectors, 

it  is  always  possible  to  deduce  from  them,  in  one  definite  way,  two  other 
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oo-initial  vectors,  j3'  and  /3^^  which  need  not  however  both  be  actual  (1) ;  and 
which  shall  satisfy  (comp.  6,  16, 129)  the  conditions, 

^  vanishing,  when  /3  J.  a ;  and  /3'^  being  null,  when  /3  ||  a ;  but  both  being 
(what  we  may  call)  determinate  vectors/unctions  of  a  and  /3.  And  of  these  two 
functions,  it  is  evident  that  /3'  is  the  orthographic  prqfection  of  ^  on  the  line  a ; 
and  that  /3^'  is  the  corresponding  i>rq;i^c^tion  of  ft  on  the  plane  through  o,  which 
is  perpendicular  to  a. 

202.  Hence  it  is  easy  to  infer,  that  there  is  always  one,  but  only  one  way, 
of  decomposing  a  given  quaternion^ 

9  «  OB  :  OA  «  /3  :  a, 

into  two  parts  or  summands  (195),  of  which  one  shall  be,  as  in  196,  a  scalar, 
while  the  other  shall  be  a  right  quotient  (132).  Of  these  two  parts,  the/ormer 
has  been  already  called  (196)  the  scalar  party  or  simply  the  Scalar  of  the 
Quaternion,  and  has  been  denoted  by  the  symbol  Sq ;  so  that,  with  reference 
to  the  recent  figure  50,  we  have 

I. . .  Sj' «  S  (oB  :  oa)  «  ob'  :  oa  ;     or,     S  (/i  :  a)  =  /3' :  o. 

And  we  now  propose  to  call  the  latter  part  the  Eight  Fabt*  of  the  same 
quaternion,  and  to  denote  it  by  the  new  symbol 

Yqi 
writing  thus,  in  connexion  with  the  same  figure, 

II. . .  V?  =  V  (oB  :  oa)  =  ob''  :  oa;    or,    V  03  :  o)  =  /3" :  a. 

The  System  of  Notations^ 'peou^ar  to  the  present  Calculus,  will  thus  have  been 
completed ;  and  we  shall  have  the  following  general  Formula  of  Decotnposition 
of  a  Quaternion  into  two  Summands  (comp.  188),  of  the  Scalar  and  Right 
kinds  5 

m. . .  s'  =  s^  +  V?  =  V?  +  Sj, 

or,  briefiy  and  symbolically, 

IV.  ..l  =  8  +  V  =  V  +  8. 
(1.)  In  connexion  with  the  same  fig.  50,  we  may  write  also, 

V  (oB  :  oa)  «  b'b  :  oa, 
because,  by  construction,  b'b  =  ob'^ 

•  This  Right  Fart,  Yg,  will  come  to  bo  also  called  th^  Vector  Fart,  or  simply  th$  Vbctos,  of  the 
Quaternion;  beoanae  it  wiU  be  found  possible  and  useful  to  identify  such  part  with  its  own  Index - 
Vector  (133).    Compare  the  Notea  to  pogei  121»  137,  175  [and  Art.  286]. 

Hamu.toh's  Elkmbnts  or  Quatunioms.  a  C 
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(3.)  In  like  manner,  for  flg.  36  [p.  115],  we  have  the  equation, 

V  (oB  :  oa)  =»  a'b  :  oa. 

(3.)  Under  the  recent  oonditions, 

V(P':a)  =  0,    and    SO":a)  =  0. 

(4.)  In  general,  it  is  evident  that 

V.  .  .  g  =  0,    if    By  =  0,    and    V^  ==  0 ;  and  reoiprooally. 

(5.)  More  generally, 

VI. .  .  s^  =  ?,    if    Sg^  =  8qy    and    Vj^  =  Yq ;  with  the  oon verse. 

(6.)  Also  VII.  ..Yg-0,    if    zy-0,    or    =ir; 

or  Vni.  ..V(/3:a)  =  0,    if    p\\a; 

the  right  part  of  a  scalar  being  zero. 
(7.)  On  the  other  hand, 

IX.  ..V?  =  ?,    if    z?  =  |; 

a  right  quaternion  being  its  own  right  part. 

203.  We  had  (196,  XIX.)  a  formula  which  may  now  be  written  thus, 

S 
I. .  .  ob'  =  S  (oB  :  oa)  ..  oa,    or    /3'  =  S  —  .  a, 

a 

to  express  the  prqfection  of  ob  on  oa,  or  of  the  vector  j3  on  a ;  and  we  have 
evidently,  by  the  definition  of  the  new  aymbol  Yj',:the  analogous  formula, 

II. .  .  ob"=  V  (ob  :  oa)  .  oA,    or    /3"  =  V-^  .  a, 

to  express  the  projection  of  fi  on  the  plane  (through  o),  which  is  drawn  so  as  to 
be  perpendicular  to  a ;  and  which  has  been  considered  in  several  former  sub- 
articles  (oomp.  186,  (6.),  and  196,  (1.)).    It  follows  (by  186,  &c.)  that 

III.  .  .  T/3"  =  TV  —  .  Ta  =  petpendiQular  distance  of  b  from  oa  ; 

this  perpendicular  being  here  considered  with  reference  to  its  length  alone,  as 
the  characteristic  T  of  the  ^^nsor  implies.    It  is  to  be  observed  that  because 

ike  factor^  V-^,  in  the  recent  formula  II.  for  the  projection  j3'',  is  not  a  scalar  ^ 

a 

we  must  write  that  factor  as  a  multiplier ^  and  not  as  a  multiplicand  \  although 
we  were  at  liberty,  in  consequence  of  a  general  convention  (15),  respecting  the 
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muttiplieatian  of  vectors  and  sealars,  to  denote  the  other  projeotion  /3'  under  the 
fonn, 

r.  ../3'-oS^(196,XIX.). 

a 

(1.)  The  equation^ 

a 

expresses  that  the  loous  of  P  is  the  indefinite  right  line  da. 
(2.)  The  equation, 

yP-ZA^Q    or    Ve  =  V^, 

a  a  a 

expresses  that  the  loous  of  p  is  the  indefinite  right  line  bb^^,  in  fig.  50,  which 
is  drawn  through  the  point  b,  parallel  to  the  line  oa. 
(3.)  The  equation 

S^^  =  0,    or    S^  =  S&,ofl96,  (2.), 

a  a  a  ' 

has  been  seen  to  express  that  the  loous  of  p  is  the  plane  through  b,  perpendi- 
cular to  the  line  oa  ;  if  then  we  combine  it  with  the  recent  equation  (2.),  we 
shall  express  that  the  point  p  is  situated  at  the  iutereection  of  the  two  last 
mentioned  loci ;  or  that  it  coincides  with  the  point  b. 

(4.)  Accordingly,  whether  we  take  the  two  first  or  the  two  last  of  these 
recent  forms  (2.),  (3.),  namely, 

v^::^  =  o,  8^:1^=0,  or  v?  =  v^,  8^=s^, 

a  a  .  a  a  a         a 

we  can  infer  this  position  of  the  point  p:  in  the  first  case  by  inferring, 

through  202,  V.,  that  ^^  «  0,  whence  />  -  ^  =  0,  by  142 ;  and  in  the  second 

cc 

case  by  inferring,  through  202,  YI.,  that  ^  »  ^ ;  so  that  we  have  in  each  case 

a      a 

(oomp.  104),  or  as  a  consequence  from  each  system,  the  equality  p  »  /3,  or 
OP  "  OB ;  or  finally  (oomp.  20)  the  coincidence^  p  »  b. 
(5.)  The  equation 

TV^  =  TV^, 

a  a 

expresses  that  the  locus  of  the  point  p  is  the  cylindrio  surface  of  revolutionj  which 
passes  through  the  point  b,  and  has  the  line  oa  for  its  axis ;  for  it  expresses,  by 
ni.,  that  the  perpendicular  distances  of  p  and  By  from  this  latter  line,  are  equal 

2  c  2 
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(6.)  The  system  of  the  two  equations, 

TV2  =  TY^,    S^=0, 

a  ay 

expresses  that  the  locus  of  f  is  the  (generally)  elliptic  section  of  the  cylinder 
(5.),  made  hy  the  plane  through  o,  which  is  perpendicular  to  the  line  oc. 

(7.)  If  we  employ  an  analogous  decomposition  of  p,  by  supposing  that 

/  ,    //  ^11  //I 

P^P  ^  P  y         P  II  «>         P    -L  o> 

the  three  rectilinear  or  plane  loci,  (l.),  (2.),  (3.),  may  have  their  equations 

thus  briefly  written : 

p--0;       p''-/3'';        /-/3': 

while  the  combination  of  the  two  last  of  these  gives  p  =  /3,  as  in  (4.). 

(8.)  The  equation  of  the  cylindric  locus,  (5.),  takes  at  the  same  time  the 

form 

T/'=T/3''; 

which  last  equation  expresses  that  the  projection  v'^  of  the  point  p,  on  the 
plane  through  o  perpendicular  to  oa,  falls  somewhere  on  the  circumference  of 
a  circle,  with  o  for  centre,  and  ob''  for  radius :  and  this  circle  may  accordingly 
be  considered  as  the  base  of  the  right  cylinder^  in  the  sub-article  last  cited. 

204.  From  the  mere  circumstance  that  Yg  is  always  a  right  quotient  (132), 
whence  UVj^  is  a  right  versor  (153),  of  which  the  plane  (119),  and  the  axis 
(127),  coincide  with  those  of  g,  several  general  consequences  easily  follow. 
Thus  we  have  generally,  by  principles  already  established,  the  relations: 

I.  . .  z  Vy  =  o  ;    II-  •  .  Ax  .Vj -  Ax . TTVq ^JLx.q; 

ni.  ..KVfi'  =  -Vg,    or    KV--V(144); 
IV.  ..SV?=0,    or    SV=0(196,VIL); 
V. .  .  (UYqY  «  -  1  (163, 169) ; 
and  therefore,       VI.  .  .  (VqY  =  -  (TV?)»  -  -  NV?,* 

because,  by  the  general  decomposition  (188)  of  a  quaternion  into  factors^  we 
have 

Vn. ..  V?«TVy.XJV?. 

We  have  also  (comp.  196,  VI.), 

VIIL..VS?  =  0,    or    VS  =  0  (202,  VII.) ; 


*  Compare  the  Note  to  page  132. 
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Ui...YVq^Yq,    or    Y*-VV-V(202,IX.); 
and  X...YKq^'-Yq,    or    VK--V, 

beoatuse  corrugate  quaternions  have  opposite  right  partsy  by  the  definitions  in 
137,  202,  and  by  the  construction  of  fig.  36  [p.  116].  For  the  same  reason, 
we  have  this  other  general  formula, 

Xl...Kq^Bq-Yq,    or    K-8-V; 
but  we  had 

q^Bq  +  Yq,    or    1  =  S  +  V,  by  202,  III.,  IV. ; 

hence  not  only,  by  addition, 

q-¥Kq^2Sq,    or    1  +  K » 28,  as  in  196, 1., 
but  also,  by  subtraction, 

XII.  ..2-Kg'  =  2Vfi',    or    1-K  =  2V; 

whence  the  CharacteriatiCy  V,  of  the  Operation  of  taking  the  Right  Part  of  a 
Quaternion  (oomp.  132,  (6) ;  137 ;  166 ;  187;  196),  may  be  dejined  by  either 
of  the  two  following  symbolical  equations : 

Xni.  . .  V«  1  -8(202,  IV.) ;        XIV-  •  .  V- 1  (1  -K) ; 

whereof  the  former  connects  it  with  the  characteristic  8,  and  the  latter  with 
the  characteristic  K ;  while  the  dependence  of  K  on  8  and  V  is  expressed  by 
the  recent  formula  XI. ;  and  that  of  8  on  £  by  196, 11^  Again,  if  the  line 
OB,  in  fig.  60,  be  multiplied  (16)  by  any  scalar  coefficient,  the  perpendicular 
BB^  is  evidently  multiplied  by  the  same ;  hence,  generally, 

XV.  .  .  Yxq  =  xYqj  if  a?  be  any  scalar  ; 
and  therefore,  by  188,  191, 

XYL..Yq«Tq.YTJq,    and    XVII. . .  TV?  -  T? .  TVU^. 

But  the  consideration  of  the  right-angled  triangle,  ob'b,  in  the  same  figure, 

shows  that 

XVIII. . .  TVy-Tj.sinzj, 

because,  by  202, 11.,  we  have 

TYq  «  T  (ob'':  oa)  =  T  .  ob":  T  .  oa, 

and  T .  ob"=  T  .  ob  .  sin  aob  ; 

we  arrive  then  thus  at  the  following  general  and  useful  formula,  connecting 
quaternions  with  trigonometry  anew : 

XrX.  ..TVUj-sinz?; 
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bj  combining  which  with  the  formula, 

BVq  ^oosLq  (196,  XVL), 
we  arrive  at  the  general  relation : 

XX.  ..(SU?)«  +  (TVTJ?)'=1; 

which  may  also  (by  XVII.,  and  by  196,  IX.)  be  written  thus : 

XXI.  .  .  (Sy)»+  {TYqy=  {Tqy\ 

and  might  have  been  immediately  deduced,  without  sives  and  cosinesy  from  the 

right-angled  triangle,  by  the  property  of  the  square  of  the  hypotenuse,  under 

the  form, 

(T .  ob')'  +  (T .  b'b)'  =  (T .  ob)». 

The  same  important  relation  may  be  expressed  in  various  other  ways ;  for 
example,  we  may  write, 

XXII.  . .  N?  =  Tj*  =  Sj*-Vy«, 

where  it  is  assumed,  as  an  abridgment  of  notation  (comp.  199,  YII.,  YIH.), 

that 

XXIII. . .  Vj*  =  {Yq)\    but  that    XXIV. .  .  V .  ?*  -  V  (g»), 

the  import  of  this  last  symbol  remaining  to  be  examined.     And  because,  by 
the  definition  of  a  norm,  and  by  the  properties  of  8q  and  Vj, 

XXV.  ..NS?  =  S?%    but    XXVI.  ..NV?  =  -V?% 
we  may  write  also, 

XXVII.  ..Ny  =  N(Sg+V?)=NS^+NVg; 

a  result  which  is  indeed  included  in  the  formula  200,  VIII.,  since  that  equa- 
tion gives,  generally, 

XXVIII.  ..N(?  +  a?)=N?  +  Na?,    if    z?  =  ^J 

oi  being,  as  usual,  any  scalar.    It  may  be  added  that  because  (by  106, 143) 
we  have,  as  in  algebra,  the  identity, 

XXIX. .  •  -  (g^  +  y)  =  - /- y, 

the  opposite  of  the  mm  of  any  two  quatemiozus  being  thus  equal  to  the  sum  of 
the  opposites,  we  may  (by  XI.)  establish  this  other  general  formula : 

XXX-  .  .-Kfi'  =  Vj-8j; 

the  opposite  of  the  conjugate  of  any  quaternion  q  having  thus  the  same  right 
part  as  that  quaternion,  but  an  opposite  scalar  part. 
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{!•)  From  the  laat  formula  it  may  be  inferred,  that 

if    /  =  -K?,    then    V/  =  +  Vft    but    Sy'  =  -S^; 
and  therefore  that 

Tg^  =  Tj',    and    Ax./  =  Ax,y,    but    L^  ^v-Lq\ 

which  two  last  relations  might  have  been  deduced  from  133  and  143»  without 
the  introduction  of  the  characteristics  S  and  Y. 
(2.)  The  equation  I 

Tv^Y^^V^Y     or(byXXVL),    NV^  =  NV^, 

like  the  equation  of  203,  (5.),  expresses  that  the  locus  of  p  is  the  right 
cylwdery  or  cylinder  of  revolution,  with  oa  for  its  axis,  which  passes  through 
the  point  b. 

(3.)  The  system  of  the  two  equations, 


(v!)'-(ve)-.  s£.«. 


like  the  corresponding  system  in  203,  (6.),  represents  generally  an  elliptic 
section  of  the  same  right  cylinder ;  but  if  it  happened  tliat  y  \\  a,  the  section 
then  becomes  circular, 

(4.)  The  system  of  the  two  equations, 


8^  =  0?,    (v^V  =  ^-l,    with 


il?>    -     1,  X<\y 


represents  the  circle*  in  which  the  cylinder  of  revolution,  with  oa  for  axis, 
and  with  (1  -  a?*)*  Ta  for  radius,  is  perpendicularly  out  by  a  plane  at  a 
distance  =  ±  ofTa  from  o ;  the  vector  of  the  centre  of  this  circular  section 
being  xa. 

(5.)  While  the  scalar  x  increases  (algebraically)  from  - 1  to  0,  and  thence 
to  +  1,  the  connected  scalar  ^/{l  -^  a^)  at  first  increases  from  0  to  1,  and  then 
decreases  from  1  to  0 ;  the  radius  of  the  circle  (4.)  at  the  same  time  enlarging 
from  zero  to  a  maximum  »  Ta,  and  then  again  diminishing  to  zero ;  while  the 
position  of  the  centre  of  the  circle  varies  continuously,  in  one  constant  direc- 
tion, from  e^Jirst  limit-point  a\  if  oa'  =s  -  a,  to  the  point  a,  as  a  second  limit. 

*  By  the  word  **  circle,"  in  these  pages,  is  usaally  meant  a  eireumferenee,  and  not  an  area ;  and 
in  like  manner,  the  words  ''sphere,"  *'  cylinder,"  '<  cone,"  &o.,  are  usually  here  employed  to  denote 
8HTfae$9^  and  not  wiumet. 
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(6.)  The  loeut  of  all  such  circlet  ia  the  sphere,  'with  aa'  for  a  diameter,  and 
therefore  \nth  o  for  centre ;  namely,  the  sphere  whioh  has  already  heen  repre- 
sented by  the  equation  To  -  To  of  186,  (2.) ;  or  by  T  ^  =  1,  of  187,  (1.) ;  or 

a 

by  S^^  =  0,of200,(ll.); 

p  +  a 

but  whioh  now  preeents  itself  under  the  new  form, 

(«ej-(v!)'-'. 

obtained  by  eliminating  x  between  the  two  recent  equations  (4.). 

(7.)  It  is  easy,  however,  to  return  from  the  last  form  to  the  second,  and 
thenoe  to  the  first,  or  to  the  third,  by  rules  of  calculation  already  established, 
or  by  the  general  relations  between  the  symbols  used.  In  fact,  the  last  equa- 
tion (6.)  may  be  written,  by  XXII.,  under  the  form, 

N^=l;    whence    T^  =  1,  by  190,  VL; 

a  a 

and  therefore  also  Tp  =  Ta,  by  187,  and  8  ^^^  =  0,  by  200,  (11.). 

|0  +  o 

(8.)  Gonversely,  the  sphere  through  a,  with  o  for  centre,  might  already 
have  been  seen,  by  the  first  definition  and  property  of  a  noi*m,  stated  in 
145,  (11.),  to  admit  (comp.  145,  (12.) )  of  being  represented  by  the  equation 

N  ^  « 1 ;  and  therefore,  by  XXII.,  under  the  recent  form  (6.) ;  in  which  if  we 

write  X  to  denote  the  variable  scalar  B  ~,  as  in  the  first  of  the  two  equa- 

a 

tions  (4.),  we  recover  the  second  of  those  equations :  and  thus  might  be  led 
to  consider,  as  in  (6.),  the  sphere  in  question  as  the  locua  of  a  mriabh  circle^ 
whioh  is  (as  above)  the  intersection  of  a  variabk  cylinder,  with  a  mriabh  plane 
perpendicular  to  its  axis. 

(9.)  The  same  sphere  may  also,  by  XXVIL,  have  its  equation  written  thus, 

N^8j+V|)  =  l;    or    t(s^  +  vJ)  =  1. 

(10.)  If,  in  each  variable  plane  represented  by  the  first  equation  (4.),  we 
conceive  the  radius  of  the  circle,  or  that  of  the  variable  cylinder,  to  be  multi- 
plied by  any  constant  and  positive  scalar  a,  the  centre  of  the  circle  and  the 
axis  of  the  cylinder  remaining  unchaDged,  we  shall  pass  thus  to  a  new  at/stem 
of  circlee,  represented  by  this  new  system  of  equations, 


^-r"  C^^)'-"-*' 
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(11.)  The  lo€U8  of  these  new  oiroles  will  evidently  be  a  Spheroid  of  RevolU" 
turn;  the  centre  of  this  new  surface  being  the  oentre  o,  and  the  axis  of  the 
same  surface  being  the  diameter  xk\  of  the  sphere  lately  considered :  which 
sphere  is  therefore  either  inscribed  or  circumscribed  to  the  spheroid,  according 
as  the  constant  a  >  or  <  1 ;  because  the  radii  of  the  new  circles  are  in  the  first 
case  greater y  but  in  the  second  case  lessj  than  the  radii  of  the  old  circles;  or 
because  the  radius  of  the  equator  of  the  spheroid  «  a  Ta,  while  the  radius  of 
the  sphere  »  Ta. 

(12.)  The  equations  of  the  two  co-axal  cylinders  of  revolution,  which  envelope 
respectively  the  sphere  and  spheroid  (or  are  circumscribed  thereto)  are : 

fv^Y==-l,    fv-^Y=-l;    or    NV^»1,     NV^»a«; 

\     aj  \     aaj  a  a 

or  TV^=1,     TV^  =  a. 

a  a 

(13.)  The  system  of  the  two  equations, 

S^«a?,    (^Vgy=a?»-1,    with  j3  no^  II  a, 

represents  (comp.  (3.) )  a  rariabk  ellipse,  if  the  scalar  x  be  still  treated  as  a 
variable. 

(14.)  The  result  of  the  elimination  of  x  between  the  two  last  equations, 
namely  this  new  equation, 

(s^Y-(vgY-l;     or    NS^  +  NV^  =  1,  by  XXV.,XXVL; 


or 


N ^S  ^  +  V|^  =  1,  by  XXVII. ;  or  finally,  t(s  ^  +  V^)  =  1,  by  190,  VI., 

represents  the  locus  of  ail  such  ellipses  (13.),  and  will  be  found  to  be  an  adequate 
representation,  through  quaternions,  of  the  general  Ellipsoid  (with  three  un- 
equal axes) :  that  celebrated  surface  being  here  referred  to  its  centre^  as  the 
origin  o  of  vectors  to  its  points ;  and  the  six  scalar  (or  algebraic)  constants^ 
which  enter  into  the  usual  algebraic  equation  (by  co-ordinates)  of  such  a  central 
ellipsoid y  being  here  virtually  included  in  the  two  independent  vectors,  a  and  )3, 
which  may  be  called  its  two  Vector-Constants.* 


*  It  will  be  fonnd,  BoweTer,  that  other  pain  of  veetoT'Conttanfs,  for  the  central  ellipioid,  nay 
occasionally  be  used  with  advantage. 

Hamilton's  Elements  of  Quaternions*  aD 
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(15.)  The  equation  (oomp.  (12.)), 


( 


V0=-1,    or    NV^  =  1,    or    TV^  =  1, 


represents  a  cijlinder  of  revolution^  circumscribed  to  the  elUpaaidy  and  touching  it 
along  the  ellipse  which  answers  to  the  value  a?  =  0,  in  (13.) ;  so  that  the  plane 
of  this  ellipse  of  contact  is  represented  hy  the  equation, 

a 

the  normal  to  this  plane  being  thus  (comp.  196,  (17.))  the  vector  a,  or  oa; 
while  the  aocis  of  the  lately  mentioned  enveloping  cylinder  is  /3,  or  ob. 

(16.)  Postponing  any  further  discussion  of  the  recent  quaternion  equation 
of  the  ellipsoid  (14.),  it  may  be  noted  here  tliat  we  have  generally,  by  XXII., 
the  two  following  useful  transformations  for  the  squares^  of  the  scalar  S^i  and 
of  the  right  part  Yq,  of  any  quaternion  q : 

XXXI. .  .  Sg»  =  Tg^  +  Yq" ;      XXXn. .  .  Vy«  =  S^  -  T^. 

(17.)  In  referring  briefly  to  these,  and  to  the  connected  formula  XXII., 
upon  occasion,  it  may  be  somewhat  safer  to  write, 

(S)»  =  (T)' +  (V)',    (V)»  =  (S)' -  (T)%    (T)' »  (S)»  -  (V)', 

than  S*  =  T*  +  V,  &c. ;  because  these  last  forms  of  notation,  S*,  &c.,  have 

been  otherwise  interpreted  already,  in  analogy  to  the  known  Functional  Xfota* 

tion^  or  Notation  of  the  Calculus  ofFunctionSy  or  of  Operations  (comp.  187,  (9.)) ; 

196,  VI. ;  and  204,  IX.). 

(18.)  In  pursuance  of  the  same  analogy,  ani/  scalar  may  be  denoted  by  the 

general  symholy 

V->0; 

because  scalars  are  the  only  quaternions  of  which  the  right  parts  vanish. 

(19.)  In  like  manner,  a  right  quaternionj  generally,  may  be  denoted  by  the 

symbol, 

S-»0; 

and  since  this  includes  (comp.  204, 1.)  the  right  part  of  any  quaternion,  we 
may  establish  this  general  symbolic  transformation  of  a  Quaternion  : 

y=V-^0  +  S-»0. 
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(20,)  With  this  form  of  notation,  we  should  have  generally,  at  least  for 
real*  qtzatemions,  the  inequalities, 

(V-^0)'>0;     (S->0)»<0; 

80  that  a  (geometricallj  real)  Quaternion  is  generally  of  the  form : 
Square-root  of  a  Positivef  plm  Square-root  of  a  Negative. 

(21.)  The  equations  196,  XYI.,  and  204,  XIX.,  give,  as  a  new  link  between 
quaternions  and  trigonometry^  the  formula : 

XXXIII.  .  .  tan  z  y  =  TVTJg  :  SUy  «  TVg  :  Sy. 

(22.)  It  may  not  be  entirely  in  aooordance  with  the  theory  of  that  Funo 
tional  (or  Operational)  Notation  to  which  allusion  has  lately  been  made,  but  it 
will  be  found  to  be  oonyenient  in  practice^  to  write  this  last  result  under  one 
or  other  of  the  abridged  forms :  t 

TV 
'SXXIY.  .  .tfknLq^^.q]    or    XXXIV. . . tan  z  g  =  (TV  :  B)y; 

which  have  the  advantage  of  saving  the  repetition  of  the  symbol  of  the  quaternion, 
when  that  symbol  happens  to  be  a  complex  expression^  and  not,  as  here,  a  single 
letter,  q. 

(23.)  The  transformation  194,  for  the  index  of  a  right  quotient,  gives 
generally,  by  II.,  for  any  quaternion  g,  the  formul» : 

XXXV.  .  .  IVg  =  TVg.  Ax.^;    XXXVI.  . .  lUV?  =  Ax.j; 

BO  that  we  may  establish  generally  the  symbolical  X  equation, 

xxxvr. . .  luv  =  Ax. 

(24.)  And  because  Ax .  (1 :  Vg)  =- Ax  .Vj',  by  136,  and  therefore  =  -  Ax  .  y, 
by  II.,  we  may  write  also,  by  XXXV., 

XXXV'...I(l  :  Vy)=- Ax.g:TVg. 


#  Compare  Art.  149 ;  and  the  Notes  to  pages  87>  135. 
t  Gompare  the  Note  to  Art.  199. 

X  At  a  later  stage  [286]  it  will  be  found  possible  (comp.  the  Note  to  page  176,  ftc),  to  iKiite, 
geneiiilly, 

IV^  «  V^,        lU  V^  =  UV^ ; 

and  then  (comp.  the  Note  in  page  120  to  Art.  129)  the  recent  equations,  XXXYI.,  XXXYI'.,  will 
take  these  shorter  forms  ['<2913 : 

Xx.q^JPfq;        Ax.  =  UV. 

2D2 
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205.  If  any  parallelogram  obdc  (oomp.  197)  be  projected  on  the  plane 
through  o,  which  is  perpendicular  to  oa,  the  projected  figure  ob"d'V 
(comp.  11)  is  still  a  parallelogram ;   so  that 

od"=oc"+ob''(6),    or    r=7"+6"; 

and  therefore,  by  106, 

r:a  =  (7":a)  +  (/3":a). 

Hence,  by  120,  202,  for  any  two  quaternions,  q  and  /,  we  have  the  general 
formula, 

with  which  it  is  easy  to  connect  this  other, 

lI...Y{q'-q)»Y^-Yq. 
Hence  also,  for  any  three  quaternions,  g,  q\  ((', 

and  similarly  for  any  greater  number  of  summands :  so  that  we  may  write 
generally  (comp.  197,  II.), 

III.  .  .  V2g  =  2V?,    or  briefly    111'.  .  .  VS  =  SV ; 

while  the  formula  II.  (comp.  197,  IV.)  may,  in  like  manner,  be  thus  written, 

IV.  .  .  VAg  =  AVg,     or    IV'.  ..VA  =  AV; 

the  order  of  the  terms  added,  and  the  mode  of  grouping  them,  in  III.,  being 
as  yet  supposed  to  remain  unaltered,  although  both  those  restrictions  will 
soon  be  removed.  We  conclude  then,  that  the  characteristic  V,  of  the  operation 
of  taking  the  right  part  (202,  204)  of  a  quaternion,  like  the  characteristic  S  of 
taking  the  scalar  (196,  197),  and  the  characteristic  K  of  taking  the  conjugate 
(137,  195*),  is  a  Distributive  Symbol,  or  represents  a  distributive  operation : 
whereas  the  characteristics,  Ax.,  Z,  N,  U,  T,  of  the  operations  of  taking 
respectively  the  axis  (128,  129),  the  angle  (130),  the  norm  (145,  (11.)),  the 
versor  (156),  and  the  tensor  (187),  are  not  thus  distributive  symbols  (comp. 
186,  (10.),  and  200,  VII.);  or  do  not  operate  upon  a  whole  (or  sum),  by 
operating  on  its  parts  (or  summands). 

(1.)  We  may  now  recover  the  symbolical  equation  K' «  1  (146),  under  the 
form  (comp.  196,  VI. ;  202,  IV. ;  and  204,  IV.,  VIII.,  IX.,  XI.)  : 

VIII.  ..K«=(S-V)'-S«-SV-VS  +  V'  =  S  +  V=1. 


*  Indeed,  it  has  only  been  proved  as  yet  (comp.  196,  (1.) ),  that  JLXg  =  2Kqy  for  the  case  of  two 
summands  ;  but  this  result  will  soon  be  extended  [207]. 
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(2.)  In  like  manner  we  can  reooyer  each  of  the  expressions  for  S*,  V  from 
the  other,  under  the  forms  (oomp.  again  202,  lY.) : 

VI. .  .  S»  =  (1  -  V)»=  1  -  2V+  V=  1  -V  -  S,  as  in  196,  VI. ; 

Vn.  .  .  V»  =  ( 1  -  8 )'  =  1  -  28  +  S'  =  1  -  S  =  V,  as  in  20 4,  IX. ; 

or  thus  (oomp.  196,  IF.,  and  204,  XIY.),  from  the  expressions  for  8  and  Y  in 
terms  of  K : 

Yin. . .  8«  =  i  (1  +  K)«  =  i(l  +  2K  +  KO  -  i(l  +  K)  -  8; 

IX. . .  Y*=  i  (1  -K)»-i(l  -  2K  +  K»)  -  i{l  -  K)  -  Y. 
(3.)  8imikrly, 

X.  .  .  SY  =  J  (1  +  K)(1  -K)  =  i(l  -K»)  -  0,  as  in  204,  lY. ; 

and      XI.  .  .  Y8  =  i(l  -K)(l  +  K)  =  i (I  -K*)  -  0,  as  in  204,  YIIL* 

206.  As  regards  the  addition  (or  subtraction)  of  such  right  parts^  Yq,  Y/, 
or  generally  of  any  two  right  quaternions  (132),  we  may  connect  it  with  the 
addition  (or  subtraction)  of  their  indices  (133),  as  follows.  Let  obdg  be  again 
any  parallelogram  (197,  205),  but  let  oa  be  now  an  unit-yeotor  (129)  per- 
pendicular to  its  plane ;  so  that 

Ta  =  l,     ^(i3:a)  =  z(7:a)  =  z(S:a)  =  ^,     8  =  7  +  /3. 

Let  ob'dV  be  another  parallelogram  in  the  same  plane,  obtained  by  a  positive 
rotation  of  the  former,  through  a  right  angle,  round  oa  as  an  axis ;  so  that 

^0':^)  =  ^(/:7)  =  ^(8':8)  =  ^; 
Ax .  (/3' :  /3)  =  Ax .  (7' :  7)  -  Ax .  (S' :  8)  -  a. 

Then  the  three  right  quotients,  /3  :  a,  7  :  a,  and  8  :  a,  may  represent  any  two 
right  quaternious^  q,  g',  and  their  «ww,  /  +  j',  which  is  always  (by  197,  (2.) ) 
it^telf  a  right  quaternion  ;  and  the  indices  of  these  three  right  quotients  are 
(oomp.  133,  193)  the  three  lines  j3',  7',  8',  so  that  we  may  write,  under  the 
foregoing  conditions  of  construction, 

P'=IO:«},     y'-liyia),    8'  =  I(8:a). 


*  [It  may  be  instructive  to  the  student  to  form  symbolical  equations  analogous  to  those  in  161  (3.) 

from  the  six  symbols  8,  V,  K  and  T,  IT,  R.     He  may  compare  the  equations  obtained  from  the  distri- 

k  butive  symbols  8,  Y  and  K,  with  those  obtained  from  T,  U  and  B,  and  may  notice  the  pairs  of 

aymbols  commutative  in  order  of  operation,  &c.    It  is  well  to  combine  the  symbols  as  in  a  multipli> 

cation  table.] 
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But  this  third  index  is  (by  the  second  parallelogram)  the  mm  of  the  two 
former  indices,  or  in  symbols,  S'  =  7'  +  j3' ;  we  may  therefore  write, 

I...I(/  +  j)=I?'  +  Ig,     if     Lq^lgf^^; 

or  in  words  the  Index  of  the  Sum*  of  any  two  Right  Quaternions  is  equal  to  the 

Sum  of  their  Indices.    Hence,  generally,  for  any  two  quaternions,  q  and  q\ 

we  have  the  formula, 

IL..IV(/+(7)  =  IV?'  +  IV?, 

because  Vg,  V/  are  always  right  quotients  (202,  204),  and  V  {q'  +  q)  is  always 
their  sum  (205, 1.) ;  so  that  the  index  of  the  right  part  of  the  sum  of  any  ttco 
quaternions  is  the  sum  of  the  indices  of  the  right  parts.  In  like  manner,  there 
is  no  diflSoulty  in  proving  that 

m... !(?'-?)  =  Ij'-Iy,     if    ^j'=^?  =  ^; 

and  generally,  that 

IV.  ..IV  (/-(?)  =IV/-IV(7; 

the  Index  of  the  Difference  of  any  two  right  quotients,  or  of  the  right  parts  of 
any  two  quaternions,  being  thus  equal  to  the  Difference  of  the  Indices.*  We 
may  then  reduce  the  addition  or  subtraction  of  any  two  such  quotients,  or  parts, 
to  the  addition  or  subtraction  of  their  indices ;  a  right  quaternion  being  always 
(by  133)  determined,  when  its  index  is  given,  or  known. 

207.  We  see,  then,  that  as  the  Multiplication  of  any  two  Quaternions  was 
(in  191)  reduced  to  (1st)  the  arithmetical  operation  of  multiplying  their  tensors^ 
and  (Ilnd)  the  geometrical  operation  of  multiplying  their  versors,  which  latter 
was  constructed  by  a  certain  composition  of  rotations,  and  was  represented  (in 
either  of  two  distinct  but  connected  ways,  167,  175)  by  sides  or  angles  of  a 
spherical  triangle :  so  the  Addition  of  any  two  Quaternions  may  be  reduced 
(by  197,  I.,  and  206,  II.)  to,  1st,  the  algebraical  addition  of  their  scalar  parts, 
considered  as  two  positive  or  negative  numbers  (16.) ;  and,  Ilnd,  the  geome-- 
trical  addition  of  the  indices  of  their  right  parts,  considered  as  certain  vectors  (1.) : 
this  latter  Addition  of  Lines  being  performed  according  to  the  Rule  of  the 
Parallelogram  (6.).t    In  like  manner,  as  the  general  Division  of  Quaternions 

*  Compare  the  Note  to  page  175. 

t  It  does  nut  faU  within  the  plan  of  these  Notes  to  allude  often  to  the  history  of  tlie  subject ;  but 
it  ought  to  be  distinctly  stated  that  this  celebrated  RuUf  for  what  may  be  called  Oeonutrical  Additicn 
of  right  linetf  considered  as  analogous  to  composition  of  motion*  (or  oiforeet),  had  occurred  to  several 
writers  before  the  invention  of  the  quaternions  :  although  the  method  adopted,  in  the  present  and  in 
a  former  work,  of  deducing  that  rule,  by  algebraiccd  analogies,  from  the  symbol  b  —  a  (1 .)  for  the  line  ab, 
may  possibly  not  have  been  anticipated.  The  reader  may  compare  the  Notes  to  the  Preface  to  the 
author's  Volume  of  Lectures  on  Quaternions  (Dublin,  1863). 
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was  seen  (in  191)  to  admit  of  being  rednoed  to  an  arithmetical  dirision  of 
tensors^  and  a  geometrical  division  ofverMra^  so  ve  may  now  (bj  197,  III.,  and 
206,  IV.)  reduce,  generally,  the  Subtraction  of  Quaternions  to  (1st)  an  alge- 
braical subtraction  of  scalars^  and  (Ilnd)  a  geometrical  subtraction  of  rectors : 
this  last  operation  being  again  oonstructed  by  a  parallelogram,  or  even  by  a 
plane  triangle  (oomp.  Art.  4,  and  fig.  2).  And  because  the  sum  of  any  given 
set  of  vectors  was  early  seen  to  have  a  value  (9.),  which  is  independent  of  their 
ordevy  and  of  the  mode  of  grouping  them,  we  may  now  infer  that  the  Sum  of 
any  number  of  given  Quaternions  has,  in  like  manner,  a  Value  (oomp.  197,  (I.)), 
which  is  independent  of  the  Order ^  and  of  the  Grouping  of  the  Summands :  or  in 
other  words,  that  the  general  Addition  of  Quaternions  is  a  Commutative*  and  an 
Ansociative  Operation, 

(1.)  The  formula,        VSj  =  SV?,  of  206,  III., 

is  now  seen  to  hold  good,  for  any  number  of  quaternions,  independently  of  the 
arrangement  of  the  terms  in  each  of  the  two  sums,  and  of  the  manner  in 
which  they  may  be  associated, 
(2.)  We  can  infer  anew  that 

K  (/  +  ?)  =  K/  +  Ky,  as  in  195.  II., 

under  the  form  of  the  equation  or  identity, 

S(/+?)  -V(?'  +  ?)  =  (S^-V/)  +  (Sj- Vj). 

(3.)  More  generally,  it  may  be  proyed,  in  the  same  way,  that 

K2?  =  SKy,    or    briefly,    KS  =  ^K, 

whatever  the  number  of  the  summands  may  be. 

208.  As  regards  the  quotient  or  product  of  the  right  parts^  Yq  and  V/,  of 
any  two  quaternions,  let  t  and  f  denote  the  tensors  of  those  two  parts,  and 
let  X  denote  the  angle  of  their  indices,  or  of  their  axes,  or  the  mutual  inclination 
of  the  axes,  or  of  the  planes,  f  of  the  two  quaternions  q  and  /  themsehes,  so 
that  (by  204,  XVIII.), 

t  =  TYq  «  Tg .  sin  z  ?,    f  =  TV/=  T/.  sin  L  /, 

and  x^L  (IV/:  IV?)  ^  L{Ax.g[ :  AjL.q). 


*  Compare  the  Note  to  page  176. 

t  Two  pUifU9,  of  course,  make  with  each  other,  in  general,  two  unequal  and  supplementarj  angUt : 
but  ve  here  suppose  thut  these  are  muiutdly  diatinguithedy  hj  taking  account  of  the  (upeet  of  each 
plane,  as  distinguished  from  the  opposite  aspect:  which  is  most  easily  done  (111),  by  oonsldering  the 
asM  a»  above. 
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Then,  by  193, 194,  and  by  204,  XXXV.,  XXXV'.,  ; 

1. . .  Vg' :  V?  =  IV/ :  IV?  -  +  (TV?' :  TV?) .  (Ax .  y' :  Ax.  jr) ; 

II...V/.V,.W:I^-W.TV,).(AxY:A..,)i 

and  therefore  (comp.  198j,  with  the  temporary  abridgments  proposed  above, 
III.  .  .  S  (Vq' :  Yq)  '^  fir' ooBx;     IV.  .  .  8U  (Vg' :  Vy)  =  +  oosar; 
V.  .  .S(Vj'.V?)  =-^^cosa:;     VI.  .  .  STJ  (V/ .  V?)  =  -  oos  a; ; 
Vn.  .  .  Z.  (V/  .  Yq)  =xi  VIII.  .  .  /(V/.  Vg)  =  ir  -  «. 

We  have  also  generally  (oomp.  204,  XVIII.,  XIX.), 

IX.  .  .  TV (V/ :  Yq)  =  ft' sin«;     X.  .  .  TVTJ (Vj' :  Yq)  =  sina;; 
XL  .  .TY(Yq\Yq)=ftsiji!t',    XII.  .  .  TVU  (Vg' . Vj)  =  sin « ; 
and  in  particular, 

Xni.  .  .  V  (Vj' :  V<?)  =  0,    and    XIV.  .  .  V  (Vg' .  V?)  =  0, 

if  g'  III  q  (123) ; 

because  (comp.  191,  (6.),  and  204,  VI.)  the  quotient  or  product  of  the  right 
parts  of  two  camplatmr  quaternions  (supposed  here  to  be  both  non-scalar  (108), 
so  that  t  and  t'  are  each  >  0)  degenerates  (131)  into  a  scalar^  which  may  be 
thus  expressed : 

XY...Y^:Yq^  +  ftr\    and    XVI.  .  . V/. Vy  = -^%     iix^Q; 
but 

XYIl. .  .Y^ :Yq  =  -  fir\  and  XVIII.  .  .V?'.Vg  =  +  ^%    ifa?  =  ir; 

the  first  ease  being  that  of  coincident^  and  the  second  case  that  of  opposite  axes. 
In  the  more  general  case  of  diplanarity  (119),  if  we  denote  bj  S  the  unit-line 
which  is  perpendicular  to  both  their  awes,  and  therefore  common  to  their  two  planes^ 
or  in  which  those  planes  intersect,  and  which  is  so  directed  that  the  rotation 
round  it  from  Ax .  q  to  Ax .  5^  is  positive  (comp.  127,  128),  the  recent  for- 
mulsd  I.,  II.,  give  easily, 

XIX .  . .  Ax .  ( V/ :  Vy)  =  +  8 ;      XX. . .  Ax .  (Vg' .  V(?)  =  -  8 ; 

and  therefore  (by  IX.,  XI.,  and  by  204,  XXXV.),  the  indices  of  the  right parts^ 
of  the  quotient  and  product  of  the  right  parts  of  any  two  diplanar  quaternions, 
may  be  expressed  as  follows : 

XXI.  .  •IV(V/:V?)  =  +  8.^^*sina?; 
XXTI.  .  .lY  (Yq" .Yq)  ^  -  S.ftBma. 
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(1.)  Let  ABC  be  any  triangle  npon  the  unit-sphere  (128),  of  which  the 

spherical  angles  and  the  corners  may  be  denoted  by  the  same  letters  a,  b,  c, 

while  the  aides  shall  as  usual  be  denoted  by  a^hy  c\  and  let  it  be  supposed 

that  the  rotation  (comp.  177)  round  a  from  c  to  b,  and  therefore  that  round  b 

from  A  to  G,  &c.,  IB  positwe^  as  in  fig.  43  [p.  144].    Then  writing,  as  we  have 

often  done, 

q  =  fi  :  Of    and    /  =  7  :  j3,    where    a  =  oa,  &o., 

we  easily  obtain  the  following  expressions  for  the  three  scalars  t^  f,  Xy  and 
for  the  vector  8: 

t-foxLCi    ^=sina;    {r  =  ir-B;     8  =  -j3. 

(2.)  In  fact  we  have  here, 

Tg=:T/=l,     Lq^Cy    L^^a\ 

whence  t  and  if  are  as  just  stated.    Also  if  a',  b^  c/  be  (as  in  175)  the  j^o^YiW 

pok%  of  the  three  mccesme  sides  bc,  ca,  ab,  of  the  given  triangle,  and  therefore 

the  points  a,  b,  c  the  negative  poles  (comp.  180,  (2.) )  of  the  new  arcs  bV,  c'a', 

a'b',  then 

Ax .  q  =  go',    Ax  .  /  =  ga'  ; 

but  X  and  S  are  the  angle  and  the  axis  of  the  quotient  of  these  two  axes,  or  of 
the  quaternion  which  is  represented  (162)  by  the  arc  c'a'  ;  therefore  a;  is,  as 
above  stated,  the  supplement  of  the  angle  b,  and  S  is  directed  to  the  point  upon 
the  sphere,  which  is  diametrically  opposite  to  the  point  b. 

(3.)  Hence,  by  III.  V.  VII.  VIII.  IX.  XI.,  for  any  triangle  abc  on  the 
unit-sphere,  with  a  «  oa,  &c.,  we  have  the  formulse : 

XXIII.  .  .SfvX:V^)«-sinfl  cosec  c  cos  b  ; 

XXIV.  .  .SfV^.V~]  =  +  sinasinocosB; 

XXV.  ..zrvg:V^)  =  ir-B;       XXVI.  .  .  z(v| .  V^)  =  b; 
XXVtl. . .  TV(VX  :  V^J  =  +  sin  a  cosecc  sin  b; 
XXVin.  .  •  TV^V^-  V^)  =  +  sina  sine  sin B. 

Hamilton's  Blimbnts  of  Quatirnioms.  a  E 
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(4.)  Also,  hj  XIX.  XX.  XXI.  XXII.i  if  the  rotation  round  b  from  a 
to  0  be  still  positive^ 

XXrX.  ..AxYv^:V^)  =  -j3;      XXX.  .  .  Ax.^V| .  V^) -  + /3; 

XXXI.  .  .IVfVi:V-j  =  -/3  8ina  coseo  c  sin  b  ; 

XXXII.  ..IVfvZ.V-j  =  +  /3BinflsincsinB. 

(5.)  If,  on  the  other  hand,  the  rotation  round  b  from  a  to  c  were  negative^ 
then  writing  for  a  moment  oi  =  -  a,  j3i  =  -  /3,  71  =  -  y,  we  should  have  a  new 
and  opposite  triangle^  AiBiCi,  in  which  the  rotation  round  Bi  from  Ai  to  Ci  would 
be  positive^  but  the  angle  at  Bi  equal  in  magnitude  to  that  at  b  ;  so  that  by 
treating  (as  usual)  all  the  angles  of  a  spherioal  triangle  as  positive,  we  should 
have  Bi  s  b,  as  well  as  Oi  ==  c,  and  ai-a\  and  therefore,  for  example,  by  XXXI., 

IVf  V^  :  V  — )  =  -  01  sinai  cosecci  sinBi, 
\    Pi        oi/ 


or 


IVfV^:V-j  =  +  j3sina  oosec  c  sin  b  ; 


the  four  formulse  of  (4.)  would  therefore  still  subsist,  provided  that,  for  this 
new  direction  of  rotation  in  the  given  triangle,  we  were  to  change  the  sign  of 
/3,  in  the  second  member  of  each, 

(6.)  Abridging,  generally  TNq  :  Sy  to  (IV :  S)  j^,  as  TV^ :  Sj-  was  abridged, 
in  204,  XXXIV'.,  to  (TV  :  S)  q,  we  have  by  (5.),  and  by  XXIV.,  XXXII., 
this  other  general  formula,  for  any  three  unit-vectors  a,  j3,  7,  considered 
still  as  terminating  at  the  comers  of  a  spherical  triangle  abc  : 

XXXIIL  .  .  (1V:S)^V2  .  V^V±i3  tauB; 

the  upper  or  the  lower  sign  being  taken,  according  as  the  rotation  round  b 
from  A  to  c,  or  that  round  j3  from  a  to  7,  which  might  perhaps  be  denoted  by 

the  symbol  opjy,  and  which  in  quantity  is  equal  to  the  spherical  angle  b,  is 
positive  or  negative. 

209.  When  \hQ  planes  of  any  three  quaternions  q^  /,  ^\  considered  as  all 
passing  through  the  origin  o  (119),  contain  any  common  Une^  those  three  may 
then  be  said  to  be  Collinear*  Quaternions ;  and  because  the  astis  of  each  is  then 

*  Qiutternions  of  wbich  the  planes  are  paraliel  to  any  common  line  may  also  be  said  to  be  eolUmtir, 
Compare  the  first  Note  to  page  116. 
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perpendioular  to  that  line,  it  follows  that  the  Aaes  of  ColUnear  Quaternions  are 
Complanar :  while  conyersely,  the  camplanarity  cf  the  axes  insures  the  eoUi" 
nearity  of  the  quaternions^  beoause  the  perpendicular  to  the  plane  oi  the  axes  is  a 
line  eommon  to  the  planes  of  the  quaternions. 

(1.)  Complanar  quaternions  are  always  oollinear ;  but  the  oonverse  propo- 
sition does  not  hold  good,  oollinear  quaternions  being  not  necessarily  com- 
planar. 

(2.)  Oollinear  quaternions,  considered  as  fractions  (101),  can  always  be 
reduced  to  a  common  denominator  (120) ;  and  conversely,  if  three  or  more 
quaternions  can  be  so  reduced,  as  to  appear  under  the  form  of  fractions  with 
a  common  denominator  €,  those  quaternions  must  be  oollinear :  because  the 
line  €  is  then  common  to  all  their  planes* 

(3.)  Any  two  quaternions  are  collinear  with  any  scalar ;  the  plane  ofe^  scalar 
being  indeterminate*  (131). 

(4.)  Hence  the  scalar  and  right  parts,  Sq,  Sj^,  Vg,  V/,  of  any  two  quater- 
nions, are  always  collinear  with  each  other. 

(5.)  The  conjugates  of  oollinear  quaternions  are  themselves  collinear. 

210.  Let  y,  q\  /'  be  any  three  collinear  quaternions ;  and  let  a  denote  a 
line  common  to  their  planes.  Then  we  may  determine  (comp.  120)  three 
other  lines  /3,  y,  8,  such  that 

^=«'     ?"i'     ^-r 

and  thus  may  conclude  that  (as  in  algebra), 

L..(j'+j)/'-/j"+y/', 
because,  by  106, 107, 

\a      ajl  a      '8  8      "  8  ""  8  '  a  8  "^  a  8* 

In  like  manner,  at  least  under  the  same  condition  of  coUinearity,t  it  may  be 
proved  that 

n...(/-?)/'-/j"-jj". 

Operating  by  the  characteristic  K  upon  these  two  equations,  and  attending  to 
192,  II.,  and  195,  II.,  we  find  that 

III. .  .  K/'.  (K/  +  Kg)  =  Kq''.  K/  +  Kg".  Kg ; 

IV. . .  K/'.  (Kg^-Kg)  =  Kf.  Kg'-Kg". Kg; 

where  (by  209,  (5.))  the  three  corrugates  of  arbitrary  coUinears,  Kg,  Kg',  Kg'', 


i 


*  Compare  the  Note  to  page  117. 

"^  It  wiU  aoon  be  aeen,  howeyer,  that  thu  conditum  is  unneceuary. 

2  B  2 
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may  represent  an^  three  oollinear  quaternions.    We  have,  therefore,  with  the 
same  degree  of  generality  as  before. 

If,  then,  g,  /,  /',  ^'^  be  any  four  coUinear  quaternions^  we  may  establish  the 
formula  (again  agreeing  with  algebra) : 

Vii. . .  (r+/')(3'+?)  =  ?'Y+3'Y+r?+3"?; 

and  similarly  for  any  greater  number,  so  that  we  may  write  briefly, 

where  2/=  ji  +  y,+ .. +?«,,        S3^  =  /i  +  /»  + ..  +  j'n, 

and  S/y  =  /iji  +  . .  ^iq^  +  ^%qi  + . .  ^+  ^nqm, 

m  and  n  being  any  positive  whole  numbers.    In  words  (comp.  13.),  the  MuUi' 
plication  of  CoUinear*  QtMtemions  is  a  Doubly  Distributive  Operation. 

(1.)  Henoe,  by  209,  (4.),  and  202,  III.,  we  have  this  general  transforma- 
tion, for  the  product  of  any  two  quaternions  : 

IX.  .  ./y  =  8/.Sy  +  V/.Sy  +  Sj'.  Vg  +  V/.  Vg. 

(2.)  Hence  also,  for  the  square  of  any  quaternion^  we  have  the  transforma- 
tiont  (oomp.  126;  199,  VII.;  and  204,  XXIII.) : 

X.  .  .  j*  =  S?»+  28q.Yq  +  Yq'. 

(3.)  Separating  the  scalar  and  right  parts  of  this  last  expression,  we  find 
these  other  general  f ormulsa : 

XI. .  .S.g'-S^  +  Vj^;      XIL.  .Y.q'='2Sq.Yq; 

whence  also,  dividing  by  Tjf*,  we  have 

xni. . .  su  if) = (mqy  +  (YUqy ;   xiv. . .  vu  (^) = 2snq .  vu^, 

(4.)  By  supposing  /  =  Kq,  in  IX.,  and  therefore  S^  =  Sj,  V/  =  -  Vft  and 
transposing  the  two  conjugate  and  therefore  oomplanar  factors  (oomp.  191, 
(1.) ),  we  obtain  this  general  transformation  for  a  norm^  or  for  the  square  of  a 
tensor  (oomp.  190,  V. ;  202,  III. ;  and  204,  XI.) : 

XV-  .  .  Tq'^Nq^qKq^  (S^  + V?)  {8q  -Yq) '-Bf-Yq'; 

which  had  indeed  presented  itself  before  (in  204,  XXII.),  but  is  now  obtained 

*  This  diitribui%9$  property  of  multiplication  will  soon  be  found  (compaie  the  laat  Note)  to  extend 
to  the  more  general  case,  in  which  the  quaternions  are  not  coUinear, 

t  [By  means  of  the  f ormnlsB  of  204  many  different  transformations  involying  K,  S,  Y ,  and  T  may 
be  effected  on  a  square  or  product.] 
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in  a  new  way,  and  tcithaut  any  employment  of  sines,  or  cosines,  or  even  of  the 
well-known  theorem  respecting  the  square  of  the  hypotenuse. 

(6.)  Eliminating  Yq*,  by  XV.,  from  XI.,  and  dividing  by  Tq*,  we  find 

that 

XVI.  .  .  S,^«  =  2S^-Tj»;    XVn. . .  SU (j»)  =  2  {SUg)» - 1 ; 

agreeing  with  199,  VI.  and  IV.,  but  obtained  here  without  any  use  of  the 
known  formula  for  the  cosine  of  the  double  of  an  angle. 

(6.)  Taking  the  soalar  and  right  parts  of  the  expression  IX.,  we  obtain 
these  other  general  expressions : 

XVin. .  •  S/g  -  S?'.  By  +  S  (V/.Vg) ; 

XIX. . .  V/?=V/.8?+V?.S/  +  V(V/.V?); 

in  the  latter  of  which  we  may  (by  126)  transpose  the  two  factors  V/,  Sg,  or 
Vg,  S^.     We  may  also  (by  206,  207)  write,  instead  of  XIX.,  this  other 

formula : 

XIX'. . .  IV/y  =  IV/.S?  +  IV?.S/  +  IV(V/.Vg). 

(7.)  If  we  suppose,  in  VII.,  that  q"  =  Kq,  /''  =  K/,  and  transpose  (oomp. 
(4.) )  the  two  oomplanar  (because  conjugate)  factors,  /  +  ?  and  K  (/  +  q),  we 
obtain  the  following  general  expression  for  the  norm  of  a  sum : 

iq'-^q)K{(f^q)^^K(f+qK(f-^q^q-^qKq; 

or  briefly, 

XX.  .  .  N  (/+  (?)  =  N/+  28  .  qKq'  +  Nq,  as  in  200,  Vn. ; 
because 

(fKq  =  K  .  qX(f,  by  192,  II.,  and  (1  +  K)  .  qKq'  =  28 .  qKq%  by  196,  IF. 

(8.)  By  changing  /  to  ^  in  XX.,  or  by  forming  the  product  oi  q  -\- x  and 
Kq-hx,  where  x  is  any  scalar,  we  find  that 

XXL  .  .  N  (g  +  a?)  -Nj  +  2a«j  +  aj»,  as  in  200,  VIII. ; 
whence,  in  particular, 

XXr.  .  •  N(y- 1)  =N?-28g  +  1,  as  in  200, 11. 

(9.)  Changing  q  to  j3  :  a,  and  multiplying  by  the  square  of  Ta,  we  get, 
for  any  two  vectors,  a  and  /3,  the  formula, 

XXn. . .  T  (i3  -  a)»  =  T^»  -  2T/3 .  Ta  .  SU  ^  +  Ta\ 
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in  whioh  Ta'  denotes*  (To)* ;  because  (by  190,  and  by  196,  IX.), 

Nf^-lVNt-  =  f^(^Y.    and   S^-T^s^g. 

\a         /  a  \       la      /  a       la         a 

(10.)  In  any  plane  triangle,  abg,  with  sides  of  whioh  the  lengths  are  as  usual 
denoted  by  ay  6,  c,  let  the  vertex  c  be  taken  as  the  origin  o  of  veotors ;  then 

a-CA,    /3-cB,    j3-a  =  AB,    Ta  =  J,    Tj3«a,    T(/3-a)-(?,    SU^  =  eosc; 

a 

we  recover  therefore,  from  XXII. ,  the  JUndamental  formula  of  plane  trigono^ 
metri/f  under  the  form 

XXTTL  .  .  c»  =  a*  -  2a J.  008  c  +  b\ 

(11.)  It  is  important  to  observe  that  we  have  not  here  been  arguing  in  a 
oirole ;  beoause  although,  in  Art.  200,  we  assumed,  for  the  oonvenienoe  of  the 
student,  a  previous  knowledge  of  the  last  written  formula,  in  order  to  arrive 
more  rapidly  at  certain  applications,  yet  in  these  recent  deductions  from  the 
distributive  property  VIII.  of  multiplication  of  (at  least)  ooUinear  quaternions, 
we  have  founded  nothing  on  the  results  of  that  former  Article ;  and  have 
made  no  use  of  any  properties  of  oblique-angled  triangles^  or  even  of  right- 
angled  ones,  since  the  theorem  of  the  square  of  the  hypotenuse  has  been 
virtually  proved  anew  in  (4.) :  nor  is  it  necessary  to  the  argument,  that  any 
properties  of  trigonometric ^no^t(>n«  should  be  known,  beyond  the  mere  defini- 
tion of  a  cosine^  as  a  certain  projecting /aetor^  from  which  the  formula  196,  XYI. 
was  derived,  and  which  justifies  us  in  writing  cos  c  in  the  last  equation  (10.). 
The  geometrical  Examples,  in  the  sub-articles  to  200,  may  therefore  be  read 
again,  and  their  validity  be  seen  anew,  without  any  appeal  to  even  plane  trigono^ 
metty  being  now  supposed. 

(12.)  The  formula  XV.  gives  8^  =  Tj*  +  Vj^,  as  in  204,  XXXI. ;  and  we 
know  that  V;',  as  being  generally  the  square  of  a  right  quaternion^  is  equal  to 
a  negative  scalar  (comp.  204,  VI.),  so  that 

XXIV. .  .  Yf  <  0,    unless    ii  y  «  0,    or    =  ir, 

in  each  of  which  two  oases  Yq  >=  0,  by  202,  (6.)|  and  therefore  its  square 
vanishes;  hence, 

XXV.  ..8f<  Tq\     {SUqy  <  1, 
in  every  other  case. 

*  We  are  not  ffei  at  liberty  to  interpret  the  symbol  Ta*  as  denoting  also  T  (a*) ;  because  we  haTO 
not  yet  assigned  any  meaning  to  the  tquare  of  a  vector,  or  generally  to  the  product  of  two  vcctorg.  In 
the  Third  Book  of  these  Elements  [282  (3.)]  it  will  be  shown,  that  such  a  square  or  product  can  be 
interpreted  as  being  a  quaternion :  and  then  it  will  be  found  (comp.  190},  that 

T  (a")  1  (Ta)»  =  Ta», 
whaterer  vector  a  may  be. 


J 
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(13.)  It  might  therefore  have  been  thus  proved,  without  any  use  of  the 
transformation  SUq  ^oos/iq  (196,  XVI.),  that  (for  any  real  quaternion  q)  we 
may  have  the  inequalities, 

XXVI.  ..SU?<  +  1,    STJ?>-1,    and    Sj<  +  Tj,    Bq>-Tq, 

unless  it  happen  that  z  ; » 0,  or  *>  ir ;  SIT;  being  «  -i-  I,  and  8q-  +  T^,  in  the 
first  oase ;  whereas  SUq  -  ~  1,  and  Sg  »  -  Tq,  in  the  second  case. 

(14.)  Since Tgr'  =  Ny,  and  Ty.T/=T.yK/  =  T.j'Kg«Nj.T(g':j), while 
8.  jrK/=S ./Ky-Ng'. S(/:  y),  the  formula  XX.  gives,  by  XXVL, 

XXVn.  ..(T/+T?)«-T(/  +  y)«-2(T-S)?Kj'  =  2N^.(T-S)(/:?)>0, 
if  we  adopt  the  abridged  notation, 

XXVIII, . .  Ty  -  S^  -  (T  -  8)  J, 
and  suppose  that  the  quotient  / :  g  is  no^  a  positive  scalar ;  hence, 

XXIX.  .•T/+Tg>T(/  +  j),    unless    /  =  ^?,    and    x>0; 

in  which  excepted  case,  each  member  of  this  last  inequality  becomes 
-  (1  +  a?)  Tq. 

(15.)  Writing  ;  » /3 :  o,  /  «  7  :  a,  and  multiplying  by  To,  the  formula 
XXIX.  becomes, 

XXX.  ..T7  +  T0>T(y  +  /3),    unless    7  =  jr/3,    x>0; 

in  which  latter  oase,  but  not  in  any  other,  we  have  Uy  »  Uj3  (155).  We 
therefore  arrive  anew  at  the  results  of  186,  (9.),  (10.),  but  without  its  having 
been  necessary  to  consider  any  triangle^  as  was  done  in  those  former  sub- 
articles. 

(16.}  On  the  other  hand,  with  a  corresponding  abridgment  of  notation,  we 
have,  by  XXVI., 

XXXI.  .  .Ty  +  8j-(T  +  8)j'>0,    unless    zg-7r; 

also,  by  XX.,  &c., 

XXXn...T(j'  +  j)»-(T?'-Ty)*-2(T  +  8)gK/=2Ny.(T  +  8)  (/:?); 

hence, 

XXXm.  ..T(/  +  y)>±(Ty'-Ty),    unless    s^  =  -a?y,    a?>0; 

where  either  sign  may  be  taken. 

(17.)  And  hence,  on  the  plan  of  (15.),  for  any  two  vectors  j3,  y, 

XXXIV.,.T(y  +  j3)>±(Ty-T0),    imle98    Uy--TJ^, 
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whichever  sign  he  adopted  ;  but,  on  the  contrary, 

XXXV.  ..T(y  +  ^)=±(T7-T^),    if   U7  =  -U^, 

the  upper  or  the  lower  sign  being  taken,  according  as  Ty  >  or  <  T/3 :  all 
which  agrees  with  what  was  inferred,  in  186,  (11. )>  from  ^/^om^^nca/ conside- 
rations alone,  combined  with  the  definition  of  Ta.  In  fact,  if  we  make 
j3  =  OB,  y  =  oc,  and  -  y  =  oc',  then  obc'  will  be  in  general  a  plane  triangle,  in 
which  the  length  of  the  side  bg^  exceeds  the  difference  of  the  lengths  of  the 
two  other  sides ;  but  if  it  happen  that  the  directions  of  the  two  lines  ob,  (x/ 
coincide,  or  in  other  words  that  the  lines  ob,  oc  have  opposite  directions,  then 
the  difference  of  lengths  of  these  two  lines  becomes  eqtMl  to  the  length  of  the 
line  BG^ 

(18.)  With  the  representations  of  q  and  />  assigned  in  208,  (1.),  by  two 
sides  of  a  spherical  triangle  abg,  we  have  the  values, 

Sq  =  cos  c,        S  j'  =  cos  a,        S/y  =  S  (y :  a)  =  cos  6 ; 

the  equation  XVIII.  gives  therefore,  by  208,  XXIV.,  the  fundamental  formula 
of  spherical  trigonometry  (comp.  (10.) ),  as  follows  : 

XXXVI.  .  .  cos  6  »  cos  a  cos  c  +  sin  a  sin  c  cos  B. 

(19.)  To  interpret,  with  reference  to  the  same  splierical  triangle,  the  con- 
nected equation  XIX.,  or  XIX',  let  it  be  now  supposed,  as  in  208,  (5.),  that 
the  rotation  round  b  from  g  to  a  is  positive,  so  that  b  and  b'  are  situated  at 
the  same  side  of  the  arc  ga,  if  b'  be  still,  as  in  208,  (2.),  the  positive  pole  of 
that  arc.     Then  writing  a  =  oa',  &c.,  we  have 

TVq  =  y'  sin  c ;        IV/  =  a  sin  a ;        IVj^g  =  -  )3'  sin  J ; 

and  rV  (V/.  Yq)  =  -  /3  sin  a  sin  c  sin  b  (comp.  208,  (5.) ), 

with  the  recent  values  (18),  for  S^  and  S/;  thus  the  formula  XIX'.  becomes, 
by  transposition  of  the  two  terms  last  written : 

XXXVII.  .  .  /3  sin  a  sin  c  sin  b  «  a  sin  a  cos  c  +  j3'  sin  i  +  y'  sin  c  oos  a. 

(20.)  Let  p  =  OP  be  any  unit-vector ;  then,  dividing  each  term  of  the  last 
equation  by  p,  and  taking  the  scalar  of  each  of  the  fbur  quotients,  we  have, 
by  196,  XVI.,  this  new  equation : 

XXXVIII.  . .  sin  a  sin  c  sin  B  cos  pb  ==  sin  a  oos  c  oos  pa'  +  sin  5  oos  pb' 

+  sine  oos  a  oos  Pc'; 
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where  a,  (,  o  are  as  usual  the  sides  of  the  spherioal  triangle  abc,  and  a'^  B^  c' 
are  still,  as  in  208,  (2.),  the  positive  poles  of  those  sides ;  but  p  is  an  arbitrary 
point,  upon  the  surface  of  the  sphere.  Also  cos  pa',  cos  pb^  cos  p</  are 
evidently  the  sines  of  the  arcual  perpendiculars  let  fall  from  that  point  upon 
those  sides ;  being  positive  when  p  is,  relatively  to  them,  in  the  same  hemi- 
spheres as  the  opposite  corners  of  the  triangle,  but  negative  in  the  contrary 
case ;  so  that  cos  aa',  &c.,  are  positive,  and  are  the  sines  of  the  three  altitudes 
of  the  triangle. 

(21.)  If  we  place  p  at  b,  two  of  these  perpendiculars  vanish,  and  the  last 
formula  becomes,  by  208,  XXVIII., 


XXXIX.  .  .  sin  6  cos  bb'  «  sin  a  sin  (?  sin  B  «  TV 


{^i^^> 


such  then  is  the  quaternion  expression  for  the  product  of  the  sine  of  the  side 
CA,  multiplied  by  the  sine  of  the  perpendicular  let  fall  upon  that  side,  from 
the  opposite  vertex  b. 

(22.)  Placing  p  at  a,  dividing  by  sin  a  cos  c,  and  then  interchanging  b  and 
c,  we  get  this  other  fundamental  formula  of  spherical  trigonometry, 

XL.  .  .  cosaa's  sine  sin  b  »  sin  6  sine; 

and  we  see  that  this  is  included  in  the  interpretation  of  the  quaternion  equa- 
tion XIX.,  or  XTX^,  as  the  formula  XXXYI.  was  seen  in  (18.)  to  be  the 
interpretation  of  the  connected  equation  XYIII. 

(23.)  By  assigning  other  positions  to  p,  other  formulae  of  spherioal  trigo- 
nometry may  be  deduced,  from  the  recent  equation  XXXVIII.  Thus  if  we 
suppose  p  to  coincide  with  b^  and  observe  that  (by  the  supplementary* 
triangle), 

bV=  tt  -  a,     (/a'  =  it  -  b,     a'b'  =  ir  -  c, 
while 

COS  bb'  »  sin  a  sin  G  =  sin  c;  sin  A,  by  XL., 

we  easily  deduce  the  formula, 

XLI. ..  sin  a  sin  (?  sin  A  sin  B  sin  G  =  sin  B  -  cos  0  cos  c  sin  A  -  cos  a  cos  A  sin  0 ; 
which  obviously  agrees,  at  the  plane  limit,  with  the  elementary  relation, 

A  +  B  +  0  =  IT. 

*  Ifo  previous  knowledge  of  Spherical  Trigonometry y  properly  so  called,  is  here  supposed ;  the 
supplementary  relations  of  two  polar  tiiangles  to  each  other  forming  rather  a  part,  and  a  yery  elemen- 
tary one,  of  spherical  geometry. 

Hamilton's  Elsmsmts  or  Quatbkmioiis.  8,F 
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(24.)  Again,  by  placing  f  at  k\  the  general  equation  beoomes, 

XLH.  .  .  sin  a  oos  (?  »  sin  5  cos  c  +  sin  e;  cos  a  cos  b  ; 

with  the  Yerification  that,  at  the  plane  limit, 

a  =  i  cos  c  +  c  cos  B. 

But  we  cannot  here  delay  on  such  deductions,  or  verifications :  although  it 
appeared  to  be  worth  while  to  point  out,  that  the  whole  of  spherical  trigono- 
metry may  thus  be  developed,  from  the  fundamental  equation  of  multiplica- 
tion of  quaternions  (107),  when  that  equation  is  operated  on  by  the  two 
characteristics  S  and  Y,  and  the  results  interpreted  as  above. 

211.  It  may  next  be  proved,  as  follows,  that  the  distributive  formula  I.  of 
the  last  Article  holds  good,  when  the  three  quaternions,  g,  j^,  <y",  which  enter 
into  it,  without  being  now  necessarily  colKnear,  are  right ;  in  which  case  their 
ree^roca/8  (135),  and  their  sums  (197,  (2.) ),  will  be  right  also.    Let  then 

and  therefore,  ,  ..      zv     t 

We  shall  then  have,  by  106,  194,  206, 

=  (I?'':I?,)-f(I/:I^,)=A  +  /^; 

and  the  distributive  property  in  question  is  proved. 

(1.)  By  taking  conjugates,  as  in  210,  it  is  easy  henoe  to  infer,  that  the 
other  distributive  formula,  210,  Y.,  holds  good  for  any  three  right  quater- 
nions ;  or  that 

(2.)  For  atif/  three  quaternions,  we  have  therefore  the  two  equations : 

( Vj"  +  Yq^.Yq=  Vg".  Yq  +  V/.  Yq ; 
'Yq.(Vq"  +  Yf)=Yq.Y^'  +  Yq.Y(^. 

(3.)  The  quaternions  q,  q',  g"  being  still  arbitrary,  we  have  thus,  by 
210,  IX., 

W'+  «0  ?  =  (S/'+  S^ .  Sj  +  (Vg"+  Yf).8q  +  Yq.  (S?"+  S^)  +  (Vf+Yff  .Yq 

=  (Sj".  8q  +  V/'.  Bq  +Yq .  8^'+Yf.Yq)  +  (8^.  8q  +V/.  Sq  +Yq .  Sq'+Yq'.Yq) 
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80  that  the  formula  210, 1.,  and  therefore  also  (by  oonjugates)  the  formula 
210,  v.,  is  valid  generally, 

212.  The  General*  Multiplication  of  Quaternions  is  therefore  (comp.  13, 
210)  a  Doubly  Distributive  Operation ;  bo  that  we  may  extendy  to  quaternions 
generally^  the  formula  (oomp.  210,  YIII.)) 

I. .  .  Sj^.  Sg  «  Sj^g : 

however  many  the  summands  of  each  set  may  be,  and  whether  they  be,  or  be 
not,  coUinear  (209),  or  nght  (211). 

(1.)  Hence,  as  an  extension  of  210,  XX.,  we  have  now, 

II.  .  .  NSy  -  SNj  +  228^X5^ ; 

where  the  second  sign  of  summation  refers  to  all  possible  binary  combinations 
of  the  quaternions  ^,  9^9  •  • 

(2.)  And,  as  an  extension  of  210,  XXIX.,  we  have  the  inequality, 

III.  .  .  ST(?  >  T2(?, 

imless  aU  the  quaternions  q^  g^,  .  .  bear  scalar  and  positive  ratios  to  each  other, 
in  which  case  the  two  members  of  this  inequality  become  equal :  so  that  the 
sum  of  the  tensorSj  of  any  set  of  quaternions,  is  greater  than  the  tensor  of  the 
sum^  in  every  other  case. 

(3.)  In  general,  as  an  extension  of  210,  XXYII., 

IV.  .  .  (ST(?)'  -  (TS?)»  =  22  (T  -  S)  qK^. 

(4.)  The  formulae,  210,  XYIII.,  XIX.,  admit  easily  of  analogous  ex- 
tensions. 

• 

(6.)  We  have  also  (comp.  168)  the  general  equation, 

V...(2g)'-2(?')  =  2(g/+j'g); 
in  which,  by  210,  IX., 

VL  ..q^  +  ^q  =  2(Sy.8/  + Vg.S/  +  Vj'.S^  +  8  (V/.V?)); 
because,  by  208,  we  have  generally 

vn. . .  Y(Vq'.Yq) «  -  V(Vj.v?o ; 

or  VIII.  .  .  V/?  =  -  V??',    if    ii?  =  ^?'  =  |- 

(Comp.  191,  (2.),  and  204,  X.) 


*  Compare  the  Notes  to  pages  211  and  212.  [On  page  (35)  of  the  Preface  to  the  '<  Lectures  on 
Quaternions,"  Hamilton  refers  to  an  early  speculation  of  liis  (1831)  on  the  multiplication  of  lines  for 
which  the  product  of  sums  was  net  equal  to  the  sum  of  products.  When  addition  is  not  commutatiYe, 
multiplication  even  hy  a  scalar  is  not  distrihutive.    See  180  (3.)  ] 
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213.  Besides  the  advantage  which  the  Oaloulus  of  Quaternions  gains,  from 
the  general  establishment  (212)  of  the  Distributwe  Prindpley  or  Distributive 
Property  of  Multiplicationy  by  being,  so  far,  assimilated  to  Algebra^  in  processes 
which  are  of  continual  occurrence,  this  principle  or  property  will  be  found  to 
be  of  great  importance,  in  applications  of  that  calculus  to  Geometry ;  and 
especially  in  questions  respecting  the  (real  or  ideal*)  intersections  of  right  lines 
with  spheres^  or  other  surfaces  of  the  second  order,  including  contacts  (real  or 
ideal),  as  limits  of  such  intersections.  The  following  examples  may  serve  to 
give  some  notion,  how  the  general  distributive  principle  admits  of  being 
applied  to  such  questions :  in  some  of  which  however  the  less  general  prin- 
ciple (210),  respecting  the  multiplication  of  collinear  quaternions  (209),  would 
be  sufficient.  And  first  we  shall  take  the  case  of  chords  of  a  sphere^  drawn 
from  a  given  point  upon  its  surface. 

(1.)  From  a  point  a,  of  a  sphere  with  o  for  centre,  let  it  be  required  to 
draw  a  chord  ap,  which  shall  be  parallel  to  a 
given  line  ob  ;  or  more  fully,  to  assign  the 
vector^  p  =  OP,  of  the  extremity  of  the  chord  so 
drawn,  as  a  function  of  the  two  given  vectors^ 
a  -  OA,  and  j3  =  OB ;  or  rather  of  a  and  TTj3, 
since  it  is  evident  that  the  length  of  the  line  /3 
cannot  affect  the  result  of  the  construction, 
which  fig.  61  may  serve  to  illustrate. 

(2.)  Since  ap  ||  ob,  or  p  -  a  ||  j3,  we  may 
begin  by  writing  the  expression, 

p  =  a  +  iPjS  (15), 

which  may  be  considered  (oomp.  23,  99)  as  a  form  of  the  equation  of  the  right 
line  AP ;  and  in  which  it  remains  to  determine  the  scalar  coefficient  a;,  so  as  to 
satisfy  the  equation  of  the  sphere, 

Tp-Ta(186,  (2.)). 

In  short,  we  are  to  seek  to  satisfy  the  equation, 

T  (a  +  a?j3)  =  Ta, 

by  some  scalar  x  which  shall  be  (in  general)  different  from  zero ;  and  then  to 
substitute  this  scalar  in  the  expression  p  «  a  +  a?/3,  in  order  to  determine  the 
required  vector  p. 


Fig.  61. 


*  Compare  the  Notes  to  pages  87,  88,  ftc. 
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(3.)  For  this  purpose,  an  obyious  process  i.<^,  after  dividing  both  sides  by 
TjS,  to  square,  and  to  employ  the  formula  210,  XXI.,  which  had  indeed 
occurred  before,  as  200,  YIII.,  but  not  then  as  a  consequence  of  the  distribu- 
tive property  of  multiplication.  In  this  manner  we  are  conducted  to  a 
quadratic  equation,  which  admits  of  division  by  x^  and  gives  then, 

a?  =  -2S^;        p-a-2^S^; 

the  problem  (1.)  being  thus  resolved,  with  the  verification  that  )3  may  be 
replaced  by  17)3,  in  the  resulting  expression  for  />. 

(4.)  As  a  mere  exercise  of  calculation,  we  may  vary  the  last  process  (3.), 
by  dividing  the  last  equation  (2.)  by  Ta,  instead  of  T/3,  and  then  going  on 
as  before.    This  last  procedure  gives 


and  therefore 


\         aj  a  a 

=  .  28^ : N^--2S^  (by  196,  XH'.),  as  before. 


X-     —     .^,      -     — ^ 
a         a  p 


(5.)  In  general,  by  196,  IF., 

1-2S  =  -K; 
hence,  by  (3.), 

and  finally. 


a 


a  new  expression  for  p,  in  which  it  is  not  permitted  generally,  as  it  was  in 
(3.),  to  treat  the  vector  )3  as  the  multiplier,*  instead  of  the  multiplicand. 

(6.)  It  is  now  easy  to  see  that  the  second  equation  of  (2.)  is  satisfied ;  for 
the  expression  (6.)  for  p  gives  (by  186, 187,  &c.), 

T^  =  Tg,T^«Ta, 

as  was  required. 

(7.)  To  interpret  the  solution  (3.),  let  c  in  fig.  51  be  the  middle  point  of 
the  chord  ap,  and  let  d  be  the  foot  of  the  perpendicular  let  fall  from  a  on  ob  ; 
then  the  expression  (3.)  for  p  gives,  by  196,  XIX., 

cA  =  i(o-p)=j3S^  =  0D; 
and  accordingly,  ogad  is  a  parallelogram. 

*  Compare  the  Note  to  page  159. 
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(8.)  To  interpret  the  expreBsion  (5.),  which  gives 

-  p     T7-  o  op'    T^  OA      . .        , 

-;^  =  K  75,    or    —  =K  — ,    if    OP  =  po, 

/3  /3  OB  OB 

we  have  only  to  observe  (oomp.  138)  that  the  angle  aop'  is  bisected  internally, 
or  the  supplementary  angle  aop  externally,  by  the  indefinite  right  line  ob 
(see  again,  fig.  51). 

(9.)  Conversely,  the  geonietrical  comideratiom  which  have  thus  served  in 
(7.)  and  (8.)  to  interpret  or  to  verifi/  the  two  forms  of  solution  (3.),  (5.),  might 
have  been  employed  to  deduce  those  two  forms,  if  we  had  not  seen  how  to 
obtain  them,  by  rules  of  calculation^  from  the  proposed  conditions  of  the 
question.     (Comp.  145,  (10.),  &c.) 

(10.)  It  is  evident,  from  the  nature  of  that  question,  that  a  ought  to  be 
deducible  from  j3  and  p,  by  exactly  the  same  processes  as  those  which  have 
served  us  to  deduce  p  from  j3  and  a.    Accordingly,  the  form  (3.)  of  p  gives 

and  the  form  (6.)  gives 

And  since  the  first  form  can  be  recovered  from  the  second,  we  see  that  each 
leads  us  back  to  the  parallelism,  p  -  a  ||  /3  (2.). 
(11.)  The  solution  (3.)  for  x  shows  that 

a?  =  0,    p  =  a,    P-A,    if    S(a:)3)  =  0,    or  if    j3  X  a. 

And  the  geometrical  meaning  of  this  result  is  obvious  ;  namely,  that  a  right 
line  drawn  at  the  extremity  of  a  radius  oa  of  a  sphere,  so  as  to  be  perpendi- 
cular to  that  radius,  does  not  (in  strictness)  intersect  the  sphere,  but  touches  it : 
its  second  point  of  meeting  the  surfiEu^e  coinciding^  in  this  case,  as  a  limits  with 
the  first, 

(12.)  Hence  we  may  infer  that  the  plane  represented  by  the  equation, 

8^:1^  =  0,    or    S?  =  l, 

a  a 

is  the  tangent  plane  (comp.  196,  (6.) )  to  the  sphere  here  considered,  at  the 
point  A. 

(13.)  Since  )3  may  be  replaced  by  any  vector  parallel  thereto,  we  may 
substitute  for  it  y  -  o,  if  y  »  oc  be  the  vector  of  any  given  point  c  upoti  the  chord 
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AP,  whether  (as  in  fig.  51)  the  middle  point,  or  not ;  we  may  therefore  write, 
by  (3.)  and  (6.), 

/o  =  o-2(7-a)S ■=  -  K .  (y  -  a). 

7-0  7  -o 

214.  In  the  examples  of  the  foregoing  Article,  there  was  no  room  for  the 
occurrence  of  imaginary  roots  of  an  equation,  or  for  ideal  infersecfions  of  line 
and  surface.  To  give  now  a  case  in  which  such  imaginary  intersections  may 
occur,  we  shall  proceed  to  consider  the  question  of  drawing  a  secant  to  a  sphere, 
in  a  given  direction,  from  a  given  external  point ;  the  recent  figure  61  still 
serving  us  for  illustration. 

(1.)  Suppose  then  that  c  is  the  vector  of  any  given  point  s,  through 
which  it  is  required  to  draw  a  chord  or  secant  ePoPi,  parallel  to  the  same 
given  line  j3  as  before.     We  have  now,  if  po  *  oPo, 

Po  =  6  +  iro/3,        Ta  -  Tpo  =  T(€  +  asa0), 
aib'  +  2a.,S^  +  N^-N^  =  0. 

Xo  being  a  new  scalar ;  and  similarly,  if  pi  =  oPi, 


Pl  =  6  + 


.A     „-si.J{(TiJ.(yi;j, 


by  transformations*  which  will  easily  occur  to  any  one  who  has  read  recent 
articles  with  attention.  And  the  points  Po,  Pi  will  be  together  real^  or 
together  imaginary^  according  as  the  quantity  under  the  radical  sign  is  positive 
or  negative ;  that  is,  according  as  we  have  one  or  other  of  the  two  following 
inequalities, 

T^>    or    <TV^. 
(2.)  The  eqtiation  (oomp.  203,  (5.) ), 

TV^  =  T?i    or 


'rn  -  {nH"'^-"- 


represents  a  cylinder  of  revolution,  with  ob  for  its  axis,  and  with  Ta  for  the 
radius  of  its  base.     If  b  be  a  point  of  this  oylindric  surface,  the  quantity 

*  It  does  not  seem  to  be  neceflsary,  at  the  present  stage,  to  supply  so  many  references  to  former 
Articles,  or  sub-articles,  as  it  has  hitherto  been  thought  useful  to  giye ;  but  such  may  still,  from 
time  to  time,  be  given. 
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under  the  radical  sign  (1.)  vanisheB ;  and  the  two  roots  ^,  Xi  of  the  quadratic 
become  equal.  In  this  case,  then,  the  line  through  e,  which  is  parallel  to  ob, 
touches  the  given  sphere;  as  is  otherwise  evident  geometrically,  since  the 
cylinder  envelopes  the  sphere  (comp.  204,  (12.) ),  and  the  line  is  one  of  its 
generatrices.  If  e  be  internal  to  the  cylinder,  the  intersections  Pp,  Pi  are  real; 
but  if  B  be  external  to  the  same  surface,  those  intersections  are  ideal^  or 
imaginaty. 

(3.)  In  this  last  case,  if  we  make,  for  abridgment. 


s 


-si,    .ad    >.J\{Tyl)--{Tfj\, 


s  and  t  being  thus  two  given  and  real  scahrsy  we  may  write, 

a?o  =  «-^\/-l;        Xi^s-^ty/-!; 

where  -v/  -  1  is  the  old  and  ordinary  imaginary  symbol  of  Algebra^  and  is  not 
invested  here  with  any  sort  of  Oeometrical  Interpretation*  We  merely  express 
thus  the  fact  of  calculation,  that  (with  these  meanings  of  the  symbols  a,  )3,  c, 
s  and  t)  the  formula  To  »  T  (c  +  irj3),  (1.),  when  treated  by  the  rules  of  quater^ 
nionSf  conducts  to  the  quadratic  equation, 

(a?  -  «)'  +  ^  =  0, 

which  has  no  real  root ;  the  reason  being  that  the  right  line  through  b  is,  in 
the  present  case,  wholly  external  to  the  sphere,  and  therefore  does  not  really 
intersect  it  at  all ;  although,  for  the  sake  of  generalization  of  language,  we  may 
agree  to  say,  as  usual,  that  the  line  intersects  the  sphere  in  ttoo  imaginary 
points. 

(4.)  We  must  however  agree,  then,  for  consistency  of  symbolical  expression, 
to  consider  these  two  ideal  points  as  having  determinate  but  imaginary  vectors, 
namely,  the  two  following : 

/oo  =  6  +  «j3  -  <j3  \/  -  1 ;       pi  =  f  +  «j3  +  <j3  -/  -  1 ; 

in  which  it  is  easy  to  prove,  1st,  that  the  real  part  c  +  «j3  is  the  vector  i'  of  the 
foot  B^  of  the  perpendicular  let  fall  from  the  centre  o  on  the  line  through  b 
which  is  drawn  (as  above)  parallel  to  ob  ;  and  Ilnd,  that  the  real  tensor  fT/3 
of  the  coefficient  of  ^y  -Iva  the  imaginary  part  of  each  expression,  represents 
the  length  of  a  tangent  'b!'e!'  to  the  sphere,  drawn  from  that  external  point,  or 
foot,  B^ 


*  Compare  again  the  Note  to  page  87,  and  Art.  149. 
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(6.)  In  fact,  if  we  write  ob'  =  t'  =  e  +  «j3,  we  shall  have 

b'b  «  c  -  €'  =  -  «j3  =  /38  ^  =  projection  of  ob  on  ob  ; 

which  proves  the  1st  assertion  (4.),  whether  the  points  Pp,  Pi  be  real  or 
imaginary.     And  because 

('0-*'r''(p*')-''r'*r' 

-(%^)"-(«3)"-("p)'-(%^)" 

we  have,  for  the  ease  of  imaginary  intersections, 

,  flfi  -  -/(T€'»  -  Ta*)  =  T  .  bV, 

and  the  Ilnd  assertion  (4.)  is  justified. 

(6.)  An  expression  of  the  form  {i.)f  or  of  the  following, 

in  which  j3  and  y  are  ttco  real  vectors^  while  v/  -  1  is  the  (scalar)  imaginary 
of  algebray  and  not  a  symbol  for  a  geometricaUy  real  right  rersor  (149, 163), 
may  be  said  to  be  a  BivEaroR. 

(7.)  In  like  manner,  an  expression  of  the  form  (3.),  ora?'««  +  <y/-l, 
where  a  and  t  are  ttco  real  scalarSy  but  v^  ~  1  is  still  the  ordinary  imaginary 
of  algebra^  may  be  said  by  analogy  to  be  a  Biscalar.  Imaginary  roots  of 
algebraic  equations  are  thus,  in  general,  biscalars. 

(8.)  And  if  a  bivector  (6.)   be  divided  by  a  (real)  rector ^  the  quotient ^ 

such  as  /«-«f-  +  2y/-l  =  go  +  ?i-\/-lf 

a       a       a 

in  which  qo  and  qi  are  tico  real  quaternions^  but  y^  -  1  is,  as  before,  imaginary, 
may  be  said  to  be  a  Biquaternion.* 

215.  The  same  distributive  principle  (212)  maybe  employed  in  investiga- 
tions respecting  circumscribed  cones,  and  the  tangents  (real  or  ideal),  which  can 
be  drawn  to  a  given  sphere  from  a  given  point. 

(1.)  Instead  of  conceiving  that  o,  a,  b  are  three  given  points,  and  that 
limits  of  position  of  the  point  E  are  sought,  as  in  214,  (2.),  which  shall  allow 
the  points  of  intersection  Po,  Pi  to  be  real,  we  may  suppose  that  o,  a,  b  (which 
may  be  assumed  to  be  collinear,  without  loss  of  generality,  since  a  enters  only 
by  its  tensor)  are  now  the  data  of  the  question  ;  and  that  limits  of  direction  of 

*  Compere  the  second  Note  to  page  133.    [Tliu  word  is  used  in  a  different  sense  by  W.  £. 
Clifford.] 

Hamilton's  Blbmbhts  or  QuAnRMioNS.  a  Q 
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the  line  ob  are  to  be  assigned,  which  shall  permit  the  same  reality :  ePoPi 
being  still  drawn  parallel  to  ob,  as  in  214,  (1.). 

(2.)  Dividing  the  equation  Ta  =  T(6  +  ir/3)  by  Tc,  and  squaring,  we  have 

the  quadratic  in  x  may  therefore  be  thus  written, 


(,Tf.Suf)'  =  (Tf)%(vTTfJ; 


audits  roots  are  real  and  unequal,  or  real  and  equal,  or  imaginary,  aooording  as 

TVU^<or  =  or>T-; 

c  e 

that  is,  according  as 

sin  BOB  <  or  =  or  >  T  .  OA :  T  .  oB. 

(3.)  If  E  be  interior  to  the  sphere,  then  Te  <  Ta,  T(a :  t)  >  1 ;  but  TSTUq 
can  never  exceed  unity  (by  204,  XIX.,  or  by  210,  XV.,  &o.) ;  we  have,  there- 
fore, in  this  case,  the  first  of  the  three  recent  alternatives,  and  the  two  roots  of 
the  quadratic  are  necessarili/  real  and  unequal,  whatever  the  direction  of  j3  may 
be.  Accordingly  it  is  evident,  geometrically,  that  every  indefinite  right  line, 
drawn  through  an  internal  point,  must  cut  the  spheric  surface  in  two  distinct 
and  real  points. 

(4.)  If  the  point  b  be  superfieialy  so  that  Tc  =  Ta,  T  (o  :  e)  =  1,  then  the 
first  alternative  (2.)  still  exists,  except  at  the  limit  for  which  /3  J-  c,  and 
therefore  TYU  (/3  :  c)  =  1,  in  which  case  we  have  the  second  alternative. 
One  root  of  the  quadratic  in  tr  is  now  »  0,  for  every  direction  of  j3  ;  and  the 
other  root,  namely  a;  =  -  28  (c  :  /3),  is  likewise  always  real,  but  vanishes  for  the 
case  when  the  angle  bob  is  right.  In  short,  we  have  here  the  same  system  of 
chords  and  of  tangents,  from  a  point  upon  the  surface,  as  in  213 ;  the  only 
difference  being,  that  we  now  write  b  for  a,  or  c  for  a. 

(5.)  But  finally,  if  k  be  an  exteimal  point,  so  that  Tc  >  Ta,  and  T(a  :  c)  <  1, 
then  TVXJ  (/3  :  e)  may  either  fall  short  of  this  last  tensor,  or  equal,  or 
exceed  it;  so  that  any  one  of  the  three  alternatives  (2.)  may  come  to  exist, 
according  to  the  varying  direction  of  )3. 

(6.)  To  illustrate  geometrically  the  law  of  passage  from  one  such  alter- 
native to  another,  we  may  observe  that  the  equation 

TYU^=T-> 

£  € 

or  sin  bop  =»  T  .  oa  :  T  .  ob, 


i 
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represents  (wlien  e  is  thas  external)  a  real  cone  of  revolution,  with  its  vertex 

at  the  centre  o  of  the  sphere ;  and  according  as  the  line  ob  lies  inside  this  ooue, 

or  on  it,  or  outside  it,  the  first  or  the  second 

or  the  third  of  the  three  alternatives  (2.) 

is  to  he  adopted ;  or  in  other  words,   the 

line  through  b,  drawn  parallel  (as  before) 

to  OB,  either  cuts  the  sphere,  or  touches  it, 

or  does  not  (really)  meet  it  at  all.    (Compare 

the  annexed  fig.  52.) 

(7.)  If  £  be  still  an  external  point,  the 
cone  of  tangents  which  can  be  drawn  from  it 
to  the  sphere  is  real;  and  the  equation  of 
this  enveloping  or  circumscribed  cone,  with 
its  vertex  at  b,  may  be  obtained  from  that 
of  the  recent  cone  (6.),  by  simply  changing  p  to  p  -  e ;  it  is,  therefore,  or  at 
least  one  form  of  it  is. 


Fig.  62. 


TVTJ 


p-€ 


a 


«  T  - ;    or    sin  oep  -  T  .  oa  :  T  .  ob. 


€  € 

(8.)  In  general,  if  q  be  any  quaternion,  and  x  any  scalar, 

VU((?  +  ic)  =  Vy  :T(?  +  a;); 
the  recent  equation  (7.)  may  therefore  be  thus  written : 

or  T .  p'p  :  T .  BP  =  T .  OA  :  T .  OB, 

if  p'  be  the  foot  of  the  perpendicular  let  fall  from  p  on  oe  ;  and  in  fact  the 
first  quotient  is  evidently  »  sin  obp. 
(9.)  We  may  also  write, 


TV£-T^.t(^-i); 


or 


(se-N:J.(i-N!)(Ne-N:) 


as  another  form  of  the  equation  of  the  circumscribed  cone. 
(10.)  If  then  we  make  also 

f^^l,     or    Ne  =  N^, 

c  c 

to  express  that  the  point  v  ]&onthe  enveloped  sphere^  as  well  as  on  the  enveloping 

202 


a 
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coney  we  find  the  following  equation  of  the  plane  o/contact^  or  of  what  is  called 
the  polar  plane  of  the  point  b,  with  respect  to  the  given  sphere : 


( 


g£_N?Y  =  0;    or    S«^-N?  =  0; 


while  the  fact  that  it  m  a  plane  of  contact*  is  exhibited  by  the  occurrence  of 
the  exponent  2,  or  by  its  equation  entering  through  its  square. 
(11.)  The  vector, 

c  c 

is  that  of  the  point  b'  in  which  the  polar  plane  (10.)  of  b  cuts  perpendicularly 
the  right  line  ob  ;  and  we  see  that 

Tc.Te'^Ta*,    or    T.ob.T.ob'*  (T.oa)*, 

as  was  to  be  expected  from  elementary  theorems,  of  spherical  or  even  of  plane 
geometry. 

(12.)  The  equation  (10.),  of  the  polar  plane  of  e,  may  easily  be  thus  trans- 
formed : 

Si»fs^.Ni=^N=,    or    Si-N?^  =  0; 

P      \    e         P    J      P  P  P 

it  continues  therefore  to  hold  good,  when  c  and  p  are  interchanged.  If  then 
we  take,  as  the  vertex  of  a  new  enveloping  conCy  any  point  c  external  to  the 
sphere,  and  situated  on  the  polar  plane  ff\  .  of  the  former  external  point  b, 
the  neto  plane  o/contact,  or  the  polar  plane  dd\  .  of  the  new  point  c,  will  pass 
through  the  former  vertex  b  :  a  geometrical  relation  of  reciprocity ^  or  of  con- 
jugation^  between  the  two  points  c  and  b,  which  is  indeed  well  known,  but 
which  it  appeared  useful  for  our  purpose  to  prove  by  quaternions  t  anew. 
(13.)  In  general,  eacli  of  the  two  connected  equations, 

P        P         P        P 
which  may  also  be  thus  written, 

l  =  ('s^-.N^=')8.e!ze,    1  =  8. ^K< 

\    a    p         a    J        a        a  a      a 

*  In  fact  a  modem  geometer  would  say,  that  we  have  here  a  case  of  two  eoincidmt  pUim$  of  inter- 
section, merged  into  a  angle  plane  of  contact. 

t  In  fact,  it  will  easily  be  seen  that  the  investigations  in  recent  sub-articles  are  put  forward, 
almost  entirely,  as  exercises  in  the  Language  and  Culculus  of  Quaternions,  and  not  as  offering  any 
geometrical  novelty  of  result. 
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may  be  said  to  be  a  form  of  the  Sqtkitton  of  Conjugation  between  any  two 
points  p  and  t'  (not  those  so  marked  in  fig.  52),  of  which  the  vectors  satisfy 
it :  because  it  expresses  that  those  two  points  are,  in  a  well-known  sense,  con- 
jugate  to  each  other,  with  respect  to  the  given  sphere,  Tp  «  Ta. 

(14.)  If  one  of  the  two  points,  as  p',  be  given  by  its  vector  p\  while  the 
other  point  p  and  vector  p  are  variable^  the  equation  then  represents  a  plane 
locus ;  namely,  what  is  stiU  called  the  polar  plane  of  the  given  point,  whether 
that  point  be  external  or  internal,  or  on  the  surface  of  the  sphere. 

(15.)  Let  p,  v'  be  thus  two  conjugate  points ;  and  let  it  be  proposed  to 
find  the  points  s,  s^,  in  which  the. right  line  pp'  intersects  the  sphere.  Assum- 
ing (comp.  25)  that 

08  =  <r  =  aj/o  +  y/>',     a?  +  y  «  1,     T<r  »  To, 

and  attending  to  the  equation  of  conjugation  (13.),  we  have,  by  210,  XX.,  or 
by  200,  YII.,  the  following  quadratic  equation  in  y  :  a?, 

(a?  +  y)'  =  Nfa?^  +  y^V«»N£  +  2ay  +  y»N^; 

\    a         a  J  a  a 

which  gives 

(16.)  Hence  it  is  evident  that,  if  the  points  of  intersection  s,  s"  are  to  be 
realy  one  of  the  two  points  p,  p'  must  be  interior,  and  the  other  must  be 
exterior  to  the  sphere ;  because,  of  the  two  norms  here  occurring,  one  must  be 
greater  and  the  other  less  than  unity.  And  because  the  two  roots  of  the 
quadratic,  or  the  two  values  of  y  :  a;,  differ  only  by  their  signs^  it  follows 
(by  26)  that  the  right  line  pp'  is  harmonically  divided  (as  indeed  it  is  well 
known  to  be),  at  the  two  points  s,  s^  at  which  it  meets  the  sphere :  or  that  in 
a  notation  already  several  times  employed  (25,  31,  &c.),  we  have  the  harmonic 
formula, 

(psp'sO  =  -  1. 

(17.)  From  a  real  but  internal  point  p,  we  can  still  speak  of  a  cone  of 
tangents,  as  being  drawn  to  the  sphere :  but  if  so,  we  must  say  that  those 
tangents  are  ideal,  or  imaginary  ;*  and  must  consider  them  as  terminating  on 
an  imaginary  circle  of  contact;  of  which  the  real  but  wholly  external  plane  is, 
by  quaternions,  as  by  modern  geometry,  recognised  as  being  (comp.  (14.) ) 
the  polar  plane  of  the  supposed  internal  point. 

*  Compare  again  the  Note  to  page  88,  and  others  formerly  referred  to. 


I 


230  ELEMENTS  OF  QUATERNIONS.  [II.  i.  §  Id, 

216.  Some  readers  may  find  it  useful,  or  at  least  interesting,  to  see  here 
a  few  examples  of  the  application  of  the  General  Distributive  Principle  (212) 
of  multiplioation  to  the  Ellipsoid^  of  which  some  forms  of  the  Quaternion 
Equation  were  lately  assigned  (in  204,  (14.) ) ;  especially  as  those  forms  have 
been  found  to  conduct*  to  a  G-eometrical  Construction,  previously  unknown, 
for  that  celebrated  and  important  Surface  :  or  rather  to  several  such  construc- 
tions. In  what  follows,  it  will  be  supposed  that  any  such  reader  has  made 
himself  already  sufficiently  familiar  with  the  chief  formulae  of  the  preceding 
Articles ;  and  therefore  comparatively  few  referencesf  will  be  given,  at  least 
upon  the  present  subject. 

(1.)  To  prove,  first,  that  the  locus  of  the  variable  ellipse, 

I.  . .  S^  =  a?,        (vg Y  =  aj*  - 1,  204,  (130 

which  loons  is  represented  by  the  equation, 

n...(sjj-(v0  =  l,  204,(14.) 

the  two  constant  vectors  a,  /3  being  supposed  to  be  real,  and  to  be  inclined  to 
each  other  at  some  acute  or  obtuse  (but  not  right $)  angle,  is  a  surface  of  the 
second  order ^  in  the  sense  that  it  is  cut  by  an  arbitrary  rectilinear  transversal 
in  two  (real  or  imaginary)  points,  and  in  no  more  than  two,  let  us  assume  two 
points  L,  M,  or  their  vectors  X  «  ol,  /u  =  cm,  as  given  ;  and  let  us  seek  to  deter- 
mine the  points  p  (real  or  imaginary),  in  which  the  indefinite  right  line  lm 
intersects  the  locus  II. ;  or  rather  the  number  of  such  intersections,  which  will 
be  sufficient  for  the  present  purpose. 

(2.)  Making  then  />  =  ^ ^  (26),  we  have,  for  y :  s,  the  following  quad- 

y  +  « 

ratio  equation, 

without  proceeding  to  resolve  which,  we  see  already,  by  its  mere  degree^  that 


*  See  the  Proceedings  of  the  Royal  Irish  Academy  for  the  year  1846. 

t  Compare  the  Note  to  page  223. 

t  If  ^  1  a,  the  system  I.  represents  (not  an  ellipse  but)  a  pair  of  right  linet,  real  or  ideal,  in 
which  the  cylinder  of  rwohUion,  denoted  by  the  second  equation  of  that  Bystem,  is  cut  by  a  plans 
parallel  to  its  asn$,  and  repneented  by  the  first  equation. 


J 
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the  number  sought  is  two ;  and  therefore  that  the  locus  II.  is,  as  above  stated, 
a  surface  of  the  second  order. 

(3.)  The  equation  II.  remains  unchanged,  when  -  p  is  substituted  for  p ; 
the  surface  has  therefore  a  centre^  and  this  centre  is  at  the  origin  o  of  vectors. 

(4.)  It  has  been  seen  that  the  equation  of  the  surface  may  also  be  thus 
written : 

IV.  ..T^S^  +  VgUl;  204,  (14.) 

it  gives  therefore,  for  the  reciprocal  of  the  radius  vector  from  the  centre,  the 
expression, 

and  this  expression  has  a  real  value,  which  never  vanishes,*  whatever  real 
value  may  be  assigned  to  the  versor  Up,  that  is,  whatever  direction  may  be 
assigned  to  p  :  the  surface  is  therefore  chsed^  t^nA,  finite, 

(5.)  Introducing  two  new  constant  and  auxiliary  vectors,  determined  by 
the  two  expressions, 

which  give  (by  125)  these  other  expressions, 


we  have 


Yn'     -  +  -=]         ^-^-1 

yd  yd 

and  under  these  conditions,  y  is  said  to  be  the  hai*monic  mean  between  the  two 
former  vectors,  a  and  /3 ;  and  in  like  manner,  S  is  the  harmonic  mean 
between  a  and  -  j3 ;  while  2a  is  the  corresponding  mean  between  y,  S ;  and 
2j3  is  so,  between  y  and  -  S. 

(6,)  Under  the  same  conditions,  for  any  arbitrary  vector  p,  we  have  the 
transformations, 

y  o         o         p 


*  It  is  to  be  remembered  that  we  have  excluded  in  (1.)  the  case  where  ^  1  a ;  in  which  oaae  it 
can  be  shown  that  the  equation  IJ.  repreaents  an  0UifiHe  c^hiider. 
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the  equation  lY .  of  the  surf aoe  may  therefore  be  thus  written  : 

X...t(^+K|Ui;    orthufl,    X', . .  t(|  +  K^)«1; 

the  geometrical  meaning  of  whioh  new  forms  will  soon  be  seen. 

(7.)  The  system  of  the  two  planes  through  the  origin,  which  are  respec- 
tively perpendicular  to  the  new  vectors  y  and  S,  is  represented  by  the 
equation, 

XI.  ..S^S|=0,    or    XIL  . .  ^S^Y«  ^S|Y 
combining  which  with  the  equation  II.  we  get 

XIII.  ..l=fs|Y-(v|J«N|;    or,    XIV.  .  .  Tp  -  T/3. 

These  two  diametral  planes  therefore  cut  the  surface  in  two  circular  aectums^ 
with  T/3  for  their  common  radius ;  and  the  normals  y  ^t^^  ^j  to  the  same  two 
planes,  may  be  called  (comp.  196,  (17.))  the  cyclic  normals  of  the  surface; 
while  the  planes  themselves  may  be  called  its  cyclic  planes, 

(8.)  Conversely,  if  we  seek  the  intersection  of  the  surface  with  the  con- 
centric sphere  XIY.,  of  which  the  radius  is  T/3,  we  are  conducted  to  the 
equation  XII.  of  the  system  of  the  two  cyclic  planes,  and  therefore  to  the 
two  circular  sections  (7.) ;  so  that  every  radius  vector  of  the  surface,  which  is 
not  drawn  in  one  or  other  of  these  two  planes,  has  a  length  either  greater  or 
less  than  the  radius  T/3  of  the  sphere. 

(9.)  By  all  these  marks,  it  is  clear  that  the  locus  II.,  or  204,  (14.),  is 
(as  above  asserted)  an  Ellipsoid ;  its  cetitre  being  at  the  origin  (3.),  and  its 
mean  semiaxis  being  »  Tj3 ;  while  U/3  has,  by  204,  (16.),  the  direction  of 
the  axis  of  a  circumscribed  cylinder  of  revolution^  of  which  cylinder  the  radius  is 
T/3 ;  and  a  is,  by  the  last  cited  sub-article,  perpendicular  to  the  plane  of  the 
ellipse  of  contact. 

(10.)  Those  who  are  familiar  with  modem  geometry,  and  who  have 
caught  the  notations  of  quaternions,  will  easily  see  that  this  ellipsoid,  II.  or 
lY.,  is  a  deformation  of  what  may  be  called  the  mean  sphere  XIY.,  and  is 
homologous  thereto ;  the  infinitely  distant  point  in  the  direction  of  /3  being  a 
centre  of  homology ^  and  either  of  the  two  planes  XI.  or  XII.  being  a  plane  of 
homology  corresponding. 

217.  The  recent  form,  X.  or  X^,  of  the  quaternion  equation  of  the  ellip- 
soid admits  of  being  interpreted  in  such  a  way  as  to  conduct  (comp.  216)  to 


J 


AiiT8.216,217.]     CIECULAR  SECTIONS,  CYCLIC  PLANES.  238 

a  simple  construction  of  that  surface;    which  we  shall  first  investigate  by 
oaloulation,  and  then  illustrate  by  geometry. 

(1.)  Carrying  on  the  Eoman  numerals  from  the  sub-articles  to  21 6,  and 
observing  that  (by  190,  &c.), 

t^^l.Yi^,    and    K^-^N^, 
y       p       y  0     p       o 

the  equation  X.  takes  the  form, 


Tj(, 


T8«  p  'TyV'T/o 


a(  • 


or 


if  we  make 


xvl..^  =  t(..k^-.p). 


XVII. .  .  hL  =  4    and 


fC 


Ty     ^«    """"    IV     p' 


when  I  and  k  are  two  new  constant  vectors,  and  ^  is  a  new  constant  scalar, 
which  we  shall  suppose  to  be  positive,  but  of  which  the  value  may  be  chosen 
at  pleasure. 

(2.)  The  comparison  of  the  forms  X.  and  X^  shows  that  7  and  S  may  be 
interchanged,  or  that  they  enter  symmetrically  into  the  equation  of  the 
ellipsoid,  although  they  may  not  at  first  seem  to  do  so ;  it  is  therefore  allowed 
to  assume  that 

XVIII. .  .  Ty  >  T8,    and  therefore  that    XVIII'.  .  .  Ti  >  Tic ; 

for  the  supposition  Ty  «  T8  would  give,  by  VI., 

T  (/3  +  a)  =  T  (j3  -  a),    and  .-.  (by  186,  (6.)  &c.)    j3  ±  a, 

which  latter  case  was  excluded  in  216,  (1.). 
(3.)  We  have  thus, 

..Ui  =  US;       Uic-Uy; 


/9  f% 

XX.  .  .  ie  =»  ppj ;         Ik  =  ^p  9 


XXI. 


Tt»  -  Tic* 


-  (ts)  "  (Ty)  • 


(4.)  Let  ABC  be  a  plane  triangle,  suoli  that 

XXII. .  .  CB  o  I,        CA  =  K ; 
let  also  AB  =  p. 

HAmLTOM't  BUMIMTS  O*  QvAnSMIOHS.  tH 
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Then  if  a  sphere,  which  we  shall  oall  the  diacentt-ic  sphere^  be  described  round 

the  point  c  as  centre,  with  a  radius  ==  Tic,  and 

therefore  so  as  to  pass  through  the  centre  a 

(here  written  instead  of  o)  of  the  ellipsoid, 

and  if  d  be  the  point  in  which  the  line  ae 

meets  this  sphere  again,  we  shall  have,  by 

213,  (6.),  (13.), 

XXIII. .  .  CD  =  -  K  -  .  p, 

P 
and  therefore 

XXIir...DB«i  +  K:-.p; 

P 

so  that  the  equation  XYI.  becomes 

XXIV.  .  .<'=T.AE.T.DB. 


Fig.  53. 


(5.)  The  point  b  is  external  to  the  diaoentric  sphere  (4.),  by  the  assump- 
tion (2.j  ;  a  real  tangent  (or  rather  cone  of  tangents)  to  this  sphere  can 
therefore  be  drawn  from  that  point ;  and  if  we  select  the  length  of  such  a 
tangent  as  the  value  (1.)  of  the  scalar  t^  that  is  to  say,  if  we  make  each 
member  of  the  formula  XXI.  equal  to  unity,  and  denote  by  d'  the  second 
intersection  of  the  right  line  bd  with  the  sphere,  as  in  fig.  53,  we  shall  have 
(by  Euclid  III.)  the  elementary  relation, 

XXV..  .  ^=T.db.T.bd'; 

whence  follows  this  Geomettical  Equation  of  the  ElUpsoidy 

XXVI.  .  .  T  .  AE  =  T .  bd'; 

or  in  somewhat  more  familiar  notation, 

XXVII.  .  .  AE  =  BD^; 


where  ae  denotes  the  length  of  the  line  ae,  and  similarly  for  BD^ 

(6.)  The  following  very  simple  Rule  of  Construction  (comp.  the  recent 
fig.  53)  results  therefore  from  our  quaternion  analysis : — 

From  a  fixed  point  a,  on  the  surface  of  a  given  sphere^  draw  any  chord  ad  ; 
let  d'  be  the  second  point  of  intersection  of  the  same  spheric  surface  with  the  secant 
BU,  draum  from  a  fixed  external*  point  b  ;  and  take  a  radius  vector  ae,  equal  in 

*  It  is  merely  to  fix  the  conceptions,  that  the  point  b  is  here  supposed  to  be  external  (6.) ;  the 
calculations  and  the  construction  would  be  almost  the  same,  if  we  assumed  b  to  be  an  intemiU  point, 
or    TkTjc,  T'y<T5. 
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length  to  the  line  bd\  and  in  direction  either  coincident  mthy  or  opposite  to^  the 
chord  AP :  the  locus  of  the  point  b  mil  be  an  ellipsoid^  with  a  for  its  centre^  and 
with  Bfor  a  point  of  its  surface. 

(7.)  Or  thus— 

If  of  a  plane  but  variable  quadrilateral  abed^  of  which  one  side  ab  is  given  in 
length  and  in  position^  the  two  diagonals  ab,  bd'  be  equal  to  each  other  in  lengthy 
and  if  their  intersection  d  be  always  situated  upon  the  surface  of  a  given  sphere^ 
whereof  the  side  ad'  of  the  quadrilateral  is  a  chord,  then  the  opposite  side  bb  w  a 
chord  of  a  given  ellipsoid. 

218.  Prom  either  of  the  two  foregoing  statements,  of  the  Rule  of  Con- 
struction  for  the  Ellipsoid  to  whioh  quaternions  have  conduoted,  many  geomC" 
trical  consequences  oan  easily  be  inferred,  a  few  of  whioh  may  be  mentioned 
here^  with  their  proofs  by  calculation  annexed  :  the  present  Calculus  being,  of 
course,  still  employed. 

(1.)  That  the  comer  b,  of  what  may  be  called  the  Generating  Triangle  abg, 
is  in  fact  a  point  of  the  generated  surface,  with  the  construction^  217,  (6.), 
may  be  proved,  by  conceiving  the  variable  chord  ad  of  the  given  diacentric 
sphere  to  take  the  position  aq  ;  where  o  is  the  second  intersection  of  the  line 
ab  with  that  spheric  surface. 

(2.)  If  D  be  conceived  to  approach  to  A  (instead  of  o),  and  therefore  d'  to  g 
(instead  of  a),  the  direction  of  ab  (or  of  ad)  then  tends  to  become  tangential 
to  the  sphere  at  a,  while  the  length  of  ae  (or  of  bd')  tends,  by  the  construction, 
to  become  equal  to  the  length  of  bo  ;  the  surf 6U)e  has  therefore  a  diametral  and 
circular  section,  in  a  plane  whioh  touches  the  diacentric  sphere  at  a,  and  with 
a  radius  »  bg. 

(3.)  Conceive  a  circular  section  of  the  sphere  through  a,  made  by  a  plane 
perpendicular  to  bc  ;  if  d  move  along  this  circle,  i/  will  move  along  a  parallel 
circle  through  o,  and  the  length  of  bd^  or  that  of  ab,  will  again  be  equal  to 
bg  ;  such  then  is  the  radius  of  a  second  diametral  and  circular  section  of  the 
ellipsoid,  made  by  the  lately  mentioned  plane. 

(4.)  The  construction  gives  us  thus  two  cyclic  planes  through  A ;  the  per- 
pendiculars to  which  planes,  or  the  two  cyclic  normals  (216,  (7.) )  of  the 
ellipsoid,  are  seen  to  have  the  directions  of  the  tu)o  sides,  ca,  cb,  of  the 
generating  triangle  abg  (1.). 

2H  2 
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(5.)  Again,  sinoe  the  rectangle 

BA.  •  BQ  =  BD  •  BD^  =  BD  •  AB  »  doublo  area  of  triangle  abe  :  sin  bde, 
we  have  the  equation, 

XXYIII.  .  .  perpendicular  distance  of  e  from  ab  »  bg  .  sin  bdb  ; 

the  third  side^  ab,  of  the  generating  triangle  (I.),  is  therefore  the  aaia  of  revo- 
lution of  a  cylinder^  which  envelops  the  ellipsoid,  and  of  which  the  radius  has 
the  same  length,  bq,  as  the  radius  of  each  of  the  two  diametral  and  circular 
sections. 

(6.)  For  the  points  of  contact  of  ellipsoid  and  cylinder,  we  have  the 
geometrical  relation, 

XXIX. .  .  BDE  =  a  right  angle ;    or    XXIX'. .  •  adb  «  a  right  angle ; 

the  point  d  is  therefore  situated  on  a  second  spheric  sur/acCf  which  has  the  line 
AB  for  a  diameter,  and  intersects  the  diacentric  sphere  in  a  ctrckf  whereof  the 
plane  passes  through  a,  and  cuts  the  enveloping  cylinder  in  an  ellipse  of  contact 
(comp.  204,  (15.),  and  216,  (9.) ),  of  that  cylinder  with  the  ellipsoid. 

(7.)  Let  AC  meet  the  diacentric  sphere  again  in  f,  and  let  bf  meet  it  again 
in  f'  (as  in  fig.  53) ;  the  common  plane  of  the  last-mentioned  circle  and  ellipse 
(6.)  can  then  be  easily  proved  to  cut  perpendicularly  the  plane  of  the  gene- 
rating triangle  abc  in  the  line  af';  so  that  the  line  f'b  is  normal  to  this  plane 
of  contact ;  and  therefore  also  (by  conjugate  diameters,  &c.)  to  the  ellipsoidy 

at  B. 

(8.)  These  geometrical  consequences  of  the  construction  (217),  to  which  many 

others  might  be  added,  can  all  be  shown  to  be  consistent  with,  and  confirmed 

by,  the  guatemion  analysis  from  which  that  construction  itself  was  derived. 

Thus,  the  two  circular  sections  (2.),  (3.)  had  presented  themselves  in  216,  (7.) ; 

and  their  two  cyclic  normals  (4.),  or  the  sides  ca,  cb  of  the  triangle,  being 

(by  217,  (4.))  the  two  vectors  ic,  i,  have  (by  217,  (1.)  or  (3.))  the  directions  of 

the  two  former  vectors  7,  8;  which  again  agrees  with  216,  (7.). 

(9.)  Again,  it  will  be  found  that  the  assumed  relations  between  the  three 

pairs  of  constant  vectors^  a>  j3  ;  7, 8 ;  and  e,  ic,  any  one  of  which |>atr«  is  sufficient 

to  determine  the  ellipsoid,  conduct  to  the  following  expressions  (of  which  the 

investigation  is  left  to  the  student,  as  an  exercise) : 
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the  letters  b,  f',  g  referring  here  to  fig.  53,  while  ajSyS  retain  their  former 
meanings  (216),  and  are  not  interpreted  as  veotors  of  the  points  abgd  in  that 
figure.  Henoe  the  recent  geometrical  inferences,  that  ab  (or  bg)  is  the  axis 
of  revolution  of  an  enveloping  cylinder  (5.),  and  that  f'b  is  normal  to  the 
plane  of  the  ellipse  of  contact  (7.),  agree  with  the  former  conclusions  (216, 
(9.),  or  204,  (15.) ),  that  j3  is  such  an  axis,  and  that  a  is  such  a  normal. 
(10.)  It  is  easy  to  prove,  generally,  that 


Qg-l_a(g'l)(gg+l)       Ng-1  g-fl        Ng-1    . 

?  +  l"     (?  +  1)(K:?  +  1)"N(j  +  1)'        g-1     N(?-l)' 

•  •  •  O ■■  Trrz TT*       O 


whence 

Y  YTTTT  fi 

t  +  K"T(t  +  lc)"         "»-|c"T(»-|c)" 

whatever  two  vectors  i  and  k  maj  be.    But  we  have  here, 

XXXIII.  ..<•-!.»-  Tic»,  by  217,  (5.) ; 
the  recent  expressions  (9.)  for  a  and  /3  become,  therefore, 

XXXIV.  ,.a-  +  (.  +  <c)Si^;     Q--{i-k)B'-^. 

The  last  form  204,  (14.),  of  the  equation  of  the  ellipsoid,  may  therefore  be 
now  thus  written : 

XXXV.  . .  T^S -^  :  8^^^  -  V-^  :  8  ^^V  1 ; 

\      I  +  K  4  +  IC  t-IC  I  —  kJ 

in  which  the  sign  of  the  right  part  may  be  changed.  And  thus  we  verify  by 
calculation  the  recent  result  (1.)  of  the  construction,  namely,  that  b  is  a  point 
of  the  surface ;  for  we  see  that  the  last  equation  is  satisfied,  when  we  suppose 

XXXVI.  ..p-AB  =  i-ic  =  i3  :S^; 

a  value  of  p  which  evidently  satisfies  also  the  form  216,  lY. 

(11.)  From  the  form  216,  II.,  combined  with  the  value  XXXIV.  of  a,  it 
is  easy  to  infer  that  the  plane, 

XXXVn...8^-l,   or  xxxvir.  ..s^^«s?— !", 

a  i  +  K  t  +  IC 

which  corresponds  to  the  value  a;  <=  1  in  216,  I.,  touches  the  ellipsoid  at  the 
point  B,  of  which  the  vector  p  has  been  thus  determined  (10.) ;  the  normal  to 
the  surface,  at  that  point,  has  therefore  the  direction  of  c  +  ic,  or  of  a,  that  is, 
of  FB,  or  of  F^B :  so  that  the  last  geometrical  inference  (7.)  is  thus  confirmed, 
by  calculation  with  quaternions. 
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219.  A  few  other  oonseqnences  of  the  oonstruotion  (217)  may  be  here 
noted ;  espeoiallj  as  regards  the  geometrical  determination  of  the  three  prin" 
cipal  semiaxes  of  the  ellipsoid,  and  the  major  and  minor  semiaxes  of  any 
elliptio  and  diametral  section ;  together  with  the  assigning  of  a  certain  system 
of  spherical  conies^  of  which  the  surface  may  be  considered  to  be  the  locus. 

(1.)  Let  ay  by  c  denote  the  lengths  of  the  greatest,  the  mean,  and  the  least 
semiaxes  of  the  ellipsoid,  respectiyely ;  then  if  the  side  bc  of  the  generating 
triangle  cut  the  diaoentric  sphere  in  the  points  h  and  H^,  the  fonner  lying 
(as  in  fig.  53)  between  the  points  b  and  c,  we  have  the  values. 


XXXVIII. .  .  a  =  bh'  ;     i  »  bg  ;     c  «  bh  ; 

so  that  the  lengths  of  the  sides  of  the  triangle  abc  may  be  thus  expressed,  in 
terms  of  these  semiaxes, 

XXXIX. . .  BC  =  Tt  =  -2- ;    CA  =  Tk  =  — g— ;    ab  =  T (*  -  ic)  =  -r- ; 
and  we  may  write, 

Ti*  -  Tic' 

XL.  ..a«Te  +  Tic;    b  =  t,,       .  ;    c  =  Tt-Tic. 

i  (i  -  k) 

(2.)  If,  in  the  respective  directions  of  the  two  supplementary  chords  ah, 
ah'  of  the  sphere,  or  in  the  opposite  directions,  we  set  off  lines  al,  an,  with 
the  lengths  of  bh',  bh,  the  points  l,  n,  thus  obtained,  will  be  respectively  a 
mq/or  and  a  minor  summit  of  the  surface.  And  if  we  erect,  at  the  centre  a  of 
that  surface  a  perpendicular  am  to  the  plane  of  the  triangle,  with  a  length  =  bg, 
the  point  m  (which  will  be  common  to  the  two  circular  sections,  and  will  be 
situated  on  the  enveloping  cylinder)  will  be  a  mean  summit  thereof. 

(3.)  Conceive  that  the  sphere  and  ellipsoid  are  both  cut  by  a  plane  through 
A,  on  which  the  points  b'  and  &  sliall  be  supposed  to  be  the  projections  of  b 
and  c ;  then  &  will  be  the  centre  of  the  circular  section  of  the  sphere ;  and  if 
the  line  bV  cut  this  new  circle  in  the  points  Di,  Dx,  of  which  Di  may  be  sup- 
posed to  be  the  nearer  to  b',  the  two  supplementary  chords  aDi,  aDb  of  the 
circle  have  the  directions  of  the  mc^or  and  minor  semiaxes  of  the  elliptic  section 
of  the  ellipsoid ;  while  the  lengths  of  those  semiaxes  are,  respectively, 
ba.bg:  BDi,  and  ba.bg:  bd,  ;  or  bd'i  and  bd'i,  if  the  secants  bDi  and  bdj 
meet  the  sphere  again  in  d'i  and  d'j. 

(4.)  If  these  two  semiaxes  of  the  section  be  called  a^  and  c^,  and  if  we  still 
denote  by  t  the  tangent  from  b  to  the  sphere,  we  have  thus, 

XLI.  .  .  BDi  «  ^  :  a^  =  acaj"^ ;     bd^  =  ^*  :  o^  «  aoe/^ ; 


J 
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but  if  we  denote  hjpi  and;>3  the  inolinations  of  the  plane  of  the  section  to  the 
two  cyolio  planes  of  the  ellipsoid,  whereto  ca  and  cb  are  perpendicular,  so  that 
the  projections  of  these  two  sides  of  the  triangle  are 


((/a  =  CA .  sin;?i  =  i  (rt  -  c)  sin  p„ 

A  lii  L  •  •  i 

' c'b'=  cb  .  sin /?»  =  J  (a  +  c)  sin/?,, 


we  have 


XLm.  .  .  BD,'  -  BDi*  =  b'dj*  -  b'i)i*  =  4bV.  c'a  =  (a*  -  c')  sinj^i  sin jt?a ; 

whence  follows  the  important  formula, 

XTiTV.  .  .  c;^-  a^  =  (^r* -  at*)  sin|>,  sin;?,; 

or  in  words,  the  known  and  useful  theorem,  that  "  the  difference  of  the  inverse 
squares  of  the  semiaxes^  of  a  plane  and  diametral  section  of  an  ellipsoid^  varies  as 
the  product  of  the  sines  of  the  inclinations  of  the  cutting  plane j  to  the  two  planes  of 
circular  section. 

(5.)  As  Yerifications,  if  the  plane  be  that  of  the  generating  triangle  abc, 
we  have 

Pi  =  P»«|,    and    a^  =  a,    c,-c; 

but  if  the  plane  be  perpendicular  to  either  of  the  two  sides,  ca,  cb,  then  either 
Pi  or;?3i  =  0,  and  (?^  =  «y. 

(6.)  If  the  ellipsoid  be  out  by  any  concentric  sphere,  distinct  from  the  mean 
sphere  XIY.,  so  that 


XLY . . .  AE  a  T/o  a  r  "^  i,  where  r  is  a  given  positive  scalar ; 


then 


<    .»_,      xi^_^.       < 


XLYI. . .  BD  =  ^f-»  ^ ocJ-S    that  is,    ^ba; 


so  that  the  locus  of  what  may  be  called  the  guide^point  d,  through  which,  by 
the  construction,  the  variable  semidiameter  ae  of  the  ellipsoid  (or  one  of  its 
prolongations)  passes,  and  which  is  still  at  a  constant  distance  from  the  given 
external  point  n,  is  now  again  a  circle  of  the  diaoentric  sphere,  but  one  of 
which  the  plane  does  not  pass  (as  it  did  in  218,  (3.) )  through  the  centre  a  of 
the  ellipsoid.  The  point  £  has  therefore  here,  for  one  locus,  the  ct/clio  cone 
which  has  a  for  vertex^  and  rests  on  the  last-mentioned  circle  as  its  hose ;  and 
since  it  is  also  on  the  concentric  sphere  XLV.,  it  must  be  on  one  or  other  of 
the  two  spherical  conies^  in  which  (comp.  196,  (11.))  the  cone  and  sphere  last 
mentioned  intersect. 
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(7.)  The  iitteraection  of  an  eliipsaid  with  a  concentric  sphere  is  therefore, 
generally,  a  system  of  two  such  conies^  varying  with  the  value  of  the  radius  r, 
and  becoming,  as  a  limits  the  system  of  the  two  circular  sections^  for  the  parti- 
cular value  r  =  b]  and  the  ellipsoid  itself  may  be  considered  as  the  locm  of 
all  such  spherical  conies,  including  those  two  circles. 

(8.)  And  we  see,  by  (6.),  that  the  two  cyclic  plunes  (comp.  196,  (17.),  &c.) 
of  any  one  of  the  concentric  cones^  which  rest  on  any  such  conic,  coincide  with 
the  two  cyclic  planes  of  the  ellipsoid:  all  this  resulting,  with  the  greatest  ease, 
from  the  construction  (217)  to  which  quaternions  had  conducted. 

(9.)  With  respect  to  the  figure  53,  which  was  designed  to  illustrate  that 
construction,  the  signification  of  the  letters  abcdd'eff'ohh^ln  has  been  already 
explained.  But  as  regards  the  other  letters  we  may  here  add,  Ist,  that  n'  is 
a  second  minor  summit  of  the  surface,  so  that  am'  =  na  ;  Ilnd,  that  k  is  a 
point  in  which  the  chord  af',  of  what  we  may  here  call  the  diacentric  circle 
AGF,  intersects  what  may  be  called  the  principal  ellipse^*  or  the  section  nblen^ 
of  the  ellipsoid,  made  by  the  plane  of  the  greatest  and  least  awes,  that  is  by  the 
plane  of  the  generating  triangle  abc,  so  that  the  lengths  of  ak  and  bf  are 
equal ;  Ilird,  that  the  tangent^  vkv',  to  this  ellipse  at  this  point,  is  parallel  to 
the  side  ab  of  the  triangle,  or  to  the  aans  of  revolution  of  the  enveloping  cylinder 
218,  (5.),  being  in  fact  one  side  (or  generatrix)  of  that  cylinder;  IVth,  that 
AK,  AB  are  thus  two  conjugate  semidiameters  of  the  ellipse,  and  therefore  the 
tangent  tbt',  at  the  point  b  of  that  ellipse,  is  parallel  to  the  line  akf',  or  per- 
pendicular to  the  line  bff'  ;  Yth,  this  latter  line  is  thus  the  normal  (comp.  218, 
(7.),  (11.))  to  the  same  elliptic  section,  and  therefore  also  to  the  ellipsoid,  at  b  ; 
YIth,  that  the  least  distance  kk'  between  the  parallels  ab,  kv,  being  =  the 
radius  b  of  the  cylinder,  is  equal  in  length  to  the  line  bg,  and  also  to  each  of 
the  two  semidiameters,  as,  as'  of  the  ellipse,  which  are  radii  of  the  two  circular 
sections  of  the  ellipsoid,  in  planes  perpendicular  to  the  plane  of  the  figure; 
Yllth,  that  AS  touches  the  circle  at  a  ;  and  Ylllth,  that  the  point  s'  is  on  the 
chord  Ai  of  that  circle,  which  is  drawn  at  right  angles  to  the  side  bc  of  the 
triangle. 

220.  The  reader  will  easily  conceive  that  the  quaternion  equation  of  the 
ellipsoid  admits  of  being  put  under  several  other  forms;  among  which, 
however,  it  may  here  suffice  to  mention  one,  and  to  assign  its  geometrical 
interpretation. 


•  In  the  plane  of  what  is  called,  hj  many  modem  geometers,  ike  focal  hfperhola  of  the  ellipsmd. 


\ 


\ 
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(1.)  For  any  three  vectors,  i^  k,  p^  we  have  the  transformations, 


:...N(i: 


XLVII...N(-'  +  K-l  =  N-  +  N-+2S-- 

P        P         PP 


=  NiN-  +  N-N-  +  2Si-T-T- 

K        p  *■  P  P  P         >■  >( 

\p     I         p     kJ        \p     k        p      ij 
whenoe  follows  this  other  general  transformation  : 

™....(..k...)..(...t,.k2^..). 

(2.)  If  then  we  introduce  two  new  anxiliarj  and  constant  yectois,  /  and  k, 
defined  by  the  equations, 

XLIX...i'--XJic.Ti,    ic'«-Ui.Tk, 
which  give 

L...Ti'-Tc,     T/^Tic,    T(c'-icO-T(i-k),     Tc^-T.c'*=f, 

we  may  write  the  equation  XYI.  (in  217)  of  the  ellipsoid  under  the  following 
precisely  similar  form : 

li...^-t(.'.k:^^.,); 

in  which  i'  and  k  have  simply  taken  the  places  of  i  and  k. 

(3.)  Eetaining  then  the  centre  a  of  the  ellipsoid,  construct  a  new  diacentric 

sphere,  with  a  new  centre  (/,  and  a  new  generating  triangle,  abV,  where  b'  is  a 

neto  fixed  external  paint,  but  the  lengths  of  the  sides  are  the  same,  by  the  con- 

ditionSy 

III. . .  Ac' «  -  /,    c'b'  =  + «',    and  therefore    ab'  «  /  -  / ; 

draw  any  secant  b'd^V^^  (instead  of  bdd^),  and  set  off  a  line  ab  in  the  direction 
of  A3/%  or  in  the  opposite  direction,  with  a  length  equal  to  that  of  bd'^''  ;  the 
locus  of  the  point  e  unll  be  the  same  ellipsoid  as  before. 

(4.)  The  only  inference  which  we  shall  here*  draw  from  this  new  con- 
struction is,  that  there  exists  (as  is  known)  a  second  enveloping  cylinder  of 

*  If  room  shall  allow,  a  few  additional  remarks  may  be  made,  on  the  relations  of  the  constant 
Tecton  I,  Ky  &c.,  to  the  ellipsoid,  and  on  some  other  constructions  of  that  suifaoe,  when,  in  the 
foUowiDg  Book,  its  equation  shall  come  to  be  put  under  the  new  form,  T{ip  +  px)  =  k*  —  i*,  [See 
404.] 
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revolution^  and  that  its  axis  is  the  side  ab^  of  the  new  triangle  abV  ;  but  that 
the  radius  of  this  second  cylinder  is  equal  to  that  of  the  first,  namely  to  the 
mean  semiaxisy  6,  of  the  ellipsoid  ;  and  that  the  major  semiaxiSy  a,  or  the  line 
AL  in  fig.  53,  bispcts  the  angle  bab',  between  the  two  axes  of  revolution  of  these 
two  circumscribed  cylinders :  the  plane  of  the  new  ellipse  of  contact  being 
geometrically  determined  by  a  process  exactly  similar  to  that  employed  in 
218,  (7.) ;  and  being  perpendicular  to  the  new  vector,  /  +  ic',  as  the  old  plane 
of  contact  was  (by  218,  (11.)  )  to  «  +  ic. 


SECTION    14. 

On  the  Rednctloii  of  the  General  Unaternlon  to  a  Standard 
U^nadrlnomlal  Form ;  with  a  First  Proof  of  the  AssoelatlTe 
Principle  of  Hnltlpllcatlon  of  Unatemlons. 

221.  Retaining  the  significations  (181)  of  the  three  rectangular  unit-lines 
01,  oj,  OR,  as  the  axeSy  and  therefore  also  the  indices  (159),  of  three  given 
right  versors,  t,y,  k,  in  three  mutually  rectangular  planes,  we  can  express  the 
index  oq  of  any  other  right  quaternion,  such  as  Yg,  under  the  trinomial  form 
(comp.  62), 

I.  .  .  IV?  =  OQ  =  a? .  01  +  y .  oj  +  » .  OK ; 

where  xyz  are  some  three  scalar  coefficients,  namely,  the  three  rectangular 
co-ordinates  of  the  extremity  q  of  the  index,  with  respect  to  the  three  axes 
01,  oj,  OK.    Hence  we  may  write  also  generally,  by  206  and  126, 

II.  .  .  Vs'  =  iw  H-  j(;*  +  «*  =  ix  -^jy  +  kz ; 

and  this  last  form,  ix  -^jy  +  is,  may  be  said  to  be  a  Standard  Trinomial  Form, 
to  which  every  right  qtmtemiony  or  the  right  part  Yq  of  any  proposed  quater- 
nion 9,  can  be  (as  above)  reduced.  If  then  we  denote  by  w  the  scalar  party  Sq^ 
of  the  same  general  quaternion  g,  we  shall  have,  by  202,  the  following 
General  Reduction  of  a   Qmtemion  to  a  Standard  Quadrinomial  Form 

(183) : 

m.  .  .  3^  «  (Sg  +  Vjf  =)  <^  +  M?  +jy  +  kz ; 

in  which  the  four  scalarSy  wxyZy  may  be  said  to  be  the  Four  Constituents  of  the 
Quaternion,  And  it  is  evident  (comp.  202,  (5.),  and  133),  that  if  we  write 
in  like  manner, 

IV.  .  .^  ^uf  -^iaf  ^j^  +  *«', 
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where  ijk  denote  the  same  three  giyen  right  versors  (181)  as  before,  then  the 
eqtuition 

bettceen  these  two  quatemione,  q  and  /,  includes  the  four  following  scalar  equations 
between  the  constituents : 

VI.  .  .vf  ^w^        of  ^x^        y^"=y>        /  =  «; 

which  is  a  new  justifioation  (oomp.  112, 116)  of  ^'^  propriety  ol  naming j  as  we 
have  done  throughout  the  present  Chapter,  the  General  Quotient  of  two  Vectors 

(101)  a  QUATESNION. 

222.  When  the  Standard  Quadrinomial  Form  (221)  is  adopted,  we  have 

then  not  only 

I.  •  •  Sj" » t<F,      and      Vg  «  MJ  +yy  +  Aai, 

as  before,  but  also,  by  204,  XI., 

II.  . .  Kgf  «  (Sy  -  Vj'  =)  w  -  M?  -jy  -  kz. 

And  because  the  distributive  property  of  multiplication  of  quaternions  (212), 
oombined  with  the  laws  of  the  symbols  ijk  (182),  or  with  the  General  and 
Fundamental  Formula  of  this  whole  Calculus  (183),  namely  with  the  fonnula, 

t«oy««A>«tyA  =  -l,  (A) 

gives  the  transformation, 

III.  .  .  (m?  +yy  +  A»)»  -  -  (a^  +  y«  +  «»), 
we  have,  by  204,  &c.,  the  following  new  expressions : 

IV. . .  N V?  -  (TV?)*  =  -Vg'  =  a;*  +  y*  +  «'; 

V.  ..TV?-v^(iC»  +  y»  +  «»); 
VI.  . .  UVj-  -  {ix  +jy  +  ht) :  ^{a?  +  y  +  a») ; 

VII.  ..Ng  =  Tj»  =  Sa»-Vs»-w»  +  «'  +  y*  +  «'; 
Vni.  . .  Tg  -  y{t^  +  «»  +  y»  +  «») ; 
IX.  .  .  Ug  »  (w  +  ie  -k-jy  +  A») :  ^/(w*  +  *•  +  y*  +  a') ; 
X.  . .  STJj'  =  w :  ^/{«7»  +  ij!»  +  y»  +  «») ; 
XI.  .  .  VUg  -  (ir  +^V  +  *8) :  v^(w'  +  «•  +  y»  +  «») ; 

XII...TVIT,-/-;j^±^t^, 

2ia 
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(1.}  To  prove  the  reoent  formula  III.,  we  may  arrange  as  follows  the  steps 
of  the  multiplication  (oomp.  again  182) : 

V^  =  ix-\-jy  +  kz\ 

ix  .Yq  =  -  a?  +  kxy  -  /a» ; 

jy  .Yq^-  y^  -kyx  +  tys, 

fa  .  Vg  °  -  g* +yga?  -  izy\ 

Vj*  =  V?  .  V?  =  -  a^  -  y*  -  «'. 

(2.)  We  have,  therefore, 

XIII.  .  .  (!i+^V  +  ite)»  =  -l,    if    a?»  +  y*  +  «*«l, 

a  result  to  whioh  we  have  akeady  alluded,*  in  connexion  with  the  partial 
indeterminateness  of  signification,  in  the  present  calculus,  of  the  Cfymbol  \/  -  I9 
when  considered  as  denoting  a  right  radial  (149),  or  a  right  versor  (153),  of 
which  the  plane  or  the  axis  is  arbitrary. 

(3.)  If  g"  =  /?,  then  N/'  =  N/  .  Ng,  by  191,  (8) ;  but  if  g  »  «?  +  Ac, 
/  =  «<  +  &c.,  g"  =  «?"  4-  &o.,  then 

^t^"  »  !/«>  -  (a/a?  +  y'y  +  « a), 
a^'  =  [ufx  +  a?'tr)  +  (y'«  -  »V)> 


XIV-.. 


U'  =  (f^'«  + 


(«»'«  +  g'tt^)  +  {afy  -  y^a?) ; 

and  conversely  these  four  scalar  equations  are  jointly  equivalent  to,  and  may 
be  summed  up  in,  the  quaternion  formula, 

XV.  ..uf'+iaf'  -^jY'  +  *»''=(«/  +  m^  +yj^  +  hOi^  +  &  +^y  +  *») ; 

we  ought  therefore,  under  these  conditions  XTV.,  to  have  the  equation, 

XVI. . .  t^'>  +  *"^  +  /'•  +  «"» =  (fr'«  +  a/*  +  /« +  s'")  (w»  +  «» +  y»  +  «•) ; 

which  can  in  fact  be  verified  by  so  easy  an  algebraical  calculation,  that  its 
truth  may  be  said  to  be  obvious  upon  mere  inspection,  at  least  when  the  terms 
in  the  four  quadrinomial  expressions  u/\  .  s^'  are  arrangedf  as  above. 

*  Compare  the  first  Note  to  page  133  ;  and  that  to  page  162. 

t  From  haying  somewhat  otherwise  arranged  those  terms,  the  author  had  some  little  trouhle  at 
first,  in  yerifying  that  the  twenty-four  double  products,  in  the  expansion  of  i^"*  +  &c.,  destroy  each 
other,  leaving  only  the  sixteen  ^o(fu^«  ofequarea,  or  thatXYI.  follows  from  XIY.,  when  he  was  led 
to  anticipate  that  result  through  quaternions,  in  the  year  1843.  He  believes,  however,  that  the  algebraie 
theorem  XYI.,  as  distinguished  from  the  quaternion  formula  XT.,  with  which  it  is  here  connected* 
had  been  discovered  by  the  celebrated  £ulxe. 
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223.  The  principal  U9e  whioh  we  shall  here  make  of  the  Btandard  quadri- 
nomial  form  (221)  is  to  proye  by  it  the  general  ataociatwe  property  of 
multiplication  of  quaternions ;  whioh  oan  now  with  great  ease  be  done,  the 
distributive*  property  (212)  of  such  maltiplioation  having  been  already  proved. 
In  fact,  if  we  write,  as  in  222,  (3.), 

'j'  -  IT    +  &    +jy   +  As, 

I. .  • .  /  ■  f^  +  M<  +^y  +  A»', 

without  now  assuming  that  the  relation  ^'  »  ^q^  or  any  other  relation,  exists 
between  the  three  quaternions  q^  j^,  ^\  and  inquire  whether  it  be  true  that 
the  OMoeiative  formula, 

II.  •*4'<i*q^^'*  4iy 

holds  good,  we  see,  by  the  distributive  prindple,  that  we  have  only  to  try 
whether  this  last  formula  is  valid  when  the  three  quaternion  f aotors  ;,  ^,  /' 
are  replaced,  in  any  one  common  order  on  both  sides  of  the  equation,  and 
with  or  without  repetition,  by  the  three  given  right  versors  y% ;  but  this  has 
abeady  been  proved,  in  Art.  183.  We  arrive  then,  thus,  at  the  important 
conclusion,  that  the  General  Multiplication  of  Quaternions  ia  an  AModatice 
Operation,  as  it  had  been  previously  seen  (212)  to  be  a  Distributive  one : 
although  we  had  also  found  (168,  183,  191)  that  such  Multiplication  is  not 
(in  general)  Commutative:  or 'that  the  two  products,  ({q  and  qcf,  are  generally 
unequal.  We  may  therefore  omit  the  point  (as  in  183),  and  may  denote  each 
member  of  the  equation  II.  by  the  symbol  <f'^q. 

(1.)  Let  V  ==  Vg,  t?'  «  V/,  v"  =  V/' ;  so  that  r,  t?',  tf'  are  any  three  right 
quaternions,  and  therefore,  by  191,  (2.),  and  196,  204, 

Let  this  last  right  quaternion  be  oalled  «^,  and  let  Sf'f  =  »,,  so  that  ffv^t^  +  v/, 
we  shall  then  have  the  equations, 

whence,  by  addition, 

-=  (f/V  +  t^t^')  v-v'  (»"r  +  w") 
-2pSc'i>"-2p'Sp"f; 

*  At  a  later  stage  [II.  ui. }  2],  a  Bketch  vUl  be  gfiven  of  at  leaat  one  ptoof  of  tfaia  Afociativ* 
Mn^pit  of  MuUipHettion,  whioh  will  notprtn^ipoH  th*  JHitritutiM  MtmpU. 
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and  therefore  generally,  if  f?,  f>\  v"  be  still  right j  as  above, 

III. .  .  V  .  f^Tf^r  =  v^v"  -  f^S/'t?; 

a  formula  with  which  the  student  ought  to  make  himself  completely  familiar^  on 
account  of  its  extensive  utility. 
(2.)  With  the  recent  notations, 

we  have  therefore  this  other  very  useful  formula, 

IV. . .  V  .  r'Vf?  =  ii&tfff'  -  tf&ff'v  +  v"&wf, 

where  the  point  in  the  first  member  may  often  for  simplioity  be  dispensed 
with ;  and  in  which  it  is  still  supposed  that 

(3.)  The  formula  III.  gives  (by  206), 

V. .  •  IV  .  v"Yv'v  =  Iv  .  Sifv''  -  1/  .  Bv'^v; 

hence  this  last  vector,  which  is  evidently  complanar  mih  the  two  indices  Jv  and 
lf>\  is  at  the  same  time  (by  208)  perpendicular  to  the  third  index  lif\  and 
therefore  (by  (i.))  complanar  with  the  third  quaternion  /^ 
(4.)  With  the  recent  notations,  the  vector, 

VI.  .  .  I«?,  -  IVf^f?  =  IV  (V/  .  Vj), 

is  (by  208,  XXII.)  a  line  perpendicular  to  both  Iv  and  Taf ;  or  common  to  the 
planes  of  q  and  ^ ;  being  also  such  that  the  rotation  round  it  from  It/  to  1(7  is 
positive :  while  its  length, 

TIt?„    or    Tf>^    or    TV .  tfv,    or    TV  (V/  .  Vy), 

bears  to  the  unit  of  length  the  same  ratio,  as  that  which  the  parallelogram  under 
the  indices,  Iv  and  Iv,  bears  to  the  unit  of  area. 

(5.)  To  interpret  (comp.  IV.)  the  scalar  expression, 

VII. . .  Si^Vr  -  Mv,  -  S  .  t/Tt^r, 

(because  Bff's^ «  0),  we  may  employ  the  formula  208,  V. ;  which  gives  the 
transformation, 

VIII.  • .  S(<Vf?  =  Tf/'  ..Tf?, .  cos  (ir  -  a?) ; 

where  Tt?'^  denotes  the  length  of  the  Une  Irf',  and  Tv^  represents  by  (4.)  the 
area  (positively  taken)  of  the  parallelogram  under  Iff  and  Iv ;  while  x  is  (by 
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208),  the  angle  between  the  two  indioes  lt^\  Iv^.  This  angle  will  be  obtusey 
and  therefore  the  cosine  of  its  supplement  will  he  positive,  and  equal  to  the 
sine  of  the  inclination  of  the  line  Iv'  to  the  plane  of  If  and  It/y  if  the  rotation 
round  It?' '  from  lif  to  Iv  be  negative,  that  is,  if  the  rotation  round  Iv  from  It?' 
to  Iff'  be  positive ;  but  that  cosine  will  be  equal  the  negative  of  this  sine,  if 
the  direction  of  this  rotation  be  reversed.  We  have  therefore  the  important 
interpretation : 

IX.  .  .  St/Vf?  =  ±  volume  of  parallelepiped  under  If,  If',  If" ; 

the  upper  or  the  kmer  sign  being  talcen,  according  as  the  rotation  round  If, 
from  Itf  to  If",  is  positively  or  negatively  directed. 

(6.)  For  example,  we  saw  that  the  ternary  products  ijk  and  m%  have 
scalar  values,  namely, 

t;'A-~l,        ^V«=  +  l  by  183,  (1.),  (2.); 

and  accordingly  the  parallelepiped  of  indices  becomes,  in  this  case,  an  unit-cube ; 
while  the  rotation  round  the  index  of  «,  from  that  ofy  to  that  oik^  \&  positive 
(181). 

(7.)  In  general,  for  any  three  right  quaternions  ff'f ",  we  have  the  formula, 

X.  •.SffV'  =  -St/Vf; 

and  when  the  three  indices  are  complanar,  so  that  the  volume  mentioned  in  IX. 
vanishes,  then  each  of  these  two  last  scalars  becomes  zero ;  so  that  we  may 
write,  as  a  new  Formula  of  Complanarity ; 

XI.  .  .  Sf'Vf  =  0,    if    If"  III  V,  If  (123): 

while,  on  the  other  hand,  this  scalar  cannot  vanish  in  any  other  case,  if  the 
quaternions  (or  their  indices)  be  still  supposed  to  be  actual  (1,  144) ;  because 
it  then  represents  an  actual  volume. 

(8.)  Hence  also  we  may  establish  the  following  Formula  of  Collinearity, 
iot  any  three  qtMtemions  : 

XIL..8(Vj".V?'.V?)«0,    if    IV/' III  IV/,  IVg ; 

that  is,  by  209,  if  the  planes  of  q,  /,  /'  have  any  common  line. 

(9.)  In  general,  if  we  employ  the  standard  trinomial  form^  221,  IL,  namely, 

v-Yq  ^ix  -^jy  +  ft«,        tf  ^iaf  +  &c.,  if'  -vx!'  ^-  &c., 

the  laws  (182, 183)  of  the  symbols  i,y,  k  give  the  transformation, 

XIII.  .  .  Se/'f'f  -  J'  {z'y  -  i/%)  +  i/!  (y«  -  ^x)  +  ^'  {t/a>  -  afy) ; 
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and  aooordingly  this  is  the  known  expression  for  the  volume  (with  a  soitable 
sign)  of  the  parallelepiped,  whioh  has  the  three  lines  op,  op',  op^'  for  three  oo- 
initial  edges,  if  the  rectangular  co-ordinates*  of  the  four  comers,  o,  p,  p^  p'^ 
be  000,  xyz,  xy%\  a?VV'. 

(10.)  Again,  as  another  important  consequence  of  the  general  associative 
property  of  multiplication,  it  may  be  here  observed,  that  although  products 
of  more  than  two  quaternions  have  not  generally  equal  scalarsy  for  all  possible 
permutations  of  the  factors,  since  we  have  just  seen  a  case  X.  in  which  such 
a  change  of  arrangement  produces  a  change  of  sign  in  the  result,  yet  cyclical 
permutation  is  permitted^  under  the  sign  8 ;  or  in  symbols,  that  for  any  three 
quaternions  (and  the  result  is  easily  extended  to  any  greater  number  of  such 
factors)  the  following  formula  holds  good : 

XIV. . .  Sj'Yj  =  Sj/Y. 

In  fact,  to  prove  this  equalityi  we  have  only  to  write  it  thus, 

XIV'.  •  •  S  (g'Y  .  ?)  -  8  (j  .  fqX 

and  to  remember  that  the  scalar  of  the  product  of  any  tw)  quaternions 
remains  unaltered  (198, 1.),  when  the  order  of  those  two  factors  is  changed. 
(11.)  In  like  manner,  by  192,  II.,  it  may  be  inferred  that 

XV.  .  .  K/Y? - K (/'.  ?'?)  -  BY?.K/'=Kg.K/.K/', 

with  a  corresponding  result  for  any  greater  number  of  factors ;  whence  by 
192, 1.,  if  Hq  and  Il'g  denote  iAiQ  products  of  any  one  set  of  quaternions  taken 
in  two  opposite  orders^  we  may  write, 

X VI. .  .  Kn?  -  IfKq ;        X VII-  • .  En?  =  TfBq. 
(12.)  But  if  f?  be  rights  as  above,  then  Et?  -  -  r,  by  144 ;  hence, 

xviii. ..Knt^=±n'!?;  xix...8n!?=±8n'f?;  XX... vnf?=qFVn't?; 

upper  or  lower  signs  being  taken,  according  as  the  number  of  the  right  factors 
is  even  or  odd\  and  under  the  same  conditions, 

XXI. . .  8nf  -  J  (nr ±  n'r) ;      xxn. . .  vnr = J  (HvtH'v) ; 

as  was  lately  exemplified  (1.),  for  the  case  where  the  number  is  tuH>. 

*  This  result  may  serve  as  an  example  of  the  manner  in  which  quatemima^  although  mi  htmd  on 
any  usual  doctrine  of  eo^ordinaUt^  may  yet  be  employed  to  dedue*^  or  to  recover^  and  often  with  great 
ease,  important  co-ordinate  expressions. 
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(13.)  For  the  case  where  that  number  is  ihreey  the  four  last  formulsB  give, 

XXIII. . .  Sf/Vf  -  -  &vffff'^\  {ff'ifi)  -  f>ffff')\ 
XXIV. . .  Vt?Vr  =  +  Vt?i?V'-  i  (t/Vt^  +  w^O  ; 

results  which  obviously  agree  with  X.  and  IV. 

224.  For  the  case  of  Complanar  Quaternions  (119),  the  power  of  reducing 
each  (120)  to  tlie  form  of  a  fraction  (101)  which  shall  have,  atpleasure,  for  its 
denominator  or  for  its  numerator,  any  arbitrary  line  in  the  given  plane,  furnishes 
some  peculiar  facilities  for  proving  the  conimutaiive  and  associative  properties 
of  Addition  (207),  and  the  distributive  and  associative  properties  of  MuUiplica^ 
turn  (212,  223) ;  while,  for  this  case  of  multiplication  of  quaternions,  we  have 
already  seen  (191,  (1.))  that  the  commutative  property  aho  holds  good,  as  it 
does  in  algebraic  multiplication.  It  may  therefore  be  not  irrevelant  nor 
useless  to  insert  here  a  short  Second  Chapter  on  the  subject  of  such  com- 
planars :  in  treating  briefly  of  which,  while  assuming  as  proved  the  existence 
of  all  the  foregoing  properties,  we  shall  have  an  opportunity  to  say  something 
of  Powers  and  Boots  and  Logarithms ;  and  of  the  connexion  of  Quaternions 
with  Plane  Trigonometry,  and  with  Algebraical  Equations.  After  which,  in 
the  Third  and  last  Chapter  of  this  Second  Book,  we  propose  to  resume,  for  a 
short  time,  the  consideration  of  Diplanar  Quaternions ;  and  especially  to  show 
how  the  Associative  Prindpk  of  Multiplication  can  be  established,  for  them, 
unthout*  emphying  the  Distributive  Principle. 

*  Compare  the  Note  to  page  246. 
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CHAPTER  II. 

ON  COMPLANAR  QUATERNIONS,  OR  QUOTIENTS  OF  VECTORS 
IN  ONE  PLANE ;  AND  ON  POWERS.  ROOTS,  AND  LOGARITHMS 
OF  QUATERNIONS. 

SECTION  1. 

On  Complanar  ProporMom  of  Yeetors  $  Fourth  ProporMomal  to 
Three,  Third  Proportional  to  Two,  Mean  Proportional, 
Square  Root;  Oeneral  Redaction  of  a  ttnatemlon  In  a 
OlTen  Pliuie,  to  a  Standard  Binomial  Form. 

225.  The  Qoaternions  of  the  present  Chapter  shall  all  be  supposed  to  be 
complanar  (119)  ;  their  common  plane  being  assumed  to  ooincide  with  that  of 
the  given  right  versor  i  (181).  And  all  the  linesy  or  vectors,  such  as  a,  j3,  7, 
&o.,  or  a^y  oi,  O),  &o.,  to  be  here  employed,  shall  be  conceived  to  be  in  that 
given  plane  of  i ;  so  that  we  may  write  (by  123),  for  the  purposes  of  this 
Chapter,  {heformtike  of  cofnplanarity  \ 

?  Ill /111?"...  Ill*;     «lih;     ^lli»,     «.|ii»,&o. 

226.  Under  these  conditions,  we  can  always  (by  103,  117)  interpret  any 
symbol  of  the  form  (j3 :  a) .  y,  as  denoting  a  line  S  in  the  given  plane ;  which 
line  may  also  be  denoted  (125)  by  the  symbol  (7:0).  /3,  but  not*  (oomp.  103) 
by  either  of  the  two  apparently  equivalent  symbols,  (jS  .  7) :  a,  (7  .  j3) :  a ;  so 
that  we  may  write, 

a         a 

and  may  say  that  this  line  S  is  the  Fourth  Proportional  to  the  three  lines 
<>9  jSy  7  >  ^^  to  the  three  lines  a,  7,  /3 ;  the  ttco  Means,  j3  and  7,  of  any  such 

*  In  fact  the  symbols  /3  . 7,  7 .  jS,  or  fiy,  yfi,  have  not  as  yet  received  with  us  any  interpretation ; 
and  even  when  they  shaU  come  to  be  interpreted  as  representing  certain  quaternions,  it  will  be  found 

(oomp.  168)  that  the  two  oombinations,  -  y  and  -^,  have  generally  difierent  significations. 


y 
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Camplanar  Proportion  of  Fbur  Vectors^  admitting  thus  of  being  interchanged^ 
as  in  algebra.    Under  the  same  oonditions  we  may  write  also  (by  125), 

n,....f,.|p;      3.--8.i.,      r-|.-^!; 

80  that  (still  as  in  algebra)  the  two  ExtremeSy  a  and  S,  of  any  such  proportion 
of  four  lines  a,  j3,  7,  S,  may  likewise  ohange  places  among  themselves :  while 
we  may  also  make  the  means  become  the  extremes^  if  we  at  the  same  time 
ohange  the  extremes  to  means.  More  generally,  if  a,  /3,  7,  S,  e ...  be  any 
odd  number  of  vectors  in  the  given  plane,  we  can  always  find  another  vector  p 
in  that  plane,  which  shall  satisfy  the  equation, 

TTT  *     7  TTT/  €70         - 

Ail ^Q^'^py    ^'    ^^ SS^'*' 

and  when  such  a  formula  holds  good,  for  any  one  arrangement  of  the  nume^ 
rator^lines  a,  7,  €,  .  .  .  and  of  the  denominator4ines  /o,  j3,  S  .  .  .  it  can  easily  be 
proved  to  hold  good  also  for  any  other  arrangement  of  the  numerators,  and 
any  other  arrangement  of  the  denominators.  For  example,  whatever  four 
(complanar)  vectors  may  be  denoted  by  /37SE,  we  have  the  transformations, 

8/3     S^'^     8     '^     8/3' 
the  two  numerators  being  thus  interchanged.     Again, 

IV'       12=2.1=12  by  IV- 
80     138     /3  8'  ^ ^" 

so  that  the  two  denominators  also  may  change  places. 

227.  An  interesting  caee  of  such  proportion  (22(5)  is  that  in  which  the 
meam  coincide ;  so  that  only  three  distinct  linesj  such  as  a,  /3,  7,  are  involved  : 
and  that  we  have  (comp.  Art.  149,  and  fig.  42  [p.  133])  an  equation  of  the 
form, 

I.  ..7=^0,     or    a.^0, 
a  7 

but  not*  7  =  /3/3  :  a,  nor  a  =»  /3/3  : 7.  In  this  case,  it  is  said  that  the  three  lines 
a)3y  form  a  Continued  Proportion ;  of  which  a  and  7  are  now  the  Extremes^ 

and  /3  is  the  Afean :  this  line  /3  being  also  said  to  be  af  Mean  Proportional 

*  Compare  the  Note  to  the  foregoing  Article. 

t  We  say,  a  mean  prcportumal ;  because  we  shall  shortly  see  that  the  opposite  Une,  —  jS,  is  in  the 
same  sense  another  mean ;  although  a  rule  will  presently  be  giyen,  for  distinguishing  between  them, 
and  for  eekcting  one  as  that  which  may  be  called,  by  eminence,  the  mean  proportional, 

2K2 
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between  the  two  others,  a  and  y  ;  while  7  is  the  Third  Proportional  to 
the  two  lines  a  and  j3 ;  and  a  is,  at  the  same  time,  the  third  proportional  to 
7  and  j3.    Under  the  same  conditions,  we  have 

II.  .  .  /3  =  ^  7  =  ^  a ; 

so  that  this  mean^  j3,  between  a  and  7,  is  also  the  fourth  proportional  (226}  to 
itself  J  aafirat^  and  to  those  ttDO  other  lines.    We  have  also  (oomp.  again  149), 

\aj      a  \yj      7 

whence  it  is  natural  to  write, 

XV...  =1         I,  «l         I, 

a       \aj  7       \7/ 

and  therefore  by  (103), 

although  we  are  not  here  to  write  /3  =  (7a)*,  nor  /3  =  (07)*.  But  because  we 
have  always,  as  in  algebra  (oomp.  199,  (3.) ),  the  equation  or  identity,  (-  q)*  =  g', 
we  are  equally  well  entitled  to  write, 

the  symbol  g^  denoting  thus,  in  general,  either  of  two  opposite  quatemionSy 
whereof  however  one,  namely  that  one  of  which  the  angle  is  acute^  has  been 
already  selected  in  199,  (1.),  as  that  which  shall  be  called  by  us  the  Square 
Boot  of  the  quaternion  q^  and  denoted  by  ^/q.  We  may  therefore  establish 
the  formula, 

vu...p-.J©..-.J("-).r, 

if  a,  j3,  7  form,  as  above,  a  continued  proportion ;  the  upper  signs  being  taken 
when  (as  in  fig.  42)  the  angle  aoc,  between  the  extreme  lines  a,  7,  is  bisected 
by  the  line  ob,  or  j3,  itself]  but  the  lower  signs^  when  that  angle  is  bisected  by 
the  opposite  line,  -  /3,  or  when  j3  bisects  the  vertically  opposite  angle  (comp. 
again  199,  (3.) ) :  but  the  proportion  of  tensors^ 

Vin.  ..T7:T/3  =  T^:Ta, 
and  the  resulting  formulae 

IX. .  .  T/3'  =  Ta  .  T7,        T^  -  v/  (To  .  T7), 
in  each  case  holding  good.     And  when  we  shall  speak  simply  of  the  Mean 
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Proportional  between  ttco  vectors^  a  and  y,  whioh  make  any  aoute,  or  right,  or 
obtase  angle  with  each  other,  we  shall  always  hencefoi-th  understand  the 
former  of  these  two  biseotors ;  namely,  the  bisector  ob  of  that  angle  aoc  itself^ 
and  not  that  of  the  opposite  angle :  thus  taking  upper  signs,  in  the  recent 
formula  VII. 

(1.)  At  the  limit  when  the  angle  aoc  vanishes^  so  that  Uy  =  Ua,  then 
U/3  »  eaoh  of  these  two  unit-lines ;  and  the  mean  proportional  /3  has  the  same 
common  direction  as  each  of  the  two  given  extremes.  This  comes  to  oar 
agreeing  to  write, 

X. . .  '/I  =  +  1,    and  generally,    X'. . .  ^{ff)  =  +  a, 

if  a  be  any  positive  scalar. 

(2.)  At  the  other  limit,  when  aoc  « ir,  or  XJ7  -  -  TJa,  the  length  of  the 
mean  proportional  /3  is  still  determined  by  IX.,  as  the  geometric  mean  (in  the 
usual  sense)  between  the  lengths  of  the  two  given  extremes  (oomp.  the  two 
figures  41  [p»  132] ) ;  but,  even  with  the  supposed  restriction  (225)  on  the 
plane  iu  which  all  the  lines  are  situated,  an  amUguity  arises  in  this  case,  from 
the  doubt  which  of  the  two  opposite  perpendiculars  at  o,  to  the  line  aoc,  is  to  be 
taken  as  the  direction  of  the  mean  vector.  To  remove  this  ambiguity,  we  shall 
suppose  that  the  rotation  round  the  axis  of  1  (to  which  axis  all  the  lines  con- 
sidered in  this  Chapter  are,  by  225,  perpendicular),  from  the  first  line  oa  to 
the  second  line  ob,  is  in  this  case  positive ;  which  supposition  is  equivalent  to 
writing,  for  present  purposes, 

XI.*  .  .  v^  -  1  =  +  » ;    and    XI'.  . .  v^(-  a")  «  ta,  if  a  >  0. 

And  thus  the  mean  proportional  between  two  vectors  (in  the  given  plane) 
becomes,  in  all  cases,  determined :  at  least  if  their  order  (as  first  and  third)  be 
given. 

(3.)  If  the  restriction  (225)  on  the  common  plane  of  the  lines,  were  removed^ 
we  might  then^  on  the  recent  plan  (227),  fix  definitely  the  direction^  as  well  as 
the  lengthy  of  the  mean  ob,  in  evei^y  case  but  one :  this  excepted  case  being  that 
in  which,  as  in  (2.),  the  two  given  extremes^  oa,  oc,  have  exactly  opposite 
directions;  so  that  the  angle  (aoc  »  ir)  between  them  has  no  one  definite 
bisector.  In  this  case,  the  sought  point  b  would  have  no  one  determined 
position^  but  only  a  locus :  namely  the  circumference  of  a  circle^  with  o  for 

*  It  is  to  be  carefully  obsenred  that  thit  square  root  of  negative  unity  ib  not,  in  any  sense, 
imaginary,  nor  eren  ambiguous^  in  its  geometrical  interpretation,  but  denotes  a  real  and  given  right 
vereor  (181). 
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oentre,  and  with  a  radius  equal  to  the  geometric  mean  between  oa,  oc,  while 
its  plane  would  be  perpendicular  to  the  given  right  line  aog.  (Comp.  again 
the  figures  41 ;  and  the  remarks  in  148,  149,  153,  154,  on  the  sqtiare  of  a 
right  radial,  or  versor,  and  on  the  partially  indeterminate  character  of  the 
sqtuire  root  of  a  negative  scalar,  when  interpreted,  on  the  plan  of  this  Calculus, 
as  a  real  in  geometry.) 

228.  The  quotient  of  any  two  oomplanar  and  right  quaternions  has  been 
seen  (191,  (6.) )  to  be  a  scalar ;  since  then  we  here  suppose  (225)  that  q  |||  «,  we 
are  at  liberty  to  write, 

and  consequently  may  establish  the  following  Reduction  of  a  Quaternion  in  the 
gii^en  plane  (of  t)  to  a  Standard  Binomial  Form*  (comp.  221) : 

XL  ..$'  =  «»  + ty,     if    q  III  i; 

X  and  1/  being  some  two  scalars,  which  may  be  called  the  tuH>  constituents  (comp. 
again  221)  of  this  binomial.  And  then  an  equation  between  two  quaternions^ 
considered  as  binomials  of  this  form,  such  as  the  equation, 

in.  ../  =  $',  or  nr. .  •  a^  +  ly  «  «  +  ty, 

breaks  up  (by  202,  (5.) )  into  two  scalar  equations  between  their  respective 
constituents,  namely, 

IV. .  .di  ^x,        /  =  y, 

notwithstanding  the  geometrical  reality  of  the  right  versor, ». 

(1.)  On  comparing  the  recent  equations  II.,  III.,  lY.,  with  those  marked 
as  III.,  Y.,  YI,  in  221,  we  see  that,  in  thus  passing  from  general  to  complanar 
quaternions,  we  have  merely  suppressed  the  coefficients  ofj  and  k,  as  being  for 
our  present  purpose,  nuU',  and  have  then  written  x  and  y,  instead  of  tr 
and  x. 

(2.)  As  the  word  '*  binomial "  has  other  meanings  in  algebra,  it  may  be 
convenient  to  call  the  form  II.  a  Couple  ;  and  the  two  constituent  scalars  x 
and  y,  of  which  the  values  serve  to  distinguish  one  such  couple  from  another, 
may  not  unnaturally  be  said  to  be  the  Co-ordinates  of  that  Couple,  for  a  reason 
which  it  may  be  useful  to  state. 

*  ItiBpnmitUdt  by  227,  XI.,  to  write  this  expressioxi  as  i;  4  y  V  -  1 ;  but  the  foim  «  +  ty  is 
shorter,  and  perhaps  less  liable  to  any  ambiguity  of  interpretation. 
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(3.)  Conoeivey  then,  that  the  plane  of  fig.  60  [p.  192]  coincides  with  that 
of  I,  and  that  positive  rotation  round  Ax .  i  is,  in  that  flgnre,  directed  towards 
the  lejf-hand'j  which  may  be  reconciled  with  our  general  convention  (127),  by 
imagining  that  this  axis  of  i  is  directed  from  o  towards  the  back  of  the  figure ; 
or  belou^  it,  if  horizontal.  This  being  assumed,  and  perpendiculars  bb^  bb'^ 
being  let  fall  (as  in  the  figure)  on  the  indefinite  line  oa  itself,  and  on  a  normal 
to  that  line  at  o,  which  normal  we  may  call  oa',  and  may  suppose  it  to  have 
a  length  equal  to  that  of  oa,  with  a  left-handed  rotation  aoa^  so  that 

V.  .  .  oa'  =  « .  OA,    or  briefly,    V.  .  .  o'  =  eo, 
while  /S'  »  ob',    and  j3"  »  ob",  as  in  201,  and  j'  ^  /3 :  a,  as  in  202 ; 

then,  on  whichever  side  of  the  indefinite  right  line  oa  the  point  b  may  be 
situated,  a  comparison  of  the  quaternion  q  with  the  binomial  form  II.  will 
give  the  two  equations, 

VI.  .  .  0?  (  -  S?)  =  /S' :  a ;        y  ( =  V?  :  i  =  0"  :  ia)  =  /3"  :  a' ; 

so  that  these  two  scalarSy  x  and  y,  are  precisely  the  two  rectangular  co-ordinates 
of  the  point  b,  referred  to  the  two  lines  oa  and  oa',  as  two  rectangular  unit' 
axesy  of  the  ordinary  (or  Cartesian)  kind.  And  since  every  other  quaternion, 
/  =  ic'  +  i/,  in  the  given  plane,  can  be  reduced  to  the  form  7  :  a,  or  oc  is  to  oa, 
where  c  is  a  point  in  that  plane,  which  can  be  projected  into  d  and  c"  in  the 
same  way  (comp.  197,  205),  we  see  that  the  two  new  scalars,  or  constituents, 
of  and  /,  are  simply  (for  the  same  reason)  the  co-ordinates  of  the  new  point  c, 
referred  to  the  same  pair  of  axes. 

(4.)  It  is  evident  (from  the  principles  of  the  foregoing  Chapter),  that  if 
we  thus  express  as  couples  (2.)  any  two  complanar  quaternions,  q  and  g',  we 
shall  have  the  following  general  transformations  for  their  sum^  difference^  and 
product : 

Vn.  ..  g'  ±  y  «  (aj'  ±  *)+♦(/  ±  y) ; 
Vm.  .  .4  .q^i^x-  /y)  +  i  {ofy  +  i/x). 

(6.)  Again,  for  any  one  such  couple,  g,  we  have  (comp.  222)  not  only 
Sj  =  a?,  and  Vg  =  iy,  as  above,  but  also, 

IX...Kj  =  «-tV;   X...Ng  =  fl?"  +  y';   XI.  .  .  Tj  =  v/(a^  +  y») ; 


Xn...Uj=-^Ji^,;        XIIL..i  =  ^-^;  &c. 

*  Compare  the  second  Note  to  page  lU. 
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(6.)  Hence,  for  the  quotient  of  anj  two  suoh  couples,  we  have. 


XIV.  .  .  • 


x"  -  x'x  +  y'y^        y"  =  y'x  -  x'y. 


(7.)  The  law  of  the  norms  (191,  (8.) ),  or  the  formula,  liq'q  =  N/  .  N^,  is 

expressed  here  (oomp.  222,  (3.) )  by  the  well-known  algebraic  equation,  or 

identity, 

XV.  .  .  [x''  +  y")  [a?  +  y^)  =  [x'x  -  t/yf  +  {afy  +  y'xY) 

in  which  xyafi/  may  be  any  four  scalar  a. 


SECTION  2. 

On    Contlnaed    Proportion    of  Fonr    or    more    Tectors;    HHiole 
Powers  and  Roots  of  ttnaternlons ;  and  Roots  of  Unity. 

229.  The  conception  of  continued  proportion  (227)  may  easily  be  extended 
from  the  case  of  three  to  that  oi  four  or  more  (complanar)  vectors;  and  thus 
a  theory  may  be  formed  of  cubes  and  higher  whole  powers  of  quaternionsy  with  a 
correspondingly  extended  theory  of  roots  of  quaternions,  including  roots  of 
scaUirSy  and  in  particular  of  unity.  Thus  if  we  suppose  that  the/owr  vectors 
a/rJyS  form  a  continued  proportion,  expressed  by  the  formulae, 

I...i  =  J  =  e.    whence    n.  .  .«  =  ^^^  =  (^Y 

(by  an  obvious  extension  of  usual  algebraic  notation,)  we  may  say  that  the 
quaternion  S  :  a  is  the  cube^  or  the  third  power^  of  /3  :  a ;  and  that  the  latter 
quaternion  is,  conversely,  a  cube-root  (or  third  root)  of  the  former ;  which  last 
relation  may  naturally  be  denoted  by  writing, 

in. . .  ^  =  ©*'  ^'  ^^^'-  •  •  ^  "  fD  "  ^'^^^'  ^"^^^  ^''  ^•^* 

230.  But  it  is  important  to  observe  that  as  the  equation  ^  »  Q,  in  which 
9  is  a  sought  and  Q  is  a  given  quaternion,  was  found  to  be  satisfied  by  two 
opposite  quaternions  q^  of  the  form  ±  v/  Q  (comp.  227,  VII.),  so  the  slightly 
less  simple  equation  $^  »  Q  is  satisfied  by  three  distinct  and  real  quaternions, 
if  Q  be  actual  and  real ;  whereof  each^  divided  by  either  of  the  other  two, 
gives  for  quotient  a  real  quaternion,  which  is  equal  to  one  of  the  cube^oots  of 
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positive  unity.  In  fact,  if  we  conceive  (oomp.  the  annexed  fig.  64)  that  /3' 
and  /3"  are  two  other  but  equally  long  vectors  in  the  given  plane,  obtained 
from  j3  by  two    suooessive    and    positive  rotations,  ^, 

each  through  the  third  part  of  a  circumference,  so  that  y'x^    ^.^^ 

IV       t-K-^ 

TV         ^      £-^' 

or  ^^•••^'°j3""  0' 

and  therefore 


0 


-•(f)'-(f)'--"-'-f-(D'  f-(f)" 


we  shall  have 


vi-(?)--(i'0-!.-^'-e-!' 

so  that  we  are  equally  entitled,  at  this  stage,  to  write,  instead  of  III.  or  IIF., 
these  other  equations : 


or 


™'-?-©'.^-©'- 


231.  A  (real  and  actual)  quaternion  Q  may  thus  be  said  to  have  three 
(real,  actual,  and)  distinct  cube-roots ;  of  which  however  only  one  can  have  an 
angh  lees  than  sixty  degrees ;  while  none  can  have  an  angle  equal  to  sixty 
degress,  unless  the  proposed  quaternion  Q  degenerates  into  a  negative  scalar. 
In  every  otJher  case,  one  of  the  three  cube-roots  of  Q,  or  one  of  the  three  values 
of  the  symbol  Q^,  may  be  considered  as  simpler  than  either  of  the  other  two, 
because  it  has  a  smaller  angle  (oomp.  199,  (1.) ) ;  and  if  we,  for  the  present, 
denote  this  one^  which  we  shall  call  the  Principal  Cuhe*Root  of  the  quaternion 
Q,  by  the  symbol  \/  Q,  we  shall  thus  be  enabled  to  establish  the  formula  of 
inequality, 

Vin...Z»/Q<|,    if    LQ<ir. 

232.  At  the  limit,  when  Q  degenerates,  as  above,  into  a  negative  scalar, 
one  of  its  cube-roots  is  itself  a  negative  scalar,  and  has  therefore  its  angle  «  rr ; 

while  each  of  the  two  other  roots  has  its  angle  »  ^.    In  this  case,  among  these 

o 

two  roots  of  which  the  angles  are  equal  to  each  other,  and  are  less  than  that 

Hamilton's  Elbmbnts  of  Quatxkmions.  a  L 
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of  the  third,  we  shall  consider  as  simpler ^  and  therefore  as  principal,  the  one 
which  answers  (comp.  227,  (2.) )  to  a  positive  rotation  through  sixty  degrees ; 
and  so  shall  be  led  to  write, 

IX...y-l^^^!y^;    and    X.  ../y-1-^; 

using  thus  the  positive  sign  for  the  radical  v/3»  hy  which  i  is  multiplied  in  the 
expression  IX.  for  2 -J/-  1 ;  with  the  connected  formula, 

IX'.  ..y(-a»)-|(l  +  tV3),    if    a>0; 

although  it  might  at  first  have  seemed  more  natural  to  adopt  as  principal  the 
scalar  value,  and  to  write  thus, 

y-i  =  -l; 

which  latter  is  in  fact  one  value  of  the  symbol,  (-  1)4. 

(1.)  We  have,  however,  on  the  present  plan,  as  in  arithmetic, 

XL..yi«l;    and    XI'.  .  .  y  (a')  =  a,  if  a  >  0. 
(2.)  The  equations, 

xn...(l±»^^J=-i.  and  xin...(=ll|^3J..i, 

can  be  verified  in  calculation,  by  actual  cubing,  exactly  as  in  algebra ;  the  only 
difference  being,  as  regards  the  conception  of  the  subject,  that  although  i 
satisfies  the  equation  i*  =  -  1 ,  it  is  regarded  here  as  altogether  real ;  namely, 
as  a  real  right  versor^  (181)« 

233.  There  is  no  difficulty  in  conceiving  how  the  same  general  principles 
may  be  extended  (comp.  229)  to  a  continued  proportion  of  n  +  1  complanar 
vectors, 

I.  •  •  a,  ct],  eta,  .  •  •  dfi, 

when  n  is  a  whole  number  greater  than  three ;  nor  in  interpreting,  in  oon- 
nexion  therewith,  the  equations, 

°-"7  =  (i^)"'   ^^^••^  =  (7)"'    lV...«,  =  (^)-«. 

*  Th\9  exception  difert  fundamentally  from  one  which  had  occurred  to  Beyeral  able  wiiters, 
before  the  invention  of  the  quaternions ;  and  according  to  which  the  symbols  1  and  V~  1  were  inter- 
preted as  representing  a  pair  of  equally  long  and  mutually  rectangular  right  lines,  in  a  given  plane.  In 
Quatemionst  no  line  is  represented  hj  the  number,  Onb,  except  as  regards  its  length ;  the  rAwon  being, 
mainly,  that  we  require,  in  the  present  Calculus,  to  be  able  to  deal  with  all  possible  planes ;  and  that 
no  one  right  line  is  common  to  all  sueh. 


Abts.  232, 233.]    FBACTIONAL  POWERS,  R00T?8  OP  UNITY.  2*9 

Denoting,  for  the  moment^  what  we  shall  oall  the  principal  n*^  root  of  a  qua- 
ternion Q  by  the  symbol  ^Q,  we  have,  on  this  plan  (comp.  231,  YIII.), 

Y...JLll/Q)<^,    if    zQ<7r; 

VI. . .  z  (!/- 1)  -  - ;        VII.  .  .  V  (-/-  1) :  ♦  >  0; 

this  last  condition,  namely  that  there  shall  be  Ck  positive  (sotdar)  coefficient  y  of 
»,  in  the  binomial  (or  couple)  form  x  +  ip  (228),  for  the  quaternion  \/~  If  thus 
serving  to  complete  the  determination  of  that  principal  n^*  root  of  negative 
unity ;  or  of  any  other  negative  soalar,  sinoe  -  1  may  be  changed  to  -  a,  if 
a  >  0,  in  each  of  the  two  last  formulffi.  And  as  to  the  general  n^^  root  of  a 
quaternion^  we  may  write,  on  the  same  principles, 

VIII...  Qi=l».yQ; 

where  the  factor  1**,  representing  the  general  n*^  root  of  positive  unity ^  has  n 
different  values^  depending  on  the  division  of  the  circumference  of  a  circle  into 
n  equal  parts,  in  the  way  lately  illustrated,  for  the  case  n  »  3,  by  figure  54 ; 
and  only  differing  from  ordinary  algebra  by  the  reality  here  attributed  to  t. 
lu  fact,  each  of  these  n'*  roots  of  unity  is  with  us  a  real  versor ;  namely  the 
quotient  of  two  radii  of  a  circle^  which  make  with  each  other  an  angk^  equal  to 
the  w**  part  of  some  whole  number  of  circun\ferences. 

(1.)  We  propose,  however,  to  interpret  the  particular  symbol  i%  as  always 
denoting  the  principal  value  of  the  w^*  root  of  ♦ ;  thus  writing, 

IX..  .i^^yi; 

whence  it  will  f oUow  that  when  this  root  is  expressed  under  the  form  of  a 
couple  (228),  the  two  constituents  x  and  y  shall  both  be  positive,  and  the 
quotient  y :  x  shall  have  a  smaller  value  than  for  any  other  couple  x+  iy  (with 
constituents  thus  positive),  of  which  the  w'*  power  equals  ♦. 
(2.)  For  example,  although  the  equation 

^  -  (^  +  iyy  =  t, 
is  satisfied  by  the  two  values,  ±  (1  +  f) :  v/2,  we  shall  write  definitely ^ 

X*  .  .  i* «-  +  y/i  -  . 

(3.)  And  although  the  equation, 

g* » («  +  iyY  « *; 

21.  2 
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is  satisfied  by  the  three  distinct  aud  real  couples,  {i±^/S) :  2,  and  -  iy  we  shall 
adopt  only  the  one  yalaCy 

XI. . . »» -  y,- .  ii^. 

(4.)  In  general,  ve  shall  thus  hare  the  expression, 

Jill.  .  •  t**  =  COS  ;r-  +  ♦  Sin  jr-  ; 

Zn  Zn 

which  we  shall  occasionallj  abridge  to  the  following : 

Xir. . .  i^  =  oisjT-; 

2n 

and  this  raot^  i **,  thus  interpreted,  denotes  a  versor^  which  turns  any  line  on 
which  it  operates,  through  an  angle  equal  to  the  n*^  part  of  a  right  angle^  in 
the  positive  direction  of  rotation,  round  the  given  axis  of  i. 

234.  If  m  and  n  be  any  ttoo  positive  whole  number i^^  and  q  any  quaternion, 
the  definition  contained  in  the  formula  233,  II.,  of  the  whole  potcer^  9",  enables 
us  to  write,  as  in  algebra,  the  two  equations  : 

I.  .  .  g^^  =  ^^ ;        II.  .  .  (j**)"*  =  ^" ; 

and  we  propose  to  extend  the  former  to  the  case  of  null  and  negative  whole 
exponents,  writing  therefore, 

ni.  . .  g^  =  1 ;        IV. .  •  (T^  =  ?•* :  y" ; 
and  in  particular, 

V.  .  .  2^'  =  1 :  y  =  --  =  reciprocal^  (134)  of  q. 
We  shall  also  extend  the  formula  II.,  by  writing, 

1  m 

VI.  .  .  if)"^  =  ^, 

whether  m  be  positive  or  negative ;  so  that  this  last  symbol,  if  m  and  n  be 
still  whole  numbers,  whereof  n  may  be  supposed  to  be  positive,  has  as  many 
distinct  values  as  there  are  units  in  the  denominator  of  its  fractional  exponent, 

when  reduced  to  its  least  terms ;  among  which  values  of  ^,  we  shall  naturally 
consider  as  the  principal  one,  that  which  is  the  m*^  power  of  the  principal  n*^ 
root  (233)  of  q. 

*  Gompaxe  the  first  Note  to  page  123. 
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(1.)  For  example,  the  symbol  ^  denotes,  on  this  plan,  the  square  of  any 
cube^root  of  g ;  it  has  therefore  three  distinct  values,  namely,  the  three  values 
of  the  cube-root  of  the  square  of  the  same  quaternion  q ;  but  among  these  we 
regard  as  principal,  the  sqvuire  of  the  principal  cube^root  (231)  of  that  proposed 
quaternion. 

(2.)  Again,  the  symbol  ^  is  interpreted,  on  the  same  plan,  as  denoting 
the  square  of  any  fourth  root  of  q ;  but  because  (1*)'  «=  1*  =  ±  1,  this  square  has 
only  two  distinct  values,  namely  those  of  the  square  root  j^,  the  fractional 
exponent  f  being  thus  reduced  to  its  least  terms;  and  among  these  the 
principal  value  is  the  square  of  the  principal  fourth  rooty  which  square  is,  at  the 
same  time,  the  principal  square  root  (199,  (I.)?  or  227)  of  the  quaternion  q. 

(3.)  The  symbol  q'^  denotes,  as  in  algebra,  the  reciprocal  of  a  square-root 
of  q ;  while  gr*  denotes  the  reciprocal  of  the  square,  &c. 

(4.)  If  the  exponent  tj  in  a  symbol  of  the  form  ^,  be  still  a  scalar^  but  a 
surd  (or  incommensurable),  we  may  consider  this  surd  exponent j  ^,  as  a  limit j 
towards  which  a  variable  fraction  tends :  and  the  symbol  itself  may  then  be 
interpreted  as  the  corresponding  limit  of  d^  fractional  power  of  a  quaternion, 
which  has  however  (in  this  case)  indefinitely  many  valuesy  and  can  therefore 
be  of  little  or  no  use^  until  a  selection  shall  have  been  made,  of  one  value  of 
this  surd  power  asprincipaly  according  to  a  law  which  will  be  best  understood 
by  the  introduction  of  the  conception  of  the  amplitude  of  a  quaternion,  to 
which  in  the  next  section  we  shall  proceed. 

(5.)  Meanwhile  (oomp.  233,  (4.)),  we  may  already  definitely  interpret  the 
symbol  P  as  denoting  a  versor^  which  turns  any  line  in  the  given  plane, 
through  t  right  angles,  round  Ax.f,  in  the  positive  or  negative  direction, 
according  as  this  scalar  exponent,  t,  whether  rational  or  irrational,  is  itself 
positive  or  negative ;  and  thus  may  establish  the  formula, 

Vn. . .  r  =  cos  -^  +  J  sin  -g  ; 
or  briefly  (comp.  233,  XII'.), 

VIII...»*-cis^. 
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SECTION  3. 

On  the  Amplitudes  of  ttaatemioini  In  a  given  Plane ;  and  on 
Trigonometric  JExpresslons  for  snch  ttnatemlons,  and  Ibr 
their  Powers. 

235.  Using  the  binomial  or  eoupk  form  (228)  for  a  quaternion  in  the 
plane  of  %  (225),  if  we  introduce  two  new  and  real  scalars,  r  and  2,  whereof 
the  former  shall  be  supposed  to  be  positive,  and  which  are  connected  with  the 
two  former  scalars  x  and  y  by  the  equations, 

I. . .  a;  =  r  cos  s,    y  =  r  sin  «,    r  >  0, 

we  shall  then  evidently  have  the  formulae  (oomp.  228,  (5.) ) : 

IL..Tg  =  T(»  +  iV)  -r; 

III. . .  Vq  =  XJ  (;r  +  ty)  =  cos  «  +  ♦  sin  a ; 

which  last  expression  may  be  conveniently  abridged  (comp.  233,  XII'.,  and 
234,  VIII.)  to  the  following  : 

IV. . .  TJq  =  cis  2 ;     so  that     V. . .  j  =  r  cis  2. 

And  the  arcual  or  angular  quantity,  2,  may  be  called  the  Amplitude*  of  the 
quaternion  q ;  this  name  being  here  preferred  by  us  to  "  Angle^^  because  we 
have  already  appropriated  the  latter  name,  and  the  corresponding  symbol  L  g, 
to  denote  (130)  an  angle  of  the  Euclidean  kind,  or  at  least  one  not  exceeding, 
in  either  direction,  the  limits  0  and  ir ;  whereas  the  amplitude,  2,  considered  as 
obliged  only  to  satisfy  tlie  equations  I.,  may  have  any  real  and  scalar  value. 
We  shall  denote  this  amplitude,  at  least  for  the  present,  by  the  symbol,  f  am .  q, 

*  Compare  the  Note  to  Art.  130. 

t  The  symhol  Y  was  spoken  of,  in  202,  as  completing  the  sysUtn  o/notationt  peculiar  to  the  present 
Calculus;  and  in  fact,  besides  the  three  letters,  iyj,  k,  of  which  the  laws  are  expressed  by  the  funda- 
mental formula  (A)  of  Art.  183,  and  which  were  originally  (namely  in  the  year  1843,  and  in  the  two 
following  years)  the  only  peculiar  tymboU  ofquatemionM  (see  Note  to  page  160),  that  Calculus  does  not 
habitualli/  employ,  with  peculiar  significations,  any  more  than  the  Jive  characteristic  qf  operation,  K, 
S,  T,  TJ,  V,  for  conjugate,  scalar,  tensor,  versor,  and  vector  (or  right  part) :  although  perhaps  the  mark 
N  for  norm,  which  in  the  present  work  has  been  adopted  from  the  Theory  of  Numbers,  will  gradually 
come  more  into  use  than  it  has  yet  done,  in  connexion  with  quaternions  also.  As  to  the  marks,  Z, 
Ax.,  I,  E,  and  now  am.  (or  amn),  for  angle,  axis,  index,  reciprocal,  and  amplitude,  tbey  are  to  be 
considei-ed  as  chiefly  available  for  the  present  exposition  of  the  system,  and  as  not  often  wanted,  nor 
employed,  in  the  subsequent  practice  thereof ;  and  the  same  remark  applies  to  the  recent  abridgment 
cis,  for  cos  +  «  sin ;  to  some  notations  in  the  present  section  for  powers  and  roots,  serving  to  express 
the  conception  of  one  n^  root,  &c.,  as  distinguished  from  another ;  and  to  the  characteristic  P,  of 
what  we  shall  call  in  the  next  section  the  ponential  of  a  quaternion,  though  not  requiring  that 
notation  afterwards.  No  apology  need  be  made  for  employing  the  purely  geometrical  signs,  ±,  ||,  |||y 
for  perpendicularity,  parallelism,  and  complanarity :  although  the  last  of  them  was  perhaps  first  intio- 
duced  by  the  present  writer,  who  has  found  it  frequently  useful. 
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or  simply,  am  q;  and  thus  shall  have  the  following  formula,  of  connexion 
between  amplitude  and  angle, 

VI. . .  (s  =) am . g'  =  2mr ±lq\ 

the  upper  or  the  lower  sign  being  taken,  according  as  Ax  ,q  =  ±  Ax .  t ;  and  n 
being  any  whole  number^  positive  or  negative  or  null.  We  may  then  write 
also  (for  any  quaternion  qWi)  the  general  transformations  following : 

Vn. . .  JJq  =  ois  am  J ;       VIII. . .  j  =  Tg' .  ois  am  g. 

(1.)  "Writing  q^^ia^  the  amplitude  am .  q,  or  am  (/3  :  a),  is  thus  a  scalar 
quantity,  expressing  {with  its  proper  sign)  the  amount  of  rotation,  round  Ax .  i, 
from  the  line  a  to  the  line  j3 ;  and  admitting,  in  general,  of  being  increased  or 
diminished  by  any  whole  number  of  circumferences,  or  of  entire  revolutions,  when 
only  the  directions  of  the  two  lines,  a  and  ji,  in  the  given  plane  of  i,  are  given. 

(2.)  But  the  ^«r^fowfor  quaternion,  or  right  versor,  *  itself,  shall  be  con- 
sidered as  having  definitely,  for  its  amplitude,  one  right  angle ;  so  that  we  shall 
establish  the  particular  formula, 

IX. . .  am .  *  ■  z. » =  ^  • 

(3.)  When,  for  any  other  given  quaternion  q,  the  generally  arbitrary 
integer  n  in  VI.  receives  any  one  determined  value,  the  corresponding  value  of 
the  amplitude  may  be  denoted  by  either  of  the  two  following  temporary 
symbols,*  whidi  we  here  treat  as  equivalent  to  each  other, 

amn.q,     or    Lnq; 
so  that  (with  the  same  rule  of  signs  as  before)  we  may  write,  as  a  more  definite 
formula  than  VI.,  the  equation  : 

X. . .  am„  .q  =  Lnq^  2nir ±Lq] 

and  may  say  that  this  last  quantity  is  the  n*^  value  of  the  amplitude  of  q ;  while 

the  zero-value^  esnoq,  maj  be  called  the  principal  amplitude  (or  the  principal 

value  of  the  amplitude). 

(4.)  With  these  notations,  and  with  the  convention,  amo  (- 1)  *=  +  ir,  we 

may  write, 

XI. . .  amo q''loq^±Lq', 

XIL  ..am»a  =  am„l  =  Znl  =  2nir,    if    a>Oi 
and 

Xni. . .  am„  (-  a)  =  am„  (-  1)  =  An  (- 1) «  (2n  +  I)ir, 

if  a  be  still  a  positive  scalar. 


*  Compare  the  recent  Kote,  respeotmg  the  notatumt  employed. 
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236.  From  the  foregoing  definition  of  amplitude,  and  from  the  formerly 
established  connexion  of  multiplication  of  ver%ors  with  composition  of  rotations 
(207),  it  is  obvious  that  (within  the  given  plane,  and  with  abstraction  made  of 
tensors)  multiplication  and  division  of  quaternions  answer  respectively  to  (alge- 
braical) addition  and  subtraction  of  amplitudes :  so  that,  if  the  symbol  am .  q  be 
interpreted  in  the  general  (or  indefinite)  sense  of  the  equation  235,  VI.,  we 
may  write : 

I. . .  am  (/.  j)  =  am  /  +  am  J' ;       II. . .  am(/ :  j)  =  am  /-  am  g ; 

implying  hereby  that,  in  each  formula,  one  of  the  values  of  the  first  member 
is  among  the  values  of  the  second  member;  but  not  here  specifying  which 
value.  With  the  same  generality  of  signification,  it  follows  evidently  that, 
for  B,  product  of  ant/  number  of  (complanar)  quaternions,  and  for  a  whole  power 
of  any  one  quaternion,  we  have  the  analogous  formulae : 

III. . .  am  U;  »  2  am  9 ;     lY. . .  am .  ^  -  jt? .  am  g ; 

where  the  exponent^  may  be  any  positive  or  negative  integer,  or  sero. 

(1.)  It  was  proved,  in  191,  II.,  that  for  any  two  quaternions,  the  formula 
JJ^q^V^.JJq  holds  good;  a  result  which,  by  the  associative  principle  of 
multiplication  (223),  is  easily  extended  to  any  number  of  quaternion  factors 
(complanar  or  diplanar),  with  an  analogous  result  for  tensors :  so  that  we 
may  write,  generally, 

V. . .  Uns^  =  TSJJq ;       VI. . .  Tflj  =  HTg. 

(2.)  Confining  ourselves  to  the  first  of  these  two  equations,  and  combining 
it  with  III.,  and  with  235,  VII.,  we  arrive  at  the  important  formula : 

VII. . .  n  cis  am  j'  (=  ILVq  «  Xing'  =  cis  am  Uq)  »  ois  2  am  g ; 

whence  in  particular  (comp.  IV.), 

Vni. . .  (cis  am  qY  =  cis  [p .  am  q)j 

at  least  if  the  exponent  jt?  be  still  any  whole  number. 

(3.)  In  these  last  f ormulsB,  the  amplitudes  am  •  g,  am .  /,  &c.,  may  repre- 
sent any  angular  quantities^  s,  %\  &c. ;  we  may  therefore  write  them  thus, 

IX. .  •  n  cis2  =  cis 22 ;        X.  • .  {cHazf^Qy&pz ; 

including  thus,  under  abridged  forms^  some  known  and  useful  theorems, 
respecting  cosines  and  sines  of  sums  and  multiples  of  arcs. 
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(4.)  For  example,  if  the  number  of  factors  of  the  form  ois  s  be  two,  we 

haye  thus, 

IX'. . .  ois«'.oi8«  =  oifl («'+«);  X'. . .  (ois «)* » cis 2a ; 

whence 

COS  (3'  +  2) »  S  (cis  ^^  ois  2)  "  cos  a'  cos  s  -  sin  s'  sin  s ; 

sin  («'+»)  =  i""* V (cis a'. cis «)  « oos«' sin«  +  sin«' oos» ; 

oos2z»  (cos 2)' -  (sin 2s)' ;    sin 2^ » 2 cos s sins; 

with  similar  results  for  more  factors  than  two. 

(5.)  Without  expressly  introducing  the  conception,  or  at  least  the  notation 
of  ampUiudej  we  may  derive  the  recent  formula  IX.  and  X.,  from  the  conside- 
ration of  the  pmcer  f  (234),  as  follows.  That  power  of  f,  with  a  scalar  exponent ^  iy 
has  been  interpreted  in  234,  (5.),  as  a  symbol  satisfying  an  equation  which 
may  be  written  thus : 

XI.  .  •  t^  «  ds  8,    if    s  »  itir ; 

or  geometrically  as  a  veraor,  which  turns  a  line  through  t  right  angles^  where  t 
may  be  any  scalar.  We  see  then  at  once,/rom  this  interpretation^  that  if  ^  be 
either  the  same  or  any  other  scalar,  the  formula, 

xn. . . f.iy^9^,   or   xiiL . . n.i*- 1», 

must  hold  good,  as  in  algebra.  And  because  the  number  of  the  factors  1^  is 
easily  seen  to  be  arbitrary  in  this  last  formula,  we  may  write  also, 

XIV.  .  .  {^  «  »^ 

if  j9  be  any  whole*  number.  But  the  two  last  formulsB  may  be  changed  by 
XI.,  to  the  equations  IX.  and  X.,  which  are  therefore  thus  again  obtained  ; 
although  the  later  fortnsy  namely  XIII.  and  XIY.,  are  perhaps  somewhat 
simpler :  having  indeed  the  appearance  of  being  mere  algebraical  identities^ 
although  we  see  that  their  geometrical  interpretations^  as  given  above,  are 
important. 

(6.)  In  connexion  with  the  same  interpretation  XI.  of  the  same  useful 
symbol  i',  it  may  be  noticed  here  that 

XV.  ..K.**«r«; 


*  It  will  soon  be  seen  that  there  is  a  sense,  although  one  not  quite  so  definiUf  in  which  this 
fonnula  holds  good,  even  when  the  exponent  |?  is  fractional,  or  surd ;  namely,  that  the  second  member 
is  then  one  of  the  value*  of  the  first. 

Hamilton's  Elbmbnts  of  Quatkrnions.  a  M 
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and  that  therefore, 

XVI.  . .  008  ^=  S.»«  =  i  (»*  +  «-*) ; 

XVII. .  .  am  ^=  f-'  V.  »*  -  i  »-» {»« -  »•-*). 

(7.)  Henoe,  hj  raising  the  douhle  of  each  member  of  XVI.  to  any 
positive  whole  power  p,  halving,  and  substituting  z  for  \tv,  we  get  the 
equation, 

XVin. . .  2»^»(oofl  sy  =  iK**  +  ^  =  i  (t"*  +  »■*«)  +  y  (i(f~*)*  +  tCn.)*)  +  &o. 

pip  —  1) 

=  OOB  p«  +i>  008  (jO  -  2)  »  +  ^-^^~ ^  008  (p  -  4)  «  +  &0., 

with  the  usual  rule  for  halving  the  ooeffioient  of  cos  Oa,  if  p  be  an  even 
integer ;  and  with  analogous  processes  for  obtaining  the  known  expansions  of 
2p~^  (sin  zYy  for  any  positive  whole  value,  even  or  odd,  of  ^;  and  many  other 
known  results  of  the  same  kind. 

237.  If  p  be  still  a  whole  number,  we  have  thus  the  transformation, 

I.  .  .  5^  =  (r  ois  «)'  =  r^  cisi?«  =  {TqY  cis  {p.Bmq) ; 

in  which  (oomp.  190,  161)  the  two  factors,  of  the  tensor  and  versor  kinds, 
may  be  thus  written  : 

11.  .  .  T  (qy  =  (Tqy  =  TqP;        III.  .  .  U  (qP)  =  (U?)'  =U^; 

and  any  valine  (235)  of  the  amplitude  am.g  may  be  taken,  since  all  will 
conduct  to  one  common  value  of  this  ivhole  power  ^.  And  if,  for  I.,  we 
substitute  this  slightly  different  formula  (comp.  235,  (3.) ), 


m' 


IV.  .  .  {if)n  =  TjP .  ois  (p.Bmnq),  with  p  «  — ;•,  n'  >  0, 

m\  n\  n  being  whole  numbers  whereof  tlie  first  is  supposed  to  be  prime  to  the 
second,  so  that  the  exponent  p  is  here  dk  fraction  in  its  least  terma^  with  a  positive 
denominator  n',  while  the  factor  T^  is  interpreted  as  expositive  scalar  (of  which 
the  positive  or  negative  logarithm,  in  any  given  system,  is  equal  to  p  x  the 
logarithm  of  T^),  then  the  expression  in  the  second  member  admits  of  n^ 
distinct  values^  answering  to  different  values  of  n ;  which  are  precisely  the  n' 
values  (comp.  234)  of  the  fractional  power  ^,  on  principles  already  established : 
the  principal  value  of  that  power  corresponding  to  the  value  n  =  0. 

(1.)  For  any  value  of  the  integer  n,  we  may  say  that  the  symbol  (j**)*, 
defined  by  the  formula  IV.,  represents  the  n**  value  of  the  power  f ;  such 
values,  however,  recurring  periodically,  when  p  is,  as  above,  Vk  fraction. 
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(2.)  Abridging  (l^)n  to  Pn^  we  have  thus,  generally  by  235,  XTT., 
V.  .  .  1^»  «  cis  2p«ir,  if  p  be  any  fraction, 
^  a  restriction  which  however  we  shall  soon  remove ;  and  in  particular, 

>  VI.  .  .  Principal  value  of  I'  =  P©  =  1- 

(3.)  Thus,  making  successively  i'  -  if  p  "  iy  we  have 
YII.  .  .  li|»  »  ois  fiir,        1*0  =  +  If        1*1  "  -  1,        1*1 «  +  1,  Ac. ; 

Yin...i»,-oi8?|^,  i».-i,  ii.,-iyV3^  i».,iIzh£!,ij.=i,ao. 

(4.)  Denoting  in  like  manner  the  n*^  value  of  (-  1)''  by  the  abridged 
symbol  (-  1)%,  we  have,  on  the  same  plan  (oomp.  235,  XIII.},  for  any 
fractional*  value  of  />, 

rX.  .  .  (-  lYn  «  oi8jt?(2n  +  l)ir;  whence  (comp,  232), 
X.  .  .  (-  l)*o  «  cis  ^  =  +  *,     (-  l)*i  =  cis  -~  «  -  «,     (-  1)4,  «  +  t,  &c. ; 


and 


XI. . .  (- 1)*.  =  l±ii^,    (.i)*.--i,    (- 1)»,  =  L:  ^d!,  4o., 


these  three  values  of  (-  1)*  recurring  periodically. 

(5.)  The  formula  IV.  gives,  generally,  by  V.,  the  transformation, 

XII.  .  .  {f)n  =  {f)o  ois  2pnir  -  K  {f)o  I 

so  that  the  n*^  value  of  ^  is  equal  to  the  principal  value  of  that  power  of  q^ 
multiplied  by  the  corresponding  value  of  the  same  power  of  positive  unity  \  and 
it  may  be  remarked,  that  if  the  base  a  be  any  positive  scalar^  the  principal p*^ 
powery  (flf')o,  is  simply,  by  our  definitions,  the  arithmetical  value  of  c^. 

(6.)  The  n**  value  of  the  p*^  power  of  any  negative  scalar ^  -  0,  is  in  like 
manner  equal  to  the  arithmetical  p*^  power  of  the  positive  opposite,  +  a,  multi- 
plied by  the  corresponding  value  of  the  same  power  of  negative  unity ;  or  in 

svmbols 

XIII.  .  .  (-  aYn  «  (-  1)^  (a')o  -  (aP)o  ois  p  (2»  +  1)  ir. 

(7.)  The  formula  IV.,  with  its  consequences  V.  VI.  IX.  XII.  XIII.,  may 
be  extended  so  as  to  include,  as  a  limit,  the  case  when  the  exponent  p  being  still 
scalar  J  becomes  incommensurable^  or  surd ;  and  although  the  number  of  values 
of  the  power  ^  becomes  thus  unlimited  (comp.  234,  (4.) ),  yet  we  can  still 

*  As  before,  this  rertriction  is  only  a  temporary  one. 

2M2 
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consider  one  of  them  as  the  pnndpal  value  of  this  (now)  surd  power:  namely 

the  value, 

XrV.  .  .  {^)o  =  TjP  .  CIS  {p  amo  q)f 

which  answers  to  the  principal  amplitude  (235,  (8.) )  of  the  proposed  quater- 
nion q. 

238.  We  may  therefore  consider  the  eymholj 


in  which  the  bascy  q^  is  any  quaternion;  while  the  exponent^  py  is  any  scalar ^  as 
being  now  fully  interpreted  \  but  no  interpretation  has  been  as  yet  assigned 
to  this  other  symbol  of  the  same  kind, 

in  which  both  the  base  q^  and  the  exponent  /,  are  supposed  to  be  (generally) 
quaternions  J  although  for  the  purposes  of  this  Chapter  complanar  (225).*  To 
do  this,  in  a  way  which  shall  be  completely  consistent  with  the  foregoing  con- 
ventions and  conclusions,  or  rather  which  shall  include  and  reproduce  them,  for 
the  case  where  the  new  quaternion  exponent^  /,  degenerates  (131)  into  a  scalar^ 
will  be  one  main  object  of  the  following  section :  which  however  will  also 
contain  a  theory  of  logarithms  of  quatemionSy  and  of  the  connexion  of  both 
logarithms  and  powers  with  the  properties  of  a  certain  function,  which  we 
shall  call  the  ponential  of  a  quaternion,  and  to  consider  which  we  next 
proceed. 

SECTION  4. 

On  the  Ponential  and  liOgarltbni  of  a  linaternlon ;  and  on  Po^rers 
of  Unaternlons,  with  linatemlons  for  their  Exponents. 

239.  If  we  consider  the  polynomial  function, 

I.  .  .  P  (j',  w)  =  I  +  yi  +  ft  +  .  .  S'm, 

in  which  q  is  any  quaternion,  and  m  is  any  positive  whole  number,  while  it  is 
supposed  (for  conciseness)  that 


^^-  •  •  ^"  "  1.2.3..mr  r  (w  +  1)} 


then  it  is  not  difficult  to  prove  that  however  greats  but  finite  and  given^  the 


*  [For  the  general  case  see  316.3 
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teiuar  Tq  may  be,  a  finite  number  m  can  be  aseigned,  for  which  the  inequality 

m.  ..T(P(y,  i»  +  n)-P  (gr,m))  <  a,    if  a  >  0, 

shall  be  satisfied,  hotoever  large  the  (positiye  whole]  number  n  may  be,  and 
however  email  the  (positive)  scalar  a,  provided  that  this  last  is  given.  In  other 
words,  if  we  write  (comp.  228), 

IV. . .  g  -  «  +  »y,       P  (j,  w)  -  J»  +  tT«, 

a  finite  value  of  the  number  m  can  always  be  assigned,  such  that  the  follow- 
ing inequality, 

V.  . .  {X^,n  -  Jm)'  +  (r«4»  -  F«)»  <  a\ 

shall  hold  good,  however  large  the  number  i»,  and  howeyer  small  (but  given 
and  >  0)  the  scalar  a  may  be.  It  follows  evidently  that  each  of  the  two  scalar 
series^  or  succession  of  scalar  functions, 

VI.  .  .  Xo  =  1,        Xi  =  1  +  a?,        X,  =  1  +  a?  +  — ^, . .        X«, . . 

VIL  ..Fo-O,        F,  =y,        F,  =  y  +  «y,  .-.•       F*, .  .  . 

converges  ultimately  to  a  fixed  and  finite  limits  whereof  the  one  may  be  called 
X« ,  or  simply  X,  and  the  latter  F« ,  or  F,  and  of  which  each  is  a  certain 
function  of  the  two  scalars^  x  and  y.    Writing  then 

VIII. . .  Q -  X.+  fF«=  X+  iF, 

we  must  consider  this  quaternion  Q  (namely  the  Umit  to  which  the  following 
series  of  quaternions^ 

IX.  ..P(?,0)  =  1,  P(?,  1)-1  +  ?,  P(?,2)-l  +  sr  +  |,..P(?,m),... 

converges  ultimately)  as  being  in  like  manner  a  certain  function^  which  we 
shall  call  the  ponenfialfunciiony  or  simply  the  Ponential  of  q,  in  consequence  of 
its  possessing  certain  exponential  properties  \  and  which  may  be  denoted  by 
any  one  of  the  three  symbols, 

P  (?>  oo),    or    P  (j),    or  simply    Pj. 

We  have  therefore  the  equation, 

X .  .  .  Ponential  ofq  =  Q  =  Pg  «  1  +  ji  +  ji  +  .  .  +  ?•, 

with  the  signification  II.  of  the  term  q^* 

(1.)  In  connexion  with  the  convergence  of  this  ponentidl  series^  or  with  the 
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inequality  III.,  it  may  be  remarked  that  if  we  whte  (odmp.  235)  r  «  T;,  and 
r«  «  Tqmy  we  shall  have,  by  212,  (2.), 

XI.  ..T(P(s',  w  +  n)-P(g,w))<P(r,  m+fi)-P(r,m); 

it  is  sufficient  then  to  prove  that  this  last  differenoe,  or  the  sum  of  the  n  posi- 
tive terms,  r«+i, . .  r^^y  can  be  made  <  a.  Now  if  we  take  a  number  j>  >  2r  - 1, 
we  shall  have  r^i  <  ir,,,  rp^t  <  i^p+i,  &o.,  so  that  a  finite  number  m>p> 3r- 1 
can  be  assigned,  such  that  rm<  ai  and  then, 

XII.  .  .  P(r,  w  +  »)  -  P  (r,  w)  <  a(2-*  +  2-»  +  . .  +  2-*)  <a; 

the  asserted  inequality  is  therefore  proved  to  exist. 

(2.)  In  general,  if  an  ascending  series,  with  positive  coeffioientSy  suoh  as 

XIII.  .  •  Ao  +  Aig  +  Asj^  +  &e.,    where    Ao  >  0,  Ai  >  0,  &o., 

be  convergent  when  q  is  changed  to  expositive  scalar ^  it  will  d  fortiori  converge, 
when  7  is  a  quaternion, 

240.  Let  q  and  ^  be  any  two  complanar  quaternions,  and  let  /'  be  their 
sum,  so  that 

I.. ./'-?'+?,      /'Illj'lllj; 

then,  as  in  algebra,  with  the  signification  239,  II.  of  qm^  and  with  correspond- 
ing significations  of  ^m  and  /^m9  we  have 

II.  .  .  f^-^  i.2.V!.m  °  ^"•^^  ■*■  ^"*"**'  *^  ^"^**  "*■ '  •  "^  ^'*"* 

where  g'o  »  /o  -  1.  Hence,  writing  again  r  »  T;,  Tm  =  Ts'my  and  in  like 
manner  /  »  T/,  &c.,  the  two  differences, 

in.  .  .  P(/,  w) .  P  (r,  w)  -  P  (r  +  /,  m), 

and  IV.  .  .  P(r  +  /,  2w)  -  P(/,  m)  .P(r,  m), 

can  be  expanded  as  sums  of  positive  terms  of  the  form  r'p\rp  (one  sum  eon- 
taining  ^  (n»  +  1),  and  the  other  containing  m{m-\-\)  such  terms)* ;  but,  by 
239,  III.,  the  sum  of  these  two  positive  differences  can  be  made  less  than  any 
given  small  positive  scalar  a,  since 

V.  .  .  P  (r  +  /,  2m)  -  P  (r  +  /,  w)  <  a,    if    a>  0, 

*  [For  the  total  number  of  terms  in  P  (r  +  r',  m)  la  1  +  2  +  3  +  . . .  +  (m  +  1) «  i  (m  +  1)  (m  +  2). 
On  expansion  of  III.  the  series  is  seen  to  be  'Xr'p^rp  where  p  ■\^  p*>  m^  and  there  are  (in  +  1)' 
-  |(m  +  1)  (m  +  2)  terms,  all  of  which  are  positive :  similarly  for  lY.  From  the  expanded  form  of 
III.  it  is  seen  at  once  that 

T(P(j',  m).P(^,  m)  -  P(y+g',  m) )  <  P(r',  m) .  P(r,  m)  -  P(r  +  r',  «).] 


Arts.  239-241.]  EXPONENTIAL  PROPERTY.  271 

provided  that  the  number  m  is  taken  large  enough  ;  each  diSerenoe,  therefore, 
separately  tends  to  0,  as  m  tends  to  oo ;  a  tendenoy  which  must  exist  d/orttoriy 
when  the  tensarsy  r,  /,  are  replaoed  by  the  quaternions^  q^  q^.  The  function 
Tq  is  therefore  subject  to  the  Exponential  Lawy 

VL..P(/+?)  =  Pj'.P?-P?.P/,    if    /lllg. 

(1.)  If  we  write  (comp.  237,  (5.) ), 

Vn. .  .  PI  =  «,    then    VIII. .  .  Pa?  -  (€')o  -  arithmetical  value  of  «• ; 

where  e  is  the  known  base  of  the  natural  system  of  logarithms,  and  x  is  any 

scalar.     We  shall  henceforth  write  simply  e*  to  denote  this  principal  (or 

arithmetical)  value  of  the  d^  power  of  e,  and  so  shall  have  the  simplified 

equation, 

Vlir.  .  .  Pa?  -  €*. 

(2.)  Already  we  have  thus  a  motive  for  writing,  generally^ 

but  this  formula  is  here  to  be  considered  merely  as  a  definition  of  the  sense  in 
which  we  interpret  this  exponential  symbol^  t^ ;  namely  as  what  we  have  lately 
called  the  ponential  function^  P;,  considered  as  the  sum  of  the  infinite  but 
converging  series^  239,  X.  It  will  however  be  soon  seen  to  be  included  in  a 
more  general  definition  (comp.  238)  of  the  symbol  ^\ 

(3.)  For  any  scalar  a?,  we  have  by  YIII.  the  transformation : 

X.  .  .  0? »  IPo?  a  natural  logarithm  of  ponential  ofx. 

241.  The  exponential  law  (240)  gives  the  following  general  decomposition 
of  a  ponential  into  factors^ 

I .  .  .  Pg  =  P  (oj  +  *y)  »  Pa: .  Piy ; 

in  which  we  have  just  seen  that  the  factor  Pa;  is  a  positive  scalar.  The  other 
factor,  P<y,  is  easily  proved  to  be  a  versor,  and  therefore  to  be  the  versorqfPqy 
while  Tx  is  the  tensor  of  the  same  ponential ;  because  we  have  in  general, 

II.  .  .  Pj .  P(-.  j)  =  PO  =  1,     and    III.  .  .  VKq  =  KPg, 
since        IV.  . .  (K?)"  =  K  (?«)  =  (say)  K^  (comp.  199,  IX.) ; 
and  therefore,  in  particular  (comp.  150,  158), 

V.  ..  l:Piy-P(-fy)  =  KP»y,    or    VI.  .  .  NPiy  -  1. 
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We  may  therefore  write  (oomp.  240,  IX.,  X.), 

VIL..TP^  =  PSy  =  Pa?  =  €';    VUL  . .  a?  -  S?  -  ITPg; 
IX.  .  .  I7P?  =  PV?-Pty  =  ^y  «  cisy  (oomp.  235,  IV.) ; 
this  last  transformation  being  obtained  from  the  two  series, 

X.  .  .  SPiy  =  1  -  ^  +  &o.  =  COS  y; 

XI.  .  .  r*  Y2iy  «  y  -  ^-^  +  &o.  «  sin  y. 

Hence  the  ponential  P;  may  be  thus  transformed : 

XII.  .  .  P^  =  Pfo-  +  i»  =  €*  cisy. 

(1.)  If  we  had  not  chosen  to  assume  as  known  the  series  for  cosine  and  sinsj 
nor  to  «6fec^  (at  first)  any  one  unit  of  angle^  such  as  that  known  one  on  which 
their  validity  depends,  we  might  then  have  proceeded  as  follows.     Writing 

XIII. .  .  Yiy  ^fy  +  e>y,     /(-  y)  -  -^-fy,      ti-y)'--  «y, 

we  should  have,  by  the  exponential  law  (240), 

XIV. .  ./(y  +  /)  -S(Pfy.Pf/)  -/y.//  -  «y.^/; 

XV. .  ./(y  -  y') -  /y •//+  ♦y .  ^j/; 

and  then  the  Junctional  equationy  which  results,  namely, 

XVI. .  ./(y  +  yO  +/(y  -/)  -  2/y .//, 
would  show  that 

XVn.  .  ./y  =  cos f-  X  a  n^A^  anyfoV 

whatever  unit  of  angle  may  be  adopted,  provided  that  we  determine  the 
constant  c  by  the  condition, 

XVIII.  . .  <J  =  least  positive  root  of  the  egiuitionfy  (=  SIVy)  =  0 ; 

or  nearly, 

XVIir. .  .  c  =  1*5708,  as  the  study  of  the  series*  would  show. 

*  In  iacty  the  yalue  of  the  constant  e  maj  be  obtained  to  thu  degpree  of  aocuiaoj,  bj  simple  inter- 
polation between  the  two  approximate  Taluee  of  the  function/, 

/(1-6)  -  +  0070737,       /(1-6)  «  -  0029200 ; 

and  of  course  there  are  artifices,  not  necessary  to  be  mentioned  here,  bj  which  a  far  more  accurate 
ralue  can  be  found 
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(2.)  A  motive  would  thus  ariae  for  repreaenting  a  right  angle  hy  this  nume- 
rical  cofiatantf  c ;  or  for  so  selecting  the  angular  unit,  as  to  have  the  equation 
(ir  still  denoting  two  right  angles), 

XIX.  •.  IT  =  2(J «  least  positive  root  of  the  equation  /^  «  -  1 ; 

giving  nearly, 

XrX'.  .  .  TT  =  3-14159,  as  usual; 

for  thus  we  should  reduce  XYII.  to  the  simpler  form, 

XX. .  ./y  »cosy. 

(3.)  As  to  the  function  ^y,  since 

XXI. .  .  (/y)»+  {iH/Y  =  Piy  .P(-  iy)  -  1, 

it  is  evident  that  ^y  =  ±  siny ;  and  it  is  easy  to  prove  that  the  upper  sign  is 
to  be  taken.  In  fact,  it  can  be  shown  (without  supposing  any  previous 
knowledge  of  cosines  or  sines)  that  ^c  is  positive,  and  therefore  that 

XXII.  .  .^c  =  +  l,    or    XXin.  ..PkJ  =  f; 
whence 

XXIV.  • .  ^y -  S .r^Pty  =  SPi  (y  -c)  =/(y-<5), 
and 

XXV.  ..P»y«>V  +  »/(y-^)• 
If  then  we  replace  c  by  ^,  we  have 

XXVI.  . .  ^y  =  cos  [  y  -  ~  j  -  sin  y ;    and    XXVII. . .  Pty  =  ois  y,  as  in  IX. 

(4.)  The  series  X.  XI.  for  cosine  and  sine  might  thus  be  deduced^  instead 
of  being  assumed  as  known :  and  since  we  have  the  limiting  value, 

XXVin.  .  .  Um.  y"^  sin  y  =  lim.  y^i'^YPiy  «  1, 

it  followB  that  the  unit  of  angle j  which  thus  gives  Pty  »  ois  y,  is  (as  usual)  the 
angle  subtended  at  the  centre  by  the  arc  equal  to  radius ;  or  that  the  number  ir 
(or  2c)  is  to  1,  as  the  circumference  is  to  the  diameter  of  a  circle. 

(5.)  If  any  other  angular  unit  had  been,  for  any  reason,  chosen,  then  a  right 
angle  would  of  course  be  represented  by  a  different  number,  and  not  by  1*5708 
nearly ;  but  we  should  still  have  the  tran^ormation, 

XXIX.  . .  Piy  tB  cis ( -  X  a  right  angle], 

though  not  the  same  series  as  before,  for  cosy  and  sin y. 

HAMILTOh's  ElBMBNTS  01  QUATBENIONS.  9  M 
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242.  The  tisual  unit  being  retained,  we  see,  bj  241,  XII.,  that 

I.  .  .  P .  2inir  =  1,     and    II.  .  .  P  (g  +  2imr)  =  Py, 

if  n  be  any  whole  number ;  it  follows,  then,  that  the  inverse  ponential function^ 
P'^j',  or  what  we  may  call  the  Imponential^  of  a  given  quaternion  g,  has  inde- 
finitely many  mlaesy  which  may  all  be  represented  by  the  formula, 

III.  .  .  P»"^ q  =  ITj  +  t am»g ; 
and  of  which  each  satisfies  the  equation, 

IV.  ..PP«-^y-?; 

while  the  one  which  corresponds  to  n  «  0,  may  be  called  the  Principal  Impa^ 
nentiaL  It  will  be  found  that  when  the  eaponent  p  is  any  scalar ^  the  definition 
already  given  (237,  IV.,  XII.)  for  the  n'*  mlue  of  the  j9**  potoer  of  q  enables  us 
to  establish  the  formula, 

V. . .  (^).  -  P  (pTn-'q)  ; 

and  we  now  propose  to  extend  this  last  formula,  by  a  new  definition^  to  the  more 
general  case  (238),  when  the  eaponent  is  a  quaternion  <^\  thus  writing  generally, 
for  any  two  complanar  quaternionsy  q  and  q^  the  General  Exponential  Formula^ 

VI.  .  .  (q^'U  -  P  {^TPn-'q)  ; 

the  principal  value  of  g*'  being  still  conceived  to  correspond  to  w  =  0,  or  to  the 
principal  amplitude  of  q  (comp.  236,  (3.) ). 

(1.)  For  example, 

VII.  .  .  (€')o  «  P(?Po"'€)  =  P^,    because    Po'^c  =  U  -  1 ; 

the  ponential  Pg',  which  we  agreed,  in  240,  (2.),  to  denote  simply  by  €«,  is 
therefore  now  seen  to  be  in  fact,  by  our  general  definition,  iSie  principal  value 
of  that  pofver^  or  exponential. 
(2.)  With  the  same  notations, 

Vin.  .  .  €*y  «  oisy,        cos  y  =  i  (c^y  +  e-^),        sin  y  =  ~  (c^  -  b^)  ; 

these  two  last  only  differing  from  the  usual  imaginary  expressions  for  cosine 
and  sine,  by  the  geometrical  reality*  of  the  versor  i. 


•  Compare  232,  (2.),  and  the  Notes  to  pp.  263,  258. 
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(3.)  The  eosine  and  sine  of  a  quaternion  (in  the  given  plane)  may  now  be 
defined  hj  the  equations : 

IX. . .  cos  J  =  i  (€*«  +  €-<«);        X.  .  .  sin  g  =  i  {i*9  -  t^) ; 
and  we  may  write  (oomp.  241,  IX.), 
XI.  .  .  cis  g  »  I**  -  Pig. 

(4.)  With  this  interpretation  of  oisg,  the  exponential  properties,  236,  IX., 
X.,  continue  to  hold  good ;  and  we  may  write, 

XII.  .  .  (q^n^'P{(flTq)  .  P  (ly  amn  q)  -  {Tq^  cis  (q"  am^  q) ; 

a  formula  which  evidently  includes  the  corresponding  one,  237,  lY.,  for  the 
n**  value  of  the  p*^  power  of  g,  when  p  is  scalar. 

(5.)  The  definitions  III.  and  YI.,  combined  with  235,  XII.,  give  generally, 

XIII.  . .  ln«'  -  (lOn  -  P .  2fnir/ ;      XIV. .  .  {q^n  =  U''.  (g«0o ; 

this  last  equation  including  the  formula  237,  XII. 
(6.)  The  same  definitions  give, 

XV. . .  Po-**  =  J;       XVL  . . (t')o  -  r^; 

which  last  equation  agrees  with  a  known  interpretation  of  the  symbol, 

considered  as  denoting  in  algebra  a  real  quantity. 

(7.)  The  formula  VI.  may  even  be  extended  to  the  case  where  the  exponent 
/  is  a  quaternion^  which  is  not  in  the  given  plane  ofiy  and  therefore  not  corn- 
planar  with  the  base  q ;  thus  we  may  write. 


XVn...(iO.  =  PO'P,-«0-P^-^)  =  -A; 


but  it  would  be  foreign  (225)  to  the  plan  of  this  Chapter  to  enter  into  any 
further  details,  on  the  subject  of  the  interpretation  of  the  exponential  symbol 
^\  for  this  case  of  diplanar  quaternions^  though  we  see  that  there  would  be  no 
difficulty  in  treating  it,  after  what  has  been  shown  respecting  complanars. 

243.  As  regards  the  general  logarithm  q'  of  a  quaternion  q  (in  the  given 
plane),  we  may  regard  it  as  any  quaternion  which  satisfies  the  equation, 

and  in  this  view  it  is  simply  the  Imponential  P^'^,  of  which  the  n*^  value  is 

2  N  2 
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expressed  by  the  formula  242,  III.  But  the  principal  imponential^  which 
answers  (as  above)  to  n  «  0,  may  be  said  to  be  the  principal  logarithm^  or 
simply  the  Logarithm,  of  the  quaternion  q^  and  may  be  denoted  by  the  symbol, 

so  that  we  may  wnte, 

I. .  Aq"  Po'^g  =  ITg  +  i  am«  q ; 
or  still  more  simply, 

n.  .  .ls'  =  l(Tg.TTj)«lTg  +  nTj, 
beoause  ITUj  =  11  =  0,  and  therefore, 

III.  •  .  IV q  B  tamo  ;. 
We  have  thus  the  two  general  equations, 

IV.  ..Blq^lTq;        V.  .  .  Yls'^lTT?; 

in  which  IT;  is  still  the  scalar  and  natural  logarithm  of  the  podtive  scalar  T;. 
(1.)  As  examples  (comp.  235,  (2.),  and  (4.)  ], 

VI.  .  .  U  -  iiir ;        Vn*  • .  1  ( -  1)  «  tir. 

(2.)  The  general  logarithm  of  ;  may  be  denoted  by  any  one  of  the  symbols, 

log.g,    or    logg,    or    (Jiog  q)nj 

this  last  denoting  the  n*^  value ;  and  then  we  shall  have, 

Yiil.  .  .  (log  q)n  »  Ij  +  2inv. 
(3.)  The  formula, 

rS.  ..  log  .  fir'gr  =  log  /  +  log  jr,     if     q"  \\\  q, 

holds  good,  in  the  sense  that  every  value  of  the  first  member  is  on^  of  the 
values  of  the  second  (comp.  236). 

(4.)  Principal  value  of  {«'  =  %^^^ ;  and  one  value  of  log  .  ^  =  g[\q. 

(5.)  The  quotient  of  two  general  logarithms, 

X.  .  .  (log  /)^  :  (log  q).  =  \^  I  2^\ 

may  be  said  to  be  the  general  logarithm  of  the  quaternion,  <(,  to  the  complanar 
quaternion  base,  q ;  and  we  see  that  its  expression  involves*  two  arbitrary  and 
independent  integers,  while  its  principal  value  may  be  defined  to  be  1/  :  Iq. 

*  Aa  the  corresponding  expression  in  algebra,  aocording  to  Graves  and  Ohm. 
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SECTION  6. 

On  Finite*  (or  Polynomial)  Equations  of  Algebraic  Form^  Involving 
Complanar  Unaternlons  $  and  on  the  Exlstenee  of  n  Real 
Unaternlon  Roots,  of  any  sneli  Equation  of  the  n^  llegree. 

244.  We  have  Been  (233)  that  an  equation  of  the  form, 

I. . .  J"  -  Q  «  0, 

where  n  is  any  given  positive  integer,  and  Q  is  anyf  given,  real,  and  actnal 
quaternion  (144),  has  always  n  real^  actual^  and  unequal  quaternion  roots,  q, 

eomplanar  with  Q ;  namely,  the  n  distinct  and  real  values  of  the  symbol  Q" 
(223,  YIII.),  determined  on  a  plan  lately  laid  down.  This  result  is,  however^ 
included  in  a  much  more  general  Theorem,  respecting  Quaternion  Equations  of 
Algebraic  Form ;  namely,  that  if  qi,  q%,  .  .  q^be  any  n  given,  real,  and  conu 
planar  quaternions,  then  the  equation, 

II.  .  .  J*  +  j'lj*-*  +  jj}**-*  +  .  .  +  jf*  =  0, 

has  always  n  real  quaternion  roots,  q\  ^',  .  .  q^^\  and  no  more  in  the  given  plane ; 
of  which  roots  it  is  possible  however  that  some,  or  all  may  become  equal,  in 
consequence  of  certain  relations  existing  between  the  n  given  coefficients. 

245.  As  another  statement  of  the  same  Theorem,  if  we  write, 

I.  .  .  Fnff  "  s*  +  qif^  +  .  .  +  Jn, 

the  coefficients  q^  ,  .qn  being  as  before,  we  may  say  that  every  such  polynomial 
function,  Ynq,  is  eqtMl  to  a  product  ofn  real,  eomplanar,  and  linear  (or  binomial) 
/actors,  of  the  form  g  -  / ;  or  that  an  equation  of  the  form, 

can  be  proved  in  all  cases  to  exist :  although  we  may  not  be  able,  with  our 
present  methods,  to  assign  expressions  for  the  roots,  q,  .  .  j^W,  in  terms  of  the 
coefficients  fi,  .  .  .  qn- 

*  Bj  saying  JiniU  equations,  we  merely  intend  to  exclude  here  equations  with  infinitely  many 
terma,  such  as  Pg  s  1,  whioh  has  been  seen  (242)  to  haye  injinitely  many  roots,  represented  by  the 
expression  q  «  2inr,  where  n  may  be  any  whole  number. 

t  It  is  true  that  we  haye  supposed  Q\\\  i  (225) ;  hut  nothing  hinders  us,  in  any  other  case,  from 
subetituting  lor  i  the  yersor  UVQ,  and  then  proceeding  as  before. 
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246.  Or  we  may  say  that  there  is  always  a  certain  system  qfn  real  quater^ 

nions  /,  &o.y  |||  f,  whioh  satisfies  the  system  of  eqmtionsy  of  known  algebraic 

fomiy 

(/+/'  +  .•  +  ?(»)  «-yi; 

ni. ..  j?V' +  ?'?''' +  ?"?"' +  ..  =  +  ?.; 

247.  Or  because  the  diflEerence  v^q  -  f„5^  is  divisible  by  g'  -  /,  as  in  algebra, 
under  the  supposed  conditions  of  complananty  (224),  it  is  sufficient  to  say 
that  at  least  one  real  quaternion  /  always  exists  (whether  we  can  assign  it  or 
not),  which  satisfies  the  equation^ 

IV.  .  .  Fn/  -  0, 

with  the  foregoing  form  (245, 1.)  of  the  polynomial  function  f.* 

248.  Or  finally,  because  the  theorem  is  evideotly  true  for  the  case  n  »  1, 
while  the  case  244, 1.,  has  been  considered,  and  the  case  ?»  »  0  is  satisfied  by 
the  supposition  g  «  0,  we  may,  without  essential  loss  of  generality,  reduce 
the  enunciation  to  the  following  : 

Every  equation  of  the  form^\ 

in  which  /,  /^, .  .  and  Q  are  any  n  real  and  given  quaternions  in  the  given 
plane,  whereof  at  least  Q  and  q[  may  be  supposed  actual  (144),  is  satisfied  by 
at  least  one  real,  actual,  and  complanar  quaternion,  q  [see  253  (I.)]* 

249.  Supposing  that  the  m  -  1  last  of  the  n  -  1  given  quaternions 
^. .  jr(»-i)  vanish,  but  that  the  n  -  m  first  of  them  are  actual,  where  m  may  be 
any  whole  number,  from  1  to  n  -  1,  and  introducing  a  new  real,  known, 
complanar,  and  actual  quaternion  qo,  which  satisfies  the  condition, 

Q 


II.    .    .   5^0**  = 


/^', .  g(«-«)' 


then  every  equation  of  this  form  haa  a  root,  Fn-i^"  s  0,  and  q"  is  a  second  root  of  Fn^.J 

t  The  corresponding /orm,  of  the  algebraical  equation  qf  the  n^  degree,  was  proposed  by  Moarey, 
in  his  very  ingenious  and  original  little  work,  entitled  La  vraie  theorie  dee  Qutmtitee  Negatives,  et  dee 
Quantitie  pretenduee  Imaginairee  (Paris,  1828).  Suggesiiona  also,  towards  the  geometrical  proof  ot  the 
theorem  in  the  text  have  been  taken  from  the  same  work  ;  in  which,  however,  the  curve  here  called 
(in  251)  an  oval  is  not  perhaps  defined  with  sufficient  precision :  the  inequality ,  here  numbered  as 
251,  XII.,  being  not  employed.  It  is  to  be  observed  that  Mourey's  book  contains  no  hint  of  the 
preeent  ealculue,  being  confined,  like  the  Double  Algebra  of  Prof.  De  Morgan  (London,  1849),  and  like 
the  earlier  work  of  Mr.  Wairen  (Cambridge,  1828),  to  questions  within  the  plans  \  whereas  the  very 
conception  of  the  Quaternion  involves,  as  we  htiTe  seen,  a  reference  to  Tridimoneional  Sfaci. 
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we  may  write  thus  the  recent  equation  I., 

and  may  (by  187,  159,  235)  decompose  it  into  the  two  following : 

IV.  ..T/3"=l;    and    V.  .  .  TJ/j' =  1,    or    YI.  .  .  amfq  ^2piri 

in  which  p  is  some  whole  number  (negatives  and  zero  included). 

250.  To  give  a  more  geometrical  form  to  the  equation,  let  X  be  any  given 
or  assumed  line  |||  t,  and  let  it  be  supposed  that  a,  j3,  .  .  and  p,  a,  or  oa,  ob, 
•  .  .  and  of,  os,  are  n  -  m  +  2  other  lines  in  the  same  planes,  and  that  <f>p  ibbl 
known  function  of  /o,  such  that 

VII. . .  a  =  }'A,       /3  =  j^'X, . .        p  =  S'X,        <T  =  joX, 


and 


\^J  «  P  wSy       OA      OB 


the  theorem  to  be  proved  may  then  be  said  to  be,  that  tohateper  system  of  real 
pointSf  o,  A,  B, . .  and  s,  in  a  given  plane,  and  whatever  positive  whole  number  m^ 
map  be  assumed,  or  given,  there  is  always  at  least  one  real  point  p,  in  the  same 
plane,  which  satisfies  the  two  conditions  : 

IX.  .  .  T0/O  ~  1 ;        X.  • .  am^/o  «  2pir, 

251.  Whatever  value  1 1||  i  we  may  assume  for  the  versor  (or  unit- vector) 
Up,  there  always  exists  at  least  one  value  of  the  tensor  T/o,  which  satisfies  the 
condition  IX. ;  because  the  function  T^p  vanishes  with  Tp,  and  becomes 
infinite  when  Tp  »oo,  having  varied  continuously  (although  perhaps  with 
fluctuations)  in  the  interval.  Attending  then  only  to  the  least  value  (if  there 
be  more  than  one)  of  Tp,  which  thus  renders  T^p  equal  to  unity,  we  can 
conceive  a  real,  unambiguous,  and  scalar  function  ;/;<,  which  shall  have  the 
two  following  properties : 

XI. . .  T^  {c4,i)  =  1 ;        XII. .  .  T^  {xv^i)  <  1,  if  «  >  0,  <  1. 
And  in  this  way  the  equation,  or  system  of  equations, 

..  .  .  p  «  «;//i,    or    XIV.  .  .  Up  =  i,    Tp  «  i/^i. 


may  be  conceived  to  determine  a  real,  finite,  and  plane  closed  curve,  which  we 
shall  call  generally  an  Oval,  and  which  shall  have  the  two  following  pro- 
perties :  1st,  every  right  line,  or  ray,  drawn  from  the  origin  o,  in  any  arbitrary 
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direotion  within  the  plane,  meets  the  curve  once^  but  once  only ;  and  Ilnd,  no  one 
of  the  n-m  other  given  points  a^  Bj  .  .  is  on  the  oval^  because  ^a  =  0j3  =  . .  =  0.* 

252.  This  being  laid  down,  let  us  conoeive  a  point  p  to  perform  one  circuit 
of  the  oval,  moving  in  the  positive  direction  relatively  to  the  given  interior 
point  o ;  so  that,  whatever  the  given  direotion  of  the  line  os  may  be,  the 
amplitude  am  (p :  cr),  if  supposed  to  vary  continuously ^"^  will  have  increased  by 
four  right  angles^  or  by  27r,  in  the  course  of  this  one  positive  circuit ;  and  conse- 
quently, the  amplitude  of  the  left-hand  factor  {p  :  <r)~,  of  ^/o,  will  have 
increased,  at  the  same  time,  by  2mv.  Then,  if  the  point  a  be  also  intei^r  to 
the  oval,  so  that  the  line  oa  must  be  prolonged  to  meet  that  curve,  the  ray  ap 
will  have  likewise  made  one  positive  revolution,  and  the  amplitude  of  the 
factor  {p  -  a):a  will  have  increased  by  2ir.  But  if  a  be  an  exterior  point,  so 
that  the  finite  line  oa  intersects  the  curve  in  a  point  m,  and  therefore  never 
meets  it  again  if  prolonged,  although  the  prolongation  of  the  opposite  line  ad 
must  meet  it  once  in  some  point  n,  then  while  the  point  p  performs  first  what 
we  may  call  the  positive  half-circuit  from  m  to  n,  and  afterwards  the  other 
positive  half-circuit  from  n  to  m  againy  the  ray  ap  has  only  oscillated  about  its 
initial  and  final  direction,  namely  that  of  the  line  ao,  without  ever  attaining 
the  opposite  direction;  in  this  case,  therefore,  the  amplitude  am  (ap  :  oa),  if 
still  supposed  to  vary  continuously y  has  only  fluctuated  in  its  value,  and  has 
(upon  the  whole)  undergone  no  change  at  all.  And  since  precisely  similar 
remarks  apply  to  the  other  given  points,  b,  &c.,  it  follows  that  the  amplitude, 
am  ^p,  of  the  product  (VIII.)  of  all  these  factors,  has  (by  236)  received  a  total 
increment  =  2  (m  +  ^)  tt,  if  ^  be  the  number  (perhaps  zero)  of  given  internal 
points y  A,  B,  . . ;  while  the  number  m  is  (by  249)  at  least  =■  1.     Thus,  while  p 

*  [A  curve  traced  out  by  a  point  moying  so  that  the  product  of  powers  of  its  distances  from  fixed 
points  is  equal  to  a  constant  parameter,  consists  of  closed  curves  or  ovals  surrounding  the  fixed  points 
and  enclosing  all  ovals  corresponding  to  smaller  parameters.  If  the  parameter  is  small,  each  oval 
encloses  but  one  fixed  point,  but  as  it  increases,  two  ovals  wiU  combine  into  a  curve  with  a  "  certain 
undulation  "  (254  (4.) ).  It  is  not  generally  true  that  a  ray  OP  from  one  of  the  fixed  paints  meets  aa 
undulatory  oval  only  once.  In  this  case  OP  will  oscillate  in  its  motion  as  P  traces  out  the  oval.  But 
am .  ^p  =  m  ii  PCS  +  5  (»  -  ii  PAG)  =  const.,  defines  a  set  of  curves  diverging  like  half-lines  or  rays 
from  the  fixed  points,  and  approximating  to  straight  lines  at  great  distances  from  them.  By  the  pro- 
perties of  Conjugate  Functions  each  of  these  curves  which  originates  from  0  cuts  at  right  angles  each 
oval  round  0  and  does  not  meet  it  again.  Near  0,  am  .  ^p  is  nearly  equal  to  m  z.  POS  phu  a  con- 
stant. From  this  it  appears  that  IX.  and  X.  can  always  be  satisfied,  and  that  as  P  traces  out  an 
oval  round  0  without  oscillation,  am .  ^p  continually  increases  or  diminishes  without  oscillation.  The 
ovals  are  lines  of  magnetic  force,  and  the  orthogonal  curves  are  traces  ol  equipotential  surfaces  for  a 
system  of  electric  currents  normal  to  the  plane.] 

t  That  is,  so  as  not  to  receive  any  sudden  increment,  or  decrement,  of  one  or  more  whole  circum- 
ferences (comp.  235,  (1.) ). 
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perf onns  (as  above)  one  potitm  eirctiitj  the  amplitude  am  ^p  has  passed  at  least 
m  timeSy  and  therefore  at  least  once^  through  a  value  of  the  form  2pir;  and  oon- 
seqnently  the  condition  X.  has  been  at  least  once  satisfied.  But  the  other 
oondition,  IX.,  is  satisfied  throughout^  by  the  supposed  construction  of  the 
oval :  there  is  therefore  at  least  one  real  position  f,  upon  that  curve,  for  which 
^/o  or/j'  »  1 ;  so  that,  for  this  position  of  that  point,  the  equation  249,  III., 
and  therefore  also  the  equation  248, 1.,  is  satisfied.  The  theorem  of  Art.  248, 
and  consequently  also,  by  247,  the  theorem  of  244,  with  its  transformations 
245  and  246,  is  therefore  in  this  manner  j^rof^et^. 

253.  This  conclusion  is  so  important,  that  it  may  be  useful  to  illustrate 
the  general  reasoning,  by  applying  it  to  the  case  of  a  quadratic  equation^  of 
the  form, 


or 


^'^      9\c         )      OS      OA 


Fig.  66. 


We  have  now  to  prove  (comp.  250,  VIII.)  that  a  (real)  point  f  exists,  which 
renders  the  fourth  proportional  (226)  to  the  three  lines  oa,  op,  ap  equal 
to  a  given  line  os,  or  ab,  if  this  latter  be  drawn  »  os ; 
or  which  satisfies  the  following  condition  of  similarity  of 
triangles  (118), 

m.  .  .  A  AOP  a  PAB ;  ^' 

which  includes  the  equation  of  rectangles, 


IV.  .  .  OP  •  AP  =  OA  •  AB. 


Fig.  66,  hu. 


(Compare  the  annexed  figures,  65,  and  65,  Mb.)  Conceive,  then,  that  a  conti- 
nuous curve*  is  described  as  a  hcus  (or  as 
part  of  the  locus)  of  p,  by  means  of  this 
equality  lY.,  with  the  additional  condi- 
tion when  necessary,  that  o  shall  be 
mthin  it;  in  such  a  manner  that  when 
(as  in  fig.  56)  a  right  line  from  o  meets 


Fig.  66. 


the  general  or  total  hcue  in  several  points,  m,  m^,  n^,  we  reject  all  but  the 

*  This  curre  of  the  fourth  degree  is  the  -well-known  Cattinum ;  but  when  it  breaks  up,  as  in 
fig.  66,  into  i\Do  teparate  ovals,  we  her$  r$tain,  as  ths  oval  of  the  proof,  only  the  one  round  o,  rejecting 
iar  the  present  that  round  a. 

Hamiltoii's  Eumsmts  of  Quatbrmions.  9  O 
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point  M  which  is  nearest  to  o,  as  not  belonging  (oomp.  251,  XII.)  to  the  oval 
here  considered.  Then  while  p  moves  upon  that  oval,  in  the  positive  direction 
relatively  to  o,  from  m  to  n,  and  from  n  to  m  again,  so  that  the  ray  op  per- 
forms one  positive  revolution,  and  the  amplitude  of  the  factor  op  :  os  increases 
continuously  by  2ir,  the  ray  ap  performs  in  like  manner  one  positive  revolu- 
tion, or  (on  the  whole)  does  not  revolve  at  all,  and  the  amplitude  of  the  factor 
AP  :  OA  increases  by  27r  or  by  0,  according  as  the  point  a  is  interior  or  exterior 
to  the  oval.  In  the  one  case,  therefore,  the  amplitude  am  <pp  of  the  product 
increases  by  iir  (as  in  fig.  55,  bis) ;  and  in  the  other  case,  it  increases  by  2v 
(as  in  fig.  56) ;  so  that  in  each  case,  it  passes  at  least  once  through  a  value  of 
the  form  2p9r,  whatever  its  initial  value  may  have  been.  Hence,  for  at  least 
one  real  position^  p,  upon  the  oval,  we  have 

y.  .  .  am  ^/o  «  2piry    and  therefore    VI.  . .  TJ^p  «  1 ; 

but  VII. .  .  T^p  -  1, 

throughout,  by  the  construction,  or  by  the  equation  of  the  locus  IV. ;  the 
geometrical  condition  ^p  « 1  (II.)  is  therefore  satisfied  by  at  least  one  real  pector 
p  ;  and  consequently  the  quadratic  equation  fq  =  1  (I.)  is  satisfied  by  at  least 
one  real  quaternion  root,  q  =  p:X  (250,  VII.).  But  the  recent  form  I.  has  the 
same  generality  as  the  earlier  form, 

VIII.  .  .  Fajf  =  j'*  +  qiq  +  ^'a  =  0  (comp.  245), 

where  qi  and  qi  are  any  two  given,  real,  actual,  and  complanar  quaternions  ; 

thus  there  is  always  a  real  quaternion  q^  in  the  given  plane,  which  satisfies 

the  equation, 

Vlir.  ..iF2q'^q'*+  qyfi  +  ft  =  0  (comp.  247) ; 

subtracting,  therefore,  and  dividing  by  j^  -  /,  as  in  algebra  (comp.  224),  we 
obtain  the  following  depressed  or  linear  equation  q, 

IX.  . .  j  +  /  +  ji  =  0,    or    IX'...?  =  g"«-g'-ji  (comp.  246). 

The  quadratic  VIII.  has  therefore  a  second  real  quaternion  root,  c['  related\3i\!lD^a 
manner  to  the^ra^ ;  and  because  the  quadratic  function  Fs^  (comp.  again  245) 
is  thus  decomposable  into  two  linear  factors,  or  can  be  put  under  the  form, 

X...F,Sr=(?-sO(?-2'0> 

it  cannot  vanish  for  any  third  real  quaternion,  q  \  so  that  (comp.  244)  the  quad- 
ratic equation  has  no  more  than  ttoo  such  real  roots^ 
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(1.)  The  cubic  equation  may  therefore  be  put  under  the  form  (oomp.  248)^ 

X'.  ..F2q  =  f+qif  +  q^q  +  ?, - q{q -/)(?-?")  +  ?»  =  ^ ; 

it  has  therefore  om  real  root^  say  g*,  by  the  general  proof  {252)  ^  which  has  been 
above  illustrated  by  the  case  of  the  quadratic  equation ;  subtracting  therefore 
(oomp.  247)  the  equation  v^ff^O,  and  dividing  hy  q-q\  we  can  depress  the 
cubic  to  a  quadratic,  which  will  have  two  new  real  roots,  ; '  and  q"^ ;  and  thus 
the  cubic  function  may  be  put  under  the  form, 

XI. . .  F,j  =  (g - q){q - q'){q -  jr"^), 

which  cannot  vanish  for  any  fourth  real  value  of  q ;  the  cubic  equation  X. 
has  therefore  no  more  than  three  real  quaternion  roots  (comp.  244) :  and  similarly 
for  equations  of  higher  degrees. 

(2.)  The  existence  of  two  real  roots  q  of  the  quadratic  I.,  or  of  two  real 
f>ectorSy  p  and  p\  which  satisfy  the  equation  II.,  might  have  been  geometrically 
anticipated^  from  the  recently  proved  increase  ~  47r  of  amplitude  ^/o,  in  the 
course  of  one  circuit,  for  the  case  of  fig.  55,  bis^  in  consequence  of  which  there 
must  be  two  real  positions^  p  and  p',  on  the  one  ovaloi  that  figure,  of  which  each 
satisfies  the  condition  of  similarity  III. ;  and  for  the  case  of  fig.  56,  from  the 
consideration  that  the  second  (or  lighter)  oval^  which  in  this  case  exists,  although 
not  employed  above,  is  related  to  a  exactly  as  Hhi^  first  (or  dark)  oval  of  the 
figure  is  related  to  o ;  so  that,  to  the  real  position  p  on  the  first,  there  must 
correspond  another  real  position  p^,  upon  the  second. 

(3.)  As  regards  the  law  of  this  correspondence^  if  the  equation  II.  be  put 
under  the  form, 

^-e)"-©'-i-«- 

and  if  we  now  wnte 

XIII. . .  /o  -  ga,    we  may  write    XIV. . .  ji  =  -  1,     g»  =  -  <f  :  o, 

for  oompanson  with  the  form  YIII. ;  and  then  the  recent  relation  IX^  (or 
246)  between  the  two  roots  will  take  the  form  of  the  following  relation 
between  vectors^ 

XV. .  ./9  +  /t)'«a;    or    XV'. .  .op'  =  /t)'  =  a-/t)  =  PA; 

so  that  the  point  p'  completes  (as  in  the  cited  figures)  the  parallelogram  opap', 
and  the  line  pp'  is  bisected  by  the  middle  point  c  of  oa.  Accordingly,  with 
this  position  of  p',  we  have  (comp.  III.)  the  similarity,  and  (comp.  II.  and 
226)  the  equation, 

XVI. . .  Aaop'  a  p'ab  ;      XVII. . .  ^/o' =  ^ (a  - /t>)  =  ^/»  =»  1. 

20  2 
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(4.)  The  other  relation  between  the  two  roots  of  the  quadratic  Vill., 
namely  (oomp.  246), 

XVIII. . .  //'=  3^2,    gives    XIX. . .  -p'  =  -  <r ; 

a 

and  aocordingly,  the  line  <r,  or  os,  is  a  fourth  proportional  to  the  three  lines 
OA,  OP,  and  ap,  or  a,  p,  and  -  p\ 

(6.)  The  actual  solution^  by  calculation^  of  the  quadratic  equation  VIII.  in 
complanar  quatemionSy  is  performed  exact Ip  as  in  algebra ;  ihe  formula  being, 

XX. . .  J  -  -  i?i  ±\/{lq*  -  ?a), 

in  which,  however,  the  square  root  is  to  be  interpreted  as  a  real  quaternion^  on 
principles  already  laid  down. 

(6.)  Cubic  and  biquadratic  equations,  with  quaternion  coefficients  of  the 
kind  considered  in  244,  are  in  like  manner  resolved  by  the  known /ormuAs  of 
algebra ;  but  we  have  now  (as  has  been  proved)  three  real  (quaternion)  roots 
for  the  former,  and /our  such  real  roots  for  the  latter. 

254.  The  following  is  another  mode  of  presenting  the  geometrical  reason- 
ings of  the  foregoing  Article,  without  expressly  introducing  the  notation  or 
conception  of  amplitude.  The  equation  ^/o  =  1  of  253  being  written  as 
follows, 

I. .  .<r  =  XP  =  2  (p-a),    or    II. . .  Ta  «  Txp,    and    III.  • .  U<f  =  Uxp, 

a 

we  may  thus  regard  the  vector  <r  as  a  known  function  of  the  vector  p,  or  the 
point  s  as  o,  function  of  the  point  p ;  in  the  sense  that,  while  o  and  a  sxejixed^ 
p  and  s  vary  together :  although  it  may  (and  does)  happen,  that  s  may  return 
to  a  former  position  without  p  having  similarly  returned.  Now  the  essential 
property  of  the  oval  (253)  may  be  said  to  be  this :  that  it  is  the  locus  of  the 
points  p  nearest  to  o,  for  which  the  tensor  Txp  has  a  given  value^  say  b ;  namely 
the  given  value  ofT^y  or  of  os,  when  the  point  s,  like  o  and  a,  is  given.  If  then 
we  conceive  the  point  p  to  move^  as  before,  along  the  ovalj  and  the  point  s  also 
to  move^  according  to  the  law  expressed  by  the  recent  formula  I.,  this  latter 
point  must  move  (by  II.)  on  the  circumference  of  a  given  circle  (comp.  again 
fig.  56),  with  the  given  origin  o  for  centre;  and  the  theorem  is,  that  in  so 
moving,  s  will  pass^  at  least  once,  through  every  position  on  that  circle,  while  p 
performs  one  circuit  of  the  oval.  And  this  may  be  proved  by  observing  that 
(by  III.)  the  angular  motion  of  the  radius  os  is  equal  to  the  sum  of  the  angular 
motions  of  the  two  rays,  op  and  ap  ;  but  this  latter  sum  amounts  to  eight  right 
angles  for  the  case  of  fig.  65,  bis,  and  to  four  right  angles  for  the  case  of  fig.  56 ; 


/ 
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the  radius  os,  and  the  point  s,  must  therefore  have  revolved  twice  in  the  first 
case,  and  once  in  the  second  case,  whioh  proves  the  theorem  in  question. 

(1.)  In  the  first  of  these  two  oases,  namely  when  a  is  an  interior  point, 
each  of  the  three  angular  velocities  is  positive  throughout,  and  the  mean  angular 
velocity  of  the  radius  os  is  double  of  that  of  each  of  the  two  rays  op,  ap.  But  in 
the  second  case,  when  a  is  exterior,  the  mean  angular  velocity  of  the  ray  ap  is 
zero ;  and  we  might  for  a  moment  douht,  whether  the  sometimes  negative  velocity 
of  that  ray  might  not,  for  parts  of  the  circuit,  exceed  the  always  positive  velocity 
of  the  ray  op,  and  so  cause  the  radius  os  to  move  backwards,  for  a  while.  This 
cannot  he,  however ;  for  if  we  conceive  p  to  descrihe,  like  p',  a  circuit  of  the 
other  (or  lighter)  oval^  in  fig.  56,  the  point  s  (if  still  dependent  on  it  hy  the 
law  I.)  would  again  traverse  the  whole  of  the  same  circumference  as  before ; 
if  then  it  could  ever  fluctuate  in  its  motion,  it  would  pass  more  than  twice 
through  some  given  series  of  real  positions  on  that  circle,  during  the  successive 
description  of  the  two  ovals  hy  p  ;  and  thus,  within  certain  limiting  values  of 
the  coefficients,  the  quadratic  equation  would  have  more  than  two  real  roots :  a 
result  whioh  has  been  proved  to  be  impossible.* 

(2.)  While  s  thus  describes  a  circle  round  o,  we  may  conceive  the  eon^ 
nected  point  b  to  describe  an  equal  circle  round  a  ;  and  in  the  case  at  least  of 
fig.  66,  it  is  easy  to  prove  geometrically^  from  the  constant  equality  (263,  IV.) 
of  the  rectangles  op  .  ap  and  da  .  ab,  that  these  two  circles  (with  t'u  and  x'u' 
as  diameters)  J  and  the  two  ovals  (with  mn  and  m'n'  as  axes)^  have  tu^  common 
tangents,  parallel  to  the  line  oa,  which  connects  what  we  may  call  the  two  given 
foci  (ox  focal  points),  o  and  a:  the  new  or  third  circle,  which  is  described  on 
tloB  focal  interval  oa  as  diameter,  passing  through  the  four  points  of  contact  on 
the  ovals,  as  the  figure  may  serve  to  exhibit. 

(3.)  To  prove  the  same- things  by  quaternions,  we  shall  find  it  convenient 
to  change  the  origin  (18),  for  the  sake  of  synmietry,  to  the  central  point  c; 
and  thus  to  denote  now  cp  by  p,  and  ca  by  a,  writing  also  ca  =  To  =  a,  and 
representing  still  the  radius  of  each  of  the  two  equal  circles  by  b.  We  shall 
then  have,  as  they^m^  equation  of  the  system  of  the  two  ovals,  the  following : 

IV. . .  T  (p  +  a) .  T  (/9  -  a)  =  2a6 ; 

^'  V...T(^-l)=2c,    if    j  =  2    and    c^y 

But  because  we  have  generally  (by  199,  204,  &c.)  the  transformations, 
VI...8.j»  =  2Sj'-Tg*  =  Tg»  +  2Vg*  =  2NSi?-Ny  =  Nj-2NVg, 


•  [Sm  the  Note  to  261,  page  2S0.] 
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the  square  of  the  equation  Y.  may  (by  210,  (8.) )  be  written  under  either  of 
the  two  following  forms: 

Vn. . .  (Ny-  1)«  +  4NV?  =  4(5» ;     VIIL  . .  (N?  + 1)*  -  4NSj  =  4c» ; 

whereof  the  first  shows  that  the  maximum  value  of  TVq  is  c,  at  least  if  2^;  <  1, 
as  happens  for  this  case  of  fig.  56 ;  and  that  this  maximum  corresponds  to  the 
value  Tq^lf  orTp-a:  results  which,  when  interpreted,  reproduce  those  of 
the  preceding  sub-article. 

(4.)  "When  2c  >  1,  it  is  permitted  to  suppose  Sj  =  0,  NVj^  =  Nj  -  2c  -  1 ; 
and  then  we  have  only  one  continuous  oval,  as  in  the  case  of  fig.  55,  bis ;  but 
if  (;  <  1,  though  >  ^,  there  exists  a  certain  undulation  in  the  form  of  the  curve 
(not  represented  in  that  figure),  TYq  being  a  minimum  for  8q  >=  0,  or  for 
/o  ±  a,  but  becoming  (as  before)  a  maximum  when  Tq-lj  and  vanishing 
when  Sj^  «  2c  +  1,  namely  at  the  two  summits  m,  n,  where  the  oval  meets  the 
axis. 

(5.)  In  the  intermediate  case,  when  2c  =  1,  the  Oassinian  curve  lY.  becomes 
(as  is  known)  a  lemniscata ;  of  which  the  quaternion  equation  mAjy  by  Y.,  be 
written  (comp.  200,  (8.))  under  any  one  of  the  following  forms : 

IX...T(j»-l)«l;    or    X--.N^«2S.g»;    or    XI...  Tg'  =  2SU.j»; 
or  finally, 

XII...Tp'  =  2Ta»cos2z^; 

a 

which  last,  when  written  as 

Xn'. .  .c?^  2cA* .  COS  2acf, 

agrees  evidently  with  known  results. 
(6.)  This  corresponds  to  the  case  when 

XIII... <T  =  ^,    and    XIY.../t)  =  /t)'  =  +  ^,in253,XIL, 

that  quadratic  equation  having  thus  its  roots  equal  \  and  in  general,  for  aU 
degrees^  cases  of  equal  roots  answer  to  some  interesting  j^ccu/kin^ies  of  form  of 
the  ovalSy  on  which  we  cannot  here  delay. 

(7.)  It  may,  however,  be  remarked,  in  passing,  that  if  we  remove  the 
restriction  that  the  vector  p,  or  cp,  shall  be  in  a  given  plane  (225),  drawn 
through  the  line  which  connects  the  two  foci,  o  and  a,  the  recent  equation  Y. 
will  then  represent  the  surface  (or  surfaces)  generated  by  the  revolution  of  the 
oval  (or  ovals),  or  lemniscata,  about  that  line  da  as  an  axis. 


/ 
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255.  If  we  look  back,  for  a  momenty  on  the  formula  of  similarity^ 
253,  III.,  we  shall  see  that  it  involves  not  merely  an  equality  of  rectangles^ 
253,  lY.,  but  also  an  equality  of  angles^  aop  and  pab  ;  so  that  the 
angle  gab  represents  (in  the  figures  55)  a  given  difference  of  the  base  angles 
AOP,  PAG  of  the  triangle  gap  :  but  to  construct  a  triangle^  by  means  of  such 
a  given  difference^  combined  with  a  given  base,  and  a  given  rectangle  of  sides j 
ifl  a  known  problem  of  elementary  geometry.  To  solve  it  briefly,  as  an 
exercise,  by  quaternions^  let  the  given  base  be  the  line  aa', 
with  0  for  its  middle  point,  as  in  the  annexed  figure  57 ; 
let  baa^  represent  the  given  difference  of  base  angles, 
paa'  -  aa'p  ;  and  let  ga  .  ab  be  equal  to  the  given  rect- 
angle of  sides,  AP  •  A^p.  We  shall  then  have  the  similarity 
and  equation, 

I- . .  Aga'p  a  PAB :     II. . . - —  w-.  ^7 

a        p-a  «g.  07. 

whence  it  follows  by  the  simplest  calculations,  that 

or  that  /o  is  a  mean  proportional  (227)  between  a  and  /3.  Draw,  therefore, 
a  line  gp,  which  shall  be  in  length  a  geometric  mean  between  the  two  given 
lines,  OA,  gb,  and  shall  also  bisect  their  angle  agb  ;  its  extremity  will  be  the 
required  vertex^  p,  of  the  sought  triangle  aa^p  :  a  result  of  the  quaternion 
analysis  J  which  geometrical  synthesis*  easily  confirms. 

(1.)  The  equation  III.  is  however  satisfied  also  (comp.  227)  by  the  opposite 
vectori  op' «  po,  or  /  «  -  p ;  and  because  /3  =  (p  :  a) .  p,  we  have 

TV         P-^P^P^P^P        nr       TV'  ^'®       GP       OB       GP\ 

p  +  o       a       p       a  PA      OA      GP      GA 

80  that  the  four  following  triangles  are  similar  (the  two  first  of  them  indeed 
being  equal) : 

V.  .  .  A  a'gp'  a  AGP  a  pgb  aAP^B  ; 

as  geometry  again  would  confirm. 

(2.)  The  angles  ap'b,  bpa,  are  therefore  supplementary^  their  sum  being 
equal  to  the  sum  of  the  angles  in  the  triangle  gap  ;  whence  it  follows  that 

*  In  fact,  the  two  triangles  I.  are  aimilar,  as  required,  because  their  angles  at  o  and  p  are  equal, 
•nd  the  sides  about  them  are  proportional. 
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the  four  points  a,  p,  b,  p'  are  condrcular  :*  or  in  other  words,  the  quadrilateral 
APBp'  is  inscriptihie  in  a  circle ^  of  which  (we  maj  add)  the  centre  c  is  an  the 
circle  gab  (see  again  fig.  57),  because  the  angle  aob  is  double  of  the  angle 
ap'b,  by  what  has  been  already  proved. 

(3.)  Quadratic  equations  in  quaternions  may  also  be  employed  in  the 
solution  of  many  other  geometrical  problems ;  for  example,  to  decompose  a 
given  vector  into  two  others,  which  shall  have  a  given  geometrical  mean,  &c. 


SECTION  6. 

On  tbe  n*  -  n  Imaginary  (or  Symbolical)  Rooto  of  a  Ifcvatemlon 
Equation  of  tbe  n^  Degree,  witb  coelllelento  of  tbe  kind 
eondldered  In  tbe  foregoing  Section. 

256.  The  polynomial  function  Fnq  (245),  like  the  quaternions  ;,  j^i,  .  .  ;« 
on  which  it  depends,  may  always  be  reduced  to  the  form  of  a  couple  (228) ; 
and  thus  we  may  establish  the  transformation  (oomp.  239), 

I.  ..Fnq^  Fn  (X  +  V)  -  Xn  +  iYn  =  Gn  (tP,  y)  +  iffn{x,  V), 

Xn  and  Yn^  or  On  and  H^  being  two  known,  real,  finite,  and  ^oeXox  functions 
of  the  two  sought  scalars,  x  and  y ;  which  functions,  relatively  to  them^  are 
each  of  the  n^^  dimension,  but  which  involve  also,  though  only  in  the  first 
dimension,  the  2n  given  and  real  scalars^  Xi^  yiy  •  •  •  x^,  y^.  And  since  the  one 
quaternion  (or  couple)  equation^  Fnq  =  0,  is  equivalent  (by  228,  IV.)  to  the 
system  of  the  two  scalar  equations^ 

IL..X««0,     r«  =  0,    or    IIL..G4a?,y)-0,    J5r„(iP,  y)  -  0, 

we  see  (by  what  has  been  stated  in  244,  and  proved  in  252)  that  such  a 
system^  of  two  equations  of  the  n*^  dimension,  can  always  be  satisfied  by  n 
systems  {ot  pairs)  of  real  scalars^  and  by  not  more  than  n,  such  as, 


*  Geometticallj,  the  constructioii  gives  at  once  the  similarity, 

A  AOP  oc  FOB,       whence       i  bpa  b  opa  +  pao  b  poa'  ; 

and  if  we  complete  the  parallelos:ram  apa'p',  the  new  simikrity, 

A  oa'p  «  op'b,        gives       Z  ap'b  «  oa'p  +  a'po  b  aop  ; 

thus  the  opposite  angles  bpa,  ap'b  are  supplementary,  and  the  quadrilateral  apbp'  is  inscriptible.  It 
will  be  shown,  in  a  shortly  subsequent  section  [261,  (6.)]»  that  these  four  points,  a,  p,  b,  p',  form  a 
harmonic  group  upon  their  common  cirde. 
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although  it  may  happen  that  two  or  tnore  of  these  syBtems  shall  eaindde  with 
(or  become  equal  to)  eaoh  other. 

(1.)  If  X  and  y  be  treated  as  co-ordinates  (corap.  228,  (3.)),  the  two 
equations  II.  or  III.  represent  a  system  of  two  curves^  in  the  given  plane ;  and 
then  the  theorem  is,  that  these  two  ouryes  intersect  each  other  {generalh^)  in  n 
real  points,  and  in  no  more :  although  two  or  more  of  these  n  points  may 
happen  to  coincide  with  eaoh  other. 

(2.)  Let  h  denote,  as  a  temporary  abridgment,  the  old  ox  ordinary  imaginary ^ 
v^  -  1,  of  algebra^  considered  as  an  uninterpreted  symbol^  and  as  not  equal  to 
any  real  versor^  such  as  i  (comp.  181,  and  214,  (3.) ),  but  as  following  the  rules 
ofscalarsy  especially  as  regards  the  commutative  property  of  multiplication  (126) ; 
so  that 

V. .  .  A*  +  1  -  0,    and    VI. . .  hi  =  ih,    but    VII.  .  .  A  fio^  -  ±  %. 

(3.)  Let  q  denote  still  a  real  quaternion^  or  real  couple^  x-\^iy\  and  with 
the  meaning  just  now  proposed  of  A,  let  [jq]  denote  the  connected  but 
imaginary  algebraic  quantity ,  or  bi-scalar  (214,  (7.) )»  a;  +  Ay ;  so  that 

VIII.  . .  y  =  «  +  ly,    but    IX.  ..[?]  =  «  +  Ay ; 

and  let  any  biquatemion  (214,  (8.)),  or  (as  we  may  here  call  it)  bx-cottplb,  of 
the/orw  [j^]  +  ♦  [j^^,  be  said  to  be  complanar  with  i;  with  the  old  notation 
(123)  of  complanarity. 

(4.)  Then,  for  the  polynomial  equation  in  real  and  complanar  quaternions^ 
Fnq  »  0  (244,  245),  we  may  be  led  to  substitute  the  following  connected  alge- 
braical equation^  of  the  same  degree^  n^  and  invoking  real  scalars  similarly : 

X.  . .  IFnq-]  =  [qlr  +  [?i]  [?]-^  +  .  .  +  [?«J  -  0; 

which,  after  the  reductions  depending  on  the  substitution  V.  of  -  1  for  h\ 
receives  the  form, 

XI-.-Cl^'rfl-Z^  +  AF.^O; 

where  X«»  and  Fn  are  the  same  real  and  scalar  functions  as  in  I. 

(6.)  But  we  have  seen  in  II.,  that  these  two  real  functions  can  be  made  to 
vanish  together y  by  selecting  any  one  of  n  real  pairs  IV.  of  scalar  values^  x  and  y ; 


*  CaaeB  of  eqftal  roots  may  cauae  points  of  intersection,  which  are  generally  imaginary ^  to  become 
real,  bat  eoineidmt  with  each  other,  and  with /omMr  real  roota :  for  instance  the  hyperbola,  «>  -  y>  ■  a, 
is  intersected  in  two  real  and  dietinct  points,  by  the  pair  of  right  Imes  jty  =  0,  if  the  scalar  a  >  or  <  0  ; 
but  for  the  case  a  s  0,  the  two  pairs  of  lines,  x^  —  y^^O  and  xy^{i,  may  be  considered  to  have /our 
coincident  intersections  at  the  origin. 

Hamilton's  £lbmknts  or  Quatkrnions.  a  P 
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the  General  Algebraical  Equation  X,,  of  the  n'*  Degree^  has  therefore  n  Beal  or 
Imaginary  Roots*  of  the  Form  a?  +  y  y^  -  1 ;  and  it  has  no  more  than  n  such 
roots. 

(6.)  Elimination  of  y,  between  the  two  equations  II.  or  III.,  conducts 
generally  to  an  algebraic  equation  in  ^,  of  the  degree  n' ;  which  equation  has 
therefore  n'  algebraic  roots  (5.),  real  or  imaginary ;  namely,  by  what  has  been 
lately  proved,  n  real  and  scalar  roots  af^  . .  x^^\  with  real  and  scalar  values 
l/i  •  •  y^*)  (comp.  IV.)  of  y  to  correspond ;  and  n[n  -  1)  other  roots,  with  the 
same  number  of  corresponding  values  of  y,  which  may  be  thus  denoted, 

Xn.  .  .  [d^')l  . .  [«?(«')] ;        Xin. . .  [y(«^0], .  .  [yW] ; 

and  which  are  either  themselves  imaginary  (or  bi-scalar,  214,  (7.) ),  or  at  least 
correspond,  by  the  supposed  elimination,  to  imaginary  or  bi-scalar  mines  of 
y ;  since  if  »("♦*)  and  y(*^*),  for  example,  could  both  be  real,  the  quaternion 
equation  Fnq  =  0,  would  then  have  an  (n  +  l)st  real  root,  of  the  form, 
yCHi)  «  a.(.Hi)  +  ;y{»+i)^  contrary  to  what  has  been  proved  (252). 

257.  On  the  whole,  then,  it  results  that  the  equation  Fnq  »  0  in  complanar 
quaternions,  of  the  n*^  degree,  with  real  coefficients,  while  it  admits  of  only 
n  real  quaternion  roots, 

I. . .  y',  j", . .  ?(••)  (244,  Ac), 

is  symboUcally  satisfied  also  (comp.  214,  (3.) )  by  n{n  -  1)  imaginary  quaternion 
roots,  or  by  n'  -  »  bi-quatemions  (214,  (8.) ),  or  Uncouples  (256,  (3.) ),  which 
may  be  thus  denoted, 

and  of  which  the  first,  for  example,  has  the/orm, 
in. . .  [j(«+0]  =  [a?(»*i)]  +  i  [y{«^i)]  « a.;w)  +  hx^j?^^)  +  f  (y/**^)  +  Ay,/*"^) ; 

where  a?/***),  a?^/***),  y/"**^  and  y^/"**^  are  four  real  scalars,  but  h  is  the  imaginary 
of  algebra  (256,  (2.)). 

»  ThiB  celelnated  Theorem  of  Algebra  has  long  been  known,  and  has  been  proved  in  other  ways ; 
but  it  seemed  necessary,  or  at  least  useful,  for  the  purpose  of  tiie  present  work,  to  prove  it  anew,  in 
connexion  with  QuaUmuma  :  or  rather  to  establish  the  theorem  (244,  262),  to  whidh  in  the  present 
Calculus  it  earrMpwdt,    Compare  the  Note  to  page  278, 
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(1.)  There  muBt,  for  inBtanoe^  be  n{n-l)  imaginary  n*^  roots  of  unity j  in 
the  given  plane  of  i  (oomp.  266,  (3.) ),  beeides  the  n  real  roots  already  deter- 
mined (233,  237) ;  and  aooordingly  in  the  case  n  ->  2,  we  have  the  four 
following  square-roots  ofl\\\  i,  two  real  and  two  imaginary : 

IV. -.  +  1,    -1;        +Af,    "hi; 

for,  by  256,  (2.),  we  have 

V.  .  •  {±  hty  -  AV  -  (-  1)  (-  1)  -  +  1. 

And  the  ttco  imaginary  roots  of  the  quadratic  equation  F^  »  0,  which  generally 
exist,  at  .least  as  symbols  (214,  (3.) ),  may  be  obtained  by  multiplying  the  square^ 
root  in  the  formula  253,  XX.  by  hi ;  so  that  in  the  partioular  case^  when  that 
radical  vanisheSf  the  four  roofs  of  the  equation  become  real  and  equal :  zero 
having  thus  only  itself  for  a  square^root. 

(2.)  Again,  if  we  write  (oomp.  237,  (3.) ), 

VI.  ..J- 1*1  = g ,         j»  =  li,B g , 

80  that  1,  g',  3^  are  the  three  real  cubC'roots  of  positive  unity y  in  the  given 
plane ;  and  if  we  write  also, 

80  that  0  and  ^  are  (as  usual)  the  two  ordinary  (or  algebraical)  imaginary  cubs" 
roots  of  unity ;  then  the  nine  cube-roots  ofl  (|||  f)  are  the  following : 

Vin.  ..1;     jT,?*;     6,0";     9q,df;    Vq.O'f;- 

whereof  the  first  is  a  real  scalar ;  the  two  next  are  real  couples^  or  quaternions 
\\\i;  the  two  following  are  imaginary  scalars,  or  biscalars;  and  the  four  that 
remain  are  imaginary  couples^  ot  bi-couples,  or  biquatemions. 
(3.)  The  sixteen  fourth  roots  of  unity  (|||  %)  are : 

IX.. .±1;     ±t;     ±A;     ±hi\     ±  i  (1  ±  A)  (1  ±  ♦)  ; 

the  three  ambiguous  signs  in  the  last  expression  being  all  independent  of 
each  other. 

2P  2 


292  ELEMENTS  OF  QTJATEWnONS.  [H.  n.  §§  6,  7. 

(4.)  Imaginary  rooUj  of  Mta  sort,  are  sometiiues  usefiil^  or  rather  necessary, 
in  calculations  respecting  ideal  intersections*  and  ideal  contacts,  in  geometry : 
although  in  what  remains  of  the  present  Volume,  we  shall  have  little  or  no 
occasion  to  employ  them. 

(5.)  We  may,  however,  here  observe,  that  when  the  restriction  (225)  on 
the  plane  of  the  quaternion  q  is  removed,  the  General  Quaternion  JEquation  of 
the  n*^  Degree  admits,  by  the  foregoing  principles,  no  fewer  than  n^  Roots^ 
real  or  imaginary ;  because,  when  that  general  equation  is  reduced,  by  221,  to 
the  Standard  Quadrinomial  tbrm, 

X.  .•jF;?«  JFn  +  iXn+jTn^kZn'^O, 

it  breaks  up  (oomp.  221,  YI.)  into  a  System  of  Four  Scalar  Equations,  each 
(generally)  of  the  n^^  dimension, mu>,x,y,z\  namely, 

and  Mx,y,%  be  eliminated  between  these  four,  the  result  is  (generally)  a 
scalar  (or  algebraical)  equation  of  the  degree  n^,  relatively  to  the  remaining 
constituent,  u> ;  which  therefore  has  n*'  (algebraical)  values,  real  or  imaginary : 
and  similarly  for  the  three  other  constituents,  x,  y,  %,  of  the  sought  quater- 
nion q. 

(6.)  It  may  even  happen,  when  no  plane  is  given,  that  the  number  of  roots 
(or  solutions)  of  a  finitef  equation  in  quaternions  shall  become  infinite ;  as  has 
been  seen  to  be  the  case  for  the  equation  ^  ^-1  (149, 154),  even  when  we 
confine  ourselves  to  what  we  have  considered  as  real  roots.  If  imaginary  roots 
be  admitted,  we  may  write,  still  more  generally,  besides  the  two  bi'scalar  values, 
±  h,  the  expression, 

Xn. . .  (- 1)4  -  f  +  At^,      Si?  -  Sf'  -  Sw'  =  0,      Nr  ~  Nt?'  =  1 ; 

V  and  if  being  thus  any  two  real  and  right  quaternions,  in  rectangular  pbmes, 
provided  that  the  norm  of  the/r8^  exceeds  that  of  the  second  by  unity. 

(7.)  And  in  like  manner,  besides  the  two  real  and  scalar  values,  ±  I,  we 
have  this  general  symbolical  expression  for  a  square  root  of  positive  unity, 
with  merely  the  difierence  of  the  norms  reversed : 

Xin.  .  .  14  =  f^  +  At?',      St?  =  Sf?'=  Sw'=  0,      Nt?'- Nt?  =  1. 


*  Oomp.  Art.  214,  and  the  Notes  there  refeired  to. 
t  Compare  the  Note  to  page  277. 
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SECTION  7. 

On  the  Reciprocal  of  a  Tector,  and  on  Harmonic  Meaiui  of 
Tcctors ;  with  Remarks  on  tlie  AnMarmonlc  Itnatcmlon 
of  a  C^ronp  of  Four  Polnte,  and  on  Condition*  of  Con- 
drcnlarity. 

258.  When  two  vectors,  a  and  a^  are  so  related  that 

I.  .  .  o'=  -TJo:  Ta,    and  therefore    IL  .  .  a  »  -Uo':  Ta, 
or  that 

m.  ..Ta-Ta'=l,     and    IV.  .  •  TJo +Ua'«  0, 

we  shall  say  that  eaoh  of  these  two  veotors  is  the  Reciprocal*  of  the  other ; 

and  shall  (at  least  for  the  present)  denote  this  relation  between  them,  by 

writing  

V.  .  .  a'  -  Bo,     or    VI-  .  .  a  =  Ea'; 

so  that  for  everf/  vector  a,  and  etfery  right  quotient  v, 

Vn.  .  .  Ra  =  -Ua :  Ta;         Vin.  .  .  E*a  =  REo  =  a  ; 
and 

rX. .  .  Rlt^  «  IRr  (comp.  161,  (3.),  and  204,  XXXV'.). 

259.  One  of  the  most  important  properties  of  suoh  reciprocals  is  contained 
in  the  following  theorem : 

If  any  tuoo  rectors  oa,  ob,  have  oa',  ob'  for  their  reciprocahy  then  (comp. 
fig.  58)  the  right  line  ilb'  is  parallel  to  the  tangent  od,  at  the      a 
origin  o,  to  the  circle  gab  ;  and  the  two  triangles,  oab,  obV,  /     \  ^^^I^]::^ 
are  inversely  similar  (118).    Or  in  symbols, 


I.  •  •  if  oa'  »  R .  oA,    and    ob'  =  R .  ob, 
then 

A  oab  a'  obV.  „.    , 

Fig.  68. 

(1.)  Of  course,' under  the  same  conditions,  the  tangent  at  o  to  the  drde 
oa'b'  is  parallel  to  the  line  ab. 

(2.)  The  angles  bao  and  obV  or  bod  being  equal,  the  fourth  proportional 
(226)  to  AB,  AO,  and  ob,  or  to  ba,  oa,  and  ob,  has  the  direction  of  od,  or  the 
direction  opposite  to  that  of  a'b';  and  its  length  is  easily  proved  to  be  the 

*  Accordingly,  under  these  conditions,  we  shall  afterwards  denote  this  reoiproeal  of  a  yector  a  by 
the  tymbol  cr^ ;  but  tre  postpone  the  use  of  this  notation,  until  we  shall  be  prepared  to  connect  it  with 
a  general  theory  of  ffroduett  and  powers  of  vectors.  Compare  234,  V.,  and  the  first  Note  to  page  123. 
And  as  regards  the  temporary  use  of  the  characteristic  R,  compare  the  second  Note  to  page  262. 
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reciprocal  (or  inverse)  of  the  length  of  the  same  line  a^b',  because  the  similar 
triangles  give, 

XL  .  •  (oA  :  ba)  .  OB  «  (ob'  :  a'b')  .  ob  =  1 :  aV, 
it  being  remembered  that 

III. . .  OA .  oa'=  OB .  ob'  =  1 ; 
we  may  therefore  writoi 

IV-..(oa:ba).ob  =  E.aV,    or    V. . . -^  j3»  R(Rj3 -Ea), 

tphatever  two  vectors  a  and  j3  may  be. 

(3.)  Changing  a  and  j3  to  their  reoiprooalsi  the  last  formula  beoomes, 

VI.  ..R(/3-a)=g-^^.B/3;   or   Vn...(oA':BV).oB'=E.AB, 

(4.)  The  inverse  similarity  L  gives  also,  generally,  the  relation, 

(5.)  Since,  then,  by  195, 11.,  or  207,  (2.), 

a  a  Up         xCy3±aj 

the  lower  signs  agreeing  with  YI. 

(6.)  In  general,  the  reciprocab  of  opposite  vectors  are  themselves  opposite ; 

or  in  symbols, 

XI.  .  .  B  (-  a)  =  -  Ea. 
(7.)  More  generally, 

XII.  .  .  a»a  =  ar^  Ea, 
if  jT  be  any  scalar. 

(8.)  Taking  lower  signs  in  X.,  changing  a  to  7,  dividing,  and  taking  con- 
jugates, we  find  for  anp  three  vectors  a,  j3,  7  {complanar  or  diplanar)  the 
formula: 

Ey  E  (j3  -  a)\         g         y  - /3    OA    BC 

~  ^  -  y     AB   00 

if  a  -  OA,  j3  =  OB,  and  y  »  00,  as  usual. 

(9.)  If  then  we  extend^  to  any  four  points  ofspaccj  the  notation  (26.), 


XIII    'gBy-R^  .-g/^    Ry       BO-«)V   « 


-STTTr        /  X     AB    CD 

XlY . . .  (abcd)  =  — .  — , 

^  '      BC    DA 

interpreting  each  of  these  ivfo  factor^quotients  as  a  quaternion,  and  defining  that 
their  product  (in  this  order)  is  the  anharmonic  quaternion  Junction^  or  simply  the 
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AnhartMiue^  of  the  Qroup  offourpointt  a,  b,  c,  d,  or  of  the  {plane  or  ganiehe) 
Quadrilateral  abcd,  we  sball  have  the  following  general  and  vaeSxl  formula  of 
transformation : 

XV...(0ABc)  =  K^gL__  =  K^„ 

where  oa',  ob',  oc'  are  supposed  to  be  reoiprooals  of  oa,  ob,  oc. 

(10.)  With  this  notation  XIY.|  we  hare  generally ^  and  not  merely  for 
collinear  groups  (35.),  the  relations : 

XVI. . .  (abcd)  +  (acbd)  =  1 ;        XVII. . .  (abcd)  .  (adcb)  =  !• 

(11.)  Let  0,  A,  b,  c,  D  be  any  five  points^  and  oa',  •  •  od'  the  reoiprooals  of 
OA, . .  CD ;  we  shall  then  have,  by  XV., 

^^         bV  dV 

Xvill. .  .  -7-7  =  K  (ocba),    -7-7  =  K  (oadc)  ; 

B  a  DA 

and  therefore, 

XIX.  .  .  K  (a'bVd')  =  (oADc)  (ocba)  -  -  (oadcba), 

if  we  agree  to  write  generally,  for  any  six  points^  the  formula,* 

w  ,  .        AB    CD    BP 

A  A>  .  .  ( ABCDEF)  =  —  .  —  . ^ • 
^  '        BC    DB    PA 

(12.)  If  then  the  five  points  0  » •  d  be  complanar  (225),  we  have,  by  226, 
and  by  XTV., 

XXI.  • .  K  (a'bVdO  «  (abcd),    or    XXI'.  • .  (a'bVd')  =  Z  (abcd)  ; 

the  anharmonic  qtMiemion  (abcd)  being  thus  ohanged  to  its  conjugate^  when  the 
four  rays  oa,  .  .  on  are  ohanged  to  their  reciprocals. 

260.  Another  very  important  oonsequenoe  from  the  definition  (258)  of 
reciprocals  of  vectors,  or  from  the  reoent  theorem  (259),  may  be  expressed  as 
follows : 

If  any  three  coinitial  vectors,  oa,  ob,  oc,  be  chords  of  one  common  circle,  then 
(see  again  fig.  58)  their  three  coinitial  reciprocals,  oa',  ob',  oc',  are  termino* 

*  There  is  a  conYenience  in  calling,  generally,  this  product  of  ihrte  quotimU^  (abodbp),  the 
ewdutumary  quaiemioHf  or  Bimply  ths  Evolutionary ,  of  the  Qroup  of  Six  Joints,  A  .  .  f,  or  (if  they  he 
not  collinear)  of  the  plane  or  gauche  Hexagon  abcdbf  :  hecause  the  equation, 

(abcaVo')=-1, 

ezpresflds  either  Ist,  that  the  thre^  pair*  of  points,  aa',  bb',  00*,  form  a  eoUimar  involution  (26.)  of  a 
well-known  kind;  or  Ilnd,  that  those  three  pairs,  or  the  three  corresponding  diagonals  of  the 
hexagon,  compoee  a  complanar  or  a  homoopherie  Involution,  of  a  now  kind  suggested  by  quaternions 
(oomp.  261,  (11.) ). 
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coUinear  (24) :  or,  in  other  words,  if  the  four  points  o,  a,  b,  o  be  eandreular^ 
then  the  three  points  k\  b^  d  are  situated  on  one  right  line. 

And  conversely,  if  three  coinitial  vectors^  oa',  ob',  oc',  thus  terminate  on 
one  right  line,  then  their  three  ooinitial  reciprocals^  oa,  ob,  og,  are  chords  of 
one  circle ;  the  tangent  to  whioh  oirole,  at  the  origin,  is  parallel  to  the  right 
line;  while  the  anharmonio function  (259,  (9.)),  of  the  inscribed  quadrilateral 
OABG,  reduces  itself  to  a  scalar  quotient  of  segments  of  that  line  (which  there- 
fore is  its  own  conjugate,  by  139) :  namely, 

I.  . .  (oABc)  =  bV  :  bV=  (  ooaVc/)  =  (o .  oabc), 

if  the  symbol  oo  be  used  here  to  denote  the  point  at  infinity  on  the  right  line 
a'bV;  and  if,  in  thus  employing  the  notation  (35)  for  the  anharmonic  of  a 
plane  pencil^  we  consider  the  null  chords  oo,  as  having  the  direction*  of  the 
tangent,  on. 

(1.)  If  p  »  OP  be  the  mriable  vector  of  a  point  p  upon  the  oirole  gab,  the 
quaternion  equation  of  that  circle  may  be  thus  written : 

II.  .  .  Rp  =  Rj3  +  a?  (Ro  -  R/3),    where    III. . .  a? «  (oabp)  ; 

the  coefficient  x  being  thus  a  mriable  scalar  (comp.  99, 1.),  which  depends  on 

the  mriable  position  of  the  point  p  on  the  circumference. 

(2.)  Or  we  may  write, 

tB,a  +  «E/3 


IV. . .  E/o  = 


^  +  « 


as  another  form  of  the  equation  of  the  same  circle  oab  ;  with  which  may  use- 
fully be  contrasted  the  earlier  form  (comp.  25.),  of  the  equation  of  the  line  ab^ 

^  ta  +  uB 

^        t-¥U 

(3.)  Or,  dividing  the  second  member  of  lY.  by  the  first,  and  taking  con- 
jugates, we  have  for  the  circle, 

VI,..^  +  ?^  =  ^  +  ti;    while    Vn...*5J+?^=^  +  t*, 

for  the  right  line. 

(4.)  Or  we  may  write,  by  II., 

this  latter  symbol,  by  204,  (18.),  denoting  any  scalar. 

*  Compare  the  remarks  in  the  Note  to  page  140,  respecting  tLe  possible  determinateness  of 
rignificatian  of  the  symbol  UO,  when  the  »&ro  denotes  a  ftiM,  which  vanishes  according  to  a  law. 
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(5.)  Or  still  more  briefly, 

rX. . .  V  (o ABP)  =  0 ;    or    IX'. .  .  (oabp)  «  V"*  0. 

(6.)  If  the  four  points  o,  a,  b,  c  be  still  concireularf  and  if  p  be  any  fflh 
point  in  their  plane^  while  FOi, .  .  PCi  are  the  reoiprooals  of  fo,  .  .  pc,  then 
by  259,  XXI.,  we  have  the  relation, 

X.  .  .  (OiAiBiCi)  =  K  (OABC)  -  (OABC)  »  V^»  0 ; 

the /owr  new  points  Oi  . .  Ci  are  therefore  generally  concircular, 

(7.)  If,  however,  the  point  p  be  again  placed  on  the  circle  oabc,  those  four 
new  points  are  (by  the  present  Axtiole)  coUinear ;  being  the  intersections  of 
the  pencil  p  .  oabg  with  a  parallel  to  the  tangent  at  p.  In  this  o4se,  therefore, 
we  have  the  equation, 

XI.  .  .  (P  .  oabc)  =  (OiAiBiCi)  =  (OABC)  ; 

so  that  the  constant  anharmonic  of  the  pencil  (35)  is  thus  seen  to  be  equal  to 
what  we  have  defined  (259,  (9.) )  to  be  the  anharmonic  of  the  group, 

(8.)  And  because  the  anharmonic  of  a  circular  group  is  a  scalar^  it  is  equal 
(by  187,  (8.) )  to  its  own  temorj  either  positively  or  negatively  taken :  we  may 
therefore  write,  for  any  inscribed  quadrilateral  oabc,.  the  formula, 

Xn.  .  .  (oabc)  =  ^  T  (oABC)  =  +  (oA  .  Bc)  .*  (aB  .  Co), 

B  r  a  quotient  of  rectangles  of  opposite  sides ;  the  upper  or  the  lower  sign  being 

taken,  aocording  as  the  point  b'  falls,  or  does  not  fall,  between  the  points  a^ 

and  (f:  that  is,  aocording  as  the  quadrilateral  oabc  is  an  uncrossed  or  a  crossed 

one. 

(9.)  Hence  it  is  easy  to  infer  that  for  any  circular  group  o,  a,  b,  c,  we 

have  the  equation, 

xin...u— -±U-; 

AB  CB 

the  upper  sign  being  taken  when  the  succession  oabc  is  a  direct  one,  that  is, 
when  the  quadrilateral  oabc  is  uncrossed;  and  the  lower  sign,  in  the  contrary 
case,  namely,  when  the  succession  is  (what  may  be  called)  indirect^  or  when 
the  quadrilateral  is  crossed :  while  conversely  this  equation  XIII.  is  sufficient 
to  prove,  whenever  it  occurs,  that  the  anharmonic  (oabc)  is  a  negative  or  a 
positive  scalar,  and  therefore  by  (5.)  that  the  group  is  circular  (if  not  linear), 
as  above. 

(10.)  If  A,  B,  c,  D,  E  be  any  five  homospheric  points  (or  points  upon  the 
surface  of  one  sphere),  and  if  o  be  any  sixth  point  of  space,  while  oa',  .  .  ob' 

Hamilton's  Elbmbmts  or  Quatbrnions.  <Q 
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are  the  reoiprooals  of  oa,  .  .  oe,  then  the^r^  netv  points  a'.  .  b'  are  generally 
homospheric  (with  eaoh  other) ;  but  if  o  happens  to  be  on  the  sphere  abode, 
then  A^.  .  e'  are  complanar^  their  oommon  plane  being  parallel  to  the  tangent 
plane  to  the  given  sphere  at  o  :  with  resulting  anharmonic  relations^  on  which 
we  cannot  here  delay. 

261.  An  interesting  ease  of  the  foregoing  theory  is  that  when  the  generally 
scalar  anharmonio  of  a  circular  group  beoomes  equal  to  negative  unity :  in  which 
case  (comp.  26),  the  group  is  said  to  be  harmonic.  A  few  remarks  upon  such 
circular  and  harmonic  groups  may  here  be  briefly  made :  the  student  being 
left  to  fill  up  hints  for  himselfi  as  what  must  be  now  to  him  an  easy  exercise 
of  calculation. 

(1.)  For  such  a  group  (comp.  again  fig.  58),  we  have  thus  the  equation, 

I. . .  (oABc)  =  -  1 ;    and  therefore    II.  . .  a'b'  =  bV; 

or  m. .  .  Ej3  =  i  (Ra  +  Ey) ; 

and  under  this  condition,  we  shall  say  (comp.  216,  (5.) )  that  the  Vector  /3  is 
the  Harmonic  Mean  between  the  two  vectors,  a  and  7. 

(2.)  Dividing,  and  taking  conjugates  (comp.  260,  (3.),  and  216,  (6.) ),  we 
thus  obtain  the  equation, 

IV...^  +  e  =  2;    or    V. . .  0= -^7- -^«; 

07  '^      y  +  a  '      7  +  0 

or 

VI...j3«"7  =  2a,     if     VIL..€-i(7  +  a); 

€  thus  denoting  here  the  vector  oe  (fig.  58)  of  the  middle  point  of  the  chord 
AC.     We  may  then  say  that  the  harmonic  mean  between  any  two  lines  is  (as 
in  algebra)  the /owrtt  proportional  to  their  semisum,  and  to  themselves. 
(3.)  Geometrically,  we  have  thus  the  similar  triangles, 

VIII.  .  .  A  AOB  a  eoc  ;        VIII'.  .  .  A  aoe  a  boc  ; 

whence,  either  because  the  angles  oba  and  oca,  or  because  the  angles  oac  and 
OBC  are  equal,  we  may  infer  (comp.  260,  (5.) )  that,  when  the  equation  I.  is 
satisfied,  the  four  points  o,  a,  b,  c,  if  not  collinear^  are  condrcular, 
(4.)  We  have  also  the  similarities, 

IX.  . .  A  OEO  a  ceb,    and    IX'.  .  .  A  oea  a  aeb  ; 
or  the  equations, 

X...^*-I::i.    and    X'...^-?5Jli; 
7~€        -€  a-€        -f 
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in  fact  we  have,  by  VI.  and  VII., 

XI...  %  2-2;     xn...^'f-=l-^--l---)-fi--y- 

(5.)  Henoe  the  line  ec,  in  fig.  58,  is  the  mean  proportional  (227)  between 
the  lines  EO  and  eb;  or  in  words,  the  semisum  (ob),  the  semidifference  (bo), 
and  the  excess  (be)  of  the  semisum  over  the  harmonic  mean  (ob),  form  (as  in 
algebra)  a  continued  proportion  (227). 

(6.)  Conversely,  if  any  three  ooinitial  vectors,  eg,  ec,  eb,  form  thus  a  oon- 
tinued  proportion,  and  if  we  take  ba  »  ge,  then  the  four  points  oabo  will 
oompose  a  ciroular  and  harmonic  group ;  for  example,  the  points  apbf^  of 
fig.  57  are  arranged  so  as  to  form  such  a  group.* 

(7.)  It  is  easy  to  prove  that,  for  the  inscribed  quadrilateral  oabc  of  fig.  58, 
the  rectangles  under  opposite  sides  are  each  equal  to  halfoi  the  rectangle  under 
the  diagonals ;  which  geometrical  relation  answers  to  either  of  the  two  anhar- 
monic  equations  (oomp.  259,  (10.) ) : 

XTTT. .  .  (oBAc)  -  +  2  ;        XIII'. .  .  (ocab)  =  +  i. 

(8.)  Hence,  or  in  other  ways,  it  may  be  inferred  that  these  diagonals, 
OB,  AC,  are  conjugate  chords  of  the  circle  to  which  they  belong :  in  the  sense 

■ 

that  each  passes  through  the  pole  of  the  other ^  and  that  thus  the  line  db  is  the 
second  tangent  from  the  point  d,  in  which  the  chord  ao  prolonged  intersects 
the  tangent  at  o. 

(9.)  Under  the  same  conditions,  it  is  easy  to  prove,  either  by  quaternions 
or  by  geometry,  that  we  have  the  harmonic  equations : 

XIV.  . .  (abco)  -  (bcoa)  =  (ooab)  =  -  1 ; 

so  that  AC  is  the  harmonic  mean  between  ab  and  ao  ;  bo  is  such  a  mean 
between  bc  and  ba  ;  and  ga  between  co  and  cb. 

(10.)  In  any  such  group,  any  two  opposite  points  (or  opposite  comers  of  the 
quadrilateral),  as  for  example  o  and  b,  may  be  said  to  be  harmonically  conju- 
gate to  each  other,  ioith  reject  to  the  two  other  points^  a  and  c ;  and  we  see  that 
when  these  two  points  a  and  c  are  given,  then  to  every  third  point  o  (whether 
in  a  given  plane,  or  in  space)  there  always  corresponds  9^  fourth  point  b,  which 
is  in  this  sense  cof\jugate  to  that  third  point :  this  fourth  point  being  always 
oomplanar  with  the  three  points  a,  c,  o,  and  being  even  concircular  with  them, 

•  Compare  the  Note  to  256,  (2.).    In  fig.  68,  the  centre  of  the  cirde  oabo  ia  condroQlar  with  the 
tJiree  points  o,  b,  b. 

3Q  2 
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unless  ihey  happen  to  be  collinear  with  eaoh  other;  in  which  extreme  (or 
limiting)  case^  the  fourth  point  6  is  still  detetminedy  but  is  now  oollinear  with 
the  others  (as  in  26,  &o.). 

(11.)  When,  after  thus  selecting  two*  points^  a  and  o,  or  treating  them  as 
given  or  fixedy  we  determine  (10.)  the  harmonic  conjugates  b,  b^,  b'^,  with  respect 
to  themy  of  any  three  assumed  points^  o,  o',  o'^,  then  the  three  pairs  of  points^ 
o,  b  ;  o',  b'  ;  o",  b",  may  be  said  to  form  an  Involutions'^  either  on  the  right 
line  AC,  (in  which  case  it  will  only  be  one  of  an  already  well-known  kind),  or 
in  a  plane  through  that  line,  or  even  generally  in  space :  and  the  two  t>oints 
A,  c  may  in  all  these  cases  be  said  to  be  the  two  Double  Points  (or  Foci)  of  this 
Involution.  But  the  field  thus  opened,  for  geometrical  investigation  by 
Quaternions,  is  far  too  extensive  to  be  more  than  mentioned  here. 

(12.)  We  shall  therefore  only  at  present  add,  that  the  conception  of  the 
fuirmonic  mean  between  two  vectors  may  easily  be  extended  to  ani/  number  of 
such,  and  need  not  be  limited  to  the  plane  :  since  we  may  define  that  n  is  the 
harmonic  mean  of  the  n  arbitrary  vectors  oi,  . .  tim  when  it  satisfies  the 
equation, 

XV...Ri|  =  -(Boi  +  ..  +  Ran);    or    XVI.  .  .  nRi|  =  SBa. 

n 

(13.)  Finally,  as  regards  the  notation  Ea,  and  the  definition  (258)  of  the 
reciprocal  of  a  vector,  it  may  be  observed  that  if  we  had  chosen  to  define 
reciprocal  vectors  as  having  similar  (instead  of  opposite)  directions^  we  should 
indeed  have  had  the  positive  sign  in  the  equation  258,  YII. ;  but  should 
have  been  obliged  to  write,  instead  of  258,  IX.,  the  much  less  simple  formula, 

RIv  =  -  lEv. 

*  There  ia  a  sense  in  which  the  geometrical  prooesB  here  spoken  of  can  he  applied,  even  when 
the  two  fixed  points,  or  foci,  are  imaginary.  Compare  the  OSomitrie  Superieure  of  M.  Ghaslesi 
page  136. 

t  Compare  the  Note  to  269,  (11.). 
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CHAPTER  IIL 

ON  DIPLANAR  QUATERNIONS,  OR  QUOTIENTS  OF  VECTORS  IN 
SPACE :  AND  ESPECIALLY  ON  THE  ASSOCIATIVE  PRINCIPLE 
OF  MULTIPLICATION  OF  SUCH  QUATERNIONS. 


SECTION  L 

On  some  Biraiielatloiui  of  the  AsAoeiatlTe  Property,  or  Prlndple, 

of  llBltipliiMitloii  of  BiptoDar  Itaateriiloiui* 

262.  In  the  preceding  ohapter  we  have  oonfined  ourselveB  almost  entirely, 
as  had  been  proposed  (224,  225),  to  the  considerations  of  quaternions  in  a 
given  plane  (that  of  t) ;  alluding  only,  in  some  instances,  to  possible  exten- 
sions* of  results  so  obtained.  But  we  must  now  return  to  consider,  as  in  the 
First  Ohapter  of  this  Second  Book,  the  subject  of  General  Quotients  of  Vectors : 
and  especially  their  Associative  Multiplication  (223),  which  has  hitherto  been 
only  proved  in  connexion  with  the  Distributive  Pnnciple  (212),  and  with  the 
Latos  of  the  SymbolSy  iyj\  k  (183).  And  first  we  shall  give  a  few  geometrical 
enunciations  of  that  associative  principle,  which  shall  be  independent  of  the 
distributive  one,  and  in  which  it  will  be  su£Bcient  to  consider  (comp.  191)  the 
muttipUeation  ofversors\  because  the  multiplication  of  tensors  is  evidently  an 
associative  operation,  as  corresponding  simply  to  arithmetical  multiplication, 
or  to  the  composition  of  ratios  in  geometry.t  We  shall  tlierefore  suppose, 
throughout  the  present  chapter,  that  q^  r,  s  are  some  three  given  but  arbitrary 
versorSf  in  three  given  and  distinct  planes  ;t  and  our  object  will  be  to  throw  some 

•  As  in  227,  (8.);  242,  (7.);  264,  (7.);  267,  (6.)  and  (7.);  269,  (8.),  (9.),  (10.),  (11.);  260, 
(10.) ;  and  261,  (11.)  and  (12.). 

t  Or,  more  generally,  for  any  three  paira  of  magnitudee,  each  pair  separately  being  homogeneous. 
X  If  the  faotoa  q,  r,  s  were  complanar,  we  oould  always  (by  120)  put  them  under  the  forms, 

^     »  y  8 

and  then  should  haye  (comp.  183,  (U) )  the  two  equal  Unwry  products , 

S  0     8     S  y 

/3a      a      y  a 
eo  that  in  Mw  case  (oomp.  224)  the  associative  property  would  be  proved  without  any  difficulty. 
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additional  light,  by  new  enunoiations  in  this  seotiony  and  by  new  demon- 
strations in  the  next,  on  the  very  important^  although  very  simpley  AMoekUive 
Formula  (223|  11.  )i  whioh  may  be  written  thus : 

I.  .  .  «r .  g  =  « .  ry ; 
or  thus,  more  fully, 

II.  . .  q'q  =  tf    if    g^  »  «r,    «' «  rg,    and    ^  =  «' ; 

^y  %\  and  i  being  here  three  new  and  derived  versorsy  in  three  new  and  derived 
planes. 

263.  Already  we  may  see  that  this  Associative  Theorem  of  Multiplication^ 
in  all  its  forms,  has  an  essential  reference  to  a  System  of  Six  Planes^  namely 
the  planes  of  these  six  versorsy 

m 

TV.  .  *  q^r^  Sy  rq^  «r,  «rg,    or    IV'.  .  •  q^  r^  «,  s\  5^,  t ; 

on  the  judicious  selection  and  arrangement  of  which,  the  clearness  and 
elegance  of  every  geometrical  statement  or  proof  of  the  theorem  must  very 
much  depend :  while  the  versor  character  of  the  factors  (in  the  only  part  of 
the  theorem  for  which  proof  is  required)  suggests  a  reference  to  a  Sphere^ 
namely  to  what  we  have  called  the  unit-sphere  (128).  And  the  three  following 
arrangements  of  the  six  planes  appear  to  be  the  most  natural  and  simple  that 
can  be  considered :  namely,  1st,  the  arrangement  in  which  the  planes  aU  pass 
through  the  centre  of  the  sphere ;  Ilnd,  that  in  which  they  all  touch  its  surface; 
and  Ilird,  that  in  which  they  are  the  six  faces  of  an  inscribed  solid.  We 
proceed  to  consider  successively  these  three  arrangements. 

264.  When  the  first  arrangement  (263)  is  adopted,  it  is  natural  to  employ 
arcs  of  great  circles^  as  representatives  of  the  versors,  on  the  plan  of  Art.  162. 
Representing  thus  the  factor  q  by  the  arc  ab,  and  r  by  the  successive  arc  bc, 
we  represent  (167)  their  product  rq,  or  «',  by  ac  ;  or  by  any  equal  arc  (165), 
such  as  DB,  in  fig.  59,  may  be  supposed  to  be.  Again,  representing  s  by  bp, 
we  shall  have  df  as  the  representative  of  the 

ternary  product  s .  rq,  or  «/,  or  ty  taken  in  one  ^^ 

order  of  association.  To  represent  the  other  ter- 
nary product,  sr.qy  OT  q'qy  we  may  first  deter- 
mine three  new  points,  o,  h,  i,  by  arcual 
equations  (166),  between  gh,  bc,  and  between 
HI,  BF,  so  that  bc,  bf  intersect  in  h,  as  the 

arcs  representing  /  and  s  had  intersected  in  b  ;  and  then,  after  thus  finding 
an  arc  gi  which  represents  sr  or  j^,  may  determine  three  other  points  k,  l,  m. 
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by  equations  between  kl,  ab,  and  between  lm,  oi,  bo  that  these  two  new  arcs, 
KL,  LM,  represent  q  and  ^,  and  that  ab,  oi  intersect  in  l  ;  for  in  this  way  we 
shall  have  an  arc,  namely  km,  which  represents  q'q  as  required.  And  the 
theorem  then  is,  that  this  last  arc  km  is  equal  to  the  former  arc  df,  in  the  full 
sense  of  Art.  165 ;  or  that  when  (as  under  the  foregoing  conditions  of  con- 
struction) the  five  areiMl  equations, 

I.  .  .  n  AB  a»  n  KL,       n  BC  =  n  GH,       n  BP  =  n  HI,       n  AC  =  a  dE,       n  QI  s=  r>  LM, 

existy  then  this  sixth  equation  of  the  same  kind  is  satisfied  also, 

II.  .  .  A  DF  «  A  KM  : 

the  two  points,  k  and  m,  being  both  on  the  same  great  circle  as  the  two  pre- 
viously determined  points,  d  and  f  ;  or  d  and  m  being  on  the  great  oirde 
through  F  and  k  :  and  the  two  arcs,  df  and  km,  of  that  great  circle,  or  the 
two  dotted  arcs,  dk,  fm  in  the  figure,  being  equally  long,  and  similarly 
directed  (166). 

(1.)  Or,  after  determining  the  nine  points  a  . .  i  so  as  to  satisfy  the  three 
middle  equations  I.,  we  might  determine  the  three  other  points  k,  l,  m,  without 
any  other  arcual  equations,  as  intersections  of  the  three  pairs  of  arcs  ab,  df  ; 
AB,  Gi ;  DF,  Gi ;  and  then  the  theorem  would  be,  that  (if  these  three  last  points 
be  suitably  distinguished  from  their  own  opposites  upon  the  sphere)  the  two 
extreme  equations  I.,  and  the  equation  II.,  are  satisfied. 

(2.)  The  same  geometrical  theorem  may  also  be  thus  enunciated :  If  the 
first,  third,  and  fifth  sides  (kl,  gh,  ed)  of  a  spherical  hexagon  klghed  be  reepec^ 
tivehf  and  arcually  equal  (165)  to  the  first,  second,  and  third  sides  (ab,  bc,  ca)  of 
a  spherical  triangle  abc,  then  the  second,  fourth,  and  sixth  sides  (lg,  he,  dk)  of 
the  same  hexagon  are  equal  to  the  three  successive  sides  (mi,  if,  fm)  of  another 
spherical  triangle  mif. 

(3.)  It  may  be  also  said,  that  if  five  successive  sides  (kl,  . .  ed)  of  one 
spherical  hexagon  be  respectively  and  arcually  equal  to  the  five  successive 
diagonals  (ab,  mi,  bc,  if,  oa)  of  another  such  hexagon  (ambicf),  then  the 
sixth  side  (dk)  of  the  first  is  equal  to  the  sixth  diagonal  (fm)  of  the  second, 

(4.)  Or,  if  we  adopt  the  conception  mentioned  in  180,  (3.),  of  an  arcual 
sum,  and  denote  such  a  sum  by  inserting  +  between  the  symbols  of  the  two 
summands,  that  of  the  added  arc  being  written  to  the  left'hanrf,  we  may  state 
the  theorem,  in  connexion  with  the  recent  fig.  59,  by  the  formula : 

IIL  .  .  A  DF  +  A  BA  =  A  EF  +  A  BC,      if      a  DA  «  a  EC ; 

where  b  and  f  may  denote  any  two  points  upon  the  sphere. 
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(5.)  We  may  also  express*  the  same  principle,  although  somewhat  less 
simply,  as  follows  (see  again  fig.  69,  and  compare  sub-art.  (2.)) : 

IV.  .  .  if  n  ED  +  A  GH  +  ri  KL  =  0,      then      n  DK  +  n  HR  +  n  LO  =  0. 

(6.)  If,  for  a  moment,  we  agree  to  write  (oomp.  Art.  1), 

V.  .  .  A  AB  =  B  -  A, 

we  may  then  express  the  recent  statement  lY.  a  little  more  lucidly  thus  : 

VI. ..if  D-B  +  H-G  +  L-K  =  0,    then    k-d  +  e-h  +  o-l  =  0. 

(7.)  Or  still  more  simply,  if  ^ ,  o',  r»''  be  supposed  to  denote  any  three 
dtplanar  arcSj  which  are  to  be  added  according  to  the  ruk  (180,  (3.) )  above 
referred  to,  the  theorem  may  be  said  to  be,  that 

VIL..  K  +  a')  +  A  =  a"  +  (a'+ a)  ; 

or  in  words,  that  Addition  of  Ares  on  a  Sphere  is  an  Associative  Operation. 

(8.)  Conversely,  if  any  independent  demonstration  be  given,  of  the  truth 
of  any  one  of  the  foregoing  statements,  considered  as  expressing  a  theorem  of 
spherical  geometry y'\  a  new  proof  ytSI  thereby  be  furnished,  of  the  associative 
property  of  multiplication  of  quaternions, 

265.  In  the  second  arrangement  (263)  of  the  six  planes^  instead  of  repre- 
senting the  three  given  versors,  and  their  partial  or  total  products,  by  arcSj  it 
is  natural  to  represent  them  (174,  II.)  by  angles  on  the  sphere.  Conceive  then 
that  the  two  versors,  q  and  r,  are  repre-  .^ 

sented,  in  fig.  60,  by  the  two  spherical  ^    ''SC 

angles,  eab  and  abe  ;  and  therefore  (176)  //  ^^^^^v^^^ 

that  their  product,  rq  or  «',  is  represented  /y  '^^^***^"^*">^ 

by  the  external  vertical  angle  at  e,  of  the  /y^^''^^--^^  ^^%,     ]\ 

triangle  ABE.    Let  the  second  versor  r  be         //  \      ^""'^""^-^^    ------AA 

also  represented  by  the  angle  fbc,  and  the     ^ ^*^'C", _]r^>^C^ 

third  versor  s  by  bcf  ;   then  the  other    ^  «.    ««  ^ 

^  '  Fig.  60. 

binary  product,  sr  or  /,  will  be  repre- 
sented by  the  external  angle  at  f,  of  the  new  triangle  bcf.     Again,  to 
represent  the  first  ternary  product,  t^es'  =  s.  rq^  we  have  only  to  take  the 

*  Some  of  these  formuks  and  figures,  in  connexion  with  the  asaociatiye  principle,  are  taken, 
though  for  the  most  part  with  modifications,  from  the  author's  Sixth  Lecture  on  Quaternions,  in 
which  that  whole  subject  is  very  fully  treated.    Gomp.  the  Note  to  page  160. 

t  Such  a  demonstration,  namely  a  deduction  of  the  equation  II.  from  the  fiye  equations  I.,  by 
known  properties  of  tpherieal  conict,  will  be  briefly  giyen  in  the  ensuing  section. 
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external  angle  at  d  of  the  triangle  bcd,  if  d  be  a  point  detennined  by  the 
two  conditions,  that  the  angle  egd  shall  be  equal  to  bcf,  and  dec  mpple^ 
mefitary  to  bba.  On  the  other  hand,  if  we  conceive  a  point  d'  determined 
by  the  conditions  that  d'af  shall  be  equal  to  eab,  and  afd'  supplementary  to 
CFB,  then  the  external  angle  at  d',  of  the  triangle  afd',  will  represent  the 
second  ternary  product,  ^q^sr.q^  which  (by  the  associative  principle)  must 
be  equal  to  the  first,  Oonceiving  then  that  eb  is  prolonged  to  a,  and  fd'  to  h, 
the  ttpo  spherical  angles^  gbo  and  ad'h,  must  be  equal  in  all  respects ;  their 
vertices  b  and  d'  coinciding^  and  the  rotations  (174,  177)  which  they  represent 
being  not  only  equal  in  amount,  but  also  similarly  directed.  Or,  to  express  the 
same  thing  otherwise^  we  may  enunciate  (262)  the  Associative  Principle  by 
saying,  that  when  the  three  angular  equations^ 

I.  •  .  ABE  B  FBCy      BCF  »  BCD,      DEC  «  TT  -  BBA, 

are  satisfied,  then  these  three  other  equations, 

II.  .  .  DAF  =  EAB,      FDA  =  CDB,      AFD  =*  IT  -  CFB, 

are  satisfied  also.  For  not  only  is  this  theorem  of  spherical  geometry  a  con- 
sequence of  the  associative  principle  of  multiplication  of  quaternions,  but  con- 
venely  any  independent  demonstration*  of  the  theorem  is,  at  the  same  time, 
a  proof  of  the  principle. 

266.  The  third  atrangement  (263)  of  the  six  planes  may  be  illustrated 
by  conceiving  a  gauche  hexagon,  ab'ca'bc',  to  be  inscribed  in  a  sphere,  in  such 
a  manner  that  the  intersection  d  of  the  three  planes, 
c/ab',  b'ca^,  a'bc^,  is  on  the  surface ;  and  therefore  that 
the  three  small  circles,  denoted  by  these  three  last 
briliteral  symbols,  concur  in  one  point  d;  while  the 
second  intersection  of  the  two  other  small  circles, 
▲B^G,  ca'b,  may  be  denoted  by  the  letter  d^  as  in  the 
ajinexed  fig.  61.  Let  it  be  also  for  simplicity  at 
first  supposed,  that  (as  in  the  figure)  the  five  circular 
successionsj 

I.  .  •  o'ab'd,    ab'cd',    b'ca'd,    ca'bd',    a'bo'd, 


Fig.  61. 


are  all  direct ;  or  that  the  five  inscribed  quadrilaterals,  denoted  by  these  symbols 


*  Such  as  we  shall  sketch,  in  the  following  section,  with  the  help  of  the  known  properties  of  the 
Bph^rieal  coniot.    Compare  the  Note  to  the  foregoing  Article. 

Hamilton's  BuMiim  ov  Qoatbrm ions.  2  R 
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L,  are  all  uncrossed  ones.  Then  (by  260,  (9.) )  it  is  allowed  to  introduce 
three  persors,  q,  r,  s,  each  haying  ttco  expressions^  as  follows  : 

DC  Ac  BD  CB 

«  =  U--7-  =  +  U  -7-; 

CA  a'b 

although  (by  the  cited  sub-article)  the  last  members  of  these  three  formulfle 
should  receive  the  negative  sign,  if  the  first,  third,  and  fourth  of  the  successions 
I.  were  to  become  indirect^  or  if  the  corresponding  quadrilaterals  were  crossed 
ones.    We  have  thus  (by  191)  the  derived  expressions, 

^        do'  bc'         ^  cb'  ab 

whereof,  however,  the  two  versors  in  the  first  formula  would  differ  in  their 
signs,  if  the  fifth  succession  I.  were  indirect ;  and  those  in  the  second 
formula,  if  the  second  succession  were  such.    Hence, 

IV.  .  .  t^sf^  ^  s  .  rq^J]  — >;      cfq^  sr  .  q^T5  —7\ 

^  BC  AC 

and  since,  by  the  associative  principle,  these  two  last  versors  are  to  be  equals 
it  follows  that,  under  the  supposed  conditions  of  construction,  {hi^  four  points^ 
B,  (/,  A,  d',  compose  a  circular  and  direct  succession ;  or  that  the  quadrilateralj 
B(fA3)\^iB  plane,  inscriptible*  and  uncrossed, 

267.  It  is  easy,  by  suitable  changes  of  sign,  to  adapt  the  recent  reasoning 
to  the  case  where  some  or  all  of  the  successions  I.  are  indirect ;  and  thus  to 
wj/fer,  from^the  associative  principle,  this  theorem  of  spherical  geometry :  if 
ab'ca'bc'  he  a  spherical  hexagon,  such  that  the  three  small  circles  c/ab^  b'ca',  a'bc/ 
concur  in  one  point  d,  then,  1st,  the  three  other  small  circles,  ab'g,  ca'b,  bc'a,  concur 
in  another  point,  i/ ;  and  Ilnd,  of  the  six  circular  secessions,  266, 1.,  and  b(/ad', 
the  number^j)f  those  which  are  indirect  is  always  even  (including  zero).  And 
conversely,  any  independent  demonstrationf  of  this  geometrical  theorem 
will  be  a  new  proof  of  the  associative  principle. 

268.  The  same  fertile  principle  of  associative  multiplication  may  be 
enunciated  in  other  ways,  without  limiting  the  factors  to  be  versors,  and 

•  Of  course,  nnce  the  four  points  bc'ad'  are  known  to  be  homotpherie  (comp.  260,  (10.) ),  the 
inacripiibilily  of  the  quadrilateral  in  a  cireh  would  follow  from  its  being  plane,  if  the  latter  were 
otherwise  proved :  but  it  is  here  deduced  from  the  equaliip  of  the  two  versors  lY.,  on  the  plan  of 
260,  (9.). 

t  An  elementary  proof,  by  sUreographic  prqj^tiony  will  be  proposed  in  the  following  section. 
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withoat  introduoing  the  oonoeption  of  a  sphere.  Thas  we  may  say  (oomp. 
264,  (2.) ),  that  if  o  .  abcdbf  (oomp.  35)  be  any  pencil  of  six  rays  in  epace^ 
and  o .  a'bV  bslj  pencil  of  three  raya^  and  if  the  three  angles  aob,  cod,  bop  of 
the  first  pencil  be  respectively  equal  to  the  angles  bW,  c'oa^  a'ob'  of  the 
second,  then  another"  pencil  of  three  rays,  o  .  a"b'V,  can  be  assigned,  such 
that  the  three  other  angles  bog,  dob,  foa  of  i\iQ  first  pencil  shall  be  equal  to 
the  angles  b^'oo",  c/'oa",  a'^ob"  of  the  third :  equality  of  angles  (with  one  vertex) 
being  here  understood  (comp.  165)  to  include  camplanarityy  and  similarity  of 
direction  of  rotations. 

(1.)  Again  (oomp.  264,  (4.})9  we  may  establish  the  following  formula,  in 
which  the  four  vectors  a^h  form  a  oomplanar  proportion  (226),  but  e  and  ^ 
are  any  two  lines  in  space : 

I    ?!-i^   if  «  =  /3. 

for,  under  this  last  condition,  we  have  (comp.  125), 

TT       ^!-^«    ^-^    ^^ 
y c      ay     €      a     o   e 

(2.)  Another  enimciation  of  the  associative  principle  is  the  following : 

IIL..ifi^  =  ^,    then     !-&-|; 
y  a       c  a  y      0 

for  if  we  determine  (120)  six  new  vectors,  i|Oi,  and  icA/i,  so  that 

-  =,  -,    -  =  -,   whence   -  »  -| 


IV... 


a  i      e 

and 


A     a      K      /3 
K      a      ju      y 


we  shall  have  the  transformations, 

(3.)  Oonversely,  the  assertion  that  this  last  equation  or  proportion  YI.  is 
true,  whenever  the  twelve  vectors  a  .  .  ju  are  connected  by  the  five  proportions 
lY.,  is  a  form  of  enunciation  of  the  associative  principle ;  for  it  conducts 
(comp.  lY.  and  Y.)  to  the  equation, 

YII.  . .  -  .  -75  =  -  -  .  7i,    at  least  if    c  III  i,  0 ; 
€     i|  Cr     e  i|     Cr  111  '     ' 

but,  even  with  this  last  restriction,  the  three  factor-quotients  in  YII.  may 
represent  any  three  quaternions. 

2  B  2 


308  ELEMENTS  OF  QUATEBNIONS.  [II.  m.  §  2. 


SECTION  2. 

On  some  Geometrical  Proofs  of  the  AssoclatlTe  Property  of  HEnltl- 
plication  of  itnaternions,  which  are  independent  of  the 
Distributive*  Principle. 

269.  We  propose,  in  this  seotion,  to  lurniBh  three  geometrical  Demonstra- 
tions of  the  Associative  Prinoiple,  in  connexion  with  the  three  figures  (59-61) 
which  were  employed  in  the  last  section  for  its  Enunciation ;  and  with  the 
three  arrangements  of  six  planeSy  which  were  described  in  Art.  263.  The  two 
first  of  these  proofs  will  suppose  the  knowledge  of  a  few  properties  of  spherical 
conies  (196,  (11 .) ) ;  tut  the  third  will  only  employ  the  doctrine  of  stereographic 
projection^  and  will  therefore  be  of  a  more  strictly  elementary  character.  The 
Principle  itself  is,  however,  of  such  great  importance  in  this  Calculus,  that  its 
nature  and  its  evidence  can  scarcely  be  put  in  too  many  different  points  of 
view. 

270.  The  only  properties  of  a  spherical  conic,  which  we  shall  in  this 
Article  assume  as  known,t  are  the  three  following :  1st,  that  through  any 
three  given  points  on  a  given  sphere,  which  are  not  on  a  great  circle,  a  cofiic 
can  be  described  (consisting  generally  of  two  opposite  ovals)  ^  which  shall  have 
a  given  great  circle  for  one  of  its  two  cyclic  arcs ;  Ilud,  that  if  a  transvei*sal  arc 
cut  both  these  arcs,  and  the  conic,  the  intercepts  (suitably  measured)  on  this 
transversal  are  equal  \  and  Ilird,  that  if  the  vertex  of  a  spherical  angle  move 
along  the  conic,  while  its  legs  pass  always  through  two  fixed  points  thereof,  those 
legs  intercept  a  constant  interval,  upon  each  cyclic  arc,  separately  taken. 
Admitting  these  three  properties,  we  see  that  if,  in  fig.  59,  we  conceive  a 
spherical  conic  to  be  described,  so  as  to  pass  through  the  three  points  b,  f,  h, 

*  Compare  224  and  262 ;  and  the  Kote  to  page  246. 

t  The  reader  may  consult  the  Translation  (Dablin,  1841,  pp.  46,  60,  6^  by  the  present  Dean 

Grayes,  of  two  Memoirs  by  M.  Chasles,  on  Cones  of  the  Second  Degree,  and  3 

Spherical  Conies,    [If  a  cone  haye  one  system  of  cyclic  sections  parallel 

to  APB,  on  inyersion  from  0,  the  yertex  of  the  cone,  it  is  seen  to  haye  a 

second  system  parallel  to  the  tangent  plane  at  0  to  the  sphere  through  the  C' 

yertex  and  the  circle  apb.    In  the  figure  the  circle  oab  is  the  section  of 

this  sphere  by  the  plane  through  two  edges  of  the  cone  oa  and  ob,  while 

00  (parallel  to  ab)  and  00'  (tangent  to  oab)  are  the  traces  of  the  cyclic 

planes.    Zc'ob  =  z.bao  s  Zaoo  proyes  the  Ilnd  property.    Again,  ii  oa' 

and  ob'  are  the  traces  on  the  cyclic  plane  parallel  to  apb  by  the  planes  poa 

and  POB  respectively,  Zapb  s=  Z.a'ob',  oa'  being  parallel  to  fa  and  ob'  to 

pb.    But  as  p  moves  along  the  circle  apb,  the  angle  apb  is  constant,  and  thus  the  Ilird  property  is 

also  proyed.] 


< 
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and  to  have  the  great  (ttrde  daec  for  (me  cyclic  arc,  the  second  and  third 
equations  I.  of  264  will  prove  that  the  arc  olim  is  the  other  cyclic  arc  for  this 
conic ;  the  first  equation  I.  proves  next  that  the  conic  passes  through  k  ; 
and  if  the  arcual  chord  fk  be  drawn  and  prolonged,  the  two  remaining 
equations  prove  that  it  meets  the  cyclic  arcs  in  d  and  m  ;  after  which,  the 
equation  II.  of  the  same  Art.  264  immediately  xesults,  at  least  with  the 
arrangement*  adopted  in  the  figure. 

(1.)  The  1st  property  is  easily  seen  to  correspond  to  the  possibility  of 
circumscribing  a  cirde  about  a  given  plane  triangle,  namely  that  of  which 
the  comers  are  the  intersections  of  a  plane  parallel  to  the  plane  of  the  given 
oydic  arc,  with  the  three  radii  drawn  to  the  three  given  points  upon  the 
sphere :  but  it  may  be  worth  while,  as  an  exercise,  to  prove  here  the  Und 
property  ly  quatemions^ 

(2.)  Take  then  the  equation  of  a  cyclic  cancp  196,  (8.),  which  mnj  (by  196, 
XTT.)  be  written  thus : 

L..S^S^=N^;    andlet    T1...8^8^^nC 

p  and  p^  being  thus  two  rays  (or  aides)  of  the  cone,  which  may  also  be  con- 
sidered to  be  the  vectors  of  two  points  p  and  p'  of  a  spherical  coniCy  by 
supposing  that  their  lengths  are  each  unity.  Let  r  and  r  be  the  vectors  of 
the  two  points  t  and  T^  on  the  two  cyclic  arcs,  in  which  the  arcual  chord  pf' 
of  the  conic  cuts  them ;  so  that 

ni-.-S^-O,    8^*0,    and    IV- •  •  Tr-T/-1, 

a  ^ 

The  theorem  may  then  be  stated  thus :  that 

V.  .  .  if  p  "  iw  +  afr^    then    VI.  .  .  p'  =  a^r  +  a?r' ; 

or  that  this  expression  VI.  satisfies  11.,  if  the  equations  I.  HE.  IV.  V.  be 

satisfied. 

Now,  by  III.  V.  VI.,  we  have 

VIL.. 8^  =  0/81-'. ^S<    8^-^^  =  586 

a  a       X      a  p  ji      of      p 

whence  it  follows  that  the  first  members  of  I.  and  II.  are  equal,  and  it  only 


♦  Modifications  of  that  anangement  may  be  coneeired,  to  'wiiich  howeter  it  would  be  eaay  to 
adapt  the  reasoning. 
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remains  to  prove  that  their  seoond  members  are  equal  also,  or  that  T/>' «  Tp, 
if  Tr'=.Tr. 

Accordingly  we  have,  by  V.  and  VI., 

Vni. . .  4^  =  ^  .  13  =  S-O,  by  200,  (11.),  and  204,  (19.) ; 

and  the  property  in  question  is  proved. 

271.  To  prove  the  associative  principle,  with  the  help  of  fig.  60,  three 
other  properties  of  a  spherical  conic  shall  be  supposed  known  :*  1st,  that  for 
every  such  curve  two  focal  points  exist,  possessing  several  important  relationB 
to  it,  one  of  which  is,  that  if  these  two  foci  and  one  tangent  arc  be  givenj  the 
conic  can  be  constructed ;  Ilnd,  that  if,  from  any  point  upon  the  sphere,  two 
tangents  be  drawn  to  the  conic,  and  also  two  arcs  to  thefocij  then  one  focal  arc 
makes  with  one  tangent  the  same  angle  as  the  other  focal  arc  with  the  other 
tangent ;  and  Ilird,  that  if  a  spherical  quadrilateral  be  circumscribed  to  such 
a  conic  (supposed  here  for  simplicity  to  be  a  spherical  ellipse^  or  the  opposite 
ellipse  being  neglected),  opposite  sides  subtend  supplementary  angles^  at  either  of 
the  two  (interior)  foci.  Admitting  these  known  properties,  and  supposing  the 
arrangement  to  be  as  in  fig.  60,  we  may  conceive  a  conic  described,  which 
shall  have  e  and  f  for  its  two  focal  points,  and  shall  touch  the  arc  bc  ;  and 
then  the  two  first  of  the  equations  I.,  in  265,  will  prove  that  it  touches  also 
the  arcs  ab  and  cd,  while  the  third  of  those  equations  proves  that  it  touches 
AD,  so  that  ABCD  is  a  circumscribed f  quadrilateral:  after  which  the  three 
equations  II.,  of  the  same  furtide,  ate  consequences  of  the  same  properties  of 
the  curvet 

272.  Finally,  to  prove  the  same  important  Principle  in  a  more  com- 
pletely elementary  way,  by  means  of  the  arrangement  represented  in  fig.  61, 
or  to  prove  the  theorem  of  spherical  geometry  enunciated  in  Art.  267,  we 


^  The  reader  may  again  consult  pages  46  and  60  of  the  Translation  lately  cited.  In  strictnesB, 
there  are  of  coui8e/0fir/0(^,  opposite  two  by  two. 

t  The  writer  has  elsewhere  proposed  the  notation^  bp  (. .}  abcd,  to  denote  the  relation  of  the  iboal 
points  E,  V  to  this  circumscribed  quadrilateral. 

t  [The  two  cyclic  arcs  and  a  point  determine  a  spherical  conic.  Referring  to  the  Kote  on  270, 
describe  a  sphere  to  touch  one  cyclic  plane  at  the  point  o.  Then  if  oa  is  given,  take  the  section  apb 
of  the  sphere  by  a  plane  parallel  to  the  second  cyclic  plane,  and  the  cone  is  determined.  Recipro- 
cating this,  the  1st  property  follows.  The  Ilnd  property  is  the  redprooal  of  the  Ilnd  of  270,  and 
the  Ilird  is  easily  derived  by  reciprocating  the  IlIrd  of  270,  remembering  that  for  a  point  p'  on  the 
remaining  arc  of  the  circle  apb,  Z  ap'b  +  Z.  apb  b  t.] 
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may  assume  the  point  d  as  the  pole  of  a  stereographic  prqfectiony  in  ivhioh  the 
three  small  oircles  through  that  point  shall  be  repre- 
sented by  right  lines,  but  the  three  others  by  circles^ 
all  being  in  one  common  plane.*  And  then  (inter- 
changing aocents)  the  theorem  oomes  to  be  thus 
stated : 

XfA\  b',  cf  be  any  three  points  (comp.  fig.  62)  ji^ 
on  the  sides  bc,  ca,  ab  of  any  plane  triangle,  or  on 
those  sides  prolonged,  then,  1st,  the  three  circles,  ^' 

I. .  •  o'ab',  a'bc',  b'ca', 

will  meet  in  one  point  d  ;  and  Ilnd,  an  even  number  (if  any)  of  the  a«r  (linear 
or  circular)  successions, 

n.  .  .  ab'c,  bo'a,  ca'b,    and    11'.  . .  o'ab'd,  a'bc'd,  b'ca'd, 

will  be  direct ;  an  even  number  therefore  also  (if  any)  being  indirect.  But, 
under  this/oyi»,t  the  theorem  can  be  proved  by  very  elementary  considerations, 
and  still  without  any  employment  of  the  distributive  principle  (224,  262). 

(1.)  The  first  part  of  the  theorem,  as  thus  stated,  is  evident  from  the 
Third  Book  of  Euclid  ;  but  to  prove  both  parts  together,  it  may  be  useful  to 
proceed  as  follows,  admitting  the  conception  (235)  of  amplitudes,  or  of  angles 
as  representing  rotations,  which  may  have  any  values,  positive  or  negative,  and 
are  to  be  added  with  attention  to  their  signs, 

(2.)  We  may  thus  write  the  three  equations, 

III.  .  .  ab'c  -  mr,    Bcf  JL  =  nV,    ca'b  =  «"ir, 

to  express  the  three  colUneations,  ab'c,  &c.  of  fig.  62  \X  the  integer,  n,  being 
odd  or  even,  according  as  the  point  b'  is  on  the  finite  line  ac,  or  on  a  pro- 
longation of  that  line ;  or  in  other  words,  according  as  the  first  succession  II. 
is  direct  or  indirect :  and  similarly  for  the  two  other  coe£Scients,  n'  and  n". 

*  [Inyert  flgiure  61  from  the  point  d.  The  sphere  becomes  a  plane,  and  the  circles  through  d 
right  lines,  the  other  circles  remain  circles.] 

t  The  Associative  Principle  of  Multiplication  was  stated  nearly  under  thisy^rm,  and  was  illus- 
trated by  the  same  simple  diagram^  in  paragraph  XXII.  of  a  communication  by  the  present  author, 
which  was  entitled  Lettert  on  Quaierniont,  and  has  been  printed  in  the  First  and  Second  Editions  of 
the  late  Br.  Nichol's  Cyclopadia  of  tht  Physical  Sciences  (London  and  Glasgow,  1857  and  1860).  The 
same  communication  contained  other  illustrations  and  consequences  of  the  same  principle,  which  it 
has  not  been  thought  necessary  here  to  reproduce ;  and  others  may  be  found  in  the  Sixth  of  the 
author's  already  cited  Lectures  on  Quaternions  (Dublin,  1863),  from  which  (as  already  obseryed)  some 
of  the  formula  and  figures  of  this  Chapter  have  been  taken. 

t  [ab'o  being  the  angle  through  which  b'a  must  be  turned  in  the  positiye  direction  so  as  to  coincide 
with  b'c] 
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(8.)  Again,  if  opaH  be  any  four  paints  in  one  plane,  we  may  establish  the 

formulai 

IV.  .  .  POQ  +  QOR  =  POR  +  2mir, 

with  the  same  conception  of  addition  of  amplitudes ;  if  then  d  be  any  paint  in 
the  plane  of  the  triangle  abc,  we  may  write, 

V.  .  .  ab'd  +  db'c  «  nir,    bc'd  +  ik/jl  =  nV,    ca'd  +  da'b  «  n'V ; 

and  therefore, 

VI.  .  •  (ab'd  +  Txfk)  +  (bc'd  +  da'b)  +  (ca'd  +  db'c)  ^  {n  +  n'+  n")  ir. 

(4.)  Again,  if  any  four  points  opqk  be  not  merely  camplanar  but  eaneir^ 
oular^  we  have  the  general  formulai 

Yil.  .  .  OPQ  +  QRO  =  PW9 

the  integer  j9  being  add  or  etfen^  acoording  as  the  suooession  opqe  is  direct  or 
indirect ;  if  then  we  denote  by  d  the  seeand  intersection  of  the  first  and  second 
cirdes  I.,  whereof  (f  is  9,  first  intersection,  we  shedl  have 

Vni.  .  .  ab'd  +  dc'a  ^piTf      bc'd  +  da'b  »  jt)'9r, 

p  and  jd'  being  odd,  when  the  two  first  successions  II'.  are  direct,  but^^r^  in 
the  contrary  case. 

(5.)  Hence,  by  VI.,  we  have, 

IX. .  .  ca'd  +  db'c  =y7r,    where    X.  •  . j?  +  ;}'  +  |)"=  »  +  n'+  »"; 

the  third  succession  11'.  is  therefore  always  circular,  or  the  third  circle  I.  passes 
through  the  intersection  d  of  the  tuH>  first ;  and  it  is  direct  or  indirect,  that  is  to 
say,|)"  is  odd  or  even,  according  as  the  number  of  even  coefficients,  among  the 
five  previously  considered,  is  itself  even  or  odd ;  or  in  other  words,  according 
as  the  number  of  indirect  successions,  among  the  five  previously  considered,  is 
even  (including  sero),  or  odd. 

(6.)  In  every  case,  therefore,  the  total  number  of  successions  of  each  kind 
is  even,  and  both  parts  of  the  theorem  are  proved :  the  importance  of  the 
second  part  of  it  (respecting  the  even  partition,  if  any,  of  the  six  successions  II. 
ir.)  arising  from  the  necessity  of  proving  that  we  have  always,  as  in  algebra, 

XI. .  .  sr,q  =  +  s  .rq,     and  never     XII.  •  .  «r .  j  =  -  « .  rj,  j 

if  ;,  r,  9  be  any  three  actual  quaternions. 

(7.)  The  associative  principle  of  multiplication  may  also  be  proved,  without 
the  distributive  principle,  by  certain  considerations  of  rotations  of  a  system,  on 
which  we  cannot  enter  here. 
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SECTION  3. 


On  some  Addittonal  FommlflD. 


273.  Before  concIudiDg  the  Second  Book,  a  few  additional  remarks  may 
be  made,  as  regards  some  of  the  notations  and  transformations  which  have 
abeady  ooonrred,  or  others  analogous  to  them.  And  first  as  to  notaiionf 
although  we  have  reserved  for  the  Third  Book  the  interpretation  of  such 
expressions  as  /3a,  or  a',  yet  we  have  agreed,  in  210,  (9.),  to  abridge  the 
frequently  occurring  symbol  (To)*  to  Ta' ;  and  we  now  propose  to  abridge  it 
still  further  to  No,  and  to  call  this  square  of  the  tensor  (or  of  the  length)  of  a 
vector^  a,  the  Norm  of  that  Vector  i  as  we  had  (in  190,  &c.),  the  equation 
T^'*  =  Nj',  and  called  Ng  the  norm  of  the  qiiatemion  q  (in  146,  (11.)).  ^We 
shall  therefore  now  write  generally,  for  any  vector  a,  the  formula, 

I  •  •  .  (Ta)»  =  Ta«  =  Na. 

(1.)  The  equations  (comp.  186,  (1.)  (2.)  (3.)  (4.)), 

II.  .  .  N/>  -  1 ;       ni.  .  .  Np  -  Na  ;       rV.  .  .  NOt>  -  a)  =  Na  ; 

V.  ..N(p-a)=NO-a), 

represent,  respectively,  the  unit-sphere;  the  sphere  through  a,  with  o  for 
centre ;  the  sphere  through  o,  with  A  for  centre ;  and  the  sphere  through  b, 
with  the  same  centre  a* 

(2.)  The  equations  (comp.  186,  (6.)  (7.) ), 

VI.  . .  N(p  +  a)  =  N(p  -  a) ;       VII.  .  .  N(p  -  /3)  =  N(p  -  a), 

represent,  respectively,  the  plane  through  o,  perpendicular  to  the  line  oa  ; 
and  the  plane  which  perpendicularly  bisects  the  line  ab. 

274.  As  regards  transfoi-mations^  the  few  following  may  here  be  added, 
which  relate  partly  to  the  quaternion  forms  (204,  216,  &c.)  of  the  Equation 
of  the  Ellipsoid. 

(1.)  Changing  K(ic :  />)  to  Ep  :  Rk,  by  259,  VIII.,  in  the  equation  217, 
XVI.,  of  the  ellipsoid,  and  observing  that  the  three  vectors  p,  Bp,  and  Bk  are 
complanar,  while  1 :  T/o  »  TB/t>  by  258,  that  equation  becomes,  when  divided 

Hamilxom's  Blbmixts  09  QuATxunoMs.  a  S 
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by  TE/o,  and  when  the  value  217,  (5.)  for  ^  is  taken,  and  the  notation  273  is 
employed : 

!•••  (i*E;)-'''-N'. 

of  which  the  first  member  will  soon  be  seen  to  admit  of  being  written*  as 
T  (ip  +  pk)j  and  the  seoond  member  as  k'  - 1'. 

(2.)  If,  in  connexion  with  the  earlier  forms  (204,  216)  of  the  equation  of 
the  same  surface,  we  introduce  a  new  auxiliat^y  vector^  a  or  os,  such  that  (comp* 
216,  VIII.) 

IL..a  =  (s^+V^)0  =  P  +  2^8|, 

the  equation  may,  by  204,   (14.),  be  reduced  to  the  following  extremely 

simple  form : 

in. .  ,T(T  =  T/3; 

which  expresses  that  the  locus  of  the  new  auxiliary  point  s  is  what  we  have 
called  the  mean  spherey  216,  XIY. ;  while  the  lin^  ps,  or  <r  -  />,  which  connects 
any  two  corresponding  points^  p  and  s,  on  the  ellipsoid  and  sphere,  is  seen  to 
he  parallel  to  the  fixed  line  j3 ;  which  is  one  element  of  the  homology^  mentioned 
in  216,  (10.). 

(3.)  It  is  easy  to  proYe  that 

rV...8|  =  S^8^,    andtherefore    V. .  .S~:S|  =  S^:S|. 

o        a       o  d      o         o        o 

if  p'  and  </  be  the  vectors  of  two  new  but  corresponding  points,  p'  and  b\  on 
the  ellipsoid  and  sphere ;  whence  it  is  easy  to  infer  this  other  element  of  the 
homology f  that  any  two  corresponding  chords^  pp'  and  ss',  of  the  two  surfaces, 
intersect  each  other  on  the  cyclic  plane  which  has  S  for  its  cyclic  normal  (comp. 
216,  (7.)) :  in  fact,  they  intersect  in  the  point  t  of  which  the  vector  is, 

--T-  xp  +  a^p'     x<r  +  af<T       . .  ^p  ,       ,        ^p . 

and  this  point  is  on  the  plane  just  mentioned  (oomp.  216,  XI.),  beoanse 

VIL  .  .  Sg  =  0. 

*  Compare  the  Note  to  page  241. 
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(4.)  Quite  similax  results  would  have  followed,  if  we  had  assumed 

VIIL  . .  <r=  T-  S  J  +  V^y  =  p  -  2)385., 

which  would  have  giyen  again,  as  in  III., 

rX.  .,T<r=T/3,    but  with    X,..S---S^S^; 

7  ay 

the  other  cyclic  pktne^  with  y  instead  of  S  for  its  normal^  might  therefore  have 
been  taken  (as  asserted  in  216,  (10.) ),  njR  another  plane  of  homology  of  ellipsoid 
and  sphere,  with  the  same  centre  of  homology  as  before  :  namely,  the  point  at 
infinity  on  the  line  /3,  or  on  the  ocw  (204,  (15.) )  of  one  of  the  two  drcum* 
scribed  cylinders  of  revolution  (comp.  220,  (4.) ). 

(5.)  The  same  ellipsoid  is,  in  two  other  ways^  homologous  to  the  same 
mean  sphere,  with  the  same  two  cyclic  planes  as  planes  of  homology,  but  with 
a  new  centre  of  homology,  which  is  the  infinitely  distant  point  on  the  axis  of 
the  second  circumscribed  cylinder  (or  on  the  line  ab'  of  the  sub-article  last 
cited). 

(6.)  Although  not  specially  connected  with  the  ellipsoid^  the  following 
general  transformations  may  be  noted  here  (comp.  199,  XII.,  and  204, 
XXXIT.) : 

XI.  ..TVv'(?  =  v/{i(T?-S(?)};    XII...  tani^?  =  (TV:S)y^-  &^^. 

(7.)  The  equations  204,  XVI.  and  XXXV.,  give  easily, 
Xni. .  .  UV?  =  UVXJ^y ;    XIV.  .  .UIVj^Ax.j;     XV.  .  .  TIV^  -  TV?; 
or  the  more  symbolical  forms, 

Xm'.  ..UVU  =  TJV;    XIV'.  ..TJIV^Ax.;    XT.  . .  TIV  =  TV; 
and  the  identity  200,  IX.  becomes  more  evident,  when  we  observe  th^t 

XVI..  .q-l^lq^qil-Kq). 
(8.)  We  have  also  generally  (comp.  200,  (10.)  and  218,  (10.)), 

TVTT       III  «  (g"l)(gg-^l)  _  Ng-l-f2Vg 
^^  g  +  1     (?  +  l)(Kg+l)     N?  +  l  +  2Sg* 

(9.)  The  formula,* 

XVni.  .  .Tiirq  +  lLqr)  =  U(Sr . 8?  + Vr. V?)  -r^(r»j')irS 
in  which  q  and  r  may  be  any  two  qtrntemionSy  is  not  perhaps  of  any  great 

*  This  formula  was  given,  but  in  like  manner  without  proof,  in  page  687  of  the  author's 
Leetnres  on  Quaternions.    [It  may  be  expressed  in  terms  oip-{r^  ^)K    Use  210,  XI.  and  XII.] 
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importazLoe  in  itself,  but  will  be  found  to  furnish  a  student  with  several  useful 
exercises  in  transformation. 

(10.)  When  it  was  said,  in  257,  (1.),  that  zero  had  only  itself  lor  a  square- 
rooty  the  meaning  was  (oomp.  225),  that  no  binomial  expression  of  the  form 
x  +  iy  (228)  could  satisfy  the  equation^ 

XIX.  .  .  0  =  g»=  (a?  +  iyY^  ip^-y^)  +  2wy, 

for  any  real  or  imaginary  values  of  the  two  scalar  coefficients  x  and  y,  different 

from  zero  ;*  for  if  bi-qtMternions  (214,  (8.) )  be  admitted,  and  if  h  again 

denote,  as  in  256,  (2.),  the  imaginary  of  algebra^  then  (comp.  257,  (6.)  and 

(7.) )  we  may  write,  generally,  besides  the  real  value^  0^  »  0,  the  imaginary 

eapressionf 

XX...Oi=f?  +  At<,    if    St?=St<=St^«Nf^-Nt?  =  0; 

V  and  v^  being  thus  any  two  real  right  quaternions^  with  equal  norms  (or  with 
equal  tensors)  ^  in  planes  perpendicular  to  each  other. 

(11.)  For  example,  by  256,  (2.)  and  by  the  laws  (183)  of  t/A,  we  have  the 
transformations, 

XXI.  •  .  (t  +  */)»  =  «»-;•»+  h iij-vji)  =  0  +  AO  -  0 ; 

BO  that  the  biquatemion  i  +  hj  is  one  of  the  imaginary  values  of  the 
symbol  0*. 

(12.)  In  general,  when  bi-quatemions  are  admitted  into  calculation,  not 
only  the  square  of  one,  but  the  product  of  two  such  factors  may  vanish,  without 
either  of  them  separately  vanishing :  a  circumstance  which  may  throw  some 
light  on  the  existence  of  those  imaginary  (or  symbolical)  roots  of  equations, 
which  were  treated  of  in  257. 

(13.)  For  example,  although  the  equation 

XXIL  .  .  g'-  1  =  (?  -  1)  (?  +  1)  =  0. 

has  no  real  roots  except  ±  1,  and  therefore  cannot  be  verified  by  the  substitution 
of  any  other  real  scalar,  or  real  quaternion,  for  q,  yet  if  we  substitute  for  q  the 
bi-quatemionf  v  +  hv\  with  the  conditions  257,  XIII.,  this  equation  XXII.  is 
verified. 

*  Compare  the  Note  to  page  289. 

t  This  inelud€8  the  expression  l  hi,  of  267,  (1.),  for  a  symbolical  square-root  of  podtito  unity. 
Other  such  roots  are  l  ftf,  and  l  hk.  [It  is  prohahle  that  Hamilton  used  the  word  Bi-quatemion  in 
order  to  distinguish  clearly  the  V  -  1  of  algebra  from  the  geometrical  reals  t ,  j\  and  k  of  the  new 
Calculus.  In  his  earlier  writings  i,  J,  and  k  are  called  imaginaries  ;  and  in  a  Paper  read  before  the 
Boyal  Irish  Academy  on  November  11,  1844,  the  scalar  of  a  quaternion  is  called  the  **real  part," 
and  the  Yeotor,  the  <*  imaginary  part."    See  p.  3,  toI.  iii.,  of  the  Froo.  B.I.A.] 
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(14.)  It  will  be  foundy  however)  that  when  two  imaginary  but  non^evanes' 
cent  factors  give  thus  a  null  product  ^  the  norm  of  each  is  zero ;  provided  that  we 
agree  to  extend  to  bi'quaternions  the  formula  N^  =  S^  -  Y;'  (204,  XXII.) ;  or 
to  define  that  the  Norm  of  a  Biquatemion  (like  that  of  an  ordinary  or  real 
quaternion)  is  equal  to  the  Square  of  the  Scalar  Part,  minus  the  Square  of  the 
Bight  Part :  each  of  these  two  parts  being  generally  ima^mar^,  and  the  former 
being  what  we  have  called  a  Bi-scalar, 

(15.)  With  this  definition,  if  q  and  /  be  any  two  real  quaternions,  and  if 

A  be,  as  above,  the  ordinary  imaginary  of  algebra,  we  may  establish  the 

formula : 

XXIII. .  •  N  (? + Aj')  -  (8?  +  h&^Y  -  (Vj  +  AVO'; 

or  (oomp-  200,  VII.,  and  210,  XX.), 

XXIV-..N(?  +  Aj')-N?-N/  +  2A8.yK/. 

(16.)  As  regards  the  norm  of  the  sum  of  any  two  real  quaternions,  or  real 
vectors  (273),  the  following  transformations  are  occasionally  useful  (comp. 
220,  (2.) ) : 

XXV...N(/  +  j)-N(Tj'.U?  +  Tg.W); 

XXVL  ..N(/3  +  a)-N(Ti3.Ua+Ta.U/3); 

in  each  of  which  it  is  permitted  to  change  the  norms  to  the  tensors  of  which 
they  are  the  squares,  or  to  write  T  for  N. 
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BOOK  III. 

ON  QUATERNIONS,  CONSIDERED  AS  PRODUCTS  OR  POWERS  OP  VECTORS ; 

AND  ON  SOME  APPUCAHONS  OF  QUATERNIONS. 


CHAPTER  I. 

ON   THE    INTERPRETATION    OF  A  PRODUCT    OF  VECTORS,    OR 

POWER  OF  A  VECTOR,  AS  A  QUATERNION. 


SECTION  1. 

On  a  First  lEetlaod  of  Interpr^tliig  a  Product  of  Two  ¥oetors 

as  a  itaatemloa. 

Art.  275.  In  the  First  Book  of  these  Elements  we  interpreted,  Ist,  the 
difference  of  any  two  directed  right  Unes  in  space  (4.) ;  Ilnd,  the  eum  of  two 
or  more  such  lines  (6-9) ;  TTTrd,  the  product  of  one  such  line,  multiplied  by 
or  into  a  pofiitive  or  negative  number  (15) ;  lYth,  the  quotient  of  such  a  line, 
divided  by  such  a  number  (16),  or  by  what  we  have  called  generally  a 
Scalar  (17) ;  and  Yth,  the  sum  of  a  system  of  such  lines,  each  affected  (97) 
with  a  scalar  coefficient  (99),  as  being  in  each  case  itself  (generally)  a  Directed 
Lin^  in  Space,  or  what  we  have  called  a  Ybctor  (I). 

276.  In  the  Second  Book,  the  fundamental  principle  or  pervading  con- 
ception has  been,  that  the  Quotient  of  ttjoo  such  Vectors  is,  generally,  a 
QuATBRNiON  (112,  116).  It  is  however  to  be  remembered,  that  we  have 
included  under  this  general  conception,  which  usually  relates  to  what  may  be 
called  an  Oblique  Quotienty  or  the  quotient  of  two  lines  in  space  making  either 
an  acute  or  an  obtuse  angle  with  each  other  (130),  the  three  following  particular 
cases :  1st,  the  limiting  ease,  when  the  angle  becomes  nullj  or  when  the  two 
lines  are  similarly  directed,  in  which  case  the  quotient  degenerates  (131)  into  a 
positive  scalar ;  Ilnd,  the  other  limiting  case,  when  the  angle  is  equal  to  two 
right  angles,  or  when  the  lines  are  oppositely  directed,  and  when  in  consequence 
the  quotient  again  degenerates,  but  now  into  a  negative  scalar ;  and  Ilird,  the 
intermediate  case,  when  the  angle  is  right,  or  when  the  two  lines  are  perpen- 
dicular  (132),  instead  of  heiag  parallel  (15},  and  when  therefore  their  quotient 


*  The  Fourth  FrcporHoml  to  any  three  eomplanar  hnee  has  also  been  sinoe  interpreted  (226),  as 
being  another  Une  in  the  eame  plane* 

Hamilton's  Slsmxhts  of  Qoatsbhioms.  *  ^ 
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becomes  what  we  have  oedled  (132)  a  Bight  Quotient^  or  a  Bight  Quatebnion  : 
which  has  been  seen  to  be  a  case  not  less  important  than  the  two  former 
ones. 

277.  But  no  Interpretation  has  been  assigned,  in  either  of  the  two  fore- 
going BookSy  for  a  Product  of  two  or  more  Vectors ;  or  for  the  Square,  or 
other  Power  of  a  Vector*,  so- that  the  Symbols, 

I>  •  •  /3a,  y/3a,  •  •     and     II.  .  .  a',  a',  •  •  a~^,  .  •  •  a', 

in  which  a,  /3,  7  .  .  denote  vectors,  but  t  denotes  a  scalar,  remain  as  yet 
entirely  uninterpreted ;  and  we  are  therefore  free  to  assign,  at  this  stage,  any 
meanings  to  these  new  symbols,  or  new  combinations  of  symbols,  which  shall  not 
contradict  each  other,  and  shall  appear  to  be  consistent  with  convenience  and 
analogy.  And  to  do  so  will  be  the  chief  object  of  this  First  Chapter  of  the 
Third  (and  last)  Book  of  these  Elements :  which  is  designed  to  be  a  much 
shorter  one  than  either  of  the  foregoing. 

278.  As  a  commencement  of  such  Interpretation  we  shall  here  define,  that 
a  vector  a  is  multiplied  by  another  vector  /3,  or  that  the  latter  vector  is  multi- 
plied into*  the  former,  or  that  the  product  /3a  is  obtained,  when  the  multiplier- 
line  /3  is  divided  by  the  reciprocal  Ba  (258)  of  the  multiplicand-line  o ;  as  we  had 
proved  (136)  that  one  quaternion  is  multiplied  into  another,  when  it  is  divided  by 
the  reciprocal  thereof.  In  symbols,  we  shall  therefore  write,  as  a  first  defi^ 
niOon,  the  formula : 

I...^a  =  /3:Ea;    where    II...Ea  =  -Ua:Ta(258,  VII.). 

And  we  proceed  to  consider,  in  the  following  section,  some  of  the  general 
consequences  of  this  definition,  or  interpretation,  of  a  Product  of  two  Vectors, 
as  being  equal  to  a  certain  Q^otient,  or  Quaternion. 


SECTION  2. 
On  Bome  Consequences  of  the  forecolng  Interpr^tetlon. 

279,  The  definition  (278)  gives  the  formula : 


I. . .  /3a  » :^  ;    and  similarly,    T. . .  aj3  = 


a 


it  gives  therefore,  by  259,  YIIL,  the  general  relation, 

n. . . /3o  =.  Ka/3 ;     or    II'. . .  a/3  =  K/Sa. 
*  Oompaie  Uw  Notes  to  page*  147;  169. 
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The  Products  of  two  VectorB^  taken  in  two  opposite  orders^  are  therefore  Con- 
jugate  Quatemiona ;  and  the  Multiplication  of  Vectors^  like  that  of  Quaternions 
(168),  is  (generally)  a  Non-Commutative  Operation, 

(1.)  It  follows  from  II.  (by  196,  oomp.  223,  (1.)),  that 

III. . .  S/3o  =  +  Sa0  «  i(/3a  +  ai3). 

(3.)  It  follows  also  (by  204,  oomp.  again  223,  (1.) ),  that 

IV. . .  V/3o  =  -  Va/3  =  i(/3a  -  o/3). 

280.  Again,  by  the  same  general  formula  259,  YIII.,  we  have  the  trans- 
formations, 

T  P       ^-R-«  +  «'    -R-   «    iTT  "'  -  ^    I    P  ■ 

^•••E(a  +  aO  11/3      "^11/3         R^"Ba'^Ra" 

it  follows,  then,  from  the  definition  (278),  that 

IL../3(a  +  oO«/3o  +  0o'; 
whence  also,  by  taking  conjugates  (279),  we  have  this  other  general  equation, 

III. . .  (a  +  oO  ^  =  o/3  +  a'p. 

Multiplication  of  Vectors  is,  therefore,  like,  that  of  Quaternions  (212),  a  Doublj/ 
Distributive  Operation. 

281.  As  we  have  not  yet  assigned  any  signification  for  a  ternary  product 
of  vectors^  such  as  y/Sa,  we  are  not  yet  prepared  to  pronounce,  whether  the 
Associative  Pnncipk  (223)  of  Multiplication  of  Quaternions  does  or  does  not 
extend  to  Vector-Multiplication*  But  we  can  already  derive  several  other 
consequences  from  the  definition  (278)  of  a  binary  product^  j3a;  among  which, 
attention  may  be  called  to  the  Scalar  character  of  a  Product  of  tujo  Parallel 
Vectors ;  and  to  the  Right  character  of  a  Product  of  two  Perpendicular  Vectors^ 
or  of  two  lines  at  right  angles  with  each  other. 

(1.)  The  definition  (278)  may  be  thus  written, 

L../3a  =  -T/3.Ta.U(j3:a); 
it  gives,  therefore, 

n...T/3o  =  T0.To;      III...Uj3a«-U(i3:a)  -U/3.Ua; 

the  tensor  and  versor  of  the  product  of  two  vectors  being  thus  equal  (as  for 
quaternions,  191)  to  \hQ  product  of  the  tensors^  and  to  \hQ  product  of  the  versorsy 
respectively. 

2T2 
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(2.)  Writing  for  abridgment  (oomp.  208), 

IV...a  =  Ta,    i«T/3,    7«Ax.(j3:a),    «  =  z:(/3:aj, 

we  have  thus, 

V. . .  T/3a  ^ba;        VI. . .  S/3o  =  Sa/3  =  -  Aa  COS  « ; 

VII. . .  S  D/3o  «  SITajS  -  -  cos  a? ;        VIII. . .  z:  /3o  =  ir  -  a: ; 

so  tliat  (oomp.  198)  the  angle  of  the  product  of  any  two  veotors  is  the  eupple- 
fnent  of  the  angle  of  the  quotient, 

(3.)  We  have  next  the  transformations  (oomp.  again  208), 

IX. .  .TV^a  «  TVa/3  «  Jasina?;        X. .  .TVU/3o  -  TYUafi  «  sino:; 

XL  ..IV/3a  =  -y6asinic;  XI'.  ..IVa/3  =  +  706  sin  a?; 

XIL..rcrV/3o  =  Ax./3o  =  -7;      Xn'...IUVa/3  -  Ax.ajat  = +  7; 

so  that  the  rotation  round  the  axis  of  a  product  of  two  vectore^  from  the  multiplier 
to  the  multiplicand,  is  positive. 

(4.)  It  follows  also,  by  IX.,  that  the  tensor  of  the  right  part  of  suoh  a 
product,  ]3a,  is  eqnal  to  the  parallelogram  under  the  factors ;  or  to  the  double  of 
the  area  of  the  triangle  gab,  whereof  those  two  factors  a,  j3,  or  OA,  ob,  are  two 
ooinitial  sides:  so  that  if  we  denote  here  this  last-mentioned  area  by  the 
qrmbol 

A  OAB, 

we  may  write  the  equation, 

XIII. . .  TVjSa  "  parallelogram  under  a,  /3,  »  2Aoab  ; 

and  the  index,  TVfia,  is  a  right  line  perpendicular  to  the  plane  of  thiB  parallelo- 
gram,  of  which  line  the  length  represents  its  area,  in  the  sense  that  they  bear 
eqtMl  ratios  to  their  respective  units  (of  length  and  of  area). 
(6.)  Hence,  by  279,  IV., 

XIV. . .  T(j3a  -  a/3)  =  2  X  parallelogram  =  4Aoab. 

(6.)  For  any  two  veotors,  a,  j3, 

XV. . .  S/3a  =  -  Na . S(/3  :  a) ;      XVI. . .  V/3a  -  -  No.V(/3  :  a) ; 
or  briefly,*  

XVXJ...^a--Na.(/3:a), 
with  the  signification  (273)  of  Na,  as  denoting  (Ta)'. 

*  All  the  oonsequences  of  the  inteipretation  (278),  of  the  product  /9a  of  two  yecton,  might  be 
deduced  from  this  formula  ICYII. ;  which,  however,  it  would  not  have  been  ao  natural  to  have 
aasnmed  for  a  d$finHi&n  of  that  symbol,  aa  it  waa  to  aaanme  the  formula  278, 1. 
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(7.)  If  the  two  f  aotor-lineB  be  perpendicular  to  eaoh  other,  so  that  a;  is  a 
right  angky  then  the  parallelogram  (4.)  beoomes  a  rectangkj  and  the  product  j3a 
becomes  a  right  quaternion  (132) ;  so  that  we  may  write, 

XYin. . .  S/3a  «  Sa/3  »  0,    if    /3  ±  a,  and  reoiprooally. 

(8.)  Under  the  same  condition  of  perpendicularity, 

It 
XIX. . .  Z /3a  =  Z  oj3  =  73  ;     XX. . .  Ij3a  =  -  yba ;     XXL  . .  Ia/3  =  +  yab. 

(9.)  On  the  other  hand,  if  the  two  factor-lines  heparallelj  the  right  part 
of  their  product  vanishes,  or  that  product  reduces  itself  to  a  scalar^  which  is 
negative  or  positive  according  as  the  two  vectors  multiplied  have  similar  or 
opposite  directions ;  for  we  may  establish  the  formula, 

XXIL..if  ^lla,    then    V/3o  =  0,    VojS-O; 

and,  under  the  same  condition  oi  parallelism^ 

XXTTI. . .  /3o  -  a/3  =  SjSa  =  Safi  =  T  ia, 

the  upper  or  the  lower  sign  being  taken,  according  aa  d? "  0,  or  "  ir. 

(10.)  We  may  also  write  (by  279,  (1.)  and  (2.))  the  following  formula  of 
perpendicularity  osii  formula  of  parallelism: 

XXIY. . .  if  /3  ±  a,    then    /3a  »  -  a/3,  and  reciprocally ; 

XXY. . .  if  /3  II  a,    then    /3a  »  +  a/3,  with  the  converse. 

(11.)  If  a,  j3,  7  be  any  three  unit^linesy  considered  as  vectors  of  the  comers 
A,  B,  G  of  a  spherical  triangle^  with  sides  equal  to  three  new  positive  scalars, 
a,  by  c,  then  because,  by  XVII.,  ^a^-^  :  a^  and  7/3  =  - 7  :  /3,  the  sub- 
articles  to  208  allow  us  to  write, 

XXVL  . . S (V7/3 . Vj3a)  =  sinasinccosB; 

XXYn. . .  IV(V7i3 .VjSa)  «  ± /3sinasin(JsinB; 

XXVin...(IV:S)(V7^.V^a)=±/3tanB; 

upper  or  lower  signs  being  taken,  in  the  two  last  formulae,  according  as  the 
rotation  round  /3  from  a  to  7,  or  that  round  b  from  a  to  c,  is  positive  or 
negative. 

(12.)  The  equation  274, 1.,  of  the  Ellipsoid^  may  now  be  written  thus : 

XXIX...T(v  +  pic)-Ti«-Tic^;    or    XXX. .  .T(ip  +  /i>ic)  =  Ni-Nic. 
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282.  Under  the  general  head  of  a  product  of  two  parallel  vectorSf  two 
interesting  cases  oocuTy  whioh  furnish  two  first  examples  of  Powers  of  Vectors : 
namely,  1st,  the  case  when  the  two  factors  are  equals  whioh  gives  this  remark- 
able result,  that  the  Square  of  a  Vector  is  always  equal  to  a  negative  Scalar  \ 
and  Ilnd,  the  case  when  the  factors  are  (in  the  sense  already  defined,  258) 
reciprocal  to  each  other,  in  whioh  case  it  follows  from  the  definition  (278)  that 
their  product  is  equal  to  Positive  Unity :  so  that  each  may,  in  this  case,  be  oon- 
sidered  as  equal  to  unity  divided  by  the  other,  or  to  the  Power  of  that  other 
whioh  has  Negative  Unity  for  its  Exponent. 

(1.)  When  j3  =  a,  the  product  j3a  reduces  itself  to  what  we  may  call  the 
square  of  a,  and  may  denote  by  a' ;  and  thus  we  may  write,  as  a  particular 
but  important  case  of  281,  XXIIL,  the  formula  (comp.  273), 

so  that  the  square  of  any  vector  a  is  equal  to  the  negative  of  the  norm  (273)  of 
that  vector;  or  to  the  negative  of  the  square  of  the  number  To,  which  expresses 
(185)  the  length  of  the  same  vector. 

(2.)  More  immediately,  the  definition  (278)  gives, 

.  II.  • .  a*  *«  aa  «  a :  Ba  »  -  (Ta)*  =  -  Na,  as  before^ 
(3.)  Hence  (compare  the  notations  161, 190, 199,  204), 

nL..S.o'  =  -No;      IV...V.o*  =  0; 
and 

V...T.a»  =  T(a')=  +  Na-(To)*  =  Ta^ 

the  omission  of  the  parentheses^  or  of  the  pointy  in  this  last  symbol  of  a  tensor,* 
for  the  square  of  a  vector y  as  well  as  for  the  square  of  a  quaternion  (190),  being 
thus  justified :  and  in  like  manner  we  may  write, 

VL..U.a»  =  U(a»)=-l  =  (Uo)»  =  Uo^ 

the  square  of  an  unit-vector  (129)  being  always  equal  to  negative  unity,  and 
parentheses  (or  points)  being  again  omitted. 
(4.)  The  equation 

VIL..p'  =  o',    gives    Vn'...N/»«Na,    or    Yn''...T/t>«Ta; 

it  represents  therefore,  by  186,  (2.),  the  apAer^  with  o  for  centre,  which  passes 
through  the  point  a. 

*  Gompaw  thA  Note  to  page  214. 
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(5.)  The  more  general  equation, 

Vm. . .  (p  -  a)»  =  0  -  a)\  (oomp.»  186,  (4.), ) 

represents  the  sphere  with  a  for  centre,  which  passes  through  the  point  b.  -j 
(6.)  For  example,  the  equation, 

IX. . .  Gt>  -  o)»  =  a\  (comp,  186,  (3.), ) 

represents  the  sphere  with  a  for  centre,  which  passes  through  the  origin  o. 
(7.)  The  equations  (comp.  186,  (6.),  (7.) ), 

X. . .  (p  +  a)*  -  (p  -  a)» ;         XI. . .  (p  -  /j)*  =  (p  -  a)% 

represent,  respectively,  the  plane  through  o,  perpendicular  to  the  line  oa  ; 
and  the  plane  which  perpendicularly  bisects  the  line  ab. 

(8.)  The  distributive  principle  of  vectoT'tnultiplicatian  (280),  and,  the  formula 
279,  III.,  enable  us  to  establish  generally  (comp.  210,  (9.) )  the  formula, 

XII. .  •  (/3  ±  a)«  =  /3»  ±  2Sj3o  +  o* ; 

the  recent  equations  IX.  and  X.  may  therefore  be  thus  transformed : 

IX'.  ..p»  =  2Sap;    and    X'...Sap  =  0. 
(9.)  The  equations, 

XIII. . .  p»  +  a»  =  0;        XIV. .  .p*  +  1  =  0, 

represent  the  spheres  with  o  for  centre,  which  have  a  and  1  for  their  respec- 
tive radii ;  so  that  this  veiy  simple  formula,  p*  +  1  »  0,  is  (comp.  186,  (1.) ) 
a  form  of  the  Equation  of  the  Unit-Sphere  (128),  and  is,  as  such,  of  great 
importance  in  the  present  Calculus. 

(10.)  The  equation, 

XV. . .  p*  -  2Sap  +  <>  «  0, 

may  be  transformed  to  the  following, 

XVI. .  .  N(p  -  a)  =  -  (p  -  a)'  =  (J  -  a«  =  c  +  Na; 

or 

XVI'. .  .  T  (p  -  a)  «  v^(c  -  a*)  «  v^((J  +  Na)  ; 

it  represents  therefore  a  (real  or  imaginary)  sphere,  with  a  for  centre,  and 

with  this  last  radical  (if  real)  for  radim. 

——       —^-— ..-.■■  ..^ — _ — ^-^  — 

•  Compare  also  tlie  8ub*attiole8  to  273* 
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(11.)  This  sphere  is  therefore  neoessorily  realy  if  c  be  a  positive  scalar;  or 
if  this  scalar  constant,  c,  though  negative^  be  (algebraically)  greater  than  a\  or 
than  -  No :  but  it  becomes  imaginary ,  if  <?  +  No  <  0. 

(12.)  The  radical  plane  of  the  tt(H>  spheres, 

XVII.  ../»•-  2Sap  +  (?  -  0,     p*  -  2So'p  +  e?'  =  0, 

has  for  equation, 

XVIII. . .  28  (o'-  o)p  « (j'-  c; 

it  is  therefore  always  real,  if  the  given  vectors  a,  a  and  the  given  scalars  e,  ^ 
be  such,  even  if  one  or  both  of  the  spheres  themselves  be  imaginary. 

(13.)  The  equation  281,  XXTX.,  or  XXX.,  of  the  Central  Ellipsoid  (or  of 
the  ellipsoid  with  its  centre  taken  for  the  origin  of  vectors),  may  novr  be  still 
further  simplified,*  as  follows : 

XIX. . .  T  (<p  +  pic)  «  ic'  -  I*. 

(14.)  The  definition  (278)  gives  also, 

XX. . .  oBo  »  o  :  o  »  1 ;    or    XX^  ..Ba.o«Bo:  Bo"=l; 

whence  it  is  natural  to  write,t 

XXI. . .  Ro  a=  1  :  o  =  O"*, 

if  we  so  far  anticipate  here  the  general  theory  of  potoers  of  vectors,  above 
alluded  to  (277),  as  to  use  this  last  symbol  to  denote  the  quotient,  of  unity 
divided  by  the  vector  a;  so  as  to  have  identically,  or  for  every  vector,  the 
equation, 

XXII.  ..0.0"^  =  o"^.  o  =  1. 

(16.)  It  follows,  by  258,  VII.,  that 

XXni. . .  0-*  =  -  Uo  2  To ;    and    XXIV. . .  j3o  =  /3  :  o"*. 

(16.)  If  we  had  adopted  the  equation  XXIII.  as  a  definitiont  of  the 
symbol  o~S  then  the  formula  XXIV.  might  have  been  used,  as  a  formula  of 
interpretation  for  the  symbol  jSo.  But  we  proceed  to  consider  an  entirely 
different  method,  of  arriving  at  the  same  (or  an  equivalent)  Interpretation  of 
this  latter  symbol :  or  of  a  Binary  Product  of  Vectors,  considered  as  equai  to 
a  Quaternion, 

«  Compare  the  Note  to  page  241.  t  Compare  the  Note  to  page  293. 

X  Compare  the  Note  to  pa^  824, 
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SECTION  3. 

On  a  Second  Method  of  arriving  at  the  same  Interpretation,  of  a 

Binary  Product  of  Vectors. 

283.  It  cannot  fail  to  have  been  observed  by  any  attentive  reader  of  the 
Second  Book,  how  olose  and  intimate  a  connexion*  has  been  found  to  exist, 
between  a  Right  Quaternion  (132),  and  its  Index,  or  Index' Vector  (133). 
Thus,  if  V  and  i/  denote  (as  in  223,  (1).,  &o.,  any  two  right  quaternions,  and 
if  If,  If''  denote,  as  usual,  their  indices,  we  have  already  seen  that 

I.  • .  If' »  If,    if    v'  B  f ,  and  conversely  (133) ; 

n...I(t/±r)-Ii/±If(206); 

in...If':If-f':r(193); 
to  which  may  be  added  the  more  recent  formula, 

IV. . .  Elf  «  lEf  (268,  IX-). 

284.  It  could  not  therefore  have  appeared  strange,  if  we  had  proposed  to 
establish  this  new  formula  of  the  same  kind, 

I. . .  If'.  If  =  f'.  f  =  f 'f , 

08  a  definition  (supposing  that  the  recent  definition  278  had  not  occurred  to 
us),  whereby  to  interpret  the  product  of  any  two  indices  of  right  quateimions^  as 
being  equal  to  the  product  of  those  two  quaternions  themselves.  And  then,  to 
interpret  the  product  /3a,  of  any  two  given  vectors,  taken  in  a  given  order,  we 
should  only  have  had  to  conceive  (as  we  always  may)  that  the  two  proposed 
factors,  a  and  ]3,  are  the  indices  of  two  right  quaternions,  v  and  f',  and  to 
multiply  these  latter,  in  the  same  order.  For  thus  we  should  have  been  led  to 
establish  the  formula, 

II. . .  /3a  =  f'f ,    if    o  «  If,    and    /3  « If' ; 

or  we  should  have  this  slightly  more  symbolical  equation, 

ni...i3a=./3.a  =  I-^/3.I-^a; 

in  which  the  symbols, 

rv    and    I'% 

are  understood  to  denote  the  two  right  quaternions,  whereof  the  two  lines 
a  and  j3  are  the  indices. 

*  Compan  the  Note  to  page  176. 
Hamilton's  Elsmsnts  ov  Quatuinions.  *  U 
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(1.)  To  establish  now  the  substantial  identity  of  these  two  intei^retatiom^ 
278  and  284,  of  a  binai^  product  of  rectors  j3a,  notwithstanding  the  difference 
of  form  of  the  definitional  equations  by  which  they  have  been  expressed,  we 
have  only  to  observe  that  it  has  been  found,  as  a  theorem  (194),  that 

IV. .  •  t^f? «  It?' :  I  (1  :  r)  =  If/ :  IEp  ; 

but  the  definition  (258)  of  Ra  gave  us  the  lately  cited  equation,  EIr  =  IRv ; 
we  have  therefore,  by  the  recent  formula  II.,  the  equation, 

V.  •.If/-Ir«Ir':ElF;     or    VI. .  .^.a  =  j3  :  Ra, 

as  in  278, 1. ;  a  and  /3  still  denoting  any  two  vectors.  The  two  interpretations 
therefore  coincide^  at  least  in  their  results^  although  they  have  been  obtained 
by  different  processes^  or  suggestionSy  and  are  expressed  by  two  different /brmu/is. 

(2.)  The  result  279,  II.,  respecting  conjugate  products  of  vectors^  corre- 
sponds thus  to  the  result  191,  (2.),  or  to  the  first  formula  of  223,  (1.). 

(3.)  The  two  formulae  of  279,  (1.)  and  (2.),  respecting  the  scalar  and  right 
parts  of  the  product  /3a,  answer  to  the  two  other  formulse  of  the  same  sub- 
artide,  223,  (1.),  respecting  the  corresponding  parts  of  v'v. 

(4.)  The  doubly  distributive  property  (280),  of  vector-muUiptieatumi  is  on 
this  plan  seen  to  be  included  in  the  corresponding  but  more  general  property 
(212),  oi  multiplication  of  quaternions. 

(6.)  By  changing  IVj^,  IV j^,  ^,  ^,  and  S,  to  a,  j3,  a,  i,  and  7,  in  those 
formulae  of  Art.  208  which  are  previous  to  its  sub-articles,  we  should  obtain, 
with  the  recent  definition  (or  interpretation)  II.  of  ]3a,  several  of  the  con- 
sequences lately  given  (in  sub-arts,  to  281),  as  resulting  from  the  former 
definition,  278,  I.    Thus,  the  equations, 

VI.,  vn.,  vin.,  IX.,  x.,  xi.,  xn.,  xxn.,  and  xxiii. 

of  281,  correspond  to,  and  may  (with  our  last  definition)  be  deduced  from, 
the  formulae, 

v.,  VI.,  VIII.,  XL,  XII.,  XXII.,  XX.,  XIV.,  and  XVI.,  XVIH. 

of  208.     (Some  of  the  consequences  from  the  sub-articles  to  208  have  been 
already  considered,  in  281,  (11.).) 

(6.)  The  geometrical  properties  of  the  line  IVjSo,  deduced  from  the  first 
definition  (278)  of  ]3a  in  281,  (3.)  and  (4.),  (namely,  the  positive  rotation  round 
that  line,  from  j3  to  a ;  i\A  perpendicularity  to  their  plane  \  and  the  represenia^ 
tion  by  the  same  line  of  the  parallelogram  under  those  two  factors^  regard  being 
had  to  units  of  length  and  of  area^)  might  also  have  been  deduced  from 
223,  (4.)i  by  means  of  the  second  definition  (284),  of  the  same  product^  /3a. 
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SECTION  4. 

On  the  Symbolical  Identlllcatlon  of  a  Right  Itaatemlon  with  Its 
own  Index  t  and  on  the  Constmctlon  of  a  Product  of  two 
Rectangular  Unes,  by  a  Third  Idne,  Rectangular  to  both. 

286.  It  has  been  seen^  then,  that  the  recent  formula  284,  H.  or  Ul.y 
may  replace  the  formula  278,  I.,  as  a  eecond  definition  of  a  product  qf  two 
veetorsj  whioh  oonduots  to  the  same  consequences,  and  therefore  ultimatelj  to 
the  same  interpretation  of  saoh  a  product,  as  the  first  Now,  in  the  second 
formula,  we  have  interpreted  that  product^  j3a,  by  changing  the  two  factor'lines, 
a  and  /3,  to  the  tufo  right  quaternions^  v  and  t^,  or  I'*o  and  I"*/3,  of  which  they 
are  the  indices ;  and  by  then  defining  that  the  sought  product  j3a  is  equal  to 
the  product  i/v,  of  those  two  right  quaternions.  It  becomes,  therefore,  im- 
portant to  inquire,  at  this  stage,  how  far  such  substitution,  of  I'^a  for  a,  or 
of  V  for  If,  together  with  the  converse  substitution,  is  permitted  in  this 
Calculus,  consistently  with  principles  already  established.  For  it  is  evident 
that  if  such  substitutions  can  be  shown  to  be  generally  legitimate,  or  allow- 
able, we  shall  thereby  be  enabled  to  enlarge  greatly  the  existing  field  of 
interpretation :  and  to  treat,  in  aU  cases.  Functions  of  Vectors,  as  being,  at  the 
same  time,  Functions  of  Right  Quaternions. 

286.  We  have  first,  by  133  (compare  283, 1.),  the  equality, 

I. . .  r*/3  «  I-'o,    if    ^-a. 

In  the  next  place,  by  206  (comp.  283, 11.),  we  have  the  formula  of  addition 
or  subtraction, 

with  these  more  general  results  of  the  same  kind  (comp.  207  and  99), 

In  the  third  place,  by  193  (comp.  283,  III.),  we  have,  for  division,  the 
formula, 

V.  ..I-»^:I-»ti-^:o; 

while  the  second  definition  (284)  of  multiplication  qf  vectors,  which  has  been 
proved  to  be  consistent  with  the  first  definition  (278),  has  given  us  the 

analogous  equation, 

VI.  ..I-'/3.I-»a«/3.a  =  i3a. 

2U2 
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It  would  seem,  then,  that  we  might  at  once  prooeed  to  define^  for  the  purpose 
of  interpreting  any  proposed  Function  of  Vectors  as  a  Quaternion^  that  the 
following  general  Equation  exists : 

Vn. -.r^o^o;    or    Tni.  ..If  =  r,    ifzt?  =  ^; 

or  still  more  briefly  and  symbolically y  if  it  be  understood  that  the  Bul^ect  of  the 
operation  I  is  always  a  right  quaternion, 

IX. . .  I  =  1. 

But,  before  finally  adopting  this  conclusion,  there  is  a  case  (or  rather  a  dois 
of  oases),  which  it  is  necessary  to  examine,  in  order  to  be  certain  that  no 
contradiction  to  former  results  can  ever  be  thereby  caused. 

287.  The  most  general  form  of  a  vector  function^  or  of  a  vector  regarded  as 
a  function  of  other  vectors  and  of  scalars,  which  was  considered  in  the  First 
Book,  was  the  form  (99,  comp.  275), 

I.  •  •  p  e  SiTa  ; 

and  we  have  seen  that  if  we  change^  in  this  form^  each  vector  a  to  the  corre- 
sponding right  quaternion  I*^a,  and  then  take  the  index  of  the  new  right 
quaternion  which  results^  we  shall  thus  be  conducted  to  precisely  the  same 
vector  p,  as  that  which  had  been  otherwise  obtained  before ;  or  in  symbols, 

that 

II. .  .  2ii?a  =  iTal'^a  (comp.  286,  IV.). 

Bt^t  another  form  of  a  vector-function  has  been  considered  in  the  Second  Book ; 
namely,  the  form, 

nL..p  =  ...|^a(226,III.); 

in  which  a,  /3,  7,  S,  e  .  • .  are  any  odd  number  ofcomplanar  vectors.  And  before 
we  accept,  as  general,  the  equation  YII.  or  YIII.  or  IX.  of  286,  we  must 
inqidre  whether  we  are  at  liberty  to  write,  under  the  same  conditions  of  com- 
planarity;  sad  with  the  same  signification  of  the  vector  p,  the  equation. 


_  _jf      1-^6   I-V    .,  \ 

±  Y .  .  .  p  -  ±  I  •  . .  jijg .  J.J  X  .  J.  a  I. 


288.  To  examine  this,  let  there  be  at  first  only  three  given  complanar 
vectorsy  7  |||  a,  /3 ;  in  which  case  there  will  always  be  (by  226)  Vk  fourth  vector  p, 
in  the  same  plane,  which  will  represent  or  construct  the  function  (y  :  /3)  •  a ; 
namely,  the  fourth  proportional  to  /3,  7,  a.    Taking  then  what  we  may  call 
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the  Invent  Jndex-Htnetions,  or  operating  on  these  foor  veotors  a,  /3,  7,  p  by  the 
charaeteristie  I-',  ve  obtain /our  aoUin&ir  and  right  quaternions  (209),  whioh 
may  be  denoted  by  e,  v',  «",  «"';  and  we  ahall  halve  the  equation, 

Y. ,  .«)"':u  =  (p:a  =  y:/3=)i»":e'; 
or  VI.  ..t^"-(»":fO.«; 

which  proves  what  was  required.    Or,  more  symbolioally, 

VUL..2.«-p.I(I-'p)-I^.I-«). 

And  it  is  80  easy  to  extend  this  reasoning  to  the  ease  of  any  greater  odd 
number  of  given  vectors  in  one  plane,  that  we  may  now  consider  the  recent 
formula  lY.  as  proved. 

289.  We  shall  therefore  adopts  as  general,  the  symbolical  equations  Vll. 
YIII.  IX.  of  286 ;  and  shall  thus  be  enabled,  in  a  shortly  subsequent  section, 
to  interpret  ternary  (and  other)  products  of  vectors,  as  well  empowers  and  other 
Functions  of  Vectors,  as  being  generally  Quaternions ;  although  they  may,  in 
particular  cases,  degenerate  (131)  into  scalars,  or  may  become  right  quaternions 
(132) :  in  which  latter  event  they  may,  in  virtue  of  the  same  principle,  be 
represented  by,  and  equated  to,  their  own  indices  (133),  and  so  be  treated  as 
vectors.  In  symbols,  we  shall  write  generally,  for  any  set  of  vectors  a,  /3, 7,  •  • . 
and  any  function  f,  the  equation, 

I.  .  ./(o,  ^,  y,  . . .)  =/(I-^a,  l'%  r»7,  ...)-?, 

q  being  some  quaternion ;  while  in  the  particular  case  when  this  quaternion  is 
right,  or  when 

we  shaU  write  also,  and  usually  by  preference  (for  that  case),  the  formula, 

II.  .  ./(a,  ^,  7,  . . .)  -  I/(I-^a,  1'%  r^7,  ...)^p, 

p  being  a  vector. 

290.  For  example,  instead  of  saying  (as  in  281)  that  the  Product  of  any 
two  Rectangular  Vectors  is  a  Right  Quaternion,  with  certain  properties  of  its 
Index,  already  pointed  out  (284,  (6.) ),  we  may  now  say  that  such  Byproduct  is 
eqtuil  to  that  index.    And  hence  will  follow  the  important  consequence,  that 
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the  Product  of  any  ttco  Rectangular  Lines  in  Space  is  equal  to  (or  may  be  cwi- 
structed  by)  a  Third  Line^  rectangular  to  both ;  the  Rotation  round  this  Product- 
Line^  from  the  MuUiplier^Line  to  the  Multiplicand- Line^  being  Positive :  and 
the  Length  of  the  Product  being  equal  to  the  Product  of  the  Lengths  of  the 
Factors^  or  representing  (with  a  suitable  reference  to  units)  the  Area  of  the 
Rectangle  under  them.  And  generally  we  may  now,  for  all  purposes  of 
calculation  and  expremon^  identify*  a  Right  Quaternion  with  its  own  Index. 


SECTION  5. 

On  some  Slmpllllcatloiui  of  Motatloii,  or  of  Expremlon,  reralUng 
firom  ibis  Identllleatlon ;  and  on  tbe  conception  of  an  Unit- 
Une  as  a  Right  ¥er»or. 

291.  An  immediate  consequence  of  the  symbolical  equation  286,  IX.,  is 
that  we  may  now  suppress  the  Characteristic  I,  of  the  Index  of  a  Right  Quater- 
niony  in  all  the  f  ormulad  into  which  it  has  entered ;  and  so  may  simplify  the 
Notation.    Thus,  instead  of  writing, 

Ax  .  y  «  lUYq,    or    Ax.  =  ITJV,    as  in  204,  (23.), 

or  Ax  .  y  =  UIV?,    or    Ax.  =  TJIV,    as  in  274,  (7.), 

we  may  now  write  simply  t, 

I.  .  .  Ax .  jr  =  TJYq ;    or    II. .  .  Ax.  =  U  Y. 

The  Characteristic  Ax.,  of  the  Operation  of  taking  the  Axis  of  a  Quaiemi&n 
(132,  (6.) ),  may  therefore  henceforth  be  replaced  wheneyeir  we  may  think  fit  to 
dispense  with  ity  by  this  combination  of  two  other  characteristicsy  IT  and  Y,  which 
are  of  greater  and  more  general  utility,  and  indeed  cannott  be  dispensed  with, 
in  the  practice  of  the  present  Calculus. 

*  Compare  tiie  Notes  to  pages  121,  137,  175, 193,  203. 

t  Compare  the  first  Note  to  page  120,  and  the  third  Note  to  page  203. 

%  Of  coarse,  anj  one  who  chooses  maj  in9€nt  new  tymboU^  to  denote  the  eame  operationt  on 
qutttemiom,  as  those  which  are  denoted  in  these  BUmenti,  and  in  the  elsewhere  citod  Leeturet,  hythe 
letters  U  and  Y ;  hut,  under  tome  form,  such  symhols  mutt  he  need:  and  it  appears  to  hare  been 
hitherto  thought  expedient,  by  other  writers,  not  hastily  to  innovate  on  notations  which  have  been 
already  employed  in  seyeral  published  researches,  and  ha?e  been  found  to  answer  their  purpose.  As 
to  the  type  used  for  these,  and  for  the  analogous  characteristics  S,  S,  T,  that  must  eridently  be  a 
mere  affair  of  taste  and  couTenience :  and  in  fact  they  have  all  been  printed  as  small  italic  capitals, 
in  some  exainination*papen  by  the  author. 
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292.  We  are  now  enabled  also  to  diminuh^  to  some  extent,  the  number  of 
technical  termSf  whioh  have  been  employed  in  the  foregoing  Book.  ThoSy 
whereas  we  defined,  in  202,  that  the  right  quaternion  Yq  was  the  Bight  Part 
of  the  Quaternion  j,  or  of  the  sum  Sq  +  V?,  we  may  now,  by  290,  identify 
that  part  with  its  own  index-vector  TVq^  and  so  may  be  led  to  call  it  the  vector 
part,  or  simply  the  Yegtor,*  of  that  Quaternion  q,  without  henceforth  speaking 
of  the  right  part :  although  the  plan  of  eapoeition,  adopted  in  the  Second  Book, 
required  that  we  should  do  so  for  some  time.  And  thus  an  enunciation,  whioh 
was  put  forward  at  an  early  stage  of  the  present  work,  namely,  at  the  end  of 
the  First  Chapter  of  the  First  Book,  or  the  assertion  (17)  that 


'^  Scalar  plus  Vector  equals  Quaternion,*^ 

becomes  entirely  intelligible,  and  acquires  a  perfectly  definite  signification. 
For  we  are  in  this  manner  led  to  conceive  a  Number  (positive  or  negative) 
as  being  added  to  a  Line,f  when  it  is  added  (according  to  rules  already  estab- 
lished) to  that  right  quotient  (132),  of  which  the  line  is  the  Index.  In  symbols, 
we  are  thus  led  to  establish  the  formula, 

I. . .  jr  s  a  +  a,    when    II.  . .  g  =  a  +  I-*a ; 

whatever  scalar,  and  whatever  vector,  may  be  denoted  by  a  and  a.  And 
because  either  of  these  two  parts,  or  summands,  may  vanish  separately, 
we  are  entitled  to  say,  that  both  Scalars  and  Vectors,  or  Numbers  and 
Lines,  are  included  in  the  Conception  of  a  Quaternion,  as  now  enlarged  or 
modified. 

293.  Again,  the  same  symbolical  identification  of  Iv  with  v  (286,  YIII.) 
leads  to  the  forming  of  a  new  conception  of  an  Unit-Line,  or  Unit- Vector  (129), 
as  being  also  a  Bight  Versor  (153) ;  or  an  Operator,  of  whioh  the  effect  is  to 
turn  a  line,  in  a  plane  perpendicular  to  itself,  through  a  positive  quadrant  of 
rotation :  and  thereby  to  oblige  the  Operand'Line  to  take  a  new  direction,  at 
right  angles  to  its  old  direction,  but  without  any  change  of  length.  And  then 
the  remarks  (154)  on  the  equation  9^  -  -  1,  where  q  was  a  right  versor  in  the 
former  sense  (which  is  still  a  permitted  one)  of  its  being  a  right  radial  quotient 

^  Compare  the  Note  to  page  193. 

\  On  account  of  this  poaaibility  of  conoeiymg  a  quaternion  to  l)e  the  turn  of  a  nnmber  and  a  line, 
it  was  at  one  time  suggested  by  the  present  author,  that  a  Quaternion  might  aiio  be  called  a  Oram' 
marithMf  hj  a  combination  of  the  two  Greek  words  ypafi^ii  and  iipiBfiSs,  which  signify  respectively  a 
Zm$  and  a  IfumUr, 
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(147)9  or  the  juoltent  of  two  equally  long  but  mutually  rectangular  Knes,  become 
immediately  applicable  to  the  interpretation  of  the  equation^ 

/>»  =  -!,    or    p»  +  1  =  0  (282,  XIV.) ; 

where  p  is  still  an  unit-vector. 

(I .)  Thus  (oomp.  fig.  41,  p.  132),  if  a  be  any  line  perpendicular  to  9ueh  a 
vector  pf  we  have  the  equations, 

I. . .  /oa  ■■  j3 ;      II. . .  p*a  =  pj3  =  o'  =  -  o ; 

/3  being  another  line  perpendicular  to  /»,  which  is,  at  the  same  time,  at  right 
angles  to  a,  and  of  the  same  length  with  it ;  and  from  which  a  third  line  a^ 
or  -  a,  opposite  to  the  line  a,  but  still  equally  long ^  is  formed  by  a  repetition  of 
the  operation^  denoted  by  (what  we  may  here  call)  the  characteristic  p ;  or 
having  that  unit-vector  p  for  the  operator^  or  instt^ument  employed^  as  a  sort  of 
handle^  or  axis*  0/ rotation. 

(2.)  More  generally  (comp.  290),  if  a,  ]3,  y  be  any  three  lines  at  right 
angles  to  each  other,  and  if  the  length  of  y  be  numerically  equal  to  the 
product  of  the  lengths  of  a  and  /3,  then  (by  what  precedes)  the  line  y  represents, 
or  constructs^  or  is  equal  to,  i}iQ  product  of  the  two  other  lines j  at  least  if  a  certain 
order  of  the  factors  (comp.  279)  be  observed:  so  that  we  may  write  the  equa- 
tion (comp.  281,  XXI.), 

in...o0«7,     if     IV.../3±o,  7±o,  7±/3,     and    V..  .Ta.T0«Ty, 

provided  that  the  rotation  round  a^from  j3  to  *y,  or  that  round  y  from  a  to  /3, 
&c.,  has  the  direction  taken  as  the  positive  one. 

(3.)  In  this  more  general  case,  we  may  still  conceive  that  the  multipUer-^ 
line  a  has  operated  on  the  multipHcand-line  ]3,  so  as  to  produce  (or  generate)  the 
product'line  y ;  but  not  now  by  an  operation  of  version  alone^  since  the  tensor 
of  j3  is  (generally)  multiplied  by  that  of  a,  in  order  to  form,  by  V.,  the  tensor 
of  the  product  y. 

(4.)  And  if  (comp.  fig.  41,  6w,  in  which  a  was  first  changed  to  j3,  and 
then  to  o')  we  repeat  this  compound  operation^  of  tension  and  version  combined 
(comp.  189),  or  if  we  multiply  again  by  a,  we  obtain  a  fourth  line  j3',  in  the 
plane  of  ^,  y,  but  with  a  direction  opposite  to  that  of  0,  and  with  a  length 
generally  different :  namely  the  line, 

VI...ay«aa^«a*^«i3'«-(l»^,     if     a-Ta. 
*  Compaze  the  woond  Note  to  pa^  187. 
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(5.)  Tho  operator  a\  or  aa,  is  therefore  equivalent^  in  its  effect  on  /3,  to  the 
negative  scalar^  -  a%  or  -  (Ta)^,  or  -  Na,  considered  as  a  coefficient^  or  as  a 
(scalar)  multiplier  (15) :  whence  the  equation^ 

Vn...o»  =  -Na(282,  L), 

may  be  again  deduced^  but  now  with  a  new  interpretation^  which  is,  howeyer, 
as  we  see,  completely  consistent^  in  all  its  consequences^  with  the  one  first  pro- 
posed (282). 


SECTION  6. 

On  the  Interpretation  of  a  Product  of  Three  or  more  Yeetors, 

am  a  Itaatemion, 

294.  There  is  now  no  difficulty  in  interpreting  a  tetmary  product  of  vectors 
(comp.  277, 1.),  or  a  product  of  move  vectors  than  three ^  taken  always  in  some 
given  order ;' namely,  as  the  result  (289,  I.)  of  the  substitution  of  the  corre- 
sponding right  quaternions  in  that  product :  which  result  is  generally  what  we 
have  lately  called  (276)  an  Oblique  Quotient,  or  a  Quaternion  with  either  an 
acute  or  an  obtuse  angle  (130) ;  but  may  degenerate  (131)  iuto  a  scalar^  or  may 
hoQGmQ'itself  a  right  quaternion  (132),  and  so  be  constructed  (289, 11.)  by  a 
new  vector.  It  follows  (comp.  281),  that  Multiplication  of  Vectors^  like  that  of 
Quaternions  (223),  in  which  indeed  we  now  see  that  it  is  includedf  is  an  Asso- 
ciative Operation :  or  that  we  may  write  generally  (comp.  223,  11.),  for  any 
three  vectors^  a,  /3,  7,  the  Formula^ 

I,  .  .  yfi  .  a  =  y  .  j3a. 

(1.)  The  formulae  223,  III.  and  IV.,  are  now  replaced  by  the  following : 

II.  .  .  V.  yY(5a  =  aS/37  -  /SSya ; 
m.  .  .Yyfia  =  aS/3y -  fiSya  +  ySafi ;* 

in  which  VyjSo  is  written,  for  simplicity,  instead  of  V(7/3a),  or  V.y/So;  and 
with  which,  as  with  the  earlier  equations  referred  to,  a  student  of  this  Calculus 
will  find  it  useful  to  render  himself  very  familiar. 

*  [On  account  of  the  importance  of  these  fonnulas,  it  is  worth  while  to  notice  that,  using  the 
principles  of  the  present  Book, 

V7/5a  =  i(l-K)7/Ba  =  J(7/8a  +  ai87)  =  i7  03a+ai8)-i(7a  +  a7)/B 
+  ia  (7/B  4-  fiy)  =  780^  -  fiOya  +  «Si87.] 

Hamilton's  Eumairrs  of  Quatbrkions.  aX 
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(2.)  Another  useful  form  of  the  equation  11.  is  the  following : 

IV. .  .V  (Vaj3 .  y) «  aS/37  -  /387a. 

(3.)  The  equations  IX.  X.  XIV.  of  223  enahle  us  now  to  write,  for  any 
three  vectorSy  the  formula : 

V.  .  .  S-yjSo  =  -  8aj3y  =  Soy/S  =  —  S/Byo  «  S/Say  =  -  SyajS 
=  ±  volume  of  parallelepiped  under  a,  /3,  7, 
=  ±  6  X  volume  of  pyramid  gabc  ; 

upper  or  lower  signs  being  taken,  according  as  the  rotation  round  a  from  j3 
to  y  is  positive  or  negative :  or  in  other  words,  the  scalar  Sy/3o,  of  the  ternary 
product  of  vector's  yj3o,  being  positive  in  the  first  case,  but  negative  in  the 
second. 

(4.)  The  condition  of  complananty  of  three  vectors^  a,  /3,  7,  is  therefore 
expressed  by  the  equation  (comp.  223,  XI.) : 

VI.. .87/30  =  0;    or    Vr. . .  8a/37  =  0 ;  &o. 

(5.)  If  a,  /3,  7  be  any  three  vectors^  oomplanar  or  diplanar,  the  expresnon, 

Vn. . .  8  =  aS/37  -  (iSya, 

gives  Vm.. .878  =  0,    and    IX. . .  8o/38  =  0; 

it  represents  therefore  (comp.  II.  and  IV.)  a  fourth  vector  8,  which  is  perpen- 
dicular to  7,  but  complanar  with  a  and  /3 :  or  in  symbols, 

X.      8±7,    and    XI. . .  8 1|| o,  j3. 

(Compare  the  notations  123, 129.) 

(6.)  For  any  four  vector's j  we  have  by  II.  and  IV.  the  transformations, 

Xn. . .  V  (Vo/3 .  V78)  =  8Sa/37  -  78a/38 ; 
Xm. .  .V(Va/3.V78)  =08)378-/38078; 

and  each  of  these  three  equivalent  expressions  represents  k  fifth  vector  c,  which 
is  at  once  complanar  with  o,  /3,  and  with  7,  8 ;  or  a  line  ob,  which  is  in  the 
intersection  of  the  two  planes^  gab  and  ocd. 

(7.)  Comparing  them,  we  see  that  any  arbitrary  vector  p  may  be  expressed 
as  a  linear  function  of  any  three  given  diplanar  vectors^  a,  /3,  7,  by  the  formiJa : 

XIV.  .  .  p&afiy  =  08/37/0  +  ^&yap  +  y&tifip ; 
which  is  found  to  be  one  of  extensive  utility. 
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(8.)  Another  verj  ufieful  formula,  of  the  same  kind,  is  the  following : 

in  the  second  member  of  which,  the  points  may  be  omitted.* 

(9.)  One  mode  of  proving  the  oorreotness  of  this  last  formula  XY.,  is 
to  operate  on  both  members  of  it,  by  the  three  aymbohy  or  characteristics  of 
operation^ 

XVI.. .8. a,     8.0,     S.y; 

the  common  results  on  both  sides  being  respectiyely  the  three  scalar  products, 

XVn. ..  8a|t> . 80)87,    Sj8|[) . 80/37,    87/0.80/37; 

where  again  the  points  may  be  omitted. 

(10.)  We  here  employ  the  principle,  that  if  the  three  vectors  o,  j3,  7  be 
actual  and  diplanar^  then  no  actual  vector  X  can  satisfy  at  once  the  three  scalar 
equations^ 

XVin. . .  SoA  =  0,    8/3A  =  0,    87X^0; 

because  it  cannot  be  perpendicular  at  once  to  those  three  diplanar  vectors. 

(11.)  If,  then,  in  any  investigation  with  quaternions,  we  meet  a  system 
of  this  form  XYm.,  we  can  at  once  infer  that 

XIX.. .X-0,    if    XX.. .80/37^0; 

while,  conversely,  if  X  be  an  actual  vector,  then  o,  /3,  7  must  be  complanar 
vectors,  or  80)87  =  0,  as  in  VI'. 

(12.)  Hence  also,  under  the  same  condition  XX.,  the  three  scalar  equa- 
tions, 

XXI. . .  8aX  =  8a/i,    8)3X  =  8/3/1,    87X«87/i, 
give 

XXII. . .  X  =  ju. 

(18.)  Operating  (comp.  (9.) )  on  the  equation  XV.  by  the*  symbol,  or 
characteristic^  8 .  S,  in  which  S  is  any  new  vector,  we  find  a  result  which  may 
be  written  thus  (with  or  without  the  points) : 

XXm. ..  0  =  8a|t) .  8/378  -  8/3/> .  8780  +  87/0 .  880/3  -  8S/> .  Sfl/37 ; 

where  o,  )8,  7,  8,  p  may  denote  any  five  vectors. 


*  [Another  method  of  proTing  XIV.  ib  to  assume  p  =  a?o  +  yjS  +  zy.  Operating  by  S  .  ViBy,  SjSyp 
as  x^afiy ;  and  similar  expressions  may  be  found  for  y  and  «.  To  prove  XV.  assume  p  =  3^^ 
+  yT7a  +  «'VoiS,  and  operate  in  turn  by  S.a,  S.jS,  and  S.7]. 


2X2 
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(14.)  In  drawing  this  last  inference,  we  assume  that  the  equation  XY. 
holds  good,  even  when  the  three  vectors,  a,  /3,  y  are  complanar :  which  in  fact 
must  be  true,  as  a  limits  since  the  equation  has  been  proved,  by  (9.)  and  (12.), 
to  be  valid,  if  y  be  ever  so  little  out  of  the  plane  of  a  and  /3. 

(15.)  We  have  therefore  this  new  formula : 

XXIV...Vi378ap  +  VyaSi3p  +  Vaj3S7|[)  =  0,     if     BafiyO; 

in  which  p  may  denote  any  fourth  vector^  whether  in,  or  out  of^  the  comnum 
plane  of  a,  /3,  y. 

(16.)  If  p  be  perpendicular  to  that  plane^  the  last  formula  is  evidently  true, 
each  term  of  the  first  member  vanishing  separately,  by  281,  (7.) ;  and  if  we 
change  pio  k  vector  S  in  the  plane  of  a,  /3,  7,  we  are  conducted  to  the  follow- 
ing equation,  as  an  interpretation  of  the  same  formula  XXIY.,  which  expresses 
a  known  theorem  of  plane  trigonometry,  including  several  others  under  it : 

XXV. . .  sin  BOO  •  cos  add  +  sin  ooa  .  cos  bod  +  sin  aob  .  cos  god  «  0, 

for  any  four  complanar  and  co-initial  linea,  oa,  ob,  oc,  od. 

(17.)  By  passing  from  on  to  a  line  perpendicular  thereto,  but  in  their 
common  plane,  we  have  this  other  known*  equation: 

XXYI. .  •  sin  bog  sin  aod  +  sin  coa  sin  bod  +  sin  aob  sin  cod  «  0 ; 

which,  like  the  former,  admits  of  many  transformations,  but  is  only  mentioned 
here  as  offering  itself  naturally  to  our  notice,  when  we  seek  to  interpret  the 
formula  XXIY.  obtained  as  above  by  quaternions. 

(18.)  Operating  on  that  formula  by  S .  S,  and  changing  p  to  €,  we  have 
this  new  equation : 

XXVII.  .  .  0  =  SaS^d  +  SpSyaS  +  SycSo^S,     if     8a^  =  0 ; 

which  might  indeed  have  been  at  once  deduced  from  XXTTI. 

(19.)  The  equation  XIV.,  as  well  as  XV.,  must  hold  good  at  the  Hmit, 
when  a,  /3,  y  are  complanar ;  hence 

XXVIII.  ..  aS/3y/9  + /3Syap  +  780^/3  =  0,     if     Sa/37  =  0. 


*  Compare  page  20  of  the  Ohmitrie  Suphiiure  of  M.  Ghasles. 
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(20.)  This  last  formula  is  evidently  true,  by  (4.),  it  p  he  in  the  oommon 
plane  of  the  three  other  vectors ;  and  if  we  suppose  it  to  be  perpendicular  to 
that  plane,  so  that 

XXIX.  .  .  p  II  V^7  II  Vya  II  Va/3, 
and  therefore,  by  281,  (9.),    since    S  (S/3y  .  p)  =  0. 

XXX.  .  .  8/3y|0  -  S  (Vfiy  .  p)  =  VjSy  .  p,  &o., 
we  may  divide  each  term  by  p,  and  so  obtain  this  other  formula, 

XXXI.  .  .  aV/3y  +  (iYya  +  yVajS  =  0,     if     Soj3y  -  0. 

(21.)  In  general,  the  vector  (292)  of  this  last  expression  vaniehea  by  II. ; 
the  expression  is  therefore  equal  to  its  own  scalar^  and  we  may  write, 

XXXII.  .  .  aYfiy  +  (SVya  +  yVa/3  =  SSa/Sy, 

whatever  three  vectors  may  be  denoted  by  a^  ^,  7. 

(22.)  ^For  the  case  of  complanarity^  if  we  suppose  that  the  three  vectors  are 
equally  long,  we  have  the  proportion, 

XXXTTT.  .  .  TjSy :  V70 :  Va/3  =  sin  boc  :  sincoA :  sin  aob  ; 
and  the  formula  XXXI.  becomes  thus, 

XXXIV.  .  .  OA .  sin  BOC  +  ob  .  sin  ooa  +  00 .  sin  aob  =  0 ; 


where  oa,  ob,  jog  are  any  three  radii  of  one  circle j  and  the  equation  is  interpreted 
as  in  Articles  10,  11,  &c. 

(23.)  The  equation  XXIII.  might  have  been  deduced  from  XTV., 
instead  of  XV.,  by  first  operating  with  8 . 8,  and  then  interchanging  8  and  p. 

(24.)  ^  vector  p  may  in  general  be  considered  (221)  as  dependinglon  three 
scalars  (tl^e  co-ordinates  of  its  term) ;  it  cannot  then  be  determined  by  fewer 
than  thret^  scalar  equations ;  nor  can  it  be  eliminated  between  fewer  than  four. 

(25.y  As  an  example  of  such  determination  of  a  vector,  let  a,  /3,  y  be  again 
any  threii  given  and  diplanar  vectors ;  and  let  the  three  given  equations  be, 

XXXV.  .  .  Sap  =  a,    8fip-^b,    Byp^c; 

in  whiclya,  by  c  are  supposed  to  denote  three  given  scalars.  Then  the  sought 
vector  p(hBB  for  its  expression,  by  XV.| 

(aVjSy  +  iVya  +  cVa^),     if    XXXVII.  .  .  «  =  Sa/3y. 


m 


/o/has  for  its  exprei 


^ 
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(26.)  As  another  example,  let  the  three  equations  be, 

XXXVm.  .  .  SjSy/t)  =  a\     &yap  =  b\     Sa/3/o  -  <?'; 
then,  with  the  same  signification  of  the  scalar  e^  we  have,  bj  XIY., 

(27.)  As  an  example  of  elimination  of  a  vector^  let  there  be  the  four  scalar 

equations, 

XL.  .  .  &ap  «  a,    8/3/0  «  bf    Byp  «  c,    S8p  =  d ; 

then,  by  XXTII.,  we  have  this  resulting  equation^  into  which  p  does  not  enter ^ 
but  only  the /owr  vectors y  a  . .  S,  and  the  four  scalars^  a  . ,  d: 

XLI.  .  .a.S/3y8-6.Sy8a  +  c.SSai3-rf.Sa/37  =  0. 

(28.)  This  last  d^ation  may  therefore  be  considered  as  the  condition  of  con- 
currence of  the/our  plani»^ejpTes&ated  by  the  four  scalar  equations  XL.,  in  one 
common  point ;  for,  although  li^iuMnot  been  expreesly  stated  before,  it  follows 
evidently  from  the  definition  278  oialkiti^  P>'<X'^  ofveciort,  combined  with 
196,  (6.),  that  every  scalar  equation  of  the  liHH^/oi^  (comp.  282,  XVIH.), 

^TiTI.  . .  Sap  -  a,    or 

m  which  a  =  oa,  and  p  =  op,  as  usual,  represents  aplanSl^  "/  ^  P****^  * » t^e 
vector  of  the  foot  s,  of  ih^  perpendicular  on  that  plane  fro^*^  <^''''  ^^tS 

XLm.  ..  OS  =  <r  =  aBa  =  a«-»  (282,  xAj- 
(29.)  If  we  conceive  a  pyramidal  volume  (68)  as  having  ^l9«f>raioal  (or 
scalar)  character,  so  as  to  be  capable  of  bearing  either  a  positiv}^^  «  *^9atit>e 
ratxo  to  the  volume  of  a  given  pyramid,  with  a  given  order  of  its  piif^'  ^«  ^^7 
then  omit  the  ambiguous  sign,  in  the  last  expression  (3.)  for  the  V^*-  "/  « 
ternary  product  of  vectors  :  and  so  may  write,  generally,  oabc  denoK  «'»«»' » 
volume,  the  formula,  ' 

XLTV. .  .  So/By  -  6 .  OABC, 

=  &  positive  or  a  negative  scalar,  according  as  the  rotation  round  oa  fJ»°*  <»»  *» 
00  IS  negative  or  positive.  I 

(30.)  More  generaUy,  changing  o  to  d,  and  oa  or  «  to  «  -  S,  &o}  '«  ^^® 
tnus  the  formula :  I 

XLT...6.DABC=S(«-8)(/3-8)(Tr-8)-S«/3y-S/JyS  +  Sy&.-W; 

in  which  it  may  be  observed  that  the  exprewian  is  changed  to  its  om^^^<^* 


X 
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or  negative,  or  is  multiplied  by  -  1,  when  any  two  of  the  four  vectors,  a,  /3,  y,  8, 
or  when  any  two  of  the  four  points,  a,  b,  c,  d,  change  places  unth  each  other ; 
and  therefore  is  restored  to  its  former  value,  by  a  second  such  binary  inter- 
change. 

(31.)  Denoting  then  the  new  origin  of  a,  /3,  y,  8  by  k,  we  have  first,  by 
XLIV.,  XLV.,  the  equation, 

XLVI.  .  .  DABC  »  EABO  -  EBCD  +  ECDA  -  BDAB  ; 

and  may  then  write  the  result  (oomp.  68)  under  the  more  symmetric  form 
(because  -  ebcd  =  becd  =  &c.) : 

XLVII.  .  .  BCDE  +  CDEA  +  DBAB  +  EABC  +  ABCD  =  0  ; 

in  which  a,  b,  c,  d,  e  may  denote  any  five  points  of  space, 

(32.)  And  an  analogous  formula  (69,  III.)  of  the  First  Book,  for  any  six 
points  gabode,  namely  the  equation  (oomp.  66,  70), 

XLVIH.  .  .  OA .  BCDE  +  OB  .  CDEA  +  DC  .  DEAB  +  CD  .  EABC  +  OE  .  ABCD  «  0, 

in  which  the  additions  are  performed  according  to  the  rules  of  vectors,  the 
volumes  being  treated  as  scalar  coefficients,  is  easily  recovered  from  the  fore- 
going principles  and  results.  In  fact,  by  XLVII.,  this  last  formula  may  be 
written  as 

XLIX.  .  .  ED  .  EABC  »  BA  •  EBCD  +  EB  .  ECAD  +  EC .  BABD ; 

or,  substituting  a,  /3,  y,  8  for  ea,  eb,  ec,  ed,  as 

L.  .  .  8Sai37  =  aSj3y8  +  ^8yaS  +  ySa/38 ; 

which  is  only  another  form  of  XIV.,  and  ought  to  be  familiar  to  the 
student. 

(33.)  The  formula  69,  11.  may  be  deduced  from  XXXI.  by  observing 
that,  when  the  three  vectors  a,  j3,  y  are  complanar,  we  have  the  proportion, 

U.  .  .  VjSy :  Yya :  Va/3  :  V  (Jiy  +  ya  +  a/3)  =  OBC :  OCA :  gab  :  abc, 

if  signs  (or  algebraic  or  scalar  ratios)  of  areas  be  attended  to  (28,  63) ;  and  the 
formula  69,  I.,  for  the  case  of  three  collinear  points  a,  b,  c,  may  now  be 
written  as  follows : 

LIL  .  .a(/3-7)  +  /3(y-a)  +  7(a-i3)  =  2V(/37  +  7a  +  oj3) 

-2V(/3-a)(7-a)=0, 
if  the  three  coinitial  vectors  a,  j3,  y  be  termino-collinear  (24). 


V 
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(34.)  The  case  when  four  coinitial  vectors  a,  /3,  y,  S  are  termino'complanar 
(64),  or  when  they  terminate  in  four  complanar  points  a,  b,  c,  d,  is  expressed 
by  equating  to  zero  the  second  or  the  third  member  of  the  formula  XLY.* 

(35.)  Finally,  for  ternary  products  of  vectors  in  general,  we  have  the 
formula : 

Lin.  .  .  a'/3V  +  (Sa/By)'  =  (Vo^y)'  =  (aS/Sy  -  ^Sya  +  ySa/B)' 

=  a»  (8)37)»  +  i3»  (Sya)*  +  7*  (Sa^)»  -  28^787080/3.! 

295.  The  identity  (290)  of  a  right  quaternion  with  its  index^  and  the  (Mm- 
cation  (293)  of  an  unit-line  as  a  Hj^A^  versor^  allow  us  now  to  treat  the  three 
important  versors,  f,y,  A;,  as  constructed  by,  and  even  as  (in  our  present  view) 
identical mth^  their  own  axes;  or  with  the  Mr^*^  lines  01,  oj,  ok  of  181,* con- 
sidered as  being  each  a  certain  instrument^  or  operator,  or  agent  in  a  right 
rotation  (293,  (1.) ),  which  causes  any  line^  in  a  plane  perpendicular  to  itself, 
to  turn  in  that  plane,  through  dk  positive  quadrant,  without  any  change  of  its 
length.  "With  this  conception,  or  construction,  the  Laws  of  the  Syniboh  ijk 
are  still  included  in  the  Fundamental  Formula  of  183,  namely, 

t«=/  =  A«  =  tyA  =  -l;  (A) 

and  if  we  now,  in  conformity  with  the  same  conception,  tranter  the  Standard 
Trinomial  Foi^m  (221)  from  Right  Quaternions  to  Vectors^  so  as  to  write 
generally  an  expression  of  the  form, 

I.  .  .  p  B  to;  +yy  +  kzj    or    I'.  .  .  a  =  ia  +jb  +  kCy  Ac, 

where  xyz  and  abc  are  scalar s  (namely,  rectangular  co-ordinates),  we  can 
recover  many  of  the  foregoing  results  with  ease :  and  can,  if  we  think  fit, 
connect  them  with  co-ordinates. 

(1.)  As  to  the  laws  (182),  included  in  the  Fundamental  Formula  A,  the  law 
*•  "  -  1,  Ac,  may  be  interpreted  on  the  plan  of  293,  (1.),  as  representing  the 
reversal  which  results  from  two  successive  quadrantal  rotations. 

(2.)  The  two  contrasted  laws,  or  formulae, 

if^  +  k,       ji  «  -  *,  (182,  n.  and  m.) 

may  now  be  interpreted  as  expressing,  that  although  a  positive  rotation  through 
a  right  angle,  round  the  line  i  as  an  axis,  brings  a  revolving  line  from  the  position 
J  to  the  position  k,  or  +  k,  yet,  on  the  contrary,  a  positive  quadrantal  rotation 
round  the  line  j,  as  a  new  axis,  brings  a  new  revolving  line  from  a  new  initial 

♦  [And  the  equation  of  the  plane  abc  is    S/»V  ($y  +  7a  +  o/5)  =  Qafiy.} 
t  [Since  Ka$y  =  -  y/Sa.] 
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position^  i,  to  a  new  final  position^  denoted  by  -  *,  or  oppositi^  to  the  old  final 
position,  +  k. 

(3.)  Finally,  the  law  ijk  =  -  1  (183)  may  be  interpreted  by  conceiving, 
that  we  operate  on  a  line  a,  which  has  at  first  the  direction  of  +  j,  by  the  three 
HneSy  k,  j\  t,  in  succession ;  which  gives  three  new  but  equally  long  lines,  /3,  7, 8, 
in  the  directions  of  -  i,  +  *,  -  j\  and  so  conducts  at  last  to  a  line  -  a,  which 
has  a  direction  opposite  to  the  initial  one. 

(4.)  The  foregoing  laws  of  ijkj  which  are  all  (as  has  been  said)  included 
(184)  in  the  Formula  A,  when  combined  with  the  recent  expression  I.  for  p, 
give  (comp.  222,  (1.) )  for  the  square  of  that  vector  the  value : 

n.  .  .  /o'=  {ix  ^jy  +  *«)*  =  -  (aj*  +  y*  +  s') ; 

this  square  of  the  line  p  is  therefore  equal  to  the  negative  of  the  square  of  its 
length  Tp  (185),  or  to  the  negative  of  its  norm  N/o  (273),  which  agrees  with 
the  former  resultt  282,  (1.)  or  (2.). 

(5.)  The  condition  of  perpendicularity  of  the  two  lines  p  and  a,  when  they 
are  represented  by  the  two  trinomials  I.  and  F.,  may  be  expressed  (281, 
XVm.)  by  the  formula, 

m.  .  .  0  =  Sap  =  -  (or  +  6y  +  cz) ; 

which  agrees  with  a  well-known  theorem  of  rectangular  co-ordinates. 

(6.)  The  condition  of  complanarity  of  three  lines,  p,  p\  p\  represented  by 
the  trinomial  forms, 

rV.  .  .  p^ix  -^jy  +  Aa,     p'  '^  iaf  -¥  &c.,     p"  =  m?"  +  &c. 
is  (by  294,  VI.)  expressed  by  the  formula  (comp.  223,  XIII.), 

V.  .  .  0  =  Sp'»  -  x" {z'y  -  /«)  +  /'  {x'z  -  z'x)  +  «"  {tf^-^y) ; 

agreeing  again  with  known  results. 

(7.)  When  the  three  lines  p,  p',  p\  or  op,  op',  op'',  are  not  in  one  plane,  the 
recent  expression  for  8p"p'p  gives,  by  294,  (3.),  the  volume  of  the  parallelepiped 

♦  In  the  leetureSf  the  ihres  rectangular  unit-lines,  i,  J,  h,  were  supposed  (in  order  to  fix  the  con- 
ceptions, and  with  a  reference  to  northern  latitudes)  to  be  directed,  respectively,  towards  the  south, 
the  icesty  and  the  zenith ;  and  then  the  contrast  of  the  two  formule,  ij  ^-^^  kyji^-  k,  came  to  be 
illustrated  by  conceiving,  that  we  at  one  time  turn  a  moveable  line,  which  is  at  first  directed  westward, 
round  an  axis  (or  handle)  directed  towards  the  south,  with  ti  right-handed  {or  screwing)  fno^ton,  through 
a  right  angle,  which  causes  the  line  to  take  an  upward  position,  as  its  Jlnal  one ;  and  that  at  another 
time  we  operate,  in  a  precisely  similar  manner,  on  a  line  directed  at  firat  southward,  with  an  axis 
directed  to  the  west,  which  obliges  this  new  line  to  take  finally  a  downward  (instead  of,  as  before,  an 
upward)  direction. 

t  Compare  also  222,  IV. 

Hamilton's  Blbmknts  ov  Quatkrnions,  a  Y 
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(comp.  223,  (9.))  of  which  they  are  edges ;  and  this  volume^  thus  expressed,  is 
a  positive  or  a  negative  scalar ^  according  as  the  rotation  round  p  from  p  to  p"  is 
itself  positive  or  negative :  that  is,  according  as  it  has  the  same  direction  as 
that  round  +  x  from  +  y  to  +  «  (or  round  i  from  j  to  A),  or  the  direction 
opposite  thereto. 

(8.)  It  may  be  noticed  here  (comp.  223,  (13.) ),  that  if  a,  j3,  y  be  any 
three  vectors^  then  (by  294,  III.  and  V.)  we  have  : 

VI.  .  .  Sa/3y  =  -  SyjSa  =  \  (afiy  -  yfia)  ; 

VII.  .  .  Ya(3y  =  +  Yypa  =  i  (ajSy  +  yfia). 

(9.)  More  generally  (comp.  223,  (12.) ),  since  a  vector^  considered  as  repre- 
senting a  fight  quaternion  (290),  is  always  (by  144)  the  opposite  of  its  own 
conjugate^  so  that  we  have  the  important  formula,* 

VIII.  .  .lS.a^-  a^    and  therefore    IX.  .  .  KDo  =  ±  Il'a, 

we  may  write  for  any  number  of  vectors^  the  transformations, 

X.  . .  sna  =  ±  Sn'a  =  i  (na  ±  n'a), 
XT. . .  vno  =  T  Vn'o  =  i  (na  +  n'a), 

upper  or  lower  signs  being  taken,  according  as  that  number  is  even  or  odd :  it 
being  understood  that 

XII.  .  .  n'o  =  .  .  .  7/3a,     if     Ilfl  «  aj3y  ... 

(10.)  The  relations  of  rectangularity^ 

XIII.  .  .  Ax.  f  ±  Ax.  j ;    Ax.  j  Jl  Ax.  k ;    Ax.  k  ±  Ax.  t, 

which  result  at  once  from  the  definitions  (181),  may  now  be  written  more 
briefly,  as  follows : 

XIV,..*-Ly;      yj-i;       A  ±  t; 

and  similarly  in  other  cases,  where  the  axes^  or  the  planes^  of  any  two  right 
quaternions  axe  at  right  angles  to  each  other. 

(11.)  But,  with  the  notations  of  the  Second  Book,  we  might  also  have 
written,  by  123, 181,  such  formulse  of  complanarity  as  the  following,  Ax.y  |||  t, 
to  express  (comp.  225)  that  the  axis  of  j  was  a  line  in  the  plane  of  i ;  and  it 
might  cause  some  confusion,  if  we  were  now  to  ah-idge  that  formula  toj  |||  t. 

*  If,  in  like  manner,  we  interpret,  on  our  present  plan,  the  symbols  XJa,  Ta,  Na  as  equivalent  to 
XJI'^a,  Tl'^a,  Nl-^a,  we  are  reconducted  (compare  the  Notes  to  page  137)  to  the  same  signification  of 
those  symbols  as  before  (lo5,  186,  273) ;  and  it  is  evident  that  on  the  same  plan  we  have  now, 

Sa  =  0,        Vo  =  «. 
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In  general,  it  seems  convenient  that  we  should  not  henceforth  employ  the 
sign  III,  except  as  connecting  either  symbols  of  three  linesy  considered  still  as 
eofnplanar;  or  else  symbols  of  three  right  quaternions^  considered  as  being  col- 
linear  (209),  because  their  indices  (or  axes)  are  complanar :  or  finally,  any  two 
complanar  quaternions  (123). 

(12.)  On  the  other  hand,  no  inconvenience  will  result,  if  we  now  insert 
the  sign  of  parallelism^  between  the  symbols  of  two  right  quaternions  which 
are,  in  the  former  sense  (123),  complanar ;  for  example,  we  may  write,  on  our 
present  plan, 

XV.  ..a?j||t,        yjWJf        «*il*> 

if  xyz  be  any  three  sealars, 

296.  There  are  a  few  particular  but  remarkable  caaesj  of  ternary  and  other 
products  of  rectors  J  which  it  may  be  well  to  mention  here,  and  of  which  some 
may  be  worth  a  student's  while  to  remember:  especially  as  regards  the 
products  of  successive  sides  of  closed  polygons,  inscribed  in  circles,  or  in  spheres, 

(1.)  If  A,  B,  c,  D  be  any  four  concircular  points,  we  know,  by  the  sub- 
articles  to  260,  that  their  anharmonic  function  (abcd),  as  defined  in  259,  (9.), 
is  scalar ;  beiug  also  positive  or  negative,  according  to  a  law  of  arrangement  oi 
those  four  points,  which  has  been  already  stated. 

(2.)  But,  by  that  definition,  and  by  the  scalar  (though  negative)  character 
of  the  square  of  a  vector  (282),  we  have  generally,  for  any  plane  or  gauche 
quadrilateral  abcd,  the  formula : 

I.  .  .  «'  (abcd)  =  ab  .  bc  .  CD .  da  =  the  continued  product  of  the  four  sides ; 

in  which  the  coefficient  ^'  is  a  positive  scalar,  namely  the  product  of  two  nega- 
tive or  of  two  positive  squares,  as  follows  : 

II.  .  .  e'  =  Bc* .  DA*  =  bc'  .  da'  >  0. 

(3.)  If  then  abcd  be  a  plane  and  inscribed  quadrilateral,  we  have,  by 
260,  (8.),  the  formula, 

III.  .  .  AB . BC. CD •  DA «  a positive  or  negative  scalar, 

according  as  this  quadrilateral  in  a  circle  is  a  crossed  or  an  uncrossed  one. 

(4).  The  product  ajSy  of  any  three  complanar  vectors  is  a  vector,  because  its 
scalar  part  SajSy  vanishes,  by  294,  (3.)  and  (4.) ;  and  if  the  factors  be  three 
successive  sides  ab,  bc,  cd  of  a  quadrilateral  thus  inscribed  in  a  circle,  their 
product  has  either  the  direction  of  the  fourth  successive  side,  da,  or  else  the 
opposite  direction,  or  in  symbols, 

IV.  .  .  AB .  bc. CD  :  DA  >  or  <  0, 

according  as  the  quadrilateral  abod  is  an  uncrossed  or  a  crossed  one. 

2  Y  2 
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(5.)  By  conceiving  the  fourth  point  d  to  approachy  continuously  and  inde- 
finitely, to  the  first  point  a,  we  find  that  the  product  of 
the  three  siiccessice  sides  of  ant/  plane  triangle^  abc,  is  given 
by  an  equation  of  the  form :  b(^^=^:^- /-l;^^ 

V.  .  .  AB  .  BC  .  CA  »  AT  ;* 

AT  being  a  line  (comp.  fig.  63)  tchich  touches  the  circum- 

scribed  circle^  or  (more  fully)  which  touches  the  segment 

ABC  of  that  circle,  at  the  point  a;   or  represents  the 

initial  direction  ofmotiony  along  the  circumference^  from  a  through  b  to  c:  while 

the  length  of  this  tangential  pf^oduct  line^  at,  is  equal  to,  or  represents^  with  the 

usual  reference  to  an  unit  of  length,  i\iQ  product  of  the  lengths  of  the  three  sides, 

of  the  same  inscribed  triangle  abg. 

(6.)  Conversely,  if  this  theorem  respecting  the  product  of  the  sides  of  an 
inscribed  triangle  be  supposed  to  have  been  otherwise  proved^  and  if  it  be 
remembered^  then  since  it  will  give  in  like  manner  the  equation, 

VI.  .  .  AC  .  CD  .  DA  =  AU, 

if  D  be  any  fourth  pointy  concircular  with  a,  b,  c,  while  au  is,  as  in  the  annexed 

figures  63,  a  tangent  to  the  new  segment  acd,  we  can 

recover  easily  the  theorem  (3.),  respecting  the  product 

of  the  sides  of  an  inscribed  quadrilateral;    and  thence 

can  return  to  the  corresponding  theorem  (260,  (8.)), 

respecting  the  anharmonic  function  of  any  such  figure 

ABCD  :   for  we  shall  thus  have,  by  V.  and  VI.,  the    *       „.  ^    , 

Fig.  63  b%9. 

equation, 

VII.  .  .  AB  .  BC  .  CD  .  DA  =  (at  .  AU)  :  (CA  .  AC), 

in  which  the  divisor  ca.ac  or  N.  ac,  or  ac%  is  always  positive  (282,  (1.) ),  but 
the  dividend  at.au  is  negative  (281,  (9.))  for  the  case  of  an  uncrossed  quadri- 
lateral (fig.  63),  being  on  the  contrary  positive  for  the  other  case  of  a  crossed 
one  (fig.  63,  bis). 

(7.)  If  P  be  any  point  on  the  circle  through  a  given  point  a,  which 
touches  at  a  given  origin  o  a  given  line  ot  =  t,  as  represented  in  fig.  64,  we 
shall  then  have  by  (5.)  an  equation  of  the  form, 

VIII.  .  .  OA  .  AP  .  PC  =  iT  .  OT, 


r  AT  CA  AT  ^n  "1 

Or  dirftotly  by  Euclid  u  —  «■  u  — ,    or    u  —  f=  u  — . 

L  AB  CB  CA  OB  J 
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in  which  x  is  some  scalar  coefficient,  which  varies  with  the  position  of  p. 
Making  then  oa  »  o,  and  op  >=  p,  as  usual,  we 

shall  have 

IX.  .  .  a  (p  -  a)  |[)  =«  -  a?r, 
or 

IX'.  . .  p"*  -  a"*  =  irr  :  a V> 

or 

IX".  .  .  Vrp-^  =  Nra"  \  _^_ 

""f  ^y^^\^ 

and  any  one  of  these  may  be  considered  as  a  form  p2_Aa' 

of  the  eqiMtion  of  the  circle^  determined  by  the  pjg.  54. 

given  conditions. 

(8.)  Q-eometrioally,  the  last  formula  IX".  expresses,  that  the  line  p~^  -  a'S 
or  Ep  -  Eo,  or  aV  (see  again  fig,  64),  if  oa'  =  a'*  -  Ea  -  R  .  oa,  and 
op'  =  p"*  =  R  .  OP,  is  parallel  to  the  given  tangent  t  at  o;  which  agrees  with 
fig.  68,  and  with  Art.  260. 

(9.)  If  B  be  the  point  opposite  to  o  upon  the  circle,  then  the  diameter  ob, 
or  j3,  as  being  ±  r,  so  that  r/3~^  is  a  vector,  is  given  by  the  formula, 

X.  .  .  r/3-^  «=  Vra-» ;     or     X'.  .  .  j3  =  -  r  :  Vra'^ 

in  which  the  tangent  r  admits,  as  it  ought  to  do,  of  being  multiplied  by  any 
scalar,  without  the  value  of  /3  being  changed. 

(10.)  As  another  verification,  the  last  formula  gives, 

XI.  .  .  OB  =  T/3  =  To  :  TVUra-'  -  ol :  sin  aot. 

(11.)  If  a  quadrilateral  oabc  be  not  ineeriptible  in  a  circle,  then  whether  it 
be  plane  or  gauche^  we  can  always  circumscribe  (as  in  fig.  65)  two  circles,  oab 
and  OBG,  about  the  two  triangles,  formed  by  drawing  the  diagonal  ob  ;  and 
then,  on  the  plan  of  (6.),  we  can  draw  two  tangents 
or,  ou,  to  the  ttco  segments  oab,  obc,  so  as  to  repre-  jl 
sent  the  two  ternary  products, 

OA .  ab  .  BO,    and    ob  .  bc  .  go  ; 

after  which  we  shall  have  the  quaternary  product, 

XII.  .  .  OA .  AB  .  BC .  CO  -  OT  •  ou  :  ob'  ; 

where  the  divisor,   ob',  or  bo  .  ob,  or  N  •  ob,  is  a  ^^  gg 

positive  scalar,  but  the  dividend  ot  •  ou,  and  therefore 

also  the  quotient  in  the  secor^i  member,  or  the  product  in  the  first  member,  is  a 

quaternion. 
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(12.)  The  axis  of  this  quaternion  is  perpendicular  to  the  plane  Ton  of  the 
two  tangents ;  and  therefore  to  \he  plane  itself  oi  the  quadrilateral  oabg,  if  that 
be  a  plane  figure ;  but  if  it  be  gauche^  then  the  axis  is  normal  to  the  circum' 
scnbed  sphere  at  the  point  o :  being  also  in  all  oases  suoh,  that  the  rotation 
round  it,  from  ot  to  ou,  is  positive. 

(13.)  The  angle  of  the  same  quaternion  is  the  supplement  of  the  angle  tou 
between  the  two  tangents  above  mentioned ;  it  is  therefore  equal  to  the  angle 
u'oT,  if  ou'  touch  the  new  segment  ocb,  or  proceed  in  a  new  and  opposite  direO" 
tion  from  q  (see  again  fig.  65) ;  it  may  therefore  be  said  to  be  the  angle  between 
the  two  arcsy  gab  and  ocb,  along  whioh  a  point  should  move^  in  order  to  go/rom  o, 
on  the  two  circumferences,  to  the  opposite  comer  b  of  the  quadnlateral  oabc, 
through  the  two  other  comers,  a  and  c,  respectively :  or  the  angle  between  the 
arcs  ocb,  oab. 

(14.)  These  results,  respecting  thQ  axis  and  angle  of  the  product  of  the  four 
successive  sides^  of  any  quadrilateral  oabc,  or  abcd,  apply  without  any  modifi- 
cation to  the  anharmonic  quaternion  (259,  (9.) )  of  the  same  quadrilateral ;  and 
although,  for  the  case  of  a  quadrilateral  in  a  circle^  the  axis  becomes  indeter- 
minate, because  the  quaternary  product  and  the  anharmonic  function  degene- 
rate together  into  scalarSy  or  because  the  figure  may  then  be  conceived  to  be 
inscribed  in  indefinitely  many  spheres,  yet  the  angle  may  still  be  determined  by 
the  same  rule  as  in  the  general  case  :  this  angle  being  =  ir,  for  the  inscribed 
and  uncrossed  quadrilateral  (fig.  63) ;  but  »  0,  for  the  inscribed  and  crossed 
one  (fig.  63,  bis). 

(15.)  For  the  gauche  quadrilateral  oabc,  which  may  always  be  conceived 
to  be  inscribed  in  a  detewiined  sphere,  we  may  say,  by  (13.),  that  the  angle  of 
the  quaternion  product,  L  (oa  •  ab  •  bc  .  co),  is  equal  to  the  angle  of  the  lunuh, 
bounded  (generally)  by  the  two  arcs  of  small  circles  oab,  ocb  ;  with  the  same 
construction  for  the  equal  angle  of  the  anharmonic, 

L  (oabc),     or     L  (OA  :  AB  .  BC  :  oo). 

(16.)  It  is  evident  that  the  general  principle  223,  (10.),  of  the  permissibility 
of  cyclical  pe)*mutution  of  quaternion  factors  under  the  sign  S,  must  hold  good 
for  the  case  when  those  quaternions  degenerate  (294)  into  vectors ;  and  it  is 
still  more  obvious,  that  every  permutation  of  factors. is  allowed,  under  the 
sign  T  :  whence  cyclical  permutation  is  again  allowed,  under  this  other  sign  ST7 ; 
and  consequently  also  (comp.  196,  XVI.)  under  the  sign  Z. 


I 
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(17.)  Henoe  generally,  for  any  four  teeton,  we  have  the  three  equations, 
Xm.  .  .  SajSyg  =  S/3780 ;         XrV.  .  .  SIJa/Byg  -  SU/SySa ; 

'  XV.  . .  z  a/3>8  =  z. /378a ; 

I 

and  in  particular,  for  the  auccessice  sides  of  any  plane  or  gauohe  quadrilateral 
ABCD,  we  have  the  four  equal  angles^ 

XVI.  .  •  il  (ab  .  Bc .  CD .  da)  =  z  (bc  .  CD .  da  .  ab)  =  &0. ; 
with  the  corresponding  equality  of  the  angles  of  the  four  anharmonica, 
XVII.  .  .  I  (abcd)  =  z  (bcda)  =  £  (cdab)  =  z  (dabc)  ; 

or  of  those  of  the  four  reciprocal  anharmonios  (259,  XVII.), 
XVII'. . .  I  (adcb)  «  I  (badc)  =  z  (cbad)  =  L  (dcba). 

(18.)  Interpreting  now,  hy  (13.)  and  (15.),  these  last  equations,  we  derive 
from  them  the  following  theorem,  for  the  plane,  or  for  space : — 

Let  abcd  be  any  four  points,  conneoted  hyfour  circles,  each  passing  through 
three  of  the  points :  then,  not  only  is  the  angle  at  a,  between 
the  arcs  abc,  adc,  equal  to  the  angle  at  c,  between  cda  and  cba, 
but  also  it  is  equal  (comp.  fig.  66)  to  the  angle  at  b,  between 
the  tico  other  arcs  bcd  and  bad,  and  to  the  angle  at  d,  between 
the  aros  dab,  dcb. 

(19.)  Again,  let  abode  be  any  pentagon,  inscribed  in  a 
sphere ;  and  conceive  that  the  two  diagonals  ac,  ad  are  drawn. 
We  shall  then  have  three  equations,  of  the  forms,  p.  "^^ 

XVm.  .  .  AB  .  BC  .  CA  »  AT  ;    AC  .  CD  .  DA  =  AU  ;    AD  .  DE  .  EA  "  AV  ; 

where  at,  au,  av  are  three  tangents  to  the  sphere  at  a,  so  that  their  product 
is  a  fourth  tangent  at  that  point.     But  the  equations  XVIII.  give 

XIX.  .  .  AB  .  BC  .  CD  .  DE  .  EA  »  (aT  .  AU  .  AV)  :  (ac'  .  AD*) 

«  AW  =  a  new  vector,  which  touches  the  sphere  at  a. 

We  have  therefore  this  Theorem,  which  includes  several  others  under  it : — 

"  The  product  of  the  five  successive  sides  of  any  [generally  gauche)  pentagon 
inscribed  in  a  sphere,  is  equal  to  a  tangential  vector,  drawn  from  the  point  at  which 
the  pentagon  begins  and  ends.^' 
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(20.)  Let  then  f  be  a  point  on  the  sphere  which  passes  through  o,  and 
through  three  given  points  a,  b,  c ;  we  shall  have  the  equation, 

XX.  .  .  0  =  S(OA.AB.BC.CP.PO)  =  8a(/3-a)  (y-j3)  (p-y)(-|[)) 

(21.)  Comparing  with  294,  XIV.,  we  see  that  the  condition  for  the  £our 
co-initial  vectors  a,  /3,  y,  p  thus  terminating  on  one  spheric  surface^  which 
passes  through  their  common  origin  o,  may  be  thus  expressed : 

XXI.  .  .  if  /o  =  a?a  +  y)3  +  gy,     then    p*  -  xa^  +  y/3'  +  «y*. 

(22.)  If  then  we  project  (comp,  62)  the  variable  point  f   into  points 

a\  b\  c'  on  the  three  given  chords  oa,  ob,  go,  by  three  planes  through  that 

point  F,  respectively  parallel  to  the  planes  boc,  coa,  aob,  we  shall  have  the 

equation : 

XXII.  .  .  op'  =»  OA  .  oa'  +  ob  .  ob'  +  00  .  oc\ 

(23.)  That  the  equation  XX.  does  in  fact  represent  a  spheric  loctis  for  the 
point  p,  is  evident  from  its  mere/orm  (comp.  282,  (10.) ) ;  and  that  this  sphere 
passes  through  the  four  given  points^  o,  a,  b,  c,  may  be  proved  by  observing 
that  the  equation  is  satisfied,  when  we  change  p  to  any  one  of  the  four 
vectors,  0,  o,  j3,  y. 

(24.)  Introducing  an  auxiliary  vector ^  on  or  S,  determined  by  the  equation* 

XXin.  . .  SSa^y  «  a*V/3y  +  /3'Vya  +  y»Vo^, 
or  by  the  system  of  the  three  scalar  equations  (comp.  294,  (25.) ), 

XXIV. . .  a' =  SSa,    /3'  =  88/3,    y»-88y, 
or  XXIT. . .  S8a-*  =  S8|3-^  =  8  V  =  h 

the  equation  XX.  of  the  sphere  becomes  simply, 

XXV. , . /t>' =  S?p,    or   xxv'.,.sv-i; 

so  that  D  is  the  point  of  the  sphere  opposite  to  o,  and  S  is  a  diameter  (oomp. 
282,  IX'.;  and  196,  (6.)). 

(25.)  The  formula  XXIII.,  which  determines  this  diameter,  may  be 
written  in  this  other  way  : 

XXVL  . .  8So/3y  =  Va(/3-  a)  (y  -^)y ; 

or  XXVI'.  .  .  6  .  OABC  .  OD  =  -  V  (OA  .  AB  .  bc  .  co) ; 

where  the  symbol  oabc,  considered  as  a  coefficient^  is  interpreted  as  in  294, 
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XLIY. ;  namely,  as  denoting  the  volume  of  the  pyramid  oabc,  which  is  here 
an  inscribed  one. 

(26.)  This  result  of  oaloulation,  so  far  as  it  regards  the  direction  of  the 
axis  of  the  quaternion  oa.ab.bg.  go,  agrees  with,  and  may  he  used  to  oonfirm, 
the  theorem  (12.),  respecting  the  product  of  the  successive  sides  of  a  gauche 
quadrilateral^  oabg  ;  including  the  rule  of  rotation^  which  distinguishes  that 
axis  from  its  opposite, 

(27.)  The  formula  XXIII.  for  the  diameter  S  may  also  be  thus  written : 

XXVII.  .  .  8 .  Sa-^  J3-^  7"^  =  V  0"^  y'^  +  y''  a''  +  a''  jir') 

=  V  03'^  -  a-^  [y''  -  a"'] ; 

and  the  equation  XX.  of  the  sphere  may  be  transformed  to  the  following : 

XXVIII. .  .  0  =  8(/3"^-  a-^  (7^*  -  a-»)  (p-^  -  a--) ; 

which  expresses  (by  294,  (34.),  comp.  260,  (10.)),  that  the  four  reciprocal 
vedorSy 

XXIX.  ..OA'=a'=a-S     ob'  =  J3'  =  J3-S     oc'-7'  =  7-S     op'  =  p'=p-\ 

are  termino-complanar  (64) ;  the  plane  a'b'c'p',  in  which  they  all  terminate, 
being  parallel  to  the  tangent  plane  to  the  sphere  at  o :  because  the  perpendicular 
let  fall  on  this  plane  from  o  is 

XXX.  ..S'^S-S 

as  appears  from  the  three  scalar  equations, 

XXXI. . .  Sa'8  =  S/3'8  -  S7'8  =  1. 

(28.)  In  general,  if  d  be  the  foot  of  the  perpendicular  from  o,  on  the  plane 

ABC,  then 

XXXII...  S-8a/37:V(/37  +  7o  +  aP); 

because  this  expression  satisfies,  and  may  be  deduced  from,  the  three  equa- 
tions, 

XXXIII. . .  Sa8->  =  Sj38-^  -  S78-»  =  1. 

As  a  verification,  the  formula  shows  that  the  length  T8,  of  this  perpendicular, 
or  altitude,  od,  is  equal  to  the  sextuple  volume  of  the  pyramid  oabc,  divided  by 
the  double  area  of  the  triangular  base  abg.  (Compare  281,  (4.),  and  294,  (3.), 
(33.).) 

(29.)  The  equation  XX.,  of  the  sphere  oabg,  might  have  been  obtained  by 
the  elimination  of  the  vector  8,  between  the  four  scalar  equations  XXIV.  and 
XXV.,  on  the  plan  of  294,  (27.). 

Hamilton's  Elbnbnts  of  Quaternions,  tZ 
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(30.)  And  another  form  of  equation  of  the  same  sphere,  answering  to  the 
development  of  XXYIII.,  may  be  obtained  by  the  analogous  elimination  of 
the  same  vector  8,  between  the  four  other  equations,  XXIV'.  and  XXV. 

(31.)  The  product  of  any  even  number  of  complanar  vectors  is  generally  a 
quaternion  with  an  axis  perpendicular  to  their  plane ;  but  the  product  of  the 
successive  sides  of  a  hexagon  abcdef,  or  any  other  even-sided  figure^  inscribed  in  a 
circle^  is  a  scalar :  because  by  drawing  diagonals  AC,  ad,  ae  from  the  first  (or  last) 
point  Aof  the  polygon,  we  find  as  in  (6.)  that  it  differs  only  by  a  scalar  coefficient, 
or  divisor,  from  the  product  of  an  even  number  of  tangents^  at  the  first  point. 

(32.)  On  the  other  hand,  the  product  of  any  odd  number  of  complanar 
vectors  is  always  a  lincy  in  the  same  plane ;  and  in  particular  (comp.  (19.) ), 
the  product  of  the  successive  sides  of  a  pentagon^  or  heptagon y  &c.,  inscribed  in  a 
circle  J  is  equal  to  a  tangential  vector  ^  drawn  from  the^r^^  point  of  that  inscribed 
and  odd'sided  polygon :  because  it  differs  only  by  a  scalar  coefficient  from  the 
product  of  an  odd  number  of  such  tangents, 

(33.)  The  product  of  any  number  of  li/^s  in  space  is  generally  a  quaternion 
(289) ;  and  if  they  be  the  successive  sides  of  a  hexagon^  or  other  even-sided 
polygon^  inscribed  in  a  sphere^  the  axis  of  this  quaternion  (comp.  (12.) )  is 
normal  to  that  sphere^  at  the  initial  (or  final)  point  of  the  polygon. 

(34.)  But  the  product  of  the  successive  sides  of  a  heptagon,  or  other  odd- 
sided  polygon  in  a  sphere,  is  equal  (comp.  (19.) )  to  a  vector,  which  touches  the 
sphere  at  the  initial  or  final  point;  because  it  bears  a  scalar  ratio  to  the 
product  of  an  odd  number  of  vectors,  in  the  tangent  plane  at  that  point.* 

(35.)  The  equation  XX.,  or  its  transformation  XXYIII.,  may  be  called 
the  condition  or  equation  of  homosphericity  (comp.  260,  (10.) )  of  the  five  points 
o,  A,  B,  c,  p ;  and  the  analogous  equation  for  the  five  points  abode,  with 
vectors  a/BySe  from  any  arbitrary  origin  o,  may  be  written  thus : 
XXXIV...0-S(a-j3)(/3-7)(7-8)(8-€)(£-a); 

or  thus  XXXV. . .  0  =  rta'  +  6j3'  +  ^'+  rfS*  +  ^cSt 

*  [The  iiiBcription  of  polygons  in  a  sphere  is  treated  Tery  fully  in  the  "  Lectures."  If  puptf-pn 
are  the  vectors  from  the  centre  to  the  yertices,  and  if  n=p%  —  pif  is  =  ps  —  p2»  &c.  denote  the  vector 
sides,  then  hy  213  (6.)  />2  =  -  ti  pi  tr^  ps  =  -  *2  pi  t2"*  =  »2  n  pi  «r*  *«"*  wid  P»+i  =  pi  =  (-)"•  9Pi  ?"'» 
where  q=iHin-i  > .  12  n.  Hence  piq  «  {-)^qpi ;  or  when  n  is  even  pyVq  =»  V^ .  pi  or  V^  |  pi ;  hut 
when  n  is  odd  the  quaternion  equation  piS^  +  SpiY^  =  0  affords  the  conditions  Sq  ^  0  and 
SpiY^  -  0,  or  9  is  a  vector  at  right  angles  to  pi.    See  Lecture  YI.,  Art.  336.] 

t  [On  change  of  origin  XXI.  may  he  written  in  the  form 

Introducing  0  defined  hy  XXXIX.,  XXXV.  and  XXXYII.  follow.  Eliminating  a,  b,  c,  d;  and  0 
from  five  equations  connecting  the  squares  of  the  mutual  distances  hetween  the  points,  analogous  to 
that  here  given,  a  determinant  relation  is  at  once  found,] 
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six  times  the  second  member  of  this  last  formula  being  found  to  be  equal  to 
the  second  member  of  the  one  preceding  it,  if 

XXXVI.  .  .  fl  =  BCDB,      b  «  ODEA,      C  =  DBAB,      rf  =  BABC,      €  =  ABCD, 

or  more  fully, 

XXXVIL . .  6a  =  8  (7  -  P)(8  - /3)(€ -/3)  =  S  (78£  -  &i3  +  a/37  -  078),  &o. ; 

so  that,  by  294,  XLVIII.  and  XLVII.,  we  have  also  (oomp.  65,  70)  the 

equation, 

XXXVm. . .  0  =  aa  +  ii3  +  (?7  +  t/8  +  ^€, 

with  the  relation  between  the  coefficients, 

XXXIX.  ..0  =  a  +  J  +  o  +  rf  +  «, 

which  allows  (as  above)  the  origin  of  vectors  to  be  arbitrary, 

(36.)  The  equation  or  condition  XXXV.  may  be  obtained  as  the  result  of 
nn  elimination  (294,  (27.)  ),  of  a  vector  k,  and  of  a  scalar  g^  between  five  scalar 
equations  of  the  form  282,  (10.),  namely  the  five  following, 

XL.  ..o*-2Sico  +  ^  =  0,    j3'-2Sicj3  +  ^  =  0, ..     6*-2SKe  +  ^  =  0; 

«c  being  the  vector  of  the  centre  k  of  the  spliere  abcd,  of  which  the  equation 

may  be  written  as 

XU.  ..p»-28icp+fir  =  0, 

g  being  some  scalar  constant ;  and  on  which,  by  the  condition  referred  to,  the 

fifth  point  E  is  situated. 

(37.)  By  treating  this  fifth  point,  or  its  vector  «,  as  arbitrary^  we  recover 

the  condition  or  equation  of  concircularity  (3.),  of  the  four  points  a,  b,  c,  d  ;  or 

the  formula, 

XUI. . .  0  =  V(a-/3)  (i3-7)  (7-8)  (8-a). 

(38.)  The  equation  of  the  circle  abc,  and  the  equation  of  the  sphere  abcd, 
may  in  general  be  written  thus : 

XLin. . .  0  =  V(a-/3)  (/3-7)  (7 -p)  (p  -a) ; 

XLIV. . .  0  =  S(a-i3)  (/3-7)  (7-8)  (8-f>)  (p-a) ; 

p  being  as  usual  the  vector  of  a  variable  point  p,  on  the  one  or  the  other  locus. 
(39.)  The  equations  of  the  tangent  to  the  circle  abc,  and  of  the  tangent 
plane  to  the  sphere  abcd,  at  the  point  a,  are  respectively, 

XLV...0-V(a-/3)(/3-7)(7-a)(p-a), 
and  XLVI...O-8(a-0)(i3-7)(7-8)(8-a)(p-a). 

2Z2 
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(40,)  Accordingly,  whether  we  combine  the  two  equations  XLIII.  and 
XLV.,  or  XLIV.  and  XLVI.,  we  find  in  each  case  the  equation, 

XLVIL  . .  (p  -  a)»  =  0,    giving    p  =  a,    or    p  =  a(20); 

it  being  supposed  that  the  three  points  a,  b,  c  are  not  collinear,  and  that  the 
four  points f  A,  b,  c,  D  are  not  complanar. 

(41.)  If  the  centre  of  the  sphere^  abcd  be  taken  for  the  origin  o,  so  that 

XLVIIL..a»  =  /3»  =  7»-8'=-r»,    or    XUX..  .Ta  =  Tj3=Ty  =  T8=r, 

the  positive  scalar  r  denoting  the  radius^  then  after  some  reductions  we  obtain 
the  transformation, 

L...V(a-j3)(/3-7)(7-8)(8-a)-2aS(j3-a)(y-a)(8-a). 

(42.)  Hence,  generally,  if  k  be,  as  in  (36.),  the  centre  of  the  sphere,  we 
have  the  equation  (comp.  XXVI'.), 

LI. . .  V  (ab  .  bc  .  CD  .  da)  =  I2ka  .  abcd. 

(43.)  We  may  therefore  enunciate  this  theorem  : 

"  The  vector  part  of  the  product  of  four  successive  sides,  of  a  gauche  quadri- 
lateral inscribed  in  a  sphere,  is  eqtml  to  the  diameter  drawn  to  the  initial  point  of 
the  polygon,  multiplied  by  the  sextuple  volume  of  the  pyramid,  which  its  four  points 
detci^ne,^' 

(44.)  In  ejGFecting  the  reductions  (41.),  the  following  general  formulce  of 
transformation  have  been  employed,  which  may  be  useful  on  other  occasions  : 

LII.  .  .  ag  +  qa  =  2  [aSq  +  Sqa) ;     LIF. . .  aqa  =  a!^Kq  +  2a&qa  ; 

where  a  may  be  any  vector,  and  q  may  be  any  quaternion. 


SECTION  7. 
On  the  Fourth  Proportional  to  Three  DIplanar  Yectors. 

297.  In  general,  when  any  four  quaternions,  q,  q\  q",  /",  satisfy  the 
equation  of  quotients, 

\...f'\(f'^^\q, 
or  the  equivalent  formula, 

IL..r=(/:?)Y'  =  ?'s-Y', 
we  shall  say  that  they  form  a  Proportion  \  and  that  i\<^  fourth,  namely  (j['\  is 
the  Fourth  Proportional  to  the  first,  second,  and  third  quaternions,  namely  to 


\ 
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q^  /i  and  /^  taken  in  this  given  ordet\  This  definition  will  include  (by  288) 
the  one  which  was  assigned  in  226,  for  the  fourth  proportional  to  three  corn- 
planar  vectorSy  a,  j3,  7,  namely  that  fourth  vector  in  the  same  plane,  8  =  jSo'^y, 
which  has  been  already  considered ;  and  it  will  enable  us  to  interpret  (comp. 

289)  the  symbol 

III. . .  jSa'^y,  when  7  wo^  |||  a,  /3, 

as  denoting  not  indeed  a  Vector,  in  this  new  case,  but  at  least  a  Quaternion, 
which  may  be  called  (on  the  present  general  plan)  the  Fourth  Proportional  to 
these  three  Diplanar  Vectors,  a,  j3,  7.  Such  fourth  proportimials  possess  some 
interesting  properties,  especially  with  reference  to  their  vector  parts,  which  it 
will  be  useful  briefly  to  consider,  and  to  illustrate  by  showing  their  connexion 
with  spherical  tngonometry,  and  generally  with  spheincal  geometry. 

(1.)  Let  a,  j3,  y  be  (as  in  208,  (1),  &c.)  the  vectors  of  the  corners  of  a 
triangle  abc  on  the  unit- sphere,  whereof  the  sides  are  a,  b,  c\  and  let  us  write, 

//  =cosfl  =  S7r/3-^  =  -S/37, 

IV. . .  I  m  =  cos  5  -  807"^  =  -  870, 

\n  «  cos  (J  =  S/3o"*  =  -  8a/3 ; 
where  it  is  understood  that 

V...a*  =  /3*  =  7»--I,    or    VI...Ta  =  Tp  =  T7  =  l; 

it  being  also  at  first  supposed,  for  the  sake  of  fixing  the  conceptions,  that 
each  of  these  three  cosines,  /,  m,  n,  is  greater  than  zero,  or  that  each  side  of 
the  triangle  abc  is  less  than  a  quadrant. 

(2.)  Then,  introducing  three  new  vectors,  S,  e,  Z,,  defined  by  the  equations, 

/  8  =  V/3a-^7  =  V7a-^/3  =  wj3  +  n7  -  fo, 
VIL..J€  =  V7/3-^a=Vaj3'^7=n7  +fa    -mj3, 

we  find  that  these  three  derived  vectors  have  all  one  common  length,  say  r, 
because  they  have  one  common  norm ;  namely, 

flothat  IX...T8  =  T£  =  TS  =  r  =  -/(/»  +  w'  +  n'-2/mn). 

(3.)  This  common  length,  r,  is  less  than  unity ;  for  if  we  write, 

X. . .  Sa/37  =  Sj3a-^7  =  ^, 
1770  shall  have  tlie  relation, 

XI...6»  +  r'  =  Ni3a-V  =  l; 
and  the  scalar  e  is  different  from  zero,  because  the  vectors  a,  /3, 7  are  diplauar. 
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(4.)  Dividing  the  three  lines  S,  c,  ^  by  their  lengthy  r,  we  change  them  to 
their  versors  (155,  156);  and  so  obtain  a  new  triangle^  ^ 

DBF,  on  the  unit' sphere,  of  which  the  comers  are  deter-       j^/       ^Ny  4 
mined  by  the  three  new  unit-vectorSy 

Xn.  ..0D  =  TJ8  =  r-^8;    OB-Uc-r-^; 

OF  =  US  =  r'^K' 

(5.)  The  sides  opposite  to  d,  b,  f,  in  this  new  or  derived  triangle,  are 
bisected,  as  in  fig.  67,  by  the  corners  a,  b,  c  of  the  old  or  gireti  triangle ; 
because  we  have  the  three  equations, 

Xin...£  +  S  =  2&;     S  +  8  =  2fwj3;     S  +  a^2ny. 

(6.)  Denoting  the  halves  of  the  new  sides  by  a',  b\  c'  (so  that  the  arc 
BF  »  2a',  &c.),  the  equations  XTTT.  show  also,  by  lY.  and  IX.,  that 

XIV. . .  cos  a^r  cos  d,    cos  ft  =  r  cos  h\    cos  c  «  r  cos  (?' ; 

the  cosines  of  tlie  half-sides  of  the  new  (or  bisected)  triangle,  dbf,  are  therefore 
proportional  to  the  cosines  of  the  sides  of  the  old  (or  bisecting)  triangle  abc. 
(7.)  The  equations  (IV.)  give,  by  279,  (1.), 

XV.  ..2/--(j37  +  7J3),     2w  =  -(7a+a7),     2»  =  -  (ajS  + /3a) ; 

we  have  therefore,  by  VII.,  the  three  following  equations  between  quaternions, 

XVL..««Sa,    i3S  =  8i3,    78=67; 

which  may  also  be  thus  written, 

XVI'...6a  =  aS,     KP^&B,     87  =  7€, 

and  express  in  a  new  way  the  relations  of  bisection  (5.). 
(8.)  We  have  therefore  the  equations  between  vectors, 

XVn...€=aSa-S    S=j38i3-S    8-7£7-^; 
or  XVir...?=«a-S     8  =  132:^^     €-78r'- 

(9.)  Hence  also,  by  V.,  or  because  a,  j3,  7  are  unit-vectors, 

XVIII... €  =  -a?a,    2:«-i38i3,    8  =  -7€7; 
or  XYnr... Z^-aea,     8  =  -j3?/3,     €  =  -78/. 

(10.)  In  general,  whatever  the  length  of  the  vector  a  mag  be,  the  first  equa- 
tion XVn.  expresses  that  the  Hue  c  is  (comp.  138)  the  reflexion  of  the  line  Z, 
with  respect  to  that  vector  a ;  because  it  may  be  put  (comp.  279}  under  the 

form 

XIX...Sa-^  =  a-i6  =  K€tt-S     or     XIX'. . .  ea*^ «  Ka  ^ 
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(11.)  Another  mode  of  arriving  at  the  same  interpretation  of  the  equation 
B^a2!ia'^f  is  to  conceive  Z  decomposed  into  two  summand  vectors,  ?'  and  Z^\ 
one  parallel  and  the  other  perpendicular  to  a,  in  such  a  manner  that 

for  then  we  shall  have,  by  281,  (10.),  the  transformations, 

XXI.  .  .  €  =  aK'a'  +  aV'a'  =  Z'aa  '  -  K''aa''  -  ^  -  T ; 

the  parallel  part  of  Z  being  thus  preserved^  hut  the  perpendicular  part  being 
reversed^  by  the  operation  a  (     )  o"^ 

(12.)  Or  we  may  return  from  e  =  aZar^  to  the  form  ca  =  af ,  that  is,  to  the 
first  equation  XVI'. ;  and  then  this  equation  between  quaternions  will  show, 
as  suggested  in  (7.),  that  whatever  may  be  the  length  of  a,  we  must  have, 

XXn.  . .  T€  =  TZ:,     Ax.*€a  =  Ax.  a?,     Lm-=laZ\ 

so  that  the  ttoo  lines  €,  Z  are  equally  long^  and  the  rotation  from  £  to  a  is  egtml 
to  that  from  a  to  2^ ;  these  two  rotations  being  similarly  directed^  and  in  one 
common  plane. 

(13.)  We  may  also  write  the  equations  XVII.  XVIF.  under  the  forms, 

XXIII. .  .  €  =  a"*  Ja,  &c. ;         XXIII'.  . .  ?  =  a"*  ca,  Ac. 

(14.)  Substituting  this  last  expression  for  Z  iu  the  second  equation  XVII^, 
we  derive  this  new  equation, 

XXrV...8  =  j3a-*£a/3-^    or    XXIV'. . .  c  =  ajS"* gjSa'^ 

that  is,  more  briefly, 

XXV.  ..8  =  ?8gr-i,  and  XXV'.. .6  =  ^-^8?,  if  XXVI. . . g  =  jSa'^ 

(15.)  An  expression  of  this/orm,  namely  one  with  such  a  symbol  as 

XXVII.  ..g(    )g-^ 

for  an  operator^  occurred  before,  in  179,  (1.),  and  in  191  (6.) ;  and  was  seen 
to  indicate  a  conical  rotation  of  the  axis  of  the  operand  quaternion  (of  which  the 
symbol  is  to  be  conceived  as  being  written  within  the  parentheses)  round  the  axis 
of  qy  through  an  angle  =^2  Lq^  without  any  change  of  the  angUy  or  of  the  tensor ^ 
of  that  operand  \  so  that  a  i>ector  must  remain  a  vector^  after  any  operation  of 

*  It  waa  remarked  in  291,  that  this  eharaeterislie  Ax.  can  be  ditpensed  with,  because  it  admits  of 
being  replaced  by  UV ;  but  there  may  still  be  a  convenience  in  employing  it  occasionally. 
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this  sort,  as  being  still  a  right-angled  quaternion  (290) ;  or  (oomp.  223,  (10.) ) 

beoause 

XXVIII. .  .  Sqpq''  =  Sq-^qp  =  Sp  «  0. 

(16.)  If  then  we  conceive  two  opposite  points,  f'  and  p,  to  be  determined 
on  the  unit-sphere,  by  the  conditions  of  being  respectively  the  positive  poles  of 
the  two  opposite  ares,  ab  and  ba,  so  that 

XXIX. . .  op'  -  Ax.  /3a^'  =  Ax.  q,    and    op  =  p'o  =  Ax.  a/S"*  =  Ax.  q"^, 

we  can  infer  from  XXTV.  that  the  line  on  mat/  be  derived  from  the  line  oe,  by  a 
conical  rotation  round  the  line  op'  as  an  axis,  through  an  angle  equal  to  the  double 
of  the  angle  aob  (if  o  be  still  the  centre  of  the  sphere). 

(17.)  And  in  like  manner  we  can  infer  from  XXTV"'.,  that  the  line  ob 
admits  of  being  derived  from  od,  by  an  eqiuil  but  opposite  conical  rotation, 
round  the  line  op  as  a  new  positive  axis,  through  an  angle  equal  to  twice  the 
angle  boa. 

(18.)  To  illustrate  these  and  other  connected  results,  the  annexed  figure  68 
is  drawn  ;  in  which  p  represents,  as  above,  the 
positive  pole  of  the  arc  ba,  and  arcs  are  drawn 
from  it  to  d,  e,  f,  meeting  the  great  circle 
through  A  and  b  in  the  points  r,  s,  t.  (The 
other  letters  in  the  figure  are  not,  for  the 
moment,  required,  but  their  significations  will 
soon  be  explained.) 

(19.)  This  being  understood,  we  see,  first, 
that  because  the  arcs  ef  and  fd  are  bisected  [5.) 
at  A  and  b,  the  three  arcual  perpendiculars,  es, 
FT,  DR,  let  fall  from  e,  f,  d,  on  the  great  circle 
through  A  and  b,  are  equally  long;  and  that 
therefore  the  point  p  is  the  interior  pole  of  the  small  circle  def',  if  f'  be  the 
point  diametrically  opposite  tow:  so  that  a  conical  rotation  round  this  pole  p,  or 
round  the  axis  op,  would  in  fact  bring  the  point  d,  or  the  line  on,  to  the  posi* 
tion  E,  or  oe,  which  is  one  part  of  the  theorem  (17.). 

(20.)  Again,  the  quantity  of  this  conical  rotation,  is  evidently  measured  by 
the  aix  Rs  of  the  great  circle  with  p  for  pole ;  but  the  bisections  above  mentioned 
give  (comp.  165)  the  two  arcual  equations, 

XXX. . .  r»  RB  =  n  bt,    n  ta  =  a  AS ;    whcncc    XXXI. . .  A  RS  =  2  r»  ba, 

and  the  other  part  of  the  same  theorem  (17.)  is  proved. 
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(21.)  The  paint  p  may  be  said  to  be  the  reflexion^  on  the  sphere^  of  the 
point  D,  mih  respect  to  the  point  B,  which  bisects  the  interval  between  them  ;  and 
thus  we  may  say  that  ttpo  successive  reflexions  of  an  arbitrary  point  upon  a 
sphere  (as  here  from  d  to  p,  and  then  from  p  to  b),  with  respect  to  two  given 
points  (b  and  a)  of  a  given  great  circk^  are  jointly  equivalent  to  one  conical 
rotation,  round  the  pole  (p)  of  that  great  circle ;  or  to  the  description  of  an  are 
of  a  small  circle,  round  that  pole,  or  parallel  to  that  great  circle :  and  that  the 
angular  quantity  (dpe)  of  this  rotation  is  double  of  that  represented  by  the  are 
(ba)  connecting  the  two  given  points;  or  is  the  double  of  the  angle  (bpa),  which 
that  given  are  subtends,  at  the  same  pole  fp). 

(22.)  There  is,  as  we  see,  no  difficulty  in  geometrically  proving  this  theorem 
of  rotation :  but  it  is  remarkable  how  simply  quaternions  express  it :  namely  by 
the  formula, 

XXXII. .  .  a.p-'pP.  a-^^a^-\p.^a^\ 

in  which  a,  )3,  p  may  denote  any  three  vectors ;  and  which,  as  we  see  by  the 
points,  involves  essentially  the  associative  principle  of  multiplication. 

(23.)  Instead  of  conceiving  that  the  point  d,  or  the  line  od,  has  been 

reflected  into  the  position  p,  or  or, with  respect  to  the •^ 

point  B,  or  to  the  line  ob,  with  a  similar  successive    /''^'/r^s.  \ 

reflexion  from  p  to  b,  we  may  conceive  that  a  point  has   ( ^  y  j. — -^^^— — Pi 

moved  along  a  small  semicircle,  with  b  for  pole,  from  d  to     \^. ~^:^^ 

p,  as  indicated  in  fig.  69,  and  then  along  another  small  ^g-  ^9* 

semicircle,  with  A  for  pole,  from  p  to  b  ;  and  we  see  that  the  result,  or  efl^eet, 
of  these  two  successive  and  semicircular  motions  is  equivalent  to  a  motion  along  an 
arc  db  of  a  third  small  circle,  which  is  parallel  (as  before)  to  the  great  circle 
through  b  and  A,  and  has  a  projection  rs  thereon,  which  (still  as  before)  is 
double  of  the  given  arc  ba. 

(24.)  And  instead  of  thus  conceiving  tuH>  stwcessive  arcual  motions  of  a  point 
D  upon  a  sphere,  or  two  successive  conical  rotations  of  a  radius  on,  considered  as 
compounding  themselves  into  one  resultant  motion  of  that  point,  or  rotation  of 
that  radius,  we  may  conceive  an  analogous  composition  of  two  successive 
rotations  of  a  solid  body  (or  ngid  system),  round  axes  passing  through  a  point  o, 
which  infixed  in  space  (and  in  the  body)  :  and  so  obtain  a  theorem  respecting 
such  rotation,  which  easily  suggests  itself  from  what  precedes,  and  on  which 
we  may  perhaps  return. 

(25.)  But  to  draw  some  additional  consequences  from  the  equations  YII., 
&c.,  and  from  the  recent  fig.  68,  especially  as  regards  the  Construction  of  the 

Hamilton's  Blbnknts  of  Qdatbrnions.  3  A 


362  ELEMENTS  OF  QUATERNIONS.  [III.  i.  §  7. 

Fourth  Proportional  to  three  diplmar  vectors,  let  us  first  remark,  generally, 
that  when  we  have  (as  in  62)  a  linear  equation,  of  the  form 

flfa  +  J/3  +  cy  +  e/8  =  0, 

conneoting  four  co^initial  vectors  a  . .  S,  whereof  no  three  are  complanar,  then 

this  Jifth  vector. 

«  =  fla  +  6/3  =  -  cy  -  dS, 

is  evidently  complanar  (22)  with  a,  /3,  and  also  with  y,  8  (oomp.  294,  (6.) ) ; 

it  is  therefore  part  of  the  indefinite  line  of  intersection  of  the  plane  aob,  cod,  of 

these  tu:o  pairs  of  vectors. 

(26.)  And  if  we  divide  this  fifth  vector  c  by  the  two  (generally  unequal) 

scalars, 

a  +  6,    and    "C  -d, 

the  two  (generally  unequal)  vectors, 

(aa  +  J/3) :  [a  +  6),    and     (cy  +  dS) :  {c  +  rf), 

which  are  obtained  as  the  quotients  of  these  two  divisions,  are  (comp.  25,  64) 
the  vectors  of  two  (generally  distinct)  points  of  intersection,  of  lines  with  planes, 
namely  the  two  following : 

AB  *  ocD,    and    cd  *  gab. 

(27.)  When  the  tu>o  lines,  ab  and  cd,  happen  to  intersect  each  other,  the  two 
last-mentioned  points  coincide ;  and  thus  we  recover,  in  a  new  way,  the  eon^ 
dition  (63),  for  the  complanarity  of  the  four  points  o,  a,  b,  c,  or  for  the  termino^ 
eomplanarity  of  the/owr  vectors  a,  j3,  y,  8 ;  namely  the  equation 

a  +  i  +  c  +  rf  =  0, 

which  may  be  compared  with  294,  XLY.,  and  L. 

(28.)  Resuming  now  the  recent  equations  YII.,  and  introducing  the  new 

vector, 

XXXIII. . .  A  =  fa  -  w/3  =  i  («  -  8), 
which  gives, 

XXXIV. . .  SyX  =  0,    and    XXXV. . .  TX  =  yir"  -  »')  =  r  sin  c\ 

we  see  that  the  two  arcs  ba,  db,  prolonged,  meet  in  a  point  l  (comp.  fig.  68), 
for  which  ol  =  TJX,  and  which  is  distant  by  a  quadrant  from  c :  a  result  which 
may  be  confirmed  by  elementary  considerations,  because  (by  a  well-known 
theorem  respecting  transversal  arcs)  the  common  bisector  ba  of  the  two  sides, 
DB  and  BF,  must  meet  the  third  side  in  a  point  l,  for  which 

sin  DL  »  sin  ei,. 
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(29.)  To  prove  by  quaternions  this  last  equality  of  sines,  and  to  aasign  their 
oommon  value,  we  have  only  to  observe  that  byJ'XXXIII., 

XXXVI. .  .  V8X  =  VA  =  IVSs ; 
in  which,  TSX  =  TeX  -  r"  sin  ^,    and    TV&  =  r»  sin  2(j'; 

the  sines  in  question  are  therefore  (by  204,  XIX.), 

XXXVr.. .  TVU8X  =  TVir£X  =  ir»  sin2c':r»  sino'=oo8c'. 

(30.)  On  similar  principles,  we  may  interpret  the  two  vector-equations, 

XXXVIL  . .  Vj3X  = /V^a,    VaX  =  wV/3a, 

in  which       XXXVIII. . .  TX :  TVjSa  -  r  sin  c':  sin  c  =  tan  e'l  tan  c, 
an  equivalent  to  the  trigonometric  equations, 

tan  CD     cos  bc     cos  ac 


.  •  • 


tan  AB  "  sin  bl     sin  al' 


(31.)  Accordingly,  if  we  let  fall  the  perpendicular  cq  on  ab  (see  again 
fig-  ^)>  ^  ^bat  Q  bisects  Rs,  and  if  we  determine  two  new  points  m,  n  by  the 
aroual  equations, 

XL.  .  .  <^  LM  =  n  AB  =  A  QR,        n  LN  =  n  CD, 

the  arcs  mr,  kd  will  be  quadrants ;  and  because  the  angle  at  k  is  right  by 
construction  (18.),  m  is  the  pole  of  dr,  and  dm  is  a  quadrant ;  whence  d  is  the 
pole  of  MN  and  the  angle  lnm  is  right :  conceiving  then  that  the  arcs  ga  and 
CB  are  drawn,  we  have  three  triangles  [bcq,  acq,  and  lhn],  right-angled  at 
Q  and  N,  which  show,  by  elementary  principles,  that  the  three  trigonometric 
quotients  in  XXXTX.  have  in  fact  a  common  value,  namely  cos  cq,  or  cos  l. 

(32.)  To  prove  this  last  result  by  quaternions,  and  without  emplojdug  the 
auxiliary  points  m,  n,  o,  b,  we  have  the  transformations, 

XLL..oo8L-ST7^  =  STJ^=T^.S^.T=^; 

V&  yX  V/3o       yX  Vj3o 

because 

XLII..,8-«Y-X,    €-«7+X,    V86-2wyX,    UVSc-UyX, 
and 

XLin. . .  8^  =  ?^  =  .S/3a-^7X-^  =  -S8X'^=  1; 

7X      [yxy 

it  being  remembered  that  X  J-  7,  whence 

VyX  =  yX  =  -X7,     (7X)»  =  -/X*«X',     SyX-^-O. 

3A2 
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(33.)  At  the  same  time  we  see  that  if  p  be  (as  before)  the  positive  pole  of 
BA,  and  if  k^  k'  be  the  negative  and  positive  poles  of  db,  while  i!  is  the 
negative  (as  l  is  the  positive)  pole  of  cq,  whereby  all  the  letters  in  fig.  68  have 
their  significations  determined,  we  may  write, 

XLIV. . .  OP  =  UVj3a ;    oK'^yUA;    OK^-yTJX;     01/--UX; 

while  OL  =  +  TJX,  as  before. 

(34.)  Writing  also, 

XLV. . .  ic^-yX,    or    X^yic,     and    /i^/So-^X, 

so  that  XL  v. . .  OK  =  TJic,    and    cm  =  U/u, 

we  have        XL VI. . .  j3a"* .  7  =  fik"^ .  Xk**  =  iik^  ; 

Vi:^  fourth  proportional^  to  the  three  equally  long  but  diplanar  vectors^  a,  /3,  7,  is 
therefore  a  veraor^  of  which  the  representative  arc  (162)  is  km,  and  the  repre- 
sentative angle  (174)  is  kdm,  or  l'dr,  or  bdp  ;  and  we  may  write  for  this 
versor,  or  quaternion,  the  expression  : 

XLVII. . .  (ia'^y  =  cos  l'dr  +  on .  sin  l'db.* 

(36.)  The  double  of  this  representative  angle  is  the  sum  of  the  two  base* 

angles  of  the  isosceles  triangle  bpe  ;  and  because  the  two  other  triangles,  epf', 

f'pd,  are  also  isosceles  (19.),  the  lune  vt'  shows  that  this  sum  is  what  remains^ 

when  we  subtract  the  vertical  angle  f,  of  the  triangle  dbf,  from  the  sum  of  the 

supplements  of  the  two  base-angles  d  and  b  of  that  triangle ;  or  when  we 

subtract  the  sum  of  the  three  angles  of  the  same  triangle yr(?;n  four  right  angles. 

We  have  therefore  this  very  simple  expression  for  the  Angle  of  the  Fourth 

Proportional : 

XLVnL..Zj3a-»7  =  L'DR  =  ir-J(D  +  E+F). 

(36.)  Or,  if  we  introduce  the  area^  or  the  spherical  excess^  say  2,  of  the 
triangle  dbf,  writing  thus 

XLIX. ..  S  =  D+B  +  F-ir, 

we  have  these  other  expressions : 

L. . .  21  f^a^  y  =  iir  -  J2 ;    LI. . .  /S/i"^  7  «  sin  JS  +  f-*8  cos  JS ; 

because  od  =  US  =  ir%    by    XII. 

*  [Since  ficr^y  .  7  .  (fitC^y)'^  =  /Sa"*  .  7  .  (/3a-*)-*  =  y  suppose,  c  is  brought  to  a  point  c'  by  a 
conical  rotation  round  od  or  round  op'  vbero  p'  is  the  opposite  of  p  (XXIX.).  Hence  c  and  o'  are 
the  points  of  intersection  of  small  circles  whose  poles  are  d  and  p',  and  c'  is  the  reflexion  of  c  to  the 
great  circle  pd.    This  shows  that  the  angle  of  the  quaternion  ^'^y  is  ca>p.] 
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(37.)  Having  thus  expressed  jSa^^y,  we  require  no  new  appeal  to  the 
figure,  in  order  to  express  this  other  fourth  proportional,  7a~^/3,  which  is  the 
negative  of  its  conjugate^  or  has  an  opposite  scalar^  but  an  equal  vector  part 
(oomp.  204,  (1.),  and  295,  (9.) ) :  the  geometrical  difference  being  merely 
this,  that  because  the  rotation  round  a  from  )8  to  7  has  been  supposed  to  be 
negaUvey  the  rotation  round  a  from  7  to  j3  must  be,  on  the  contrary,  positive, 

(38.)  We  may  thus  write,  at  once, 

III.  .  .  7a-'/3  -  -  K/3o-»7  =  -  sin  is  +  »-»8  cos  JS  ; 

and  we  have,  for  the  angle  of  this  new  fourth  proportional,  to  the  same  thre^ 
vectors  a,  /3,  7,  of  which  the  second  and  third  have  merely  changed  places  with 
each  other,  the  formula : 

LIII.  .  .  Lya'^fi  =  RDL  =  i (d  +  B  +  f)  -  JjT  +  JS. 
(39.)  But  the  common  vector  part  of  these  two  fourth  proportionals  is  S,  by 
VII. ;  we  have  therefore,  by  XI., 

Liy.  •  .  r  =>  cos  ^2 ;    e  »  ±  sin  ^2 ; 

the  upper  sign  being  taken,  when  the  rotation  round  a  from  j3  to  7  is  nega- 
tive, as  above  supposed. 

(40.)  It  follows  by  (6.)  that  when  the  sides  2a^,  2b\  2c\  of  a  spherical 
triangle  def,  of  which  the  area  is  2,  are  bisected  by  the  comers  a,  b,  c  of 
another  spherical  triangle,  of  which  the  sides*  are  a,  i,  0,  then 

LY.  .  .  cos  a :  cos  o^ »  cos  6 :  cos  6^ «  cos  0 :  cos  c^ "  cos  |2. 

(41.)  It  follows  also,  from  what  has  been  recently  shown,  that  the  angle 
KDK,  or  MDN,  or  the  arc  mn  in  fig.  68,  represents  the  semi-area  of  the  bisected 
triangle  def  ;  whence,  by  the  right-angled  triangle  lmn,  we  can  infer  that 
the  sine  of  this  semi-area  is  equal  to  the  sine  of  a  side  of  the  bisecting  triangle 
ABC,  multiplied  into  the  sine  of  the  perpendicular^  let  fall  upon  that  side  from 
the  opposite  comer  of  the  latter  triangle ;  because  we  have 

LYI.  .  •  sin  ^2  e  sin  so  »  sin  LM .  sin  L  :=  sin  AB  .  sin  CQ. 

(42.)  The  same  conclusion  can  be  drawn  immediately,  by  quaternions, 
from  the  expression, 

LYIL..sinj2  =  <?  =  Saj37-S(Y^a.7-0-TYPa.8TJ(Y^a:7); 

in  which  one  factor  is  the  sine  of  ab,  and  the  other  factor  is  the  cosine  of  cp, 
or  the  sine  of  cq. 

*  Theae  9%de9  abe^  of  the  biseeiing  triangle  abc,  have  been  hitherto  supposed  for  simplicity  (1.)  to 
be  each  leee  than  a  quadrant^  but  it  will  be  found  that  the  formula  LV.  holds  good,  without  any  such 
rsetriciion. 
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(43.)  TTndei  the  same  conditions,  sinoe 

LVIIL  .  .  a=U(€  +  Q  =  K' («  +  ?),  &o., 
we  may  write  also, 

LIX.  ..siniS  =  8U(£  +  ^)(^  +  S)(8  +  €)  =  SK:4/mn; 
in  which,  by  IV.  and  XIII., 

LX.  ..4/wn  =  -S(8  +  €)(£  +  ?:)  =  r»-S(6?+f8  +  8€). 

(44.)  Hence  also,  by  LIV., 

LXI.  .  .oosiS-r=(r>-r8(£Z:  +  ?;8  +  8€)):4^»»w; 

TYTT         f      IV     ^    _  SSeg SVH 

and  under  this  last  form,  we  have  a  general  expression  for  the  tangent  of  half  the 
spherical  opening  at  o,  of  any  triangular  pyramid  odbf,  whatever  the  lengths  TS, 
Te,  TJ  of  the  edges  at  o  may  be, 
(45.)  As  a  verification,  we  have 

LXIIL. .  (4/wn)'  =  - J(€ +  ?)'(? +  S)*  (8  +  €)*=  2(;'»-S€?)(r'-  SJg)  (i-^-SSi) ; 

but  the  elimination  of  |2  between  LIX.  LXI.  gives 

LXI V. .  .  (4/wn)»  =  (S8€?)»  +  (r*  -  r  (S^?  +  8?8  +  88i)  )• ; 

we  ought  then  to  find  that 

LXV. . .  (SStS)'  ^i^-f^[  {^tlf  +  (8^8)'  +  (S8€)»)  -  28€f8?888€, 

if  8^  s  c' » 2^  =  -  r' ;  and  in  fact  this  equality  results  immediately  from  the 
general  formula  294,  LIU. 

(46.)  Under  the  same  condition,  respecting  the  equal  lengths  of  8,  c,  (, 
we  have  also  the  formula, 

LXVL..-V(8f£)(€+2:)(2:  +  8)  =  28(r»-86?-8?8-88€)=8foin8; 

whence  other  verifications  may  be  derived. 

(47.)  If  <r  denote  the  area*  of  the  bisecting  triangle  abc,  the  general  prin- 
ciple LXIL  enables  us  to  infer  that 


<r 


LXVIL..tan^- 


8aj3y  e 


2      1  -  Sj3y  -  Sya  -  Saj3      l  +  /+m  +  n 

sine  sinj9 
1  +  cos  a  +  cos  J  +  cos  c' 


*  The  reader  will  observe  that  the  more  usual  symbol  2,  for  this  area  of  abc,  is  here  employed 
6.)  to  denote  the  area  of  the  exseribed  triangle  def. 
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if  p  denote  the  perpendioular  cq  from  c  on  ab,  so  that 

e^einc  Bvnp^  sin  b  sin  c  sin  a  »  &o*  (comp.  210,  (21.) ). 

(48.)  But,  by  (IX.)  and  (XI.), 

LXVIIL  .  .  6»+  (1  +  /+  m  +  n)«-2  (1  +  /)  (1  +#»)  (I  +  n) 

-(4cos^co8^co8^j; 

hence  the  oosine  and  sine  of  the  new  semi-area  are, 

T  ^Tv  9     1  +  008  a  +  cos  J  +  COS  e 

LXIX.  .  .  cos  X »  ,  ; 

2  .        a        0        c     ^ 

4  cos  ^  cos  ^  oos  ^ 

.0.6. 
sin  ^  sin  ^  sin  c 

LXX. ,  .  sin  jr  =  — — —  «  &o. 

2  c 

OOSg 

(49.)  Betuming  to  the  bisected  ti^ngle^  def,  the  last  formula  gives, 

^^•^^         .    i«      sin  a' sin  6' sin  F       .      ,    .  . 

LXXI.  .  .  sin  is  = -7 =  sinp  sm  c  sec  c\ 

cose  ' 

if  y  denote  the  perpendioular  from  f  on  the  bisecting  arc  a  b,  or  ft  in  fig.  68; 
but  cos  is  =  cos  c  seo(?',  by  LV. ;  hence 

LXXII.  .  .  tan  JS  =  sin^  tan c  =  sin  ft  .  tan  ab. 

Accordingly,  in  fig.  68,  we  have,  by  spherical  trigonometry, 

sin  ft  •  sin  es  =  sin  le  siu  l  »  cos  ln  sin  mn  cosec  lm  =  tan  mn  cot  ab. 

(50.)  The  arc  mn,  which  thus  represents  in  quantitt/  the  semiarea  of  dbf, 
has  its  pole  at  tlie  point  d,  and  may  be  considered  as  the  representative  arc 
(162)  of  a  certain  fiew  quaternion  Q,  or  of  its  tereor^  of  which  the  axis  is  the 
radius  on,  or  US ;  and  this  new  quaternion  may  be  thus  expressed  : 

LXXIIL  . .  Q  =  Byaji  =  -  8»+  SSafty  =  r"  +  tfS ; 

its  tensor  and  versor  being,  respectively, 

LXXIV.  .  .  TQ=r  =  co8iS;    LXXV.  .  ,UQ  =  co8i2  t^on.siniS. 

(61.)  An  important  transformation  of  this  last  versor  may  be  obtained  as 

follows  I 

'  TiXXYL  . .  I7Q=IT(^-' .  aV .  f/S-'j  =  (««-')*  (t?-')*  {K^')i ; 
so  that 

LXXVIL  . .  is  -  z  Q  =  z  8ya0  =  /  («*-')»  («?-•)*  (28-')* ; 
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these  powers  of  quaternions^  with  exponents  eaoh  »  ^,  being  interpreted  as 
square  roots  (199,  (1.) ),  or  as  equivalent  to  the  symbols  v/(&"0»  &o. 

(52.)  The  conjugate  (or  reciprocal)  versor^  TJQ"*,  which  has  nm  for  its  njprd- 
sentative  arc^  may  be  deduced  from  UQ  by  simply  interchanging  /3  and  7,  or 
c  and  1^ ;  the  corresponding  quaternion  is, 

LXXVIIL  ..e'=KQ  =  80ay  =  r»-c8; 
and  we  have 

LXXIX. . .  UQ'  =  cos  is  -  on .  sin  iS  =  {K'")^  (^-^^  (fS^O* ; 

the  rotation  round  n,  from  b  to  f,  being  still  supposed  to  be  negatire. 

(63.)  Let  H  be  any  other  point  upon  the  sphere,  and  let  oh  «  i| ;  also  let 

S'  be  the  area  of  the  new  spherical  triangle^  dfh  ;  then  the  same  reasoning 

shows  that 

LXXX. . .  cos  is'  +  CD .  sin  iS'  =  {lZr')l  {Irf')^  (ijS-^l, 

if  the  rotation  round  d  from  f  to  h  be  negative ;  and  therefore,  by  muUipK" 
cation  of  the  two  co-axal  versors,  LXXVI.  and  LXXX.,  we  have  by  LXXV., 
the  analogous  formula : 

LXXXI. . .  cos  i  (S  +  SO  +  on .  sin  i  (S  +  S')  -  (Sf^*  {iZ")^  {Zv'')^  (»?^*)» ; 

where  S  +  S'  denotes  the  area  of  the  spherical  quadrilateral^  defh. 

(64.)  It  is  easy  to  extend  this  result  to  the  area  of  any  spherical  polygon,  or 
to  the  spherical  opening  (44.)  of  any  pyramid;  and  we  may  even  conceive  an 
extension  of  it,  as  a  limit  j  to  the  area  of  any  closed  curre  upon  the  sphere,  con- 
sidered as  decomposed  into  an  indefinite  number  of  indefinitely  small  triangles^ 
with  some  common  vertex,  such  as  the  point  d,  on  the  spheric  surface,  and  with 
indefinitely  small  arcs  bf,  fh,  . .  of  the  curve,  for  their  respective  bases :  or  to  the 
spherical  opening  of  any  cone,  expressed  thus  as  the  Angle  of  a  Quatef^ion, 
which  is  the  limit^  of  the  product  of  indefinitely  many  factors,  each  equal  to  the 
square-root  of  a  quaternion,  which  differs  indefinitely  little  from  unity. 

*  This  Limit  is  closely  analogous  to  a  dejtnits  inUgraly  of  the  ordinary  kind  ;  or  tather,  we  may 
say  that  it  m  a  BefiniU  Integraly  but  one  of  a  new  kind,  which  could  not  easily  have  been  introduced 
without  Quaternions.  In  fact,  if  we  did  not  employ  the  mm-eommutative  property  (168)  of  quaiemum 
multiplicationf  the  Products  here  considered  would  evidently  become  each  equal  to  unity :  so  that  they 
would  fumish  no  expressions  for  spherical  or  other  areaSf  and  in  short,  it  would  be  uaeless  to  speak 
of  them.  On  the  contrai7,  when  that  property  or  principle  of  multiplication  is  introduced,  theae 
expressions  of  produei-fonn  are  found,  as  above,  to  have  extremely  useful  significations  in  spherictd 
geometry ;  and  it  will  be  seen  that  they  suggest  and  embody  a  remarkable  theorem,  respecting  the 
resultant  of  rotatiofis  of  a  system,  round  any  number  ofsueeessive  axes,  all  passing  through  one  Jxed 
point,  but  in  other  respects  succeeding  each  other  with  any  gradual  or  sudden  changes. 
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(55.)  To  assist  the  reooUeotion  of  this  result,  it  may  be  stated  as  follows 
(comp.  180,  (3.)  for  the  definition  of  an  arcual  sum) : — 

"  The  Arcual  Sum  of  the  Halves  of  the  Successive  Sides  of  any  Spherical 
Polygon^  is  equal  to  an  arc  of  a  Oreat  Circle^  which  has  the  Initial  [or  Final) 
Point  of  the  Polygon  for  its  Pole,  and  represents  the  Semi-area  of  the  Figure  "; 
it  being  understood  that  this  resultant  arc  is  reversed  in  direction,  when  the 
half-sides  are  (arcually)  added  in  an  opposite  order. 

(56.)  As  regards  the  order  thus  referred  to,  it  may  be  observed  that  in  the 
arcual  addition,  which  corresponds  to  the  quaternion  multiplication  in  LXXVI., 
we  conceive  a  point  to  move,  first,  from  b  to  f,  through  Aa^the  arc  df  ;  which 
half-side  of  the  triangle  dbf  answers  to  the  right-hand  factor,  or  square-root 
(2^*)^.  We  then  conceive  the  same  point  to  move  next  from  f  to  a,  through 
half  the  arc  fe,  which  answers  to  the  factor  plsroed  immediately  to  the  left  of 
the  former ;  having  thus  moved,  on  the  whole,  so  far,  through  the  resultant 
arc  BA  (as  a  transvector,  180,  (3.) ),  or  through  any  eqtml  arc  {163),  such  as  ml 
in  fig.  68.  And  finally,  we  conceive  a  motion  through  half  the  arc  bd,  or 
through  any  arc  equal  to  that  half,  such  as  the  arc  ln  in  the  same  figure,  to 
correspond  to  the  extreme  left-hand  factor  in  the  formula  ;  the  final  resultant 
(or  total  transvector  arc),  which  answers  to  the  product  of  the  three  square  roots, 
as  arranged  in  the  formula,  being  thus  represented  by  the  final  arc  mn,  which 
has  the  point  d  for  its  positive  pole,  and  the  half-area,  ^2,  for  the  angle  (61.) 
of  the  quaternion  (or  versor)  product  which  it  represents, 

(57.)  Now  the  direction  of  positive  rotation  on  the  sphere  has  been  supposed 
to  be  that  round  d,  from  f  to  e  ;  and  therefore  along  the  perimeter,  in  the  order 
DFE,  as  seen*  from  any  point  of  the  surface  within  the  triangle :  that  is,  in  the 
order  in  which  the  successive  sides  bf,  fe,  ed  have  been  taken,  before  adding 
(or  compounding)  their  halves.  And  accordingly,  in  the  conjugate  (or  reciprocal) 
formula  LXXIX.,  we  took  the  opposite  order,  def,  in  proceeding  as  usual 
from  right-hand  to  left-hand  factors,  whereof  the  former  are  supposed  to  be 
multiplied  6yt  the  latter  \  while  the  result  was,  as  we  saw  in  (52.),  a  new 

*  In  this  and  other  cases  of  the  sort,  the  spectator  is  imagined  to  stand  on  the  point  of  the  sphere, 
round  which  the  rotation  on  the  turf  ace  is  conceived  to  be  performed  ;  his  body  being  outside  the  sphere. 
And  similarly  when  we  say,  for  example,  that  the  rotation  round  the  line,  or  radius^  o a,  from  the  line 
OB  to  the  line  oc,  is  negative  (or  left-handed),  as  in  the  recent  figures,  we  mean  thatsach  would  appear 
to  be  the  direction  of  that  rotation,  to  a  person  standing  thus  with  hvRfeet  on  a,  and  with  his  bodf/  in 
the  direction  of  oa.  prolonged :  or  else  standing  on  tlic  centre  (or  origin)  o,  with  his  head  at  the  point  A 
Compare  174,  II. ;  177  ;  and  the  second  note  to  page  152. 

t  Compare  the  Notes  to  pages  147,  159. 
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versoTy  in  the  expreBsion  for  whioh,  the  area  2  of  the  triangle  was  simply 
changed  to  its  own  negative. 

(58.)  To  give  an  example  of  the  reduction  of  the  area  to  zero^  we  have 
only  to  conceive  that  the  three  points  n,  e,  f  are  co-arcual  (165),  or  situated 
on  one  great  circle ;  or  that  the  three  lines  S,  c,  Z  are  camplanar.  For  this  case, 
by  the  laws*  of  complanar  qtmtemionSy  we  have  the  formula, 

LXXXII.  .  .  (&-0*  {bZ^')^  {ZS")^  =  1,    if    SSbZ  =  0 ; 

thus  cos  J2  =  1,  and  2=0. 

(59.)  Again,  in  (53.)  let  the  point  h  be  oo-arcual  with  d  and  f,  or  let 
BSZv  =  0  ;  then,  because 

LXXXir.  .  .  (?i,-^)i  (1,8-^)4  =  (?8-0*,    if    BSZv  =  0, 

the  product  of  four  factors  LXXXI.  reduces  itself  to  the  product  of  three 
factors  LXXYI. ;  the  geometrical  reason  being  evidently  that  in  this  case  the 
added  area  2'  vanishes ;  so  that  the  quadrilateral  befh  has  only  the  same  area 
as  the  triangle  def. 

(60.)  But  this  added  area  (53.)  may  even  have  a  negative^  effect^  as  for 
example  when  the  new  point  h  falls  on  the  old  side  db.    Accordingly,  if  we 

W  1*1  lA 

LXXXIII. .  .  Qi  =  (€^-^4  {Zrf')^  (u€-0*, 

and  denote  the  product  LXXXI.  of  four  square-roots  by  Qs,  we  shall  have 
the  transformation, 

LXXXIV. .  .  Q2  =  (&-0*  Qi  (aS-^)*,    if    S8€i,  =  0 ; 

which  shows  (comp.  (15.) )  that  in  this  case  the  angle  of  the  quatei*nary  product 
Qa  is  that  of  the  ternary  product  Qi,  or  the  half-area  of  the  triangle  efh 
(=  DEF  -  dhf),  although  the  a<cis  of  Q2  is  transferred  from  the  position  of  the 
axis  of  Qi,  by  a  rotation  round  the  pole  of  the  arc  ed,  which  brings  it  from 
oe  to  OD. 

(61.)  From  this  example,  it  may  be  considered  to  be  sufficiently  evident, 
how  the  formula  LXXXI.  may  be  applied  and  extended,  so  as  to  represent 
(comp.  (54.))  the  area  of  any  closed  figure  on  the  sphere,  with  any  assumed  point 


*  Compare  the  Second  Chapter  of  the  Second  Book. 

t  In  some  inyestigations  respecting  areat  on  a  sphere,  it  may  be  conyenient  to  dietinguUh  (comp. 
(28.)»  (63.)  between  the  two  tymboh  dbp  and  dfb,  and  to  consider  them  as  denoting  two  cpposiU 
triangles,  of  which  the  aum  is  zero.  But  for  the  present,  we  are  content  to  express  t\x\A^^%nct%on,  by 
means  of  the  two  eoiyugate  quaternion  products  (51.)  and  (52.). 
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D  on  the  surface  as  a  sort  of  spherical  origin ;  even  when  this  auadUary  point  is 
not  situated  on  the  perimeter,  but  is  either  external  or  internal  thereto. 

(62.)  A  new  quaternion  Q09  with  the  same  axis  oi)  as  the  quaternion  Q  of 
(50.),  hut  with  a  double  angle^  and  with  a  tensor  equal  to  unity,  may  be  formed 
by  simply  squaring  the  versor  TJQ;  and  although  this  squaring  oannot  be 
effected  by  removing  the  fractional  exponents,*  in  theformula  LXXVI.,  yet  it 
can  easily  be  aooomplished  in  other  ways.  For  example  we  have,  by  LXXHI. 
LXXIV.,  and  by  VII.  IX.  X.,  the  transformationst : 

LXXXV.  . .  Q,  =  UQ»  =  r»  {Sya^y  -  -  8"' .  yafiS  .  gya^ 

and  in  fact,  because  8  =  r .  on,  by  XII.,  the  trigonometric  values  LTV.  for  r 
and  e  enable  us  to  write  this  last  result  under  the  form, 

LXXXVI.  .  .  Qa  =  -  {ya^y  =  cos  S  +  OD .  sin  2. 

(63.)  To  show  its  geometrical  sigaifioation,  let  us  conceive  that  abc  and 
LMN  have  the  same  meanings  in  the  new  fig.  70,  as  in  fig.  68 ;  and  that  AiBiMi 
are  three  new  points,  determined  by  the  three  arcual  equations  (163), 

LXXXVII.  ^  AC  =  ^  CAi,      n  BC  =  n  CBi,      n  MN  =  n  NMi ; 

which  easily  conduct  to  this  fourth  equation  of  the 
same  kind, 

LXXXVII'.  .  .  rs  LMi  =  r^  BiAi. 

This  new  arc  lmi  represents  thus  (comp.  167,  and 
fig.  43)  the  product  aiy~^.  yfii^  =  ya'^.  fiy'^ ;  while 
the  old  arc  ml,  or  its  equal  ba  (31.),  represents  a/3~^ ; 

whence  the  arc  mMi,  which  has  its  pole  at  d,  and  is  numerically  equal  to  the 
whole  area  2  of  def  (because  mn  was  seen  to  be  equal  (50.)  to  half  that  area), 
represents  the  product  ya'^/Sy"^  a/3"\  or  -  (yajS)',  or  Qo-  The  formula 
LXXXVI.  has  therefore  been  interpreted,  and  may  be  said  to  have  been 
proved  anew,  by  these  simple  geometrical  considerations. 

(64.)  We  see,  at  the  same  time,  how  to  interpret  the  symbol, 

LXXXVIII. .  .  Qo  =  3:  /^  "  ; 
namely  as  denoting  a  versor,  of  which  the  axis  is  directed  to,  or  from,  the 

*  Compftre  the  Note  to  (54.). 

t  The  equation  970^  s  yofiS  is  not  valid  generally ;  but  we  have  here  8  s  ~  \yofi  ;  and  in  general, 

8  B  2 
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coiji^r  D  of  a  certain  auxiliary  spherical  triangle  def,  whereof  the  sides  respeo- 
tively  opposite  to  d,  e,  f,  are  bisected  (6.)  by  the  given  points  a,  b,  c,  according 
as  the  rotation  round  a  from  /3  to  y  is  negative  or  positive ;  and  of  which  the 
angle  represents,  or  is  numerically  equal  to,  the  area  2  of  that  auxiliary 
triangle,  at  least  if  we  still  suppose,  as  we  have  hitherto  for  simplicity  done 
(1.),  that  the  sides  of  the  given  triangle  abc  are  each  less  than  a  quadrant, 

298.  The  case  when  the  sides  of  the  given  triangle  are  all  greater ^  instead 
of  being  aU  lessy  than  quadrants,  may  deserve  next  to  be  (although  more 
briefly)  considered;  the  case  when  they  are  all  equal  to  quadrants^  being 
reserved  for  a  short  subsequent  Article :  and  other  cases  being  easily  referred 
to  these^  by  limits,  or  by  passing  from  a  given  line  to  its  opposite. 

(1.)  Supposing  now  that 

I.  .  .  /  <  0,    m<0,    n  <  0, 

or  that  II.  .  .  a  >  ^,    6  >  o,    ^  ^  o> 

we  may  still  retain  the  recent  equations  lY.  to  XI. ;  Xm. ;  and  XY.  to 
XXVI.,  of  297;  but  we  must  change  the  sign  of  the  radical,  r,  in  the  equations 
XII.  and  XIV.,  and  also  the  signs  of  the  versars,  US,  Uc,  XJ?  in  XII.,  if  we 
desire  that  the  sides  of  the  auxiliary  triangle,  def,  may  still  be  bisected  (as  in 
figures  67,  68)  by  the  comers  of  the  given  triangle,  abc,  of  which  the  sides 
a,  b,  c  are  now  each  greater  than  a  quadrant.  Thus,  r  being  still  the  common 
tensor  of  S,  c,  ^,  and  therefore  being  still  supposed  to  be  itself  >  0,  we  must 
write  now,  imder  these  neu?  conditions  I.  or  II.,  the  new  equations, 

III.  .  .0D  =  -U8  =  -r-»8;    oe  =  -  Uc  =  -  r^e;    of  = -US= -r»?; 
rV.  .  .  cos  a  =  -  r  cos  a\    cos  6  =  -  r  cos  6',    cos  c  =  -  r  cos  c\ 

(2.)  The  equations  IV.  and  Vlil.  of  297  still  holding  good,  we  may  now 

write, 

V.  .  .  ±  2r  cosa'  cos 6'  cose'  =  coso'*  +  cos 6'*  +  cose'*  -  1, 

according  as  we  adopt  positive  values  (297),  or  negative  values  (298),  for  the 
cosines  /,  m,  n  of  the  sides  of  the  bisecting  triangle ;  the  value  of  r  being  still 
supposed  to  be  positive. 

(3.)  It  is  not  diflScult  to  prove  (comp.  297,  LIV.,  LXIX.),  that 

VI.  .  .  r  »  ±  cos  ^2,    according  as    /  >  0,  &c.,    or    /  <  0,  &o. ; 

the  recent  formula  V.  may  therefore  be  written  unambiguously  as  follows : 

Vtl.  .  .  2  cosa'  oos6'  cosc^  oos^S  «  ooso'*  +  cosft'*  +  cose'*  -  1 ; 

and  the  formula  297,  LV.  continues  to  hold  good. 
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(4.)  In  like  manlier^  we  may  write,  without  an  ambiguous  sign  (oomp. 

297,  LI.)»  ^^®  following  expression  for  the  fourth  proportional  jiaT^y  to  three 

unit»i>ector8  a,  /3,  7,  the  rotation  round  the  first  from  the  second  to  the  third 

being  negative : 

VIII.  .  .  /3a'*7  «  sin  ^2  +  on .  00s  iS ; 

where  the  scalar  part  changes  sign,  when  the  rotation  is  reversed. 

(5.)  It  is,  however,  to  be  observed,  that  although  this  formula  VIII.  holds 
good,  not  only  in  the  cases  of  the  last  article  and  of  the  present,  but  also  in 
that  which  has  been  reserved  for  the  next,  namely  when  1  =  0,  &c. ;  yet 
because,  in  the  present  case  (298)  we  have  the  area  2  >  tt,  the  radius  on  is  no 
longer  the  (positive)  axis  US  of  the  fourth  proportional  ^ar^y ;  nor  is  iir  -  iS 
any  longer,  as  in  297,  L.,  the  (positive)  angle  of  that  versor.  On  the  contrary 
we  have  now,  for  this  axis  and  angle,  the  expressions : 

IX.  .  .  Ax ,  /3a"*y  =  DO  =  -  CD ;       X.  .  .  Z.  /Ba'^y  =  i  (S  -  tt). 

(6.)  To  illustrate  these  results  by  a  construction,  we  may  remark  that  if, 
in  fig.  67,  the  bisecting  arcs  bc,  ca,  ab  be  supposed  each  greater  than  a 
quadrant,  and  if  we  proceed  to  form  from  it  a  new  figure,  analogous  to  68, 
the  perpendicular  cq  will  also  exceed  a  quadrant,  and  the  poles  f  and  k  will 
fall  between  the  points  c  and  q  ;  also  m  and  r  will  fall  on  the  arcs  lq  and  ql^ 
prolonged :  and  although  the  arc  km,  or  the  angle  kdm,  or  l'dr,  or  bdp,  may 
still  be  considered,  as  in  297,  (34.),  to  rejjresent  the  versor  /3a~*y,  yet  the 
corresponding  rotation  round  the  point  jj  is  now  of  a  negative  chaxacter. 

(7.)  And  as  regards  the  quantity  of  this  rotation,  or  the  magnitude  of  the 
angle  at  n,  it  is  again,  as  in  fig.  68,  a  base-angle  of 
one  of  three  isosceles  triangles,   with   p  for   their  \A/i 
common  vertex;    but  we  have  now,  as  in  fig.  71,        ^F^-1^5  \j^^ 
a  new  arrangement,  in  virtue  of  which  this  angle  is  '' 

to  be  found  by  halving  what  remains,  when    the  ^' 

sum  of  the  supplements  of  the  angles  at  d  and  e,  in  the  triangle  def,  is 
subtracted ^ow  the  angle  at  p,  instead  of  our  subtracting  (as  in  297,  (36.) ) 
the  latter  angle  from  the  former  sum ;  it  is  therefore  now,  in  agreement  with 
the  recent  expression  X., 

XI.  .  .  L  /3a~*7  =  i  (d  +  B  +  p)  -  TT. 
(8.)  The  negative  of  the  conjugate  of  the  formula  VIII.  gives, 

XII.  .  .  ya'^jS  "  -  sin  ^2  •«-  OD  •  cos  ^2 ; 
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and  by  taking  the  negative  of  the  square  of  this  equation,  we  are  oonducted 
to  the  following : 

XIII.  .  .  -  -  3  =  -  (y^r'By  =  oosS  +  on.sinS; 

a  y   p 

a  result  which  had  only  been  proved  before  (oomp.  297,  (62.),  (64.) )  for  the 
case  2  <  TT ;  and  in  which  it  is  still  supposed  that  the  rotation  round  a  from 
/3  to  7  is  negative. 

(9.)  With  the  same  direction  of  rotation,  we  have  also  the  corrugate  or 
reciprocal  formula, 

XIV.  .  .^  ^  -  ="(^a-W)»  =  oosS-OD.BinS. 

(10.)  If  it  happened  that  only  one  side,  as  ab,  of  the  gii>en  triangle  abc, 
was  greater,  while  each  of  the  two  others  was  less  than  a  quadrant,  or  that 
we  had  /  >  0,  m>  0,  but  n  <  0 ;  and  if  we  wished  to  represent  the  fourth 
proportional  to  a,  /3,  y  by  means  of  the  foregoing  constructions :  we  should 
only  have  to  introduce  the  point  &  opposite  to  c,  or  to  change  y  to  7'  •»  -  y ; 
for  thus  the  new  triangle  abc^  would  have  each  side  greater  than  a  quadrant, 
and  so  would  fall  under  the  case  of  the  present  Article ;  after  employing  the 
construction  for  which,  we  should  only  have  to  change  the  resulting  versor  to 
its  negative. 

(11.)  And  in  like  manner,  if  we  had  /  and  m  negative,  but  n  positive,  we 
might  again  substitute  for  c  its  opposite  point  (/,  and  so  fall  back  on  the 
construction  of  Art.  297 :  and  similarly  in  other  cases. 

(12.)  In  general,  if  we  begin  with  the  equations  297,  XII.,  attributing 
any  arbitrary  (but  positive)  value  to  the  common  temor^  r,  of  the  three  co- 
initial  vectors  S,  c,  ?,  of  which  the  versor Sy  or  the  unit-vectors  US,  &c.,  termi- 
nate at  the  corners  of  a  given  or  assumed  triangle  def,  with  sides  =  2a\  2b\  2^, 
we  may  then  suppose  (comp.  fig.  67)  that  another  triangle  abc,  with  sides 
denoted  by  a,  6,  c,  and  with  their  cosines  denoted  by  /,  w,  n,  is  denved  from 
this  one,  by  the  condition  of  bisecting  its  sides ;  and  therefore  by  the  equations 
(oomp.  297,  LVin.), 

XV. .  .0A  =  a-U(€  +  ?),    0B  =  j3  =  TJ(2  +  8),    oc  =  y  =  U(S  +  €), 

with  the  relations  297,  FV.  V.  VI.,  as  before ;  or  by  these  other  equations 
(oomp.  297,  XIII;  XIV.), 

XVI.  ..€  +  ?  =  2racosa',     ?;  +  8  =  2r/3ooB6',     8  +  €  =  2f^QOBc\ 
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(13.)  When  this  simple  oonstruotion  is  adopted,  we  have  at  once  (oomp. 
297,  LX.),  by  merely  taking  acalara  of  products  of  vectors^  and  tdthout  any 
reference  to  areas  (compare  however  297,  LXIX.,  and  298,  VII.),  the 
equations, 

XYII.  ..  4  cos  a  cos  V  cos  c'  =  4  cos  b  cos  c'  cos  «'  =  4  cos  c  cos  a'  cos  V 

=  -  r-^S  (S  +  8)  (8  +  €)  -  &o.  =  1  +  cos  2a'  +  cos  26'+  cos  2c' ; 

• 

or  ___-._        cos  a  _  cos  6      cos  c      cos  a''  +  cos  6'*  +  cos  c''  - 1 

'  '  '  cos  fl'     cos  V     cos  cf  2  cos  a'  cos  V  cos  (f       * 

which  can  indeed  be  otherwise  deduced,  by  the  known  formulsB  of  spherical 
trigonometry. 

(14.)  We  see,  then,  that  according  as  the  sum  of  the  squares  of  the  cosines  of 
the  half-sideSy  of  a  given  or  assumed  spherical  triangle,  def,  is  greater  than  unity , 
or  equal  to  unity ,  or  less  than  unity ,  the  sides  of  the  inscribed  and  bisecting  tri- 
anglCy  abc,  are  together  less  than  quadrants,  or  together  equal  to  quadrants,  or 
together  greater  than  quadrants. 

(15.)  Conversely,  if  the  sides  of  a  given  splierical  triangle  abc  be  thus  all 
less,  or  all  greater  than  quadrants,  a  triangle  def,  but  only  one^  such  triangle, 
can  be  exscribed  to  it,  so  as  to  have  its  sides  bisected,  as  above :  the  simplest 
process  being  to  let  fall  a  perpendicular,  such  as  cq  in  fig.  68,  from  c  on  ab, 
&c. ;  and  then  to  draw  new  arcs,  through  c,  &c.,  perpendicular  to  these 
perpendiculars,  and  therefore  coinciding  in  position  with  the  sought  sides 

DE,   &C.,   of  DBF. 

(16.)  The  trigonometrical  results  of  recent  sub-articles,  especially  as  regards 
the  areaf  of  a  spherical  triangle,  are  probably  all  well  known,  as  certainly 
some  of  them  are ;  but  they  are  here  brought  forward  only  in  connexion  with 
quaternion  formuke ;  and  as  one  of  that  class,  which  is  not  irrelevant  to  the 
present  subject,  and  includes  the  formula  294,  LIII.,  the  following  may  be 
mentioned,  wherein  a,  j3,  y  denote  any  three  vectors,  but  the  order  of  the  factors 
is  important : 

XIX. . .  (a/37)*  =  2a'/3v  +  «'03r)'  +  /3'(a7)'  +  r'lo/^)'  -  40780/38/37.$ 

*  In  the  next  Articlei  we  shall  consider  ft  case  of  indeUrminatmeUj  or  of  the  ezistence  of  indefi- 
nitely many  ezBcribed  triangles  def  :  namely,  when  the  sides  of  abc  are  all  equal  to  quadrants. 

t  This  opportunity  may  be  taken  of  referring  to  an  interesting  Note,  to  pages  96,  97  of  Luby^s 
Trigonometry  (Dublin,  1852) ;  in  which  an  elegant  construction,  connected  with  the  area  of  a  spherical 
triangle,  is  acknowledged  as  having  been  mentioned  to  Dr.  Luby,  by  a  since  deceased  and  lamented 
friend,  the  Eev.  William  Digby  Sadleir,  F.T.C.D.  A  construction  nearly  the  same,  described  in  the 
sub-articles  to  297,  was  suggested  to  the  present  writer  by  quaternions,  several  years  ago. 

I  [Using  the  reUtion  Vo/SySajSy  =  o?Y^^fiy  +  y'VajSSaiS  +  Vya  (-  jS'sVo  +  28038/87),  this 
easily  follows  on  squaring  (V  +  8)  ojSy ;  or  multiply  XIX.  by  /8'  and  put  afi^r,  fiy=^p,  and  fi^ay  =  ry.] 
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(17.)  And  if,  as  in  297,  (1.),  &o.,  we  suppose  that  a,  /3,  y  are  three  unit- 
vectorSy  oa,  ob,  oc,  and  denote,  as  in  297,  (47.),  by  <t  the  area  of  the  triangle 
ABC,  the  principle  expressed  by  the  recent  formula  XIII.  may  be  stated  under 
this  apparently  different,  but  essentially  equivalent  form : 

w         a  +  By  +  aii+y 

XX.  .  .  75 — -  .  -^ — p: . '  «  oos <r  +  a sm cr : 

p+  y    a  +  /3    7  +  a 

which  admits  of  several  verifications. 

(18.)  We  may,  for  instance,  transform  it  as  follows  (oomp.  297,  LXVII.) : 

-(a  +  i3)(/3  +  7)(y  H-g)      ~  2g -f  2a(l  + /+ m  +  w) 
*  '  K{a-\-li){(i+y){y  +  o)  "  +  2«  +  2a(l  +  /  +  m  +  n) 

-     ,  1  +  a  tan  7:     cos  TT  +  o  sin  TT 

1  +  l^-m  +  n  +  ea  2  _        2  2 

1  -  a  tan  ^     cos  ^  -  o  sm  ^ 

=  f  cos ^  +  o  sin ^j  =  cos <T  +  a  sin <r,  as  above.* 

(19.)  This  seems  to  be  a  natural  place  for  observing  (comp.  (16.) ),  that  if 
^9  09  79  S  be  any  four  vedorsy  the  lately  cited  equation  294,  LIII.,  and  the 
square  of  the  equation  294,  XY.,  with  S  written  in  it  instead  of  /o,  conduct 
easily  to  the  following  very  general  and  symmetric  formula  : 

XXII.  . .  a'/3V8^  +  (S/3ySa8)'  +  (SyoS/SS)'  +  (Sa/3SyS)' 
+  2a»S/3'yS/3SS78  +  2/3'SyaS7SSa8  +  2y^^a^&al^^^  +  2^%a^^^^a 

-  2S7aSa/3Sj38S78  +  2Sa/3Sj37Sy8SaS  +  28/378708088^8 
+  /3  V  (8a8)»  +  7  V  (8/38)'  +  a»/3*  (878)' 

+  a*8*  (8/37)*  +  /3'8'  (87a)'  +  7^8»  (Sa/3)'.t 


•  [Since  TJ  (jS  +  7)  bisects  the  angle  between  ^  and  7, 

"  U  (a  +  3)  '         7         '  U  (7  +  o)       U  +  7  '  «  +  /3  *  7  +  a/ 

THIS  is  a  direct  transformation  from  297,  LXXVI.  to  XX.] 

t  [This  may  perhaps  be  more  rapidly  derived  by  operating  on  oa  +  *i3  +  ^  +  rfJ  ■  0  by 
Sa.,  Si3.,  87.,  and  S8.,  and  eliminating  a,  d,  <r,  and  (^  in  the  form  of  a  determinant  from  the  four 
results  of  operation.] 
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(20.)  If  then  we  take  any  spherical  quadrilateral  abcd,  and  write 

XXIII. . .  f  =  COS  AD  =  -  SXTaS,    mf  =  cob  bd  «  -  SU/38,    n'  =  cos  cd  «  -  SUyS, 

treating  a,  /B^  y  as  the  unit-yectorB  of  the  points  a,  b,  c,  and  /,  m,  n  as  the 
cosines  of  the  aros  bc,  ca,  ab,  as  in  297,  (1.),  we  have  the  equation, 

XXIV.  .  .  1  +  Pr»  +  mW»  +  n V»  +  2/w V  +  2mn7  +  intm'  +  2/iwn 

=  2wwm'«'+  2nlWf  +  2lmFm^  +  P+  w'  +  n* 

which  can  be  confirmed  by  elementary  oonsiderations,*  but  is  here  given 
merely  as  an  interpretation  of  the  quaternion  formula  XXII. 

(21.)  In  squaring  the  lately  cited  equation  294,  XY.,  we  have  used  the 
two  following  formulse  of  transformation  (comp.  204,  XXII.,  and  210, 
XYIII.),  in  which  a,  /3,  y  may  be  ant/  three  vectors^  and  which  are  often  found 
to  be  useful : 

XXV.  . .  (Va/3)«  =  (Sa/3)«  -  a«0» ;     XXVI.  . .  S  (V/3y  .  Vya)  =  y'Bafi  -  BUySya. 

299.  The  ttpo  cases^  for  which  the  three  sides  a,  &,  c,  of  the  given  triangle 
ABC,  are  all  less^  or  all  greater^  than  quadrants^  having  been  considered  in  the 
two  foregoing  Articles,  with  a  reduction,  in  298,  (10.)  and  (11.),  of  certain 
other  cases  to  these,  it  only  remains  to  consider  that  third  principal  ctise^  for 
which  the  sides  of  that  given  triangle  are  all  equal  to  quadrants :  or  to  inquire 
what  is,  on  our  general  principles,  the  Fourth  Proportional  to  Three  Rectangular 
Vectors.  And  we  shall  find,  not  only  that  this  fourth  proportional  is  not  itself 
a  Vector  J  but  that  it  does  not  even  contain  any  vector  part  (292)  different  from 
zero :  although,  as  being  found  to  be  equal  to  a  Scalar^  it  is  still  included 
(131,  276)  in  the  general  conception  of  a  Quaternion. 

(1.)  In  fact,  if  we  suppose,  in  297,  (1.),  that 

I. . .  /=  0,  m  =  0,  n  =  0,    or  that    II. . .  a «  6  - c  » ^> 

or  III...  8/37  =  870  =  80^  =  0,    while    IV. . . Ta-T/3-T7- 1, 

the  formulae  297,  VII.  give, 

V...S  =  0,        €-0,        ?  =  0; 
but  these  are  the  vector  parts  of  the  three  pairs  of  fourth  proportionals  to  the 

*  A  formula  equiyalent  to  this  last  equation  of  teventeen  ierm$f  connectiiig  the  iix  eonnet  of  the 
arcs  which  join,  two  hj  two,  the  corners  of  a  spherical  quadrilateral  abcd,  is  given  at  page  407  of 
Gamot'B  GhnUtrU  dt  Fotition  (Paris,  1S03). 

Hamilton's  Eucmbnts  op  Quatvunion^.  3  ^ 
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three  rectangular  unit-lineSy  a,  /3,  7,  taken  in  all  possible  orders ;  and  the  same 
evanescence  of  vector  parts  must  evidently  take  plaoe,  if  the  three  given  lines  be 
only  at  right  angles  to  each  other,  without  being  equally  long. 

(2.)  Continuing,  however,  for  simplicity,  to  suppose  that  they  are  unit 
lines,  and  that  the  rotation  round  a  from  /3  to  y  is  negative,  as  before,  we 
see  that  we  have  now  r  ==0,  and  ^  »  1,  in  297,  (3.) ;  and  that  thus  the  «£r 
fourth  proportionals  reduce  themselves  to  their  scalar  parts,  namely  (here)  to 
positive  or  negative  unity.  In  this  manner  we  find,  under  the  supposed  oon« 
ditions,  the  values : 

VI. . .  /3a-^y  =  y/3-*a  =  aY-*0  =  +  l;         VF.  . .  y(r^/3  -  ajS^y^^y'^a  =-  1. 

(3.)  For  example  (oomp.  295)  we  have,  by  the  laws  (182)  of  *,  j\  A,  the 
values, 

VIL  . .  ir^k^jk-H^U'^j'-^^l ;        VIF. . .  /rH^ik-'j^ji-'k  =  -  1. 

In  fact,  the  tivo  fourth  proportionals^  ^j-^k  and  kj'H^  are  respectively  equal  to 
the  ttco  ternary  products^  -  ijk  and  -  kji^  and  therefore  to  +  1  and  -  1,  by  the 
laws  included  in  the  Fundamental  Formula  A  (183). 

(4.)  To  connect  this  important  result  with  the  constrmtions  of  the  two  last 
Articles,  we  may  observe  that  when  we  seek,  on  the  general  plan  of  298,  (15.), 
to  exscribe  a  spherical  triangle^  def,  to  a  given  tri^quadrantal  (or  tri'rectangular) 
triangle,  abc,  as  for  instance  to  the  triangle  ijk  (or  jik)  of  181,  in  such  a 
manner  that  the  sides  of  the  new  triangle  shall  be  bisected  by  the  corners  of  the 
old^  the  problem  is  found  to  admit  of  indefinitely  many  solutions.  Any  paint  p 
may  be  assumed,  in  the  interior  of  the  given  triangle  abc  ;  and  then,  if  its 
reflexions  n,  £,  f  be  taken,  with  respect  to  the  three  sides,  a,  b,  c,  so  that 
(comp.  fig.  72)  the  arcs  pd,  pb,  pf  are  petpendicularly 
bisected  by  those  three  sides,  the  three  other  arcs  bf, 
FD,  bb  will  be  bisected  by  the  points  a,  b,  c,  as  re- 
quired :  because  the  arcs  ab,  af  have  each  the  same 
length  as  ap,  and  the  angles  subtended  at  a  by  pb  and 
PF  are  together  equal  to  two  right  angles,  &c. 

(5.)  The  positions  of  the  auxiliary  points,  n,  b,  f, 
are  therefore,  in  the  present  case,  indeterminate,  or  variable ;  but  the  sum  of 
the  angles  at  those  three  points  is  constant,  and  equal  to  four  right  angles ; 
because,  by  the  six  isosceles  triangles  on  pd,  pb,  pf  as  bases,  that  sum  of  the 
three  angles  d,  e,  f  is  equal  to  the  sum  of  the  angles  subtended  by  the  sides 
of  the  given  triangle  abc,  at  the  assumed  interior  point  p.     The  spherical 
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excess  of  the  triangle  dbf  is  therefore  equal  to  ttco  right  angles^  and  its  area 
2  »  IT ;  as  may  he  otherwise  seen  from  the  same  figure  72,  and  might  have 
been  inferred  from  the  formula  297,  LV.,  or  LVI. 

(6.)  The  radiiM  on,  in  the  formula  297,  XLVII.,  for  the  fourth  propor- 
tional /3a-^y,  beoomes  therefore,  in  the  present  case,  indeterminate ;  but  because 
the  angle  l^dr,  or  ^(fr  -  S),  in  the  same  equation,  vaniahesy  the  formula 
beoomes  simply  /3a''7  =  1,  as  in  the  reoent  equations  YI. ;  and  similarly  in 
other  examples,  of  the  class  here  considered. 

(7.)  The  conclusion,  that  the  Fourth  Proportional  to  Three  Rectangular 
Lines  is  a  Scalar ^  may  in  several  other  ways  be  deduced,  from  the  prinoipleB 
of  the  present  Book.    For  example,  with  the  recent  suppositions,  we  may 

Vin.  .  . /3a-*  «  -  y,     7/3-*  = -a,     aY^^'^\ 
Vlir.  .  .  7a-*  =  + /3,     a/3-»  =  +  7,     /Jy-*  =  +  a; 

the  three  fourth  proportionals  YI.  are  therefore  equal,  respectively,  to  -  7*, 
-  o',  -  /3*,  and  consequently  to  + 1 ;  while  the  corresponding  expressions  VF. 
are  equal  to  +  /3*,  +  7',  +  a',  and  therefore  to  - 1. 

(8.)  Or  (comp.  (3.) )  we  may  write  generally  the  transformation  (comp. 
282,  XXI.), 

IX.  .  .  /3a-*7  =  a\ /3a7,     if     a"»  =  1  :  a', 

in  which  the  factor  a"'  is  always  a  scalar ,  whatever  vector  a  may  be ;  while 
the  f>ector  part  of  the  ternary  product  ^ay  vanishes^  by  294,  III.,  when  the 
recent  conditions  of  rectaugularity  III.  are  satisfied. 

(9.)  Conversely,  this  ternary  product  ^ay^  and  this  fourth  proportional 
/3a-*7,  can  never  reduce  themselves  to  scalars^  unless  tJ^  three  vectors  a,  j3,  7 
(supposed  to  be  all  actual  (Art.  1) )  are  perpendicular  each  to  each. 


SECTION  8. 

On  an  eqnlTaleni  Inierpretatton  of  tbe  Foiirtli  Proportional  to 
Tbree  Diplanar  "Vectors,  deduced  from  tbe  Principles  of  tbe 
Second  Book. 

300.  In  the  foregoing  section,  we  naturally  employed  the  results  of  pre- 
ceding sections  of  the  present  Book,  to  assist  ourselves  in  attaching  a  definite 
signification  to  the  Fourth  Proportional  (297)  to  Three  Diplanar  Vectors ; 
and  thus,  in  order  to  interpret  the  symbol  /3a~*y,  we  availed  ourselves  of  the 
interpretations  j!>r^ru>tM/y  obtained,  in  this  Third  Book,  of  ar^  as  a  line^  and  of 

3c  3 
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aj3,  a/3y  as  quatemums.  But  it  may  be  interesting,  and  not  uninstruotive,  to 
inquire  how  the  equivalent  apmbol, 

might  have  been  interpreted^  on  the  principles  of  the  Second  Book^  without  at  first 

assuming  as  known,  or  even  seeking  to  discover,  any  interpretation  of  the  three 

lately  mentioned  symbols, 

II.  .  .  a"^     a/3,     a/3y. 

It  will  be  found  that  the  inquiry  conducts  to  an  expression  of  the  form, 

III.  .  .  (j3  :  a)  .  y  =  8  +  ew ; 

where  i  is  the  aatne  vector^  and  e  is  the  same  scalar ^  as  in  the  recent  sub-articles 
to  297 ;  while  u  is  employed  as  a  temporary  symbol,  to  denote  a  certain  Fourth 
Proportional  to  Three  Rectangular  Unit  LineSy  namely,  to  the  three  lines  oq, 
OL^,  and  OP  in  fig.  68  ;*  so  that,  with  reference  to  the  construction  represented 
by  that  figure,  we  should  be  led,  by  the  principles  of  the  Second  Book,  to 
write  the  equation : 

IV.  .  .  (oB  :  oa)  .  oc  =  on .  cos  is  +  (ol'  :  oo)  •  op  .  sin  ^S. 

And  when  we  proceed  to  consider  what  signification  should  be  attached,  on 
the  principles  of  the  same  Second  Book,  to  that  particular  fourth  proportional^ 
which  is  here  the  coefficient  of  sin  ^2,  and  has  been  provisionally  denoted  by  u, 
we  find  that  although  it  may  be  regarded  as  being  in  one  sense  a  Lim^  or  at 
least  homogeneous  with  a  line,  yet  it  must  not  be  equated  to  any  Vector :  being 
rather  analogous,  in  Geometry^  to  the  Scalar  Unit  of  Algebra,  so  that  it  may  be 
naturally  and  conveniently  denoted  by  the  usual  symbol  1,  or  +  1,  or  be  equated 
to  Positive  Unity,  But  when  we  thus  write  2/  =  1,  the  last  term  of  the  formula 
III.  or  IV.,  of  the  present  Article,  becomes  simply  e,  or  sin  JS ;  and  while 
this  term  {or  part)  of  the  result  comes  to  be  considered  as  a  species  of  Oeomc" 
trical  Scalar,  the  complete  JEapression  for  the  General  Fourth  Proportional  to 
Three  Diplanar  Vectors  takes  the  Form  of  a  Geometrical  Quaternion:  and  thus 
the  formula  297,  XLVII.,  or  298,  VIII.,  is  reproduced,  at  least  if  we  substitute 
in  it,  for  the  present,  {fi:a).y  for  jSa'^y,  to  avoid  the  necessity  of  interpreting 
here  the  recent  symbols  II. 

*  [*<In  the  abstract  published  in  the  Proceedings  (Boyal  Irish  Academy,  Noremher  11th,  1844), 
the  words  <  South,  West,  Up '  were  used  at  first,  instead  of  the  symbols  i ,  j,  k  ;  and  the  sought  fourth 
proportional  to  jik^  which  is  here  denoted  by  «,  was  called  provisionally,  *  Forward.*  " — Preface  to 
Lectures,  p.  (54).] 


} 
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(1.)  The  oonstruotion  of  fig.  68  being  retained,  but  no  principles  peculiar 
to  the  Third  Book  being  employed,  we  may  write,  with  the  same  significa- 
tions of  c,  Pj  &c.,  as  before, 

V,  • .  OB  :  OA  -  OR  :  OQ  e  cose  +  (ol'  :  oq)  sine ; 
VI.  .  .  00  »  OQ .  cosp  +  OP .  sinjt?. 

(2.)  Admitting  then,  as  is  natural,  for  the  purposes  of  the  sought  inter- 
pretation j  that  distributive  property  which  has  been  proved  (212)  to  hold  good 
for  the  multiplication  of  quaternions  (as  it  does  for  multiplication  in  algebra) ; 
and  writing  for  abridgment, 

VII.  .  .  w  «  (ol'  ;  oq)  .  OP ; 

we  have  the  quadnnotnial  expression : 

VIII.  .  .  (oB  :  oa)  .  oc  =  ol'.  sin  c  oosp  +  oo .  cos  e  cos|> 

+  OP .  cos  c  Binp  +  t* .  sin  c  sin  j? ; 

in  which  it  may  be  observed  that  the  sum  of  the  squares  of  the  four  coefficients 
of  the  three  rectangular  unit^vectors^  oo,  ol'',  op,  and  of  their  fourth  proportional^ 
Uf  is  equal  to  unity. 

(3.)  But  the  coefficient  of  this  fourth  propoi'tional,  which  may  be  regarded 
as  a  species  oi  fourth  unit,  is 

IX. . .  sin  e  sin^  =  sin  mn  =  sin  ^2  =  e ; 

we  must  therefore  expect  to  find  that  the  three  other  coefficients  in  VIII., 
when  divided  by  cos  ^2,  or  by  r,  give  quotients  which  are  the  cosines  of  the 
arcual  distances  of  some  point  x  upon  the  unit-sphere,  from  the  three  points 
ify  Q,  p ;  or  that  a  point  x  can  be  assigned,  for  which 

X. . .  sin  c  cos^  =  r  cos  l'x  ;    cos  c  oosp  =  r  cos  ox ;    cos  c  sin  jt?  =  r  cos  px. 

(4.)  Accordingly  it  is  found  that  these  three  last  equations  are  satisfied, 
when  we  substitute  d  f or  x ;  and  therefore  that  we  have  the  transformation, 

XI. . .  ol'.  sin  c  eosp  +  oo .  cos  c  oosp  +  op  .  cos  c  sin  p  =  on .  cos  JS  =  8, 

whence  follow  the  equations  IV.  and  III. ;  and  it  only  remains  to  study  and 
interpret  iiie  fourth  unity  Uy  which  enters  as  a  factor  into  the  remaining  part 
of  the  quadrinomial  expression  VIII.,  without  employing  any  principles  except 
those  of  the  Second  Book :  and  therefore  ivithout  using  the  Interpretations  278, 
284,  of  ^a,  &c. 
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301.  In  general,  when  two  sets  of  three  veotors,  a,  j3,  y,  and  a\  jS',  7^  are 
oonneoted  hy  the  relation, 

I      ^X-I^i     or    II      &l  =  i3: 

a    y    p  a    y       a 

it  is  natural  to  write  this  other  equation, 

m.. .£,.!'/; 

a  a 

and  to  say  that  these  iwo  fourth  proportionals  (297),  to  a,  j3,  7,  aud  to  a\  /3',  y', 
are  equal  to  each  other :  whatever  the  full  signification  of  each  of  these  two  last 
symbols  III.,  supposed  for  the  moment  to  he  not  yet  fully  known^  may  be  after- 
wards found  to  be.  In  short,  we  may  propose  to  make  it  a  condition  of  the 
sought  Interpretation^  on  the  principles  of  the  Second  Book,  of  the  phrasCy 

" Fourth  Proportional  to  three  Vectors" 

and  of  either  of  the  two  equivalent  Symbols  300, 1.,  that  the  recent  Equation 
III.  shall /o//oer  from  I.  or  II. ;  just  as,  at  the  commencement  of  that  Second 
Book,  and  before  concluding  (112)  that  the  general  Geometric  Quotient  /3  :  a 
of  any  two  lines  in  space  is  a  Quaternion,  we  made  it  a  condition  (103)  of  the 
interpretation  of  such  a  quotient,  that  the  equation  (/3  :  a) .  a  =  j3  should  be 
satisfied. 

302.  There  are  however  ttvo  tests  (comp.  287),  to  which  the  recent  equa- 
tion III.  must  be  submitted,  before  its  final  adoption ;  in  order  that  we  may 
be  sure  of  its  consistency,  Ist,  with  the  previous  interpretation  (226)  of  a  Fourth 
Proportional  to  Three  Complanar  Vectors,  as  a  Line  in  their  common  plane ; 
and  Ilnd,  with  the  general  principle  of  all  mathematical  language  (105),  that 
things  equal  to  the  same  thing,  are  to  be  considered  as  equal  to  each  other. 
And  it  is  found,  on  trial,  that  both  these  tests  are  borne :  so  that  they  form  no 
objection  to  our  adopting  the  equation  301,  III.,  as  true  by  definition,  whenever 
the  preceding  equation  II.,  or  I.,  is  satisfied. 

(1.)  It  may  happen  that  the  first  member  of  that  equation  III.  is  equal  to 
a  line  S,  as  in  226 ;  namely,  when  a,  /3,  7  are  complanar.  In  this  case,  we 
have  by  II.  the  equation, 

IV.. .4  =  -^  =  ^',     or     lV'...^/=8  =  ^y; 

777a  a  a 

SO  that  a,  fy,  y  are  also  complanar  (among  themselves),  and  the  Line  8  is 
their  fourth  proportional  likewise :  and  the  equation  III.  is  satisfied,  both 
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members  being  %ymhoh  far  one  common  line^  S,  which  is  in  general  situated  in 
the  intersection  of  the  two  planesy  a/By  and  afi^y' ;  although  those  planes  may 
happen  to  coincide^  without  disturbing  the  truth  of  the  equation. 

(2.)  Again,  for  the  more  general  ease  of  diplanarity  of  a,  )3,  y,  we  may 
oonoeive  that  the  equation*  II.  co-exists  with  this  other  of  the  same  form, 

V. . .  -  "77  =  ^ ;     which  gives    VI. . .  -  y  =  ^  y' , 

a  y        a  a  a 

if  the  definition  301  be  adopted.  If  then  that  definition  be  consistent  with 
general  principles  of  equality,  we  ought  to  find,  by  III.  and  YI.,  that  this 
third  equation  between  two  fourth  proportionals  holds  good : 

YLl...^V^Ky'\    orthat    VIII. .  .^'  ^  =  C, 

a  a  a     y        a 

when  the  equations  II.  and  V.  are  satisfied.  And  accordingly,  those  two 
equations  give,  by  the  general  principles  of  the  Second  Book,  respecting 
quaternions  considered  as  quotients  of  vectors,  the  transformation, 

TT  ^  =  -  -/.•^  =  -  -^  =  Sr,  as  required. 

ay        ayy         ay        a 

303.  It  is  then  permitted  to  interpret  the  equation  301,  III.,  on  the  prin- 
ciples of  the  Second  Book,  as  being  simply  a  transformation  (as  it  is  in 
algebra)  of  the  immediately  preceding  equation  II.,  or  I. ;  and  therefore  to 
write,  generally, 

l...qy  =  q'y\    if    11. . .  ?(y :  y')  =  j'; 

where  y,  y'  are  ant/  two  vectors,  and  q,  /  are  anp  two  quaternions,  which  satisfy 
this  last  condition.  Now,  if  d  and  t/  be  any  two  right  quaternions^  we  have 
(by  193,  comp.  283)  the  equation, 

III. . .  If? :  It?'  =  I? :  t?'  =  t>f/'^ ; 
or 

IV. . .  er>  (It? :  It?')  =  t/*^ ;    whence    V. . .  trK  It?  =  i/-\  It/, 

by  the  principle  which  has  just  been  enunciated.  It  follows,  then,  that  '*  if 
a  right  Line  (It?)  be  multiplied  by  the  Reciprocal  (t?"^)  of  the  Right  Quaternion  (t?), 
of  which  it  is  the  Index,  the  Product  (t?"*It?)  is  independent  of  the  Length,  and  of 

*  In  this  and  other  cases  of  reference,  the  numeral  cited  is  always  supposed  to  he  the  one  which 
(with  the  same  number)  has  last  occurred  before,  although  perhaps  it  may  have  been  in  conaezion 
with  a  shortly  precediag  Artide.    Compare  217,  (1.)- 
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the  Direction^  of  the  Line  thm  operated  on  " ;  or,  in  other  words,  that  this  PrO' 
duct  has  one  common  ValuCy  for  all  possible  Lines  (a)  in  Space:  which  common 
or  oonstant  value  may  be  regarded  as  a  kind  of  new  Oeomett^ical  Unity  and 
is  equal  to  what  we  have  lately  denoted,  in  300,  III.,  and  VII.,  by  the 
temporary  symbol  u ;  because,  in  the  last  cited  formula,  the  line  op  is  the 
index  of  the  right  quotient  oq  :  0L^  Eetaining,  then,  for  the  moment,  this 
st/mboly  Uy  we  have,  for  evert/  line  a  in  spacCy  considered  as  the  index  of  a  right 
quatemiony  Vy  the /otir  equations: 

VI. .  •  tr^a  =  u ;         VII. .  .a  =  vu'y         VIII. . .  v  =  a  :  m  ; 

IX. . .  t?'*  =  tt  :  a ; 

in  which  it  is  understood  that  a  =  IVy  and  the  three  last  are  here  regarded  as 
being  merely  transformations  of  the  first,  which  is  deduced  and  interpreted  as 
above.  And  hence  it  is  easy  to  infer,  that  for  any  given  system  of  three  rect- 
angular lines  a,  /3,  7,  we  have  the  general  expression  : 

X. . .  (j3  :  a) .  7  =  iPW,    if    a  ±  /3,  j3  ±  7,  7  ±  a ; 

where  the  scalar  co-effidenty  Xy  of  the  new  unity  ti,  is  determined  by  the  equation, 

XL  ..ic  =  ±(T)3:Ta).T7,    according  as    XII. . .  U7  =  ±  Ax.(a  :/3). 

This  coefficient  x  is  therefore  always  equaly  in  magnitude  (or  absolute  quantity)^ 
to  the  fourth  proportional  to  the  lengths  of  the  three  given  lines  0)87 ;  but  it  is 
positively  or  negatively  takeny  according  as  the  rotation  round  the  third  line  7, 
from  the  second  line  )3,  to  the  first  line  a,  is  itself  positive  or  negative :  or  in 
other  words,  according  as  the  rotation  round  the  first  line, /ro/n  the  second  to 
the  thirdy  is  on  the  contrary  negative  or  positive  (compare  294,  (3) ). 

(1.)  In  illustration  of  the  constancy  of  that  fourth  proportional  which  has 
been,  for  the  present,  denoted  by  Uy  while  the  system  of  the  three  rectangular 
unit-lines  from  which  it  is  conceived  to  be  derived  is  in  any  manner  turned 
abouty  we  may  observe  that  the  three  equations,  or  proportions, 

XTTI.  ..w:7  =  j3:a;     7:a  =  a:-7;    /3*-7  =  7'/3> 
conduct  immediately  to  this  fourth  equation  of  the  same  kind, 

XrV. . .  «i :  a  =  7  :  j3,    or*     ti  =  (7  :  /3) .  a ; 
if  we  admit  that  this  new  quantity,  or  symbol,  Uy  is  to  be  operated  on  at  allf 

*  In  equations  of  this  fonn,  tlie  parentheses  may  be  omitted,  though  for  greater  cleamasa  they 
are  hero  retained. 
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or  oombined  with  other  Bymbola,  aooordin;;^  to  the  general  rales  of  vectors  and 
quaternions. 

(2.)  It  is,  then,  permitted  to  change  the  three  letters  a,  j3,  y,  by  a  cyclical 
permutation^  to  the  three  other  letters,  j3,  7,  a  (considered  again  as  represent- 
ing uml'lines),  without  altering  the  mltM  of  the  fourth  proportionaly  u;  or  in 
other  words,  it  is  allowed  to  make  the  eystem  of  the  three  rectangular  lines 
revohCy  through  the  third  part  of  four  right  angles^  round  the  interior  and  oo^ 
initial  diagonal  of  the  unit-cubey  of  which  they  are  three  co-initial  edges, 

(3.)  And  it  is  still  more  evident,  that  no  such  change  of  value  will  take 
place,  if  we  merely  cause  the  system  of  the  two  first  lines  to  revolve,  through 
any  angle,  in  its  own  plane,  round  the  third  line  as  an  axis ;  since  thus  we  shall 
merely  substitute,  for  the  factor  /3  :  a,  another  factor  equal  thereto.  But  by 
combining  these  two  last  modes  of  rotation,  we  can  represent  any  rotation  what- 
every  round  an  origin  supposed  to  be  fixed. 

(4.)  And  as  regards  the  scalar  ratio  of  any  one  fourth  proportional,  such 
as  )3' :  a. y\  to  any  other,  of  the  kind  here  considered,  such  as  /3  :  a . 7, or  u,  it 
is  sufficient  to  suggest  that,  without  any  real  change  in  the  former,  we  are 
allowed  to  suppose  it  to  be  so  prepared,  that  we  shall  have 

X  being  some  scalar  coefficient,  and  representing  the  ratio  required. 

304.  In  the  more  general  case,  when  the  three  given  lines  are  not  rect- 
angular, nor  unit-lines,  we  may  on  similar  principles  determine  their  fourth 
proportional,  without  referring  to  fig.  68  [p.  360],  as  follows.  Without  any 
real  loss  of  generality,  we  may  suppose  that  the  planes  of  a,  j3  and  a,  y  are 
perpendicular  to  each  other ;  since  this  comes  merely  to  substituting,  if  neces- 
sary, for  the  quotient  /3  :  a,  another  quotient  equal  thereto.     Having  thus 

I...Ax.(/3:a)±Ax.(7:a),    let    11. .  ./3  =  i3'  + j3",  7  = /  +  y', 

where  j3'  and  7'  are  parallel  to  a,  but  |3''  and  7"  are  perpendicular  to  it,  and 
to  each  other ;  so  that,  by  203, 1,  and  II.,  we  shall  have  the  expressions. 


IIL../3'=S2.a,      7'=S3^.a, 


and  IV.../3''  =  V^.a,     V'^Y'^.a. 

a  a 

Hamilton's  Elbmbnts  of  Quaternions,  3  D 
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We  may  then  deduce,  by  the  dietributive  principle  (300,  (2.) ),  the  tranfor- 
mationB, 

v...a.,.(ff.q(y./-, 

a  \  a         a  / 


'—'V+' — y   +  —  -v  +  — 


a  a  a  a 


where 

VI...8  =  j3S5:  +  /'S^  =  7S^  +  0"S5^,    and    YIL..xu  =  ^ 


y  • 

a  a 


The  latter  part,  xu,  is  what  we  have  called  (300)  tlie  (geometrically)  scalar 
party  of  the  sought  fourth  proportional ;  while  the  former  part  8  may  (still) 
be  called  its  vector  part :  and  we  see  that  this  part  is  represented  by  a  line^ 
which  is  at  once  in  the  two  planes,  of  j3,  7'',  and  of  7,  )3'' ;  or  in  two  planes 
.  which  may  be  generally  constructed  as  follows,  tciihout  now  assuming  that  the 
planes  a/3  and  ay  are  rectangulary  as  in  I.  Let  y  be  the  projection  of  the 
line  7  on  the  plane  of  a,  /3,  and  operate  on  this  projection  by  the  quotient 
j3  :  a  as  a  multiplier ;  the  plane  which  is  drawn  through  the  line  |3  :  a .  7'  so 
obtained,  at  right  angles  to  the  plane  aj3,  is  one  locus  for  the  sought  line  S : 
and  the  plane  through  7,  which  is  perpendicular  to  the  plane  77',  is  another 
locus  for  that  line.  And  as  regards  the  length  of  this  line,  or  vector  part  8, 
and  the  magnitude  (or  quantity)  of  the  scalar  part  xu,  it  is  easy  to  prove  that 

VIII. . .  T8  =  1^  cos  «,         and        IX. . .  a?  =  ±  ^  sin  «, 
where 

X. . .  ^  =  T/3  :  Ta .  T7,    and    XI. . .  sin  «  =  sin  c  sinjp, 

if  c  denote  the  angle  between  the  two  given  lines  a,  /3,  and^  the  inclination 
of  the  third  given  line  7  to  their  plane :  the  sign  of  the  scalar  coefficietit,  a?, 
being  positive  or  Jiegative,  according  as  the  rotation  round  a  from  j3  to  7  is 
negative  or  positive. 

(1.)  Comparing  the  recent  construction  with  fig.  68,  we  see  that  when  the 
condition  I.  is  satisfied,  the  four  unit-lines  U7,  Ua,  U/3,  TJ8  take  the  direc- 
tions of  the  four  radii  oc,  oq,  or,  on,  which  terminate  at  the  four  corners  of 
what  may  be  called  a  tri-reclangular  quadrilateral  cqrd  on  the  sphere. 

(2.)  It  may  be  remarked  that  the  area  of  this  quadrilateral  is  exactly  equal 
to  Aa^the  area  S  of  the  triangle  def;  which  may  be  inferred,  either  from 
the  circumstance  that  its  spherical  excess  {oxev/our  right  angles)  is  constructed 
by  the  angle  mdk  ;  or  from  the  triangles  ubr  and  eas  being  together  equal 


i 

4 
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to  the  triangle  abf,  so  that  the  area  of  desk  is  2,  and  therefore  that  of  cqkd 
is  ^2,  as  before. 

(3.)  The  two  sides  cq,  qr  of  this  quadrilateral,  which  are  remote  from  the 
obtuse  angle  at  d,  being  still  called  p  and  c,  and  the  side  cd  which  is  opposite 
to  c  being  still  denoted  by  c\  let  the  side  dr  which  is  opposite  to  p  be  now 
called  />' ;  also  let  the  diagonah  or,  qd  be  denoted  by  d  and  d' ;  and  let  s 
denote  the  spherical  excess  (cdr  -  Jtt),  or  the  area  of  the  quadrilateral.  We 
shall  then  have  the  relations, 

/cos  d  =  cos^  cos  c\    cos  tf  =  cos  j9  cos  c' ; 
XIL  . .  -j  tan  <f=^Qosp  tan  c ;    tan/>'=  cos  c  tan^ ; 

,cos  s  =  cos^  secy  =  cose  sec <f  «  cos rf  sec cT ; 

of  which  some  have  virtually  occurred  before,  and  all  are  easily  proved  by 
right-angled  triangles,  arcs  being  when  necessary  prolonged. 

(4.)  If  we  take  now  two  points,  a  and  b,  on  the  side  qr,  which  satisfy  the 
aroual  equation  (comp.  297,  XL.,  and  fig.  68), 

XIII.  .  .  n  AB  =  n  QR  ; 

and  if  we  then  join  ac,  and  let  fall  on  this  new  arc  the  perpendiculars  bb', 
dd'  ;  it  is  easy  to  prove  that  the  projection  b'd'  of  the  side  bd  on  the  arc  ac  is 
equal  to  that  arc,  and  that  the  angle  dbb'  is  right :  so  that  we  have  the  two 
new  equations, 

XIV. . .  A  bV  =  a  AC ;    XV. . .  dbb'  =  ^ ; 

and  the  new  quadrilateral  bb'd'd  is  also  tri-rectangular. 

(5.)  Hence  the  point  d  may  be  derived  from  the  three  points  abc,  by  any  two 
of  the  four  following  conditions :  1st,  the  equality  XIII.  of  the  arcs  ab,  qr  ; 
Ilnd,  the  corresponding  equality  XIV.  of  the  arcs  ac,  bV;  Ilird,  the 
tri-rectangular  character  of  the  quadrilateral  uqrd  ;  IVth,  the  corresponding 
character  of  bb'd'd. 

(6.)  In  other  words,  this  derived  point  d  is  the  common  intersection  of  the 
four  perpendiculars^  to  the  four  arcs  ab,  ac,  cq,  bb',  erected  at  the  four  points 
R,  d',  c,  b  ;  CQ,  bb'  being  still  the  perpendiculars  from  c  and  b,  on  ab  and  ac  ; 
and  R  and  d'  being  deduced  from  q  and  b',  by  equal  arcs,  as  above. 

305.  These  consequences  of  the  construction  employed  in  297,  &o.,  are 
here  mentioned  merely  in  connexion  with  that  theory  oi  fourth  proportionals 
to  vectors^  which  they  have  thus  served  to  illustrate ;  but  they  are  perhaps 

5D2 
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numerous  and  interesting  enough,  to  justify  us  in  suggesting  the  namef 
"  Spherical  Parallelogram,***  for  the  quadrilateral  cabd,  or  bacd,  in  fig.  68 
(or  67),  p.  360 ;  and  in  proposing  to  say  that  d  is  the  Fourth  Pointy  which 
completes  such  a  parallelogram,  when  the  three  points  c,  a,  b,  or  b,  a,  c,  are 
given  upon  the  sphere,  as  first,  second,  and  third.  It  must  however  be  care- 
fully observed,  that  the  analogy  to  the  plane  is  here  thus  far  imperfect,  that  in 
the  general  case,  when  the  three  given  points  are  not  co^arcual,  but  on  the  con- 
trary are  corners  of  a  spherical  triangle  abc,  then  if  we  take  c,  d,  b,  or  b,  d,  c, 
for  the  three  first  points  of  a  new  spherical  parallelogram,  of  the  kind  here  con- 
sidered, the  new  fourth  point,  say  Ai,  will  not  coincide  with  the  old  second  point 
A ;  although  it  will  very  nearly  do  so,  if  the  sides  of  the  triangle  abc  be  small: 
the  deviation  aAi  being  in  fact  found  to  be  small  of  the  third  order,  if  those 
sides  of  the  given  triangle  be  supposed  to  be  small  of  ^h^  first  order;  and 
being  always  directed  towards  the  foot  of  the  perpendicular,  let  fall  from  a 
on  BC. 

(1.)  To  investigate  the  law  of  this  deviation,  let  j3,  y  be  still  any  two  given 
unit-vectors,  ob,  oc,  making  with  each  other  an  angle  equal  to  a,  of  which 
the  cosine  is  /;  and  let  p  or  op  be  any  third  vector.     Then,  if  we  write, 

I.  .  .  Pi  =  0(/))  =  iNp .  f-  7  +  -jS j,    OQ  =  Up,    OQi  =  TJpi, 

the  new  or  derived  vector,  0p  or  pi,  or  oPi,  will  be  the  common  vector  part  of 
the  two  fourth  proportionals,  to  p,  /3,  7,  and  to  p,  7,  )3,  multiplied  by  the  square 
of  the  length  of  p\  and  bqcqi  will  be  what  we  have  lately  called  a  spherical 
parallelogram.     We  shall  also  have  the  transformation  (compare  297,  (2.) ), 

IL..p,  =  0p-/38^+7S^-p8l; 

and  the  distributive  symbol  of  operation  0  will  be  such  that 

III. . .  0p  111 /3,  7,    and    0V  =  P.    if    Plllft7;t 
but 

IV. . .  ^/>  =  - /p,    if    p  II  Ax .  (-y : /3). 

(2.)  This  being  understood,  let 

T...p=V  +  p";    «p'-p'»;    p'lll/3,7;    p"||Ax.(y:/3); 

*  By  the  same  analogy,  the  quadrilateral  cqhd,  in  fig.  68,  may  be  called  a  Spherical  Rectangle. 
t  [In  fact  ^iS  =  7  and  <^>  =  fi.    So  ^  (yi3  + 17)  «  «i3  +  y^.] 
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so  that  p\  or  op',  is  the  projection  of  /o  on  the  plane  of  jSy ;  and  p",  or  op",  is 
the  part  (or  component)  of  /»,  which  is  perpendicular  to  that  plane.  Then 
we  shall  have  an  indefinite  %eirie%  of  derived  rectors,  pi,  p^,  pz,  ,  .  .  or  rather 
two  such  series,  succeeding  each  other  altematehjy  as  follows : 

ipi  =  <t>p^  p\  -  ¥' ;     Pa  =  *V  =  />'  +  ^V" ; 
(/>3  =  *>  =  pi  -  ^ V ;    it>4  =  0 V  =  f)'  +  ^V" ;  &c. ; 

the  ^«ro  6*m^«  of  derived  points,  Pi,  Pa,  P3,  P4,  .  .  .  being  thus  ranged,  altemately, 
on  the  two  perpendiculars,  pp'  and  Pip'i,  which  are  let  fall  from  the  points  p 
and  Pi,  on  the  given  plane  boc  ;  and  the  intervals,  PP2,  PiPj,  PaP^, . .  .  forming  a 
geofnetrical progression,  in  which  each  is  equal  to  the  one  before  it,  multiplied 
by  the  constant  factor  -  /,  or  hj  the  negative  of  the  cosine  of  the  given  angle  boc. 
(3.)  If  then  this  angle  be  still  supposed  to  be  distinct  from  0  and  n,  and 
also  in  general  from  the  intermediate  value  Itt,  we  shall  have  the  two  limiting 
values, 

VII.  .  .  /Dan  =  p\      pzn+i  =  />'ij      if      n  =  00  ; 

or  in  words,  the  derived  points  P3,  P4,  .  . .  of  even  orders,  tend  to  the  point  p',  and 
the  other  derived  points,  Pi,  P3,  .  .  .  of  odd  orders,  tend  to  the  other  point  p'l,  as 
limiting  positions ;  these  two  limit  points  being  the  feet  of  the  two  (rectilinear) 
perpendiculars,  let  fall  (as  above)  from  p  and  p'  on  the  plane  boc. 

(4.)  But  even  the  Jirst  deviation  pPa  is  small  of  the  third  order,  if  the  length 
Tp  of  the  line  op  be  considered  as  neither  large  nor  small,  and  if  the  sides  of 
the  spherical  triangle  bqc  be  small  of  the  first  order.  For  we  have  by  VI.  the 
following  expressions  for  that  deviation, 

VIIL..pPa  =  pa-/>=(/*-l)f>''  =  -Bin'a.sini?«.Tp.Up"; 

where  ^a  denotes  the  inclination  of  the  line  p  to  the  plane  ^y;  or  the  arcual 
perpendicular  from  the  point  q  on  the  side  bc,  or  a,  of  the  triangle.  The 
statements  lately  made  (305)  are  therefore  proved  to  have  been  correct. 

(5.)  And  if  we  now  resume  and  extend  the  spherical  construction,  and  con- 
oeive  that  Di  is  deduced  from  baiC,  as  Ai  was  from  bdc,  or  n  from  bac  ;  while 
Aa  may  be  supposed  to  be  deduced  by  the  same  rule  from  bDiC,  and  Da  from 
BAaC,  &c.,  through  an  indefinite  series  of  spherical  parallelograms,  in  which  the 
fourth  point  of  any  one  is  treated  as  the  second  point  of  the  next,  while  the^rs^ 
and  third  points  remain  constant :  we  see  that  the  points  Ai,  Aa,  .  .  .  are  all 
situated  on  the  arcual  perpendicular  let  fall  from  a  on  bc  ;  and  that  in  like 
manner  Ihe  points  Di,  Da, ...  are  all  situated  on  that  other  arcual  perpendicular, 
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which  is  let  fall  from  d  on  bc.  We  see  also  that  the  ultifnate  positionn^  a.  and 
D,,  coincide  precisely  xcith  the  feet  of  those  ttco  perpendiculars :  a  remarkable 
theorem,  which  it  would  perhaps  be  difficult  to  prove,  by  any  other  method 
than  that  of  the  Quaternions,  at  least  with  calculations  so  simple  as  those 
which  have  been  employed  above. 

(6.)  It  may  be  remarked  that  the  construction  of  fig.  68  might  have  been 
otherwise  suggested  (comp.  223,  IV.),  by  the  principles  of  the  Second  Book, 
if  we  had  sought  to  assign  the  fourth  proportional  (297)  to  three  right  quater- 
nions ;  for  example,  to  three  right  tersors,  t?,  v\  f/\  whereof  the  uyiit  lines  a,  /3, 
7  should  be  supposed  to  be  the  axes.  For  the  result  would  be  in  general  a 
quaternion  v'v'^v'\  with  e  for  its  scalar  part,  and  with  S  for  the  index  of  its  right 
part :  e  and  S  denoting  the  same  scalar,  and  the  same  vector,  as  in  the  sub- 
articles  to  297. 

306.  Quaternions  may  also  be  employed  to  furnish  a  new  construction, 
which  shall  complete  (comp.  305,  (5.) )  the  graphical  determination  of  the  tivo 
series  of  derived  points^ 

I.  •  •  D,   Ai,   Di,   A2,   Dj,   &C., 

when  the  three  points  a,  b,  c  are  given  upon  the  imit-sphere ;  and  thus  shall 
render  visible  (so  to  speak),  with  the  help  of  a  new  figure,  the  tendencies  of 
those  derived  points  to  approach,  alternately  and  indefinitely,  to  the  feet,  say 
d'  and  a',  of  the  two  arcual  perpendiculars  let  fall  from  the  two  opposite  corners, 
D  and  A,  of  the  first  spheiHcal  parallelogram,  bacd,  on  its  given  diagonal  bc  ; 
which  diagonal  (as  we  have  seen)  is  common  to  all  the  successive  paral- 
lelograms. 

(1.)  The  given  triangle  abc  being  supposed  for  simplicity  to  have  its  sides 
abc  less  than  quadrants,  as  in  297,  so  that  their  cosines  Imn  are  positive,  let 
a',  b',  cf  be  the  feet  of  the  perpendiculars  let  fall  on  these  three  sides  from  the 
points  A,  B,  c ;  also  let  m  and  n  be  two  auxiliary  points,  determined  by  the 
equations, 

II.  .  .  n  BM  =  A  MC,      n  AM  =  r»  MN ; 

80  that  the  arcs  an  and  bc  bisect  each  other  in  m.  Let  fall  from  m  a  perpen- 
dicular MD^  on  BC,  so  that 

III. . .  n  bd'  =  a  a'c  ; 

and  let  b",  c"  be  two  other  auxiliary  points,  on  the  sides  b  and  c,  or  on  those 
sides  prolonged,  which  satisfy  these  two  other  equations, 

IV.  .  .  A  b'b"  =  A  AC,      n  c'c"  «=  r\  AB. 


/ 


i 
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(3.)  Then  the  perpendiculara  to  these  last  sidesy  ca  and  ab,  erected  at  these 
last  points,  b"  and  c",  will  intersect  each  other  in  the  point  d,  which  completes 
(305)  the  spherical  parallelogram  bacd;  and  the  foot  of  the  perpendicular  from 
this  point  n,  on  the  third  side  bg  of  the  given  triangle,  will  coincide  (comp. 
305,  (2.) )  mth  the  foot  t/  of  the  perpendicular  on  the  same  side  from  n  ;  so  that 
this  last  perpendicular  nd'  is  one  locus  of  the  point  d. 

(3.)  To  obtain  another  locus  for  that  point,  adapted  to  our  present  pur- 
pose, let  E  denote  now*  that  new  point  in  which  the  two  diagonals,  ad  and  bc, 
intersect  each  other ;  then  because  (comp.  297,  (2.) )  we  have  the  expression, 

V. . .  CD  =  u  (»?)3  +  «7  -  /a), 

we  may  write  (comp.  297,  (25.),  and  (30.) ), 

VI. . .  OE-v{m(i  +  ny),  whence  VIL  . .  sinsB :  sinBC  =  «  :  w«co8Ba':cosa'c; 

the  diagonal  ad  thus  dividing  the  arc  bc  into  segments^  of  which  the  sines  are 
proportional  to  the  cosines  of  the  adjacent  sides  of  the  given  triangle,  or  to  the 
cosines  of  their  projections  ba'  and  a'c  on  bc  ;  so  that  the  greater  segment  is 
adjacent  to  the  lesser  side,  and  the  middle  point  m  of  bc  (1.)  lies  between  the 
points  h!  and  e. 

(4.)  The  intersection  e  is  therefore  a  known  point,  and  the  great  circle 
through  A  and  e  is  a  second  known  locus  for 
D ;  which  point  may  therefore  be  found,  as 
the  intersection  of  the  are  ab  prolonged, 
with  the  perpendicular  nd'  from  n  (1.).  And 
because  e  lies  (3.)  beyond  the  middle  point 
M  of  bc,  with  respect  to  the  foot  a!  of  the 
perpendicular  on  bc  from  a,  but  (as  it  is 
easy  to  prove)  not  so  far  beyond  m  as  the 
point  d',  or  in  other  words  falls  between  m 
and  j/  (when  the  arc  bc  is,  as  above  sup- 
posed, less  than  a  qtMdrant),  the  prolonged 
arc  AE  cuts  nd'  between  n  and  d';  or  in 
other  words,  the  perpendicular  distance  of 
the  sought  fourth  point  d,  from  the  given 
diagonal  bc  of  the  parallelogram^  is  less  than  the  distance  of  the  given  second  point 
A,  from  the  same  given  diagonal.     (Compare  the  annexed  fig.  73.) 


Fig.  78. 


*  It  will  be  observed  that  u,v,b  have  not  here  the  same  significatioiiB  as  in  fig.  68 ;  and  that  the 
present  letters  o'  and  o"  correspond  to  a  and  &  in  that  figure. 


\ 
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(5.)  Proceeding  next  (306)  to  derive  a  new  point  Ai  from  b,  d,  c,  as  d  has 
been  derived  from  B,  a,  c,  we  see  that  we  have  only  to  determine  a  netp* 
auxiliary  point  f,  by  the  equation, 

VIII.  .  .  n  EM  =  r»  MF ; 

and  then  to  draw  df,  and  prolong  it  till  it  meets  aa^  in  the  required  point  Ai, 
which  will  thus  complete  the  second  parallelogram,  bdcAi,  with  bc  (as  before)  for 
a  given  diagonal. 

(6.)  In  like  manner,  to  complete  (comp.  305,  (6.) ),  the  third  parallelogram, 
BAiCDi,  with  the  same  given  diagonal  bg,  we  have  only  to  draw  the  arc  AiE, 
and  prolong  it  till  it  cuts  kd'  in  Di  ;  after  which  we  should  find  the  point  At 
of  bl  fourth  successive  parallelogram  bDiCAs,  by  drawing  DiF,  and  so  on  for  ever. 

(7.)  The  constant  and  indefinite  tendency ^  of  the  derived  points  n,  Di . .  •  to 

the  limit-point  d',  and  of  the  other  (or  alternate)  derived  points  Ai,  Aj,  . . .  to  the 

other  limit-point  a\  becomes  therefore  evident  from  this  new  construction ;  the 

final  (or  limiting)  results  of  which,  we  may  express  by  these  two  equations 

(oomp.  again  305,  (5.)), 

IX. . .  Do.  =  d'  ;    AcD  =  a', 

(8.)  But  the  smallness  (305)  of  the/r«^  deviation  aAi,  when  the  sides  of  the 
given  triangle  abc  are  small,  becomes  at  the  same  time  evident,  by  means  of 
the  same  construction,  with  the  help  of  the  formula  VII. ;  which  shows  that 
the  inteivalf  em,  or  the  ^'j'wa/ interval  mf  (5),  is  small  of  the  third  order ^  when 
the  sides  of  the  given  triangle  are  supposed  to  be  small  of  the  first  order : 
agreeing  thus  with  the  equation  305,  VIII. 

(9.)  The  theory  of  such  spherical  parallelograms  admits  of  some  interesting 
applications,  especially  in  connexion  with  sphei^ical  conies ;  on  which  however 
we  cannot  enter  here,  beyond  the  mere  enunciation  of  a  Theorefn^X  of  which 
(comp.  271)  the  proof  by  quaternions  is  easy : — 


•  This  new  point,  and  the  intersection  of  the  perpendiculars  of  the  given  triangle,  are  evidently 
not  the  same  in  the  new  figui*e  73,  as  tlie  points  denoted  hy  the  same  letters,  f  and  p,  in  the  former 
figure  68 ;  although  the  four  points  a,  b,  c,  d  are  conceived  to  bear  to  each  other  the  same  relations 
in  the  two  figures,  and  indeed  in  fig.  67  also  ;  bacd  being,  in  that  figure  also,  what  we  have  proposed 
to  call  a  spherical  parallelogram.     Compare  the  Note  to  (3.). 

t  The  fonnula  VII.  gives  easily  the  relation, 

VII'...UnB-  =  UnM.'(unf)'; 

hence  the  interval  em  is  small  of  the  third  order,  in  the  case  (8.)  here  supposed;  and  genenlly,  if 

a  <  -,  as  in  (1.),  while  h  and  e  are  unequal,  the  formula  shows  that  this  interval  bm  is  leas  than  ma', 

or  than  d'm,  so  that  s  falls  between  m  and  d',  as  in  (4.). 

X  This  Theorem  was  communicated  to  the  Hoyal  Irish  Academy  in  June,  1846,  as  a  conBequence 
of  the  principles  of  Quaternions.     See  the  Frocsedingt  of  that  date  (Vol.  III.,  page  109). 
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"J/klmn  be  any  spherical  quadrilateral^  and  i  any  point  on  the  sphere;  if 
also  we  complete  the  spherical  parallelograms^ 

X.  .  .  KILA,      LIMB,      MINCy      NIKD, 

and  determine  the  poles  b  and  f  of  the  diagonals  km  and  ln  of  the  quadrilateral : 
then  these  two  poles  are  the  foci*  of  a  spherical  conic,  inscribed  in  the  derived 
quadrilateral  abcd,  or  touching  its  four  sides.^^  f 

(10.)  Hence,  in  a  notation  j:  elsewhere  proposed,  we  shall  have,  under 
these  conditions  of  construction,  the  formula: 

XI.  .  .  EF  (.  .)  ABCD  ;      or      Xr.  .  .  EF  (.  .)  BCDA  ;   &o. 

(11.)  Before  closing  this  article  and  section,  it  seems  not  irrelevant  to 
remark,  that  the  projection  y'  of  the  unit-vector  y,  on  the  plane  of  a  and  )3, 
IB  given  hj  the  formula, 

-.^-         .     a  sin  a  cos  B  +  3  sin  6  cos  A 

XII. . .  7  = r-^ ; 

and  that  therefore  the  point  f,  in  which  (see  again  fig.  78)  the  three  aroual 
perpendiculars  of  the  triangle  abc  intersect,  is  on  the  vector, 

XIII. . .  />  =  a  tan  A  +  /3  tan  b  +  7  tan  c. 

(12.)  It  may  be  added,  as  regards  the  construction  in  305,  (2.),  that  the 
right  lines, 

XIV.  .  .  FPi,      P1P2,      PaP,,      P8P4,  . . . 

however  far  their  series  may  be  continued,  intersect  the  given  plane  boc,  alter- 
nately,  in  two  points  s  and  t,  of  which  the  vectors  are, 


XV. .  .  OS  =  *-= — 7-,    OT  =  ^ — 9- ; 

1  +  /  1  +  / 


and  which  thus  become  two  fixed  points  in  the  plane,  when  the  position  of  the 
point  p  in  space  is  given,  or  assumed. 


*  In  the  language  of  modem  geometry,  the  eonie  in  question  may  be  said  to  touch  eight  given  area ; 
four  real,  namely  the  aides  ab,  bc,  cd,  da;  and /our  imaginary,  namely  two  from  each  of  ih»  foedl 
pointa,  E  and  f. 

t  [Take  ^  =  Ar'ic,  r  =  /4r*A,  «  =  i'rV»  ^^^  t=KC^y;  then  arq^—vc^K-Kt,  rq  =  fjLK,  ar^vK, 
tasiKfi,  and  qi^Kp,  On  reference  to  fig.  60,  p.  304,  there  is  no  difficulty  in  seeing  that  a  conic 
having  the  given  foci  may  be  drawn  to  touch  the  four  sides,  produced  when  necessary.] 

t  Compare  the  second  Note  to  page  310. 
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SECTION  9. 

On  a  Third  Method  of  Interpreting  a  Prodnet  or  Fnnetlon  of 
Sectors  as  a  linaternlon  ;  and  on  the  Consistency  of  the 
Results  of  the  Interpretation  so  obtained,  with  those  which 
have  been  dednced  fk-oni  the  two  preceding  Methods  of  the 
present  Book. 

307.  The  Conception  of  the  Fourth  Proportional  to  three  Rectangular  Unit- 
LineSf  as  being  itself  a  species  of  Fourth  Unit  in  Oeomet)^^  is  eminently 
characteristic  of  the  present  Calculus]  and  offers  a  Third  Method  of  interpreting 
a  Product  of  two  Vectors  as  a  Quaternion  :  which  is  however  found  to  be 
conststenty  in  all  its  results^  with  the  two  former  methods  (278,  284)  of  the 
present  Book ;  and  admits  of  being  easily  extended  to  products  of  three  or 
more  lines  in  space^  and  generally  to  Functions  of  Vectors  (289).  In  fact  we 
have  only  to  conceive*  that  each  proposed  vector y  a,  is  divided  by  the  new  or 
fourth  unity  u,  above  alluded  to ;  and  that  the  quotient  so  obtained,  which  is 
always  (by  303,  VIII.)  the  right  quaternion  I~*a,  whereof  the  vector  a  is  the 
index,  is  substituted  for  that  vector :  the  resulting  quaternion  being  finally,  if 
we  think  it  convenient,  multiplied  into  the  same  fourth  unit.  For  in  this  way 
we  shall  merely  reproduce  the  process  of  284,  or  289,  although  now  as  a  con- 
sequence of  a  different  train  of  thoughty  or  of  a  distinct  but  Consistent  Interpret 
tation :  which  thus  conducts,  by  a  new  Method,  to  the  same  Rules  of  Calculation 
as  before. 

(1.)  The  equation  of  the  unit-spherey  |o*+  1  =  0  (282,  XIV.),  may  thus  be 
conceived  to  be  an  abridgment  of  the  following  fuller  equation  : 

=  -1; 


*  It  was  in  a  somewhat  analogous  way  that  Des  Cartes  showed,  in  his  Owmetria  (Schooten's 
Edition,  Amsterdam,  1669),  that  all  products  and  powers  of  lines,  considered  relatively  to  their  lengths 
alone,  and  without  any  reference  to  their  direetions,  could  be  interpreted  as  lines,  by  the  suitable 
introduction  of  a  line  taken  for  umtt/,  however  high  the  dimension  of  the  product  or  power  might  be. 
Thus  (at  page  3  of  the  cited  work)  the  following  remark  occurs :  — 

**  Ubi  notandum  est,  qudd  per  a*  vel  b^,  simil^sve,  communiter,  non  nisi  lineas  omnino  simplices 
eoncipiam,  lic^t  illas,  ut  nominibus  in  Algebra  usitatis  utar,  Quadrata  aut  Cubos,  &c.  appellem.*' 

But  it  was  much  more  difficult  to  accomplish  the  corresponding  multiplication  of  directed  lines  in 
space  \  on  account  of  the  non-existence  of  any  such  linCy  which  is  symmetrically  related  to  all  other  lines, 
or  common  to  all  possible  planes  (comp.  the  Note  to  page  258).  The  Unit  of  Vector 'Multiplication 
cannot  properly  be  itself  a,  Vector ^  if  the  conception  of  the  Symmetry  of  Space  is  to  be  retained,  and 
duly  combined  with  the  other  elements  of  the  question.  This  difficulty  however  disappears,  at  least 
in  theory,  when  we  come  to  consider  that  new  Unit,  of  a  scalar  kind  (300),  which  has  been  above 
denoted  by  the  temporary  symbol  u,  and  has  been  obtained,  in  the  foregoing  section,  as  a  certain 
Fourth  Proportional  to  Three  Rectangular  Unit^Lines,  such  as  the  three  co4nitial  edges,  ab,  ao,  ad  of 
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the  quotient  p :  u  being  considered  as  equal  (by  303)  to  the  right  quaternion^ 
I^*/t),  which  must  here  be  a  right  versor  (154),  because  its  square  is  negative 
unity. 

(2.)  The  equation  of  the  ellipsoid^ 

T  {ip  +  pk)  =  le*  -  i»  (282,  XIX.), 
may  be  supposed,  in  like  manner,  to  be  abridged  from  this  other  equation : 


\u  u     u  uj     \uj      \uj 


and  similarly  in  other  cases. 

(3.)  We  might  also  write  these  equations,  of  the  sphere  and  ellipsoid, 
under  these  other,  but  connected  forms: 

III, . .  ^  o  =  -  «* ;      I V. . .  T  f -  />  +  ^  ic V  -  ic  -  -  £ ; 
u^  \t*        u  J     u        u 

with  interpretations  which  easily  offer  themselves,  on  the  principles  of  the 
foregoing  section. 

(4.)  It  is,  however,  to  be  distinctly  understood,  that  we  do  not  propose  to 
adopt  this  Form  of  Notation^  in  the  practice  of  the  present  Calculus:  and  that 
we  merely  suggest  it,  in  passing,  as  one  which  may  serve  to  throw  some  addi- 
tional light  on  the  Conception^  introduced  in  this  Third  Book,  of  a  Product  of 
two  Vectors  as  a  Quaternion. 

(5.)  In  general,  the  Notation  of  Products^  which  has  been  employed 
throughout  the  greater  part  of  the  present  Book  and  Chapter,  appears  to  be 


what  we  haye  called  an  UnU-Cube:  for  this  fourth  proportional,  hy  the  proposed  conception  of  it, 
undergoes  no  change,  when  the  cube  abcd  is  in  any  manner  moved,  or  turned ;  and  therefore  may  be 
considered  to  be  symmetrically  related  to  all  directions  of  lines  in  space,  or  to  all  possible  veetiotts  (or 
translations)  of  a  point,  or  body.  In  fact,  we  conceive  its  determination,  and  the  distinction  of  it  (as  +  u) 
from  the  opposite  unit  of  the  same  kind  {-  u),  to  depend  only  on  the  usttal  assumption  of  an  unit  of 
length,  combined  with  the  selection  of  a  hand  (as,  for  example,  the  right  hand),  rotation  towards  which 
hand  shall  be  considered  to  be  positive,  and  contrasted  (as  such)  with  rotation  towards  the  other  hand, 
round  the  same  arbitrary  axis.  Now  in  whatever  manner  the  supposed  cube  may  be  thrown  about  in 
space,  the  conceived  rotation  round  the  edge  ab,  from  ac  to  ad,  will  have  the  same  character,  as  right' 
handed  or  left 'handed,  at  the  end  as  at  the  beginning  of  the  motion.  If  then  ike  fourth  proportional 
to  these  three  edges,  taken  in  this  order,  be  denoted  by  +  u,  or  simply  by  +  1,  at  one  stage  of  that 
arbitrary  motion,  it  may  (on  the  plan  here  considered)  be  denoted  by  the  satne  symbol,  at  every  other 
stage :  while  the  opposite  character  of  the  (conceived)  rotation,  round  the  satne  edge  ab,  from  ad  to  ac, 
leads  us  to  regard  the  fourth  proportional  to  ab,  ad,  ac  as  being  on  the  contrary  equal  to  -  u ,  or  to  —  1. 
It  is  true  that  this  conception  of  a  ttew  unit  for  space,  symmetrically  related  (as  above)  to  all  linear 
directions  therein,  may  appear  somewhat  abstract  and  metaphysical ;  but  readera  who  think  it  such 
can  of  course  confine  their  attention  to  the  rules  of  calculation,  which  have  been  above  derived  from  it, 
and  from  other  connected  considerations :  and  which  have  (it  is  hoped)  been  stated  and  exemplified, 
in  this  and  in  a  former  volume,  with  sufficient  clearness  and  fulness. 

3£2 
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mtich  more  convenient ^  for  actual  use  in  calculation^  than  any  Notation  of 
Quotients :  either  such  as  has  been  just  now  suggested  for  the  sake  of  illus- 
tration, or  such  as  was  employed  in  the  Second  Book,  in  connexion  with  that 
First  Conception  of  a  Quaternion  (112),  to  which  that  Book  mainly  related,  as 
the  Quotient  of  two  Vectors  (or  of  two  directed  lines  in  space).  The  notations 
of  the  two  Books  are,  however,  intimately  connected^  and  the  former  was 
judged  to  be  an  useful  preparation  for  the  latter,  even  as  regarded  the 
quotient-forms  of  many  of  the  expressions  used :  while  the  Characteristics  of 

Operation^  such  as 

8,  T,  T,  U,  K,  N, 

are  employed  according  to  exactly  the  same  laws  in  both.  In  short,  a  reader 
of  the  Second  Book  has  nothing  to  unlearn  in  the  Third ;  although  he  may  be 
supposed  to  have  become  prepared  for  the  use  of  somewhat  shorter  and  more 
convenient  ^rO(?^««e«,  than  those  before  employed. 


SECTION  10. 

On  the  Interpretation  of  a  Power  of  a  ITector  a«  a 

linaternlon. 

308.  The  only  symbols,  of  the  kinds  mentioned  in  277,  which  we  have 
not  yet  interpreted,  are  the  cube  a',  and  the  general  power  a*,  of  an  arbitrary 
vector  basCy  a,  with  an  arbitrary  scalar  exponent^  t ;  for  we  have  already  assigned 
interpretations  (282,  (1.),  (14.),  and  299,  (8.))  for  the  particular  symbok  a',  a"S 
a"',  which  are  included  in  this  last/orw.  And  we  shall  preserve  those  parti- 
cular interpretations  if  we  now  define^  in  full  consistency  with  the  principles 
of  the  present  and  preceding  Books,  that  this  Power  a*  is  generally  a  Quater^ 
nioHf  which  may  be  decomposed  into  twofactors^  of  the  tensor  and  versor  kinds, 

as  follows : 

I...a*=Ta^Ua*; 

Ta*  denoting  the  arithmetical  value  of  the  t^^  power  of  the  positive  number  Ta, 
which  represents  (as  usual)  the  length  of  the  base-line  a ;  and  TJa*  denoting  a 
versor^  which  causes  any  line  p,  perpendicular  to  that  line  a,  to  revolve  round  it  as 
an  axiSy  through  t  right  angles^  or  quadrants,  and  in  a  positive  or  negative  direc" 
tion,  according  as  the  scalar  exponent^  t,  is  itself  a  positive  or  negative  number 
(comp,  234,  (5.)). 
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(1.)  As  regards  the  omission  of  parentheses  in  the  formula  I.,  we  may 
observe  that  the  reoent  definition^  or  interpretation^  of  the  symbol  a^  enables 
us  to  write  (comp.  237,  II.  III.), 

II. .  .  T  [of)  -  [TaY  =  Ta' ;        III.  .  .  U  (aO  =  (Ua)'  =  VaK 

(2.)  The  aoeia  and  angle  of  the  power  a*,  considered  as  a  quaternion,  are 
generally  determined  by  the  two  following  formulee : 

IV.  . .  Ax.a*  =  ±Ua;       V. . .  ^.a^  =  2mr  ij^tir  ; 

the  signs  aooompanying  each  other,  and  the  (positive  or  negative  or  null) 
integer,  n,  being  so  chosen  as  to  bring  the  angle  within  the  usual  limits, 
0  and  9r. 

(3.)  In  general  (comp.  235),  we  may  speak  of  the  (positive  or  negative) 
product,  i  fiTf  as  being  the  amplitude  of  the  same  power,  with  reference  to  the 
line  a  as  an  awis  of  rotation ;  and  may  write  accordingly, 

VI. . .  am.  o'  =  i  tir. 

(4.)  We  may  write  also  (comp.  234,  VII.  VIII.), 

VII. . . TJa*  =  cos -^  +  TJa .sin  -77- ;     or  briefly,    VIII. . .  Ua'=  cas -^  • 

(6.)  In  particular, 

IX.  .,Ua''»  =  0aS»7r  =  ±l;       IX'. .  .  Ua»*^*  =  ±  ITa  ; 

upper  or  lower  signs  being  taken,  according  as  the  number  n  (supposed  to  be 
whole)  is  even  or  odd.     For  example,  we  have  thus  the  cuheSy 

X.  ..Ua»  =  -Ua;        X'.  ..a'  =  -aNa. 

(6.)  The  conjugate  and  noi^m  of  the  power  a*  may  be  thus  expressed  (it 
being  remembered  that  to  turn  a  line  ±  a  through  -  ^^tt  round  +  a,  is  equi- 
valent to  turning  that  line  through  +  ^^tt  round  -  a) : 

XI. .  .  Ka*  =  Ta*.  Ua-^  =  (-  a)^       XII.  .  .  Na'  =  Ta« ; 

parentheses  being  unnecessary,  because  (by  295,  VIII.)  Ka  =  ~  a. 

(7.)  The  scalar^  vector,  and  reciprocal  of  the  same  power  are  given  by  the 
formulae : 

XIII.  . .  S.a'=Ta*.  cos^  ;       XIV. .  .  V.  a*=  Ta^Ua  .  sin  ^; 
XV. . .  1 : a*  =  Ta ^ Uo-*  =  a* - Ka^  : Na*  (comp.  190,  (3.)). 
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(8.)  If  we  decompose  any  vector  p  into  parts  p'  and  p",  which  are  respec- 
tively parallel  and  perpendicular  to  a,  we  have  the  general  transformation:* 

XVI.  .  .  a Va-'  =  a'  (p'  +  p")  a"*  =  /o'  +  Ua^.  p'% 

=  the  new  vector  obtained  by  catling  p  to  revolve  conically  through  an  angular 
quantity  expressed  by  tv^  round  the  line  a  as  an  axis  (comp.  297,  (15.) ). 
(9.)  More  generally  (oomp.  191,  (5.)),  if  q  be  any  quaternion^  and  if 

XVIL..a*^a-*  =  /, 

the  new  quaternion  /  is  formed  from  q  by  such  a  conical  rotation  of  it^  oum 

axis  Ax .  q^  through  ^ir,  round  a,  without  any  change  of  its  angle  L  q^  or  of  its 

tensor  T^^. 

(10.)  Treating  ijk  as  three  rectangular  unit-lines  (295),   the  symbol,  or 

expressioHy 

XVUI...p=^rk'fkj-'k'*y    or    XIX. . .  ^  =  r**y^*^-*, 
in  which 

:.  ..r^O,    «^0,    «^1,     ^^0,     t^2, 


may  represent  any  vector ;  the  length  or  tensor  of  this  line  p  being  r ;  its  incli- 
nationf  to  k  being  sir;  and  the  angle  through  which  the  variable  plane  kp 
may  be  conceived  to  have  revoked,  from  the  initial  position  ki,  with  an 
initial  direction  towards  the  position  kj\  being  tir, 

(11.)  In  accomplishing  the  transformation  XYI.,  and  in  passing  from  the 
expression  XYIII.  to  the  less  symmetric  but  equivalent  expression  XIX.,  we 
employ  the  principle  that 

XXI...Ay-=S-iO--K(Ay-)=y'A; 

which  easily  admits  of  extension,  and  may  be  confirmed  by  such  transforma- 
tions as  VII.  or  VIII. 

(12.)  It  is  scarcely  necessary  to  remark,  that  the  definition  or  interpreta- 
tion I.,  of  the  power  a*  of  any  vector  a,  gives  (as  in  algebra)  the  exponential 

property, 

XXIL..aV=a'**, 

whatever  scalars  may  be  denoted  by  s  and  t ;  and  similarly  when  there  are 
more  than  two  factors  of  this  form. 

*  Compare  the  shortly  following  suh-artide  (ll.)< 

t  If  we  conceive  (compare  the  first  Note  to  page  345)  that  the  two  lines  i  and  j  are  directed 
respectLvely  towards  the  south  and  toest  points  of  the  horizon,  while  the  third  line  k  is  directed 
towards  the  zenith^  then  sw  is  the  unith'distance  of  p;  and  tie  is  the  azimuth  of  the  same  line, 
measured/rom  south  to  west,  and  thence  (if  necessary)  through  north  and  east,  to  south  again. 
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(13.)  As  yerifioations  of  the  expression  XViiL,  considered  as  represent- 
ing a  veetor^  we  may  observe  that  it  gives, 

XXIIL..p  =  -K|9;    and    XXIV. . . /o' =  - r». 

(14.)  More  generally,  it  will  be  found  that  if  u*  be  any  scalary  we  have 
the  eminently  simple  transformation : 

XXV-  ../[>«=  {rk*j'hit'k'Y  =  r^'hfj'k'j-'k'K 

In  fact,  the  two  last  expressions  denote  generally  two  equal  quatemionsj  because 
they  have,  Ist,  equal  tensoray  each  «  r" ;  Ilnd,  equal  angles^  each  =  /.  (A*) ;  and 
Ilird,  equal  (or  coincident)  axes^  each  formed  from  ±  A  by  one  common  system 
of  two  successive  rotations^  one  through  sn  round  y,  and  the  other  through  tn 
round  h 

309.  Any  quaternion^  q^  which  is  not  simply  a  scalar^  may  be  brought  to 
the  form  a',  by  a  suitable  choice  of  the  base^  a,  and  of  the  exponent  ^  t;  which 
latter  may  moreover  be  supposed  to  fall  between  the  limits  0  and  2 ;  since 
for  this  purpose  we  have  only  to  write, 

l...t  =  ^;      IL..Ta  =  T/;       III..  .Ua  =  Ax.g; 

and  thus  the  general  dependence  of  a  Quateniiony  on  a  Scalar  and  a  Vector 
Elementy  presents  itself  in  a  new  way  (comp.  17,  207,  292).  "When  the  pro- 
posed quaternion  is  a  versor^  Tq  =  1,  we  have  thus  Ta  =  1 ;  or  in  other  words, 
the  base  a,  of  the  equivalent  power  a',  is  an  unit-line.  Conversely,  every  versor 
may  be  considered  as  a  power  of  an  unit-line,  with  a  scalar  exponent,  t,  which 
may  be  supposed  to  be  in  general  positive,  and  less  than  two;  so  that  we  may 
write  generally, 

IV...XTsr  =  aS     with     V...a  =  Ax.?  =  T-U, 
and 

VI. . .  <  >  0,     t<2; 

although  if  this  versor  degenerate  into  1  or  - 1,  the  exponent  t  becomes  0  or  2, 
and  the  base  a  has  an  indeterminate  or  arbitrary  direction.  And  from  such 
transformations  of  versors  new  methods  may  be  deduced,  for  treating  questions 
of  spherical  trigonometry  and  generally  of  spherical  geometry. 

*  The  employment  of  tMs  letter  u,  to  denote  what  we  called,  in  the  two  preceding  sections,  a 
fourth  unity  &c.,  was  stated  to  be  a  merely  temporary  one.  In  general,  we  shall  henceforth  simply 
equate  that  scalar  unit  to  the  number  one;  and  denote  it  (when  necessary  to  be  denoted  at  all;  by  the 
usual  symbol,  1,  for  that  number. 
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(1.)  Conceive  that  f,  q,  b,  in  fig.  46  [p.  153]  are  replaced  by  a,  b,  c,  with 
unit- vectors,  a,  /3,  7  as  usual ;  and  let  Xy  y,  z  be  three  scalarB  between  0  and  2, 
determined  by  the  three  equations, 

VII. .  .xv  =  2a,    yw  =  2b,    ^tt  =  2c  ; 

where  a,  b,  c  denote  the  angles  of  the  spherical  triangle.  The  three  versors, 
indicated  by  the  three  arrows  in  the  upper  part  of  the  figure,  come  then  to  be 
thus  denoted : 

so  that  we  have  the  equation, 

IX. . .  jS^a*  =  7*-« ;    or    X. . .  7'j3ya*=  -  1 ; 

from  which  last,  by  easy  divisions  and  multiplications,  these  two  others  imme- 
diately follow : 

X'...aV/3^  =  -i;    X"...j3yav  =  - 1; 

the  rotation  round  a  from  j3  to  7  being  again  supposed  to  be  negative. 
(2.)  In  X.  we  may  write  (by  308,  VIII.), 

XI. . .  a*  =  caSA  ;     ^  =  c/SsB  ;     y*  =  C78C ; 

and  then  the  formula  becomes,  for  any  spherical  triangle^  in  which  the  order  of 

rotation  is  as  above  : 

XII. . .  cysc .  cjSsB .  caSA  =  -  1 ; 
or  (comp.  IX.), 

XIII. . .  -  cos  c  +  7  sin  c  =  (cos  b  +  /3  sin  b)  (cos  a  +  a  sin  a). 

(3.)  Taking  the  scalars  on  both  sides  of  this  last  equation,  and  remember- 
ing that  Sj3a  =  -  cos  c,  we  thus  immediately  derive  one  form  of  the  fundamental 
equation  of  spherical  trigonometry;  namely,  the  equation, 

XIV. . .  cos  c  +  cos  A  cos  B  =  cos  c  sin  a  sin  b. 

(4.)  Taking  the  vectors,  we  have  this  other  formula : 

XV. . .  7  sin  c  =  a  sin  A  cos  B  +  j3  sin  b  cos  a  +  V/3a  sin  a  sin  b  ; 

which  is  easily  seen  to  agree  with  306,  XII,,  and  may  also  be  usefully  com- 
pared with  the  equation  210,  XXXVII. 

(5.)  The  result  XV.  may  be  enunciated  in  the  form  of  a  Theorem^  as 
follows: — 

"  Jf  there  be  any  spherical  triangle  abc,  and  three  lines  be  draton  from  the 
centre  o  of  the  sphere^  one  towards  the  point  a,  toith  a  length  =  sin  a  cos  b  ;  another 
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towards  the  paint  b,  with  a  kngth  =  am  b  cos  a  ;  and  tho  third  perpendicular  to  the 
plane  aob,  and  towards  the  same  side  of  it  as  the  point  c,  with  a  length  =  sin  c  sin  a 
sin  B ;  and  if,  with  these  three  lines  as  edges,  we  construct  a  parallelepiped :  the 
intermediate  diagonal  from  o  mil  be  directed  towards  o,  and  will  have  a  length 
=  sin  c. 

(6.)  Dividing^  both  members  of  the  same  equation  XY.  bj  /o,  and  taking 
Boalars,  we  find  that  if  p  be  any  fourth  point  on  the  sphere,  and  q  the  foot  of 
the  perpendicular  let  fall  from  this  point  on  the  arc  ab,  this  perpendicular  pq 
being  considered  as  positive  when  c  and  p  are  situated  at  one  common  side  of 
that  arc  (or  in  one  common  hemisphere^  of  the  two  into  which  the  great  circle 
through  A  and  b  divides  the  spheric  surface),  we  have  then, 

XVI. . .  8incco8PG  =  sinAcosBcosPA  +  BinBcosAcosPB  +  sin  A  sin  B  sine  sin  pq; 

a  formula  which  might  have  been  derived  from  the  equation  210,  XXXVIII., 
by  first  cyclically  changing  abcABC  to  bcaBCA,  and  then  passing  from  the  former 
triangle  to  its  polar  or  supplementary :  and  from  which  many  less  general  equa- 
tions may  be  deduced,  by  assigning  particular  positions  to  p. 

(7.)  For  example,  if  we  conceive  the  point  p  to  be  the  centre  of  the  circum- 
scribed small  circle  abc,  and  denote  by  B  the  arcual  radius  of  that  circle,  and 
by  s  the  sonisum  of  the  three  angles,  so  that  2s «A  +  B  +  c  =  7r  + or,  if  or  again 
denote,  as  in  297,  (47.),  the  area*  of  the  triangle  abc,  whence 

XVII. . .  PA  =  PB  =  PC  =  -R,     and     sin  pq  =  sin  R  sin  (s  -  c), 
the  formula  XVI.  gives  easily, 

XVIII. . .  2  cot  i2  sin  ^  «  sin  A  sin  B  sin  c ; 

a  relation  between  radius  and  area,  which  agrees  with  known  results,  and 
from  which  we  may,  by  297,  LXX.,  &c.,  deduce  the  known  equation  : 

XIX. . .  e  tan  i2  =  4  sin  -  sin  -  sin  ^ ; 

<w  <v  ^ 

in  which  we  have  still,  as  in  297,  (47.),  &c., 

XX. . .  <?  =  (SajSy  =)  sin  a  sin  6  sin  c  =  &c. 

(8.)  In  like  manner  we  might  have  supposed,  in  tlie  corresponding  general 
equation  210,  XXXVIII.,  that  p  was  placed  at  the  centre  of  the  inscnbed 

*  Compare  the  Note  to  the  cited  sub-article. 
HAMaTON's  Elbhbnts.of  Quaternions*  3  F 
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small  oircle,  and  that  the  arcual  radius  of  that  circle  was  r,  the  semisum  of 
the  sides  being  b  ;  and  thus  should  have  with  ease  deduced  this  other  known 
relation,  which  is  a  sort  of  polar  reciprocal  of  XVIII., 

XXI. . .  2  tan  r .  sin  «  =  ^. 

But  these  results  are  mentioned  here,  only  to  exemplify  the  fertility  of  the 
formulae,  to  which  the  present  calculus  conducts,  and  from  which  the  theorem 
in  (5.)  was  early  seen  to  be  a  consequence. 

(9.)  We  might  develop  the  ternary  product  in  the  equation  XII.,  as  we 
developed  the  binary  product  XIII. ;  compare  scalar  and  vector  parts ;  and 
operate  on  the  latter,  by  the  symbol  8 .  p"^  New  general  theorems^  or  at  least 
new  general  forms^  would  thus  arise,  of  which  it  may  be  sufficient  in  this 
place  to  have  merely  suggested  the  investigation. 

(10.)  As  regards  the  order  of  rotation  (1.)  (2.),  it  is  clear,  from  a  mere 
inspection  of  the  formula  XY.,  that  the  rotation  round  y  from  /3  to  a,  or  that 
round  c  from  b  to  a,  must  be  positivey  tchen  that  equation  XV.  holds  good;  at 
least  if  the  angles  a,  b,  c,  of  the  triangle  abc,  be  (as  usual)  treated  as  positive: 
because  the  rotation  round  the  line  V/3a  from  (i  to  a  is  always  positive  (by 
281,  (3.) ). 

(11.)  If,  then,  for  any  given  spherical  triangle,  abc,  with  angles  still  sup- 
posed to  he  positive,  the  rotation  round  c  from  b  to  a  should  happen  to  be  (on 
the  contrary)  negative,  we  should  be  obliged  to  modify  the  formula  XV. ;  which 
could  be  done,  for  example,  so  as  to  restore  its  correctness,  by  interchanging  a 
mth  /3,  and  at  the  same  time  a  with  b. 

(12.)  There  is,  however,  a  seme  in  which  the/or/wtt^<  might  be  considered 
as  still  remaining  true,  without  any  change  in  the  mode  of  icriting  it ;  namely, 
if  we  were  to  interpret  the  symbols,  a,  b,  c  as  denoting  negative  angles,  for  the 
case  last  supposed  (ll.)*  Accordingly,  if  we  take  the  reciprocal  of  the  equa- 
tion X.,  we  get  this  other  equation, 

XXII...a-*/3-«'7-  =  -l; 

where  x,  y,  z  are  positive,  as  before,  and  therefore  the  new  exponents,  -«,  -y,  -», 
are  negative,  if  the  rotation  round  a  from  /3  to  7  be  t7«e^  negative,  as  in  (1.). 

(13.)  On  the  whole,  then,  if  a,  /3,  7  be  any  given  system  of  three  co-initial 
and  diplanar  unit-lines,  oa,  ob,  og,  we  can  always  assign  a  system  of  three  scalars^ 
X,  y,  z,  which  shall  satisfy  the  exponential  equation  X.,  and  shall  have  relations 
of  the  form  VII.  to  the  spherical  angles  A,  b,  c ;  but  these  three  scalars,  if  deter- 
mined so  as  to  fall  between  the  limits  ±  2,  will  be  all  positive,  or  all  negative^ 
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according  as  the  rotation  round  a  from  j3  to  7  is  negative^  as  in  (1.),  or  positive^ 
as  in  (11.)- 

(14.)  As  regards  the  limits  just  mentioned,  or  the  ineqtmlities^ 

XXIIL  ..ic<2,    y<2,    a<2;      a?>-2,    y>-2,    «>-2, 

they  are  introduced  with  a  view  to  render  the  problem  of  finding  the  expo^ 
nents  xyz  in  the  formula  X.  determinate ;  for  since  we  have,  by  808, 

XXIV...a*  =  i3*-y*-+l,     if     Ta  =  T/3  =  T7-l, 

we  might  otherwise  add  any  multiple  (positive  or  negative)  of  the  number  four^ 
to  the  value  of  the  exponent  of  any  unit-line^  and  the  value  of  the  resulting 
power  would  not  be  altered. 

(16.)  If  we  admitted  exponents  =  ±  2,  we  might  render  the  problem  of 
satisfying  the  equation  X.  indeterminate  in  another  way ;  for  it  would  then 
be  sufficient  to  suppose  that  any  one  of  the  three  exponents  was  thus  equal  to 
+  2,  or  -  2,  and  that  the  two  others  were  each  =  0 ;  or  else  that  all  three  were 
of  the  form  ±  2. 

(16.)  When  it  was  lately  said  (13.),  that  the  exponents^  x^  y,  s,  in  the 
formula  X.,  if  limited  as  above,  would  have  one  common  sign^  the  case  was 
tacitly  excluded,  for  which  those  exponents,  or  some  of  them,  when  multiplied 
each  by  a  quadrant,  give  angles  not  equal  to  those  of  the  spherical  triangle 
ABC,  whether  positively  or  negatively  taken ;  but  equal  to  the  supplements  of 
those  angles,  or  to  the  negatives  of  those  supplements. 

(17.)  In  fact,  it  is  evident  (because  a'  =  /3^  =  7'  =  -  1),  that  the  equation  X., 
or  the  reciprocal  equation  XXII.,  if  it  be  satisfied  by  any  one  system  of  values 
of  xyz,  will  still  be  satisfied,  when  we  divide  or  multiply  any  two  of  the  three 
exponential /a(;^ora,  by  the  squares  of  the  two  unit-vectors^  of  which  those  factors 
are  supposed  to  be  powers :  or  in  other  words,  if  we  subtract  or  add  the  number 
ttvo,  in  each  of  two  exponents, 

(18.)  We  may,  for  example,  derive  from  XXII.  this  other  equation : 

XXV. . .  a»^j3»-«'7-*  =  -  1 ;     or    XXVI. . .  a»-*^»-y  =  7« ; 

which,  when  the  rotation  is  as  supposed  in  (1.),  so  that  xyz  are  positive^  may 
be  interpreted  as  follows. 

(19.)  Conceive  a  lune  C(/,  with  points  a  and  b  on  its  two  bounding  semi- 
circles, and  with  a  negative  rotation  round  a  from  b  to  c ;  or,  what  comes  to 
the  same  thing,  with  a  positive  rotation  round  a  from  b  to  c/.  Then,  on  the 
plan  illustrated  by  figures  46  and  46,  the  supplements  ir  -  a,  tt  -  b,  of  the 

8F2 


404  ELEMENTS  OF  QUATERNIONS.  [III.  i.  §  10. 

angles  a  and  b  in  the  triangle  abc,  or  the  angles  at  the  same  paints  a  and  b  in 
the  co-lunar  triangle  abc',  will  represent  two  versors^  a  multiplier^  and  a  multi' 
plicand,  which  are  precisely  those  denoted,  in  XXVI.,  by  the  two  factors^  a*"' 
and  /3'"^ ;  and  the  product  of  these  two  factors,  taken  in  this  order ^  is  that  third 
versor,  which  has  its  axis  directed  to  c',  and  is  represented,  on  the  same  general 
plan  (177),  by  the  external  angle  of  the  lune,  at  that  point,  (f ;  which,  in  quantify, 
is  eqnal  to  the  external  angle  of  the  same  lune  at  c,  or  to  the  angle  ir  -  c. 
This  product  is  therefore  equal  to  that  potcer  of  the  unit-line  oc/,  or  -  y,  which 

2 

has  its  exponent  =  -  (tt  -  c)  =  2  -  2 ;  we  have  therefore,  by  this  construction,  the 

IT 

equation, 

XXVII. . .  a«-*j3^  =  (-  7)»-- ; 

which  (by  308,  (6.) )  agrees  with  the  recent  formula  XXVI. 
310.  The  equation, 

3       2b    3a 

L..7    /3'a'  =  -l, 

which  results  from  309,  (1.),  and  in  which  a,  /3,  y  are  the  unit-vectors  OA,  ob, 
oc  of  any  three  points  on  the  unit-sphere ;  while  the  three  scalars  a,  b,  c,  in 
the  exponents  of  the  three  factors,  represent  generally  the  angular  quantities 
of  rotation,  round  those  three  unit-lines,  or  radii,  a,  j3,  7,  from  the  plane  aoc 
to  the  plane  aob,  from  boa  to  bog,  and  from  cob  to  coa,  and  are  positive  or 
negative  according  as  these  rotations  of  planes  are  themselves  positive  or 
negative :  must  be  regarded  as  an  important  formula,  in  the  applications  of 
the  present  Calculus.  It  includes,  for  example,  the  whole  doctrine  of  Spherical 
Ti^ngles ;  not  merely  because  it  conducts,  as  we  have  seen  (309,  (3.) ),  to  one 
form  of  the  fundamental  scalar  equation  of  spherical  trigonometi*y,  namely  to  the 
equation, 

II. . .  COB  c  +  cos  A  cos  B  «  cos  c  sin  A  sin  B ; 

but  also  because  it  gives  a  vector  equation  (309,  (4.) ),  which  serves  to  conned 
the  angles,  or  the  rotations,  a,  b,  c,  with  the  directions*  of  the  radii,  a,  |3,  y,  or 
OA,  oB,  oc,  for  any  system  of  three  diverging  right  lines  from  one  origin.     It 


*  Thia  may  be  considered  to  be  another  instance  of  that  habitual  reference  to  direction^  as  dittin' 
guUhediiom  mere  quantity  (or  magnitude),  although  combined  therewith,  which  pervades  the  present 
Calculus,  and  is  eminently  characteristic  of  it ;  whereas  Lea  Cartes^  on  the  contrary,  hud  aimed  to 
reduce  all  problems  of  geometry  to  the  determination  of  the  lengths  of  right  lines ;  allliough  (as  aU 
who  use  his  co-ordinates  are  of  course  well  aware)  a  certain  reference  to  direction  is  eyen  in  his  theory 
inevitable,  in  connexion  wiUi  the  interpretation  of  negative  roots  (by  him  called  inverse  qt  false  vw>\b) 
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may,  therefore,  be  not  improper  to  make  here  a  few  additional  remarks, 
respecting  the  nature,  evidence,  and  extension  of  the  recent  formula  I. 
(1.)  Multiplying  both  members  of  the  equation  I.,  by  the  inverse  expo- 

nential  7  ',  we  have  the  transformation  (oomp.  309,  (!.))• 

^     3a  20  a(ir— O) 

III.  .  .  /3'  a'  =  -  7"  '  =  7 

A 

(2.)  Again,  multiplying  both  members  of  I.  into*  a  •,  we  obtain  this  other 
formula : 

3o     3d  2a         2  (it  — a) 

IV.  .  .  7'  0^=  -  a"  '  =  a     ''     . 

2a  2c 

(3.)  Multiplying  this  last  equation  IV.  by  a',  and  the  equation  III.  into  7', 
we  derive  these  other  forms : 

2A     2o     2b  2b   2a    2c 

V. . .  a'  7^  /3^  =  -  1 ;      VI. . .  jS"^  a'  7'  =  -  1 ; 

so  that  cyclical  permutation  of  the  letters^  a,  j3,  7,  and  a,  b,  c,  in  allowed  in  the 
equation  I. ;  as  indeed  was  to  be  expected,  from  the  nature  of  the  theorem 
which  that  equation  expresses. 

(4.)  From  either  V,  or  VI.  we  can  deduce  the  formula  : 

2a    2o  2b  2(ir— b) 

VII. . .  o"  7' =  -  /3*  -  =  /3 


V 


by  comparing  which  with  III.  and  IV.,  we  see  that  cyclical  permutation  of 
letters  is  permitted,  in  these  equations  also. 

(5.)  Taking  the  reciprocal  (or  corrugate)  of  the  equation  I.,  we  obtain  (com- 
pare 309,  XXII.)  this  other  equation : 

2a        2b       2o 

VIII. . .  a  '  )3  "^  7"  '  =  -  1 ; 

2(»r-A)      2(tr-B)       2(ir-0) 

or  IX. . .  a    »    /3    '      7    '     =  +  1 ; 

of  equations.  Thus  in  the  first  sentence  of  Scbooten^s  recently  cited  translation  (1659)  of  the  Oeometry 
of  Des  Cartes,  we  find  it  said :  **  Omnia  Geometrise  Problemata  facil^  ad  hujusmodi  terminos  reduci 
possunt,  ut  deinde  ad  illorum  constructionem,  opus  tan  turn  sit  rectarum  quarundam  longitudinem 
cognoscere." 

The  very  different  view  of  geometry ^  to  which  the  present  writer  has  been  led,  makes  it  the  more 
proper  to  express  hero  the  profound  admiration  with  which  be  regards  the  cited  Treatise  of  Des  Cartes : 
containing  as  it  does  the  germs  of  so  large  a  portion  of  all  that  has  since  been  done  in  mathematical 
science,  even  as  concerns  imaginary  roots  of  equations,  considered  as  marks  oi  geometrical  impoesihiiity, 

*  For  the  distinction  between  multiplying  a  quaternion  into  and  by  a  factor,  see  the  Noles  to  pages 
147,  169. 


406  ELEMENTS  OF  QUATERNIONS.  [III.  i.  §  10. 

in  which  cyclical  permutation  of  letters  is  again  allowed,  and  from  which  (or 
from  III.)  we  can  at  once  derive  the  formula, 

Sa        to  20 

(6.)  The  equation  X.  may  also  be  thus  written  (comp.  309,  XXVII.) : 

2(ir-A)     2(ir-B)  2(ir-0)  2(y-0) 

XL..a     '     ^     '      =7       '      =(-7)     '      • 

(7.)  And  all  the  foregoing  equations  may  be  interpreted  (comp.  309,  (19.) ), 
and  at  the  same  time  proved,  by  a  reference  to  that  general  construction  (177) 
for  the  multiplication  of  versors,  which  the  figures  45  and  46  were  designed  to 
illustrate ;  if  we  bear  in  mind  that  a  power  a\  of  an  unit-line  a,  with  a  scalar 
exponent,  t,  is  (by  308,  309)  a  versor,  which  has  the  effect  of  turning  a  line  ±  a, 
through  t  right  angles,  round  a  as  an  axis  of  rotation, 

(8.)  The  principle  expressed  by  the  equation  I.,  from  which  all  the  sub- 
sequent equations  have  been  deduced,  may  be  stated  in  the  following  manner, 
if  we  adopt  the  definition  proposed  in  an  earlier  part  of  this  work  (180,  (4.) ), 
for  the  spherical  sum  of  two  angles  on  a  spheric  surface  : 

"  For  any  spherical  triungk,  the  Spherical  Sum  of  the  three  angles,  if  taken  in 
a  suitable  Order,  is  equal  to  Two  Right  AnglesJ^ 

(9.)  In  fact,  when  the  rotation  round  a  from  b  to  c  is  negative,  if  we 
spherically  add  the  angle  b  to  the  angle  a,  the  spherical  sum  so  obtained  is  (by 
the  definition  referred  to)  equal  to  the  external  angle  ate;  if  then  we  add  to 
this  sum,  or  supplement  of  c,  the  angle  c  itself,  we  get  a  fiml  or  total  sum, 
which  is  exactly  equal  to  tt  ;  addition  of  spherical  angles  at  one  vertex,  and 
therefore  in  one  plane,  being  accomplished  in  the  usual  manner;  but  the 
spherical  summation  of  angles  with  different  vertices  being  performed  according 
to  those  new  rules,  which  were  deduced  in  the  Ninth  Section  of  Book  II., 
Chapter  I. ;  and  were  connected  (180,  (5.) )  with  the  conception  of  angular 
transvection,  or  of  the  composition  of  angular  motions,  in  different  and  successive 
planes, 

(10.)  Without  pretending  to  attach  importance  to  the  following  notation, 
we  may  just  propose  it  in  passing,  as  one  which  may  serve  to  recall  and 
represent  the  conception  here  referred  to.  Using  a  plus  in  parentheses,  as  a 
symbol  or  characteristic  of  such  spherical  addition  of  angles,  the  formula  I.  may 

be  abridged  as  follows : 

XII. . .  0  (+)  B  (+)  A  =  IT ; 
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the  symbol  of  an  added  angle  being  written  to  the  left  of  the  symbol  of  the 
angle  to  which  it  is  added  (eomp.  264,  (4.) ) ;  beoause  such  addition  corresponds 
(as  above)  to  a  multiplication  of  versorsy  and  we  have  agreed  to  write  the  symbol 
of  the  multiplier  to  the  left*  of  the  symbol  of  the  multiplicand^  in  every  multi- 
plication of  quaternions. 

311.  There  is,  however,  another  view  of  the  important  equation  310,  I., 
according  to  which  it  is  connected  rather  with  addition  of  arcs  (180,  (3.) ),  than 
with  addition  of  angles  (180,  (4.) ) ;  and  may  be  interpreted,  and  proved  aneWj 
with  the  help  of  the  supplementary  or  polar  triangle,  a'bV,  as  follows. 

(1.)  The  rotation  round  a  from  b  to  c  being  still  supposed  to  be  negative, 
let  a',  b',  (f  be  (as  in  175)  the  positive  poles  of  the  sides  bc,  ca,  ab  ;  and  let 
a',  j3',  y  be  their  unit- vectors.  Then,  because  the  rotation  round  a  from  7' 
to  j3'  is  positive  (by  180,  (2.)),  and  is  in  quantity  the  supplement  of  the 
spherical  angle  a,  the  product  y'j3'  will  be  (by  281,  (2.),  (3.) )  a  versor^  of 
which  a  is  the  aans^  and  a  the  angle ;  with  similar  results  for  the  two  other 
products,  ay,  j3V. 

(2.)  If  then  we  write  (comp.  291), 

I.  .  .  a' =  UV/37,     jS'-UVya,     /  =  UVa/3, 
supposing  that 

IL..Ta  =  Tj3  =  Ty  =  l,    and    III. . .  Saj3y  >  0 
we  shall  have  (comp.  again  180,  (2.) ), 

IV.  .  .  a  =  UVy'^',     j3  =  UVaY,     7  =  UV/3V,t 

and 

V. . .  A  = /ly'/i',     B  =  ZaY,     c  =  zj3 V ; 

whence  (by  308  or  309)  we  have  the  following  exponential  expressions  for  these 
three  \eAi  products  of  unit-lines. 

VL  . .  7'/3'  =  a' ;      aY  =  13';      ^V  -  7'  . 

(3.)  Multiplying  these  three  expressions,  in  an  inverted  order,  we  have, 
therefore,  the  new  product : 

VII. . .  7^/3'  a^=  ^V.  a Y.y'/3'  -  7'*^'»a?  =»  -  1 ; 
and  the  equation  310,  I*  is  in  this  ^d^y  proved  anew, 

•  Compare  the  Note  to  page  147. 

t  [Here  UViSy  =  UW-yaVo/S  =  U  (-  aSo^y)  =-  -  aUSajSy.] 
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(4.)  And  because,  instead  of  VI.,  we  might  have  written, 

VIIL . .  a'  -  -  J7 ;    13'  ^ 7- ;     r'  =  -  Sr, 

we  see  that  the  equation  to  be  proved  may  be  reduced  to  the  form  of  the 

identity 

TV        E  iL   I-  „  +  1  . 
«     7    P 

and  may  be  interpreted  as  expressing,  what  is  evident,  that  if  a  point  be 
supposed  to  move  first  along  the  side  b'c',  of  the  polar  triangle  a'bV,  from  b' 
to  c' ;  then  along  the  successive  side  cV,  from  (/  to  a'  ;  and  finally  along  the 
remaining  side  a'b',  from  a'  to  b',  it  will  thus  have  returned  to  the  positiou 
from  which  it  %et  outy  or  will  on  the  whole  have  not  changed  place  at  all. 

(5.)  In  thi%  vieWy  then,  we  perform  what  we  have  elsewhere  called  an 
addition  of  arcs  (instead  of  angks  as  in  310) ;  and  in  a  notation  already  used 
(264,  (4.) ),  we  may  express  the  result  by  the  formula, 

X.  .  .  r.  a'b'  +  r»  CV  +  r^  bV  =  0  ; 

each  of  the  two  left-handed  symbols  denoting  an  arc,  which  is  conceived  to  be 
added  (as  a  successive  rector-arc,  180,  (3.)),  to  the  arc  whose  symbol  immediately 
follows  it,  or  is  written  tiext  it,  but  towards  the  right-hand, 

(6.)  The  expressions  VI.  or  VIII.,  for  the  exponential  factors  in  310,  I., 
show  in  a  new  way  the  necessity  of  attending  to  the  order  of  those  factors,  in 
that  formula:  for  if  we  should  invert  that  order,  mthout  altering  (as  in  310, 
VIII.)  the  exponents,  we  may  now  see  that  we  should  obtain  this  new  product: 

which,  on  account  of  the  diplwiarity  of  the  lines  a,  j3',  y,  is  not  equal  to 
negative  unity,  but  to  a  certain  other  versor ;  the  properties  of  which  may  be 
inferred  from  what  was  shown  in  297,  (64.),  and  in  298,  (8.),  but  upon  which 
we  cannot  here  delay. 

312.  In  general  (comp.  221),  an  equation,  such  as 

I. . .  /  =  g, 

between  two  quaternions,  includes  a  system  of  four*  scalar  equations,  such  as  the 

following : 

II. . .  S5'  =  Sy ;     Sa/  =  ^aq ;     Sj3?'  =  S0g ;     87/  =  87^ ; 

*  The  propriety t  which  such  results  as  this  establish,  for  the  use  of  the  name^  Quatbknionb,  as 
applied  to  this  whole  Calculus,  on  account  of  its  essential  connexion  with  the  number  Fouit,  does  not 
require  to  be  again  insisted  on. 
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where  a,  j3,  y  may  be  any  three  actual  and  diplanar  vectors :  and  oonversely, 
if  a,  j3,  7  be  any  three  such  vectors,  then  the  four  Boalar  equations  U.  repro- 
duce, and  are  sufficiently  replaced  by,  the  one  quaternion  equation  I:  But 
an  equation  between  two  vectors  is  equivalent  only  to  a  system  of  three  scalar 
equations^  such  as  the  three  last  equations  II. ;  for  example,  in  294,  (12.),  the 
one  vector  equation  XXII.  is  equivalent  to  the  three  scalar  equations  XXI., 
under  the  immediately  preceding  condition  of  diplanarity  XX.  In  like  manner, 
an  equation  between  two  versors  of  quaternions*  such  as  the  equation 

III. . .  W  =  Uj, 

includes  generally  a  system  of  three^  but  of  not  more  than  three,  scalar  equa- 
tions; because  the  versorTJq  depends  generally  (comp.  157)  on  a  system  of  three 
scalars,  namely  the  two  which  determine  its  axis  Ax .  q,  and  the  one  which 
determines  its  angle  Iq;  or  because  the  versor  equation  III.  requires  to  be 
combined  with  the  tensor  equation, 

IV. . .  T^  -  T^,  compare  187  (13.), 

in  order  to  reproduce  the  quaternion  equation  I.  Now  the  recent  equation, 
310, 1.,  is  evidently  of  this  versor-form  III.,  if  a,  j3,  y  be  still  supposed  to  be 
unit-lines.  If  then  we  met  that  equation^  or  if  one  of  ii^  form  had  occurred  to 
us,  without  any  knowledge  of  its  geometrical  significationy  we  might  propose  to 
resolve  it,  with  respect  to  tlie  three  scalars  a,  b,  c,  treated  as  three  tinknoum 
quantities.  The  few  following  remarks,  on  the  problem  thus  proposed,  may 
be  not  out  of  place,  nor  uninstructive,  here. 
(1.)  Writing  for  abridgment, 

V. . .  cot  A  =  ^,     cot  B  =  ti,     cot  c  =  f?, 
and 

VI. . .  «  =  -  cosec  A  cosec  b  cosec  c, 

the  equation  to  be  resolved  becomes  (by  308,  VII.,  or  309,  XII.), 

Vn.  ..(t?  +  7)(M  +  /3)(^  +  a)  =»; 
in  which  the  tensors  on  both  sides  are  already  equal,  because 

vin. . .  «»=  («?»+ 1)  (w»+ 1)  (^+1). 

♦  An  equation,  Up'  =  Up,  or  UV^  =  XJVy,  between  two  versors  of  vectors  (156),  or  between  the 
axes  of  tM'o  quaternions  (291),  is  equivalent  only  to  a  system  of  two  scalar  equations'^  because  the 
direction  of  an  axis,  or  of  a  vector,  depends  on  a  system  of  two  angular  elements  (111)- 

Hamilton's  Elemsnts    of  Quaternions.  3  G 
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(2.)  Multiplying  the  equation  VII.  by  t  +  a,  and  into  t  -  a^  and  dividing 
the  result  by  f  +  1,  we  have  this  new  equation  of  the  same/o;7»,  but  differing 
by  cyclical  permutation  (oomp.  310,  (3.) ) : 

IX. . .  (^  +  a)  (t?  +  7)  (t*  +  j3)  =  « ; 
and  in  like  manner, 

X.  .  .  (t*  +  /3)  (^  +  a)  (t?  +  7)  =  S. 

(3.)  Taking  the  half  difference  of  the  two  last  equations,  and  observing 
that  (by  279,  IV.,  and  294,  II.) 

we  arrive  at  this  new  equation,  of  vector  form : 

Xn.  .  .  0  «  f?V/3a  +  ^V/37  +  7Sa/3  -  oS^y ; 

whioh  is  equivalent  only  to  a  system  of  two  scalar  equations^  because  it  gives 
0  =  0,  when  operated  on  by  S .  j3  (comp.  294,  (9.) ). 

(4.)  It  enables  us,  however,  to  determine  the  two  scalarSy  t  and  v;  for  if  we 
operate  on  it  by  S .  a,  we  get  (oomp.  298,  XXVI.), 

XIII.  .  .  ^Saj37  -  a»S^7  -  Sj3a  Say  =  S  (V/3a  . Vay) ; 

and  if  we  operate  on  the  same  equation  XII.  by  S .  7,  we  get  in  like  manner, 

XIV. . .  vHa^  =  7»Saj3  -  80787)3  =  8  (Va7  .V7i3). 

(5.)  Processes  quite  similar  give  the  analogous  result, 

XV. . .  wSa/37  =  ^"S7«  -  S7J3  S/3a  =  8  ( V7j3 . Vj3a) : 

and  thus  the  problem  is  resolved,  in  the  sense  that  expressions  have  been  found 
for  the  three  sought  scalars,  ty  u,  r,  or  for  the  cotangents  V.  of  the  three  sought 
angles  a,  b,  c :  whence  the  fourth  scalar,  s,  in  the  quaternion  equation  VII., 
can  easily  be  deduced,  as  follows. 

(6.)  Since  (by  294,  (6.),  changing  8  to  a,  and  afterwards  cyclically  per- 
muting) we  have,  for  any  three  vectors  a,  j3,  7,  the  general  transformations, 

fa&afiy  =Y  (VPa.Yay), 

XVI.  .  .      fi&afiy  -  V  (V7i3  .V/3a), 

(78a/37=V(Va7.V7^), 
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the  expressions  XIII.  XV.  XIV.  give, 

XVII. . .  j  (u  + /3)  Sa/37  =  V7/3  .V/3a ; 
whence,  by  VII., 

XVin.  .  .  8  {SafiyY  =  {Yy(iy{Y(iaY(VayY ; 

and  thus  the  remaining  scalar,  «,  is  also  entirely  determined. 

(7.)  And  the  equation  VIII.  may  be  verified,  by  observing  that  the 
expressions  XVII.  give, 

/  (^»  +  l)  (80/37)' =(V/3a)'(Va7)- 

XIX.  .  .      (u»  +  1)  (Sa/Jy)"  =  (Vy^y  ( VjSa)' ; 

V  (t^  +  1)  (SajSy/  =  {YayY  (Vy/3)«. 

(8.)  The  equations  XTTI.  XIV.  XV,  XVI.  give,  by  elimination  of  SajSy, 
these  new  expressions : 

XX.  .  .  at'  =  (V  :  S)  (V/3a .  Yay) ;     (iw'  =  (V  :  8)  (V7/3  .  VjSa) ; 

7f;-^=(V:S)(Va7.V73); 

by  comparing  which  with  the  formula  281,  XXVIII.,  after  suppressing  (291) 
the  characteristic  I.,  we  find  that  the  three  scalarsy  ty  u^  t?,  are  either  1st,  the 
cotangents  0/  the  angles  opposite  to  the  sides  a,  6,  c,  qfthe  spherical  triangle  in 
ichich  the  three  given  unit-lines  a,  /3,  7  terminatcy  or  Ilnd,  the  negatives  of  those 
cotangents,  the  angles  themselves  of  that  triangle  being  as  usual  supposed  to  be 
positive  (309,  (10.) ),  according  as  the  rotation  round  a  from  /3  to  7  is  negative 
or  positive:  that  is  (294,  (3.)),  according  as  8a/37>or  <  0;  or  finally,  by 
XVIII.,  according  as  the  fourth  scalar ^  «,  is  negative  or  positive,  because  the 
second  member  of  that  equation  XVIII.  is  always  negative^  as  being  the 
product  of  three  squares  of  vectors  (282,  292). 

(9.)  In  the  1st  case,  which  is  that  of  309,  (1.),  we  see  then  anew^  by  V. 
and  VI.,  that  we  are  permitted  to  interpret  the  scaktrs  a,  b,  c,  in  the  exponential 
formula  310, 1.,  as  equal  to  the  angles  of  the  spherical  triangle  (8.),  which  are 
usually  denoted  by  the  same  letters.  But  we  see  also,  that  we  may  add  any 
even  multiples  of  ir  to  those  three  angles^  vnthout  disturbing  the  exponential 
equation  ;  or  any  one  even,  and  two  odd  multiples  of  tt,  in  any  order,  so  as  to 
preserve  a  positive  product  of  cosecants,  because  s  is,  for  this  case,  negative  in 
VL,by(8.). 
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(10.)  In  the  Ilnd  case,  which  is  that  of  309,  (11.),  we  may,  for  similar 
reasons,  interpret  the  Bcalars  a,  b,  c,  in  the  formula  310, 1.,  as  equal  to  the 
negatives  of  the  angles  of  the  triangle  \  and  as  thus  having,  what  VI.  now 
requires,  because  «  is  now  positive  (8.),  a  negative  product  of  cosecants^  while 
their  cotangents  have  the  values  required.  But  we  may  also  addy  as  in  (9.), 
any  multiples  of  ir,  to  the  scalars  thus  found  for  the  formula,  provided  that 
the  number  of  the  odd  multiples,  so  added,  is  itself  even  (0  or  2). 

(11.)  The  conclusions  of  309,  or  310,  respecting  the  interpretation  of  the 
exponential  formula,  are  therefore  confirmed,  and  might  have  been  anticipated, 
by  the  present  new  analysis  :  in  conducting  which  it  is  evident  that  we  have 
been  dealing  with  real  scalars,  and  with  real  vectors,  only. 

(12.)  If  this  last  restriction  were  removed^  and  imaginary  values  admitted,  in 
the  solution  of  the  quaternion  eqtuition  VII.,  we  might  have  begun  by  operating, 
as  in  II.,  on  that  equation,  by  the  four  characteristics, 

XXL  ..8,    8. a,    8./3,    and    8.7; 

which  would  have  given,  with  the  significations  297,  (1.),  (3.),  of  /,  m,  n,  and  e, 
and  therefore  with  the  following  relation  between  those /c>wr  scalar  data, 

XXII.  ..  e»=  1  -/»-;/>»  -  «»  +  2/fwn, 

a  system  of  four  scalar  equations,  involving  the  four  sought  scalars,  s,  ty  u,  v  ; 
from  which  it  might  have  been  required  to  deduce  the  (real  or  imaginary) 
values  of  those  four  scalars,  by  the  ordinary  processes  of  algebra. 
(13.)  The  four  scalar  equations,  so  obtained,  are  the  following  : 

1 0  =  e  -^  It  -{-  mu  +  nv  -  tuv  +  s; 
0  ^  et  +  mtu  +  ntv  +  wt?  -  / ; 
0  ==  -  6w  ^  Itu  -^  tv  +  nuv  +  m  -  2ln ; 
0  =  ev  ■¥  tu  +  Itv  +  muv  -  n ; 

eliminating  uv  and  f^  between  the  three  last  of  which,  we  find,  with  the  help 
of  XXII.,  the  determinant, 

1,  mty  ntv  ■{•  et  -  I 

m,  t,  Itv  -^  ev  -  n 

n.  It  -  e,  tv  -^  m  -  2ln 
and  analogous  eliminations  give, 

XXV...  0  =  tf(^»  +  l)(tfw-w  +  n/), 
and    XXVI...  Oh:(?  +  1)  (e»ttt?-(w-«/)(n-/w)  +  (l-/»)  («/- /  +  fw«)). 


XXIII. 


•  • 


xxiy. . .  0 = 


=  e  (^  + 1)  («p  -  M  +  /w) ; 
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(14.)  Rejeoting  then  the  factor  ^^  +  1  we  find,  as  the  only  real  solution  of 
the  problem  (12.),  the  following  system  of  values : 

XXVIL  . .  et^l-mn^    eu-m-nl;    ev-n-lm; 

and  XXVIIL.    6»«  =  - (1 -/»)  (1-m*)  (1 -«») ; 

which  correspond  precisely  to  those  otherwise  found  before,  in  (4.)  (5.)  (6.J, 
and  might  therefore  serve  to  reproduce  the  interpretation  of  the  exponential 
formula  (310). 

(15.)  But  on  the  purely  algebraic  side,  it  is  found,  by  a  similar  analysis, 
that  the/<?wr  equations  XXIII.  are  satisfied  also  by  a  system  oifour  imaginary 
solutions^  represented  by  the  following  formulae  : 

(^  +  1  =  0;     «.^+l  =  0; 
XXIX. . . 

\s  ^tuv-lt-mu-nv-e^O\ 

which  it  may  be  sufficient  to  have  mentioned  in  passing,  since  they  do  not 
appear  to  have  any  such  geometrical  interest,  as  to  deserve  to  be  dwelt  on  here : 
though,  as  regards  the  cofisistency  of  the  different  processes  employed,  it  may 
be  remembered  that  in  passing  (2.)  from  the  equation  YU.  to  IX.,  after 
certain  preliminary  multiplications,  we  divided  by  f  ■\-  Ij  as  we  were  entitled 
to  do,  when  seeking  only  for  real  solutions,  because  t  was  supposed  to  be  a 
scalar, 

(16.)  This  seems  to  be  a  natural  occasion  for  remarking  that  the  following 
general  transformation  exists,  whatever  three  vectors  may  be  denoted  by  a,  j3, 7 : 

XXX.  .  .  S  (V/Sy  .  Vya  .  Va/3)  =  -  (Sa/3y)» ; 

which  proves  in  a  new  way  (comp.  180),  that  the  rotation  round  the  line  V/Sy, 
from  Yya  to  Vaj3,  is  always  positive ;  or  is  directed  iii  the  same  sense  (281,  (3.)), 
as  the  rotation  round  Vaj3  from  o  to  /3,  Ac. 
(17.)  In  like  manner  we  have  generallyi 

XXXI. .  •  8  (Va/3  .Yya  .Y^)  -=  +  (Sa/Sy)', 
and  XXXII.  .  .  8  {Yyfi.Yay  . V/3a)  =  +  {Sa^y ; 

so  that  the  rotation  roundYyfi  from  Yay  toYfia  is  negative,  whatever  arrange- 
ment the  three  diplanar  vectors  a,  /3,  7  may  have  among  themselves. 

(18.)  If  then  a'',  b'',  c"  be  the  negative  poles  of  the  three  successive  sides, 
BC,  OA,  AB,  of  any  spherical  triangle^  the  rotation  round  h!'  from  b''  to  c"  is 
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negative :  which  is  entirely  consistent  with  the  opposite  resutt  (180),  respecting 
the  system  of  the  three  positive  poles  a',  b',  (/. 

(19.)  A  quantitative  interpretation  of  the  equation  XXX  >  may  also  be  easily 
assigned :  for  we  may  infer  from  it  (by  281,  (4.),  and  294,  (3.) )  that  if  oabc 
be  any  pyramid^  and  if  normals  ok\  ob',  oc'  to  the  three  faces  bog,  coa,  aob  have 
their  lengths  numerically  equal  to  the  areas  of  those  faces  (as  bearing  the  same 
ratios  to  units^  &o.),  then  (with  a  similar  reference  to  units)  the  volume  of  the 
new  pyramid,  oa'b V,  mil  be  three  quarters  of  the  square  of  the  volume  of  the  old 
pyramid,  oabc. 

313.  But  an  allusion  was  made,  in  310,  to  an  extension  of  the  exponential 
formula  which  has  lately  been  under  discussion ;  and  in  fact,  that  formula 
admits  of  being  easily  extended,  from  triungks  to  polygons  upon  the  sphere  : 
for  we  may  write,  generally, 

I. . .  On  '  On-i  »    .  .  .  a,  »  Qi  »  «=  (-  l)", 

if  AiAs  . .  •  Ah-1  An  be  any  spherical  polygon,  and  if  the  soalars  Ai,  As,  •  •  •  in  the 
exponents  denote  the  positive  or  negative  angles  of  that  polygon,  considered  as 
the  rotations  AnAiAj,  AiAsAs,  . . .  namely  those  from  AiAn  to  AiAs,  &o.  ;  while  n 
is  any  positive  whole  number*  >  2. 

(1.)  One  mode  of  proving  this  extended  formula  is  the  following.  Let 
oc  =  7  be  the  unit- vector  of  an  6u:bitrary  point  c  on  the  spheric  surface ;  and 
conceive  that  arcs  of  great  circles  are  drawn  from  this  point  c  to  the  n  suc- 
cessive corners  of  the  polygon.  We  shall  thus  have  a  system  of  fi  spherical 
triangles,  and  each  angle  of  the  polygon  will  (generally)  be  decomposed  into 
two  (positive  or  negative)  partial  angles,  which  may  be  thus  denoted : 

XX.  •  •  CA|A}  ^  A  I,      CAsAs  ^^^  A  s,  .  •  •  ^ 
JLJLX*  •  •  A^AiC  ■■  A   I,     AiA)C  ^  A  g,  •  •  •  j 

so  that,  with  attention  to  signs  of  angles  in  the  additions, 

I V .  •  .  Ai  =  a'i  +  a"i.      As  =  a'j  +  a"j,  &0. 

Also  let 

V.  .  .  AsCAi  =  Ci,      A«OAa  »  Cg,  &C.  ; ' 

and  therefore 

VI.  .  .  Ci  +  Oa  + . .  +  Ch  =  an  even  multiple  of  w, 

which  reduces  itself  to  27r  in  the  simple  case  of  a  polygon  with  no  re-entrant 
angles,  and  with  the  point  c  in  its  interior. 


*  The  foimula  admits  of  interpretation,  even  for  the  case  «i  =  2. 


i 
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(2.)  Then,  for  the  triangle  cAiAj,  of  which  the  angles  are  Cj,  a'i,  a"„  we 
have,  by  310,  III.,  the  equation, 

and  in  like  manner,  for  the  triangle  OAaAa,  we  have 


2a",       2a',  20, 


VIII.  .  .  as  '^    as  '  =  -  7     '  ,  &C. 

But,  when  we  multiply  VII.  by  VIII.,  we  obtain,  by  IV.,  the  product, 

2A"a      2a,      2a^  2{Ot  +  og) 

IX. . .  as  '   02  '  ai  '  =  +  7       '     ; 
and  so  proceeding,  we  have  at  last,  by  VI.,  a  product  of  the  form, 

X.  .  .  Ci  »  a„  »  .  . .  aa  •  ai  '  «  (-  1)** ; 

2a",  2a''i 

which  reduces  itself  to  I.,  when  it  is  multiplied  by  a     ^  ,  and  into  a  *  (comp. 
310,  (3.) ).     The  theorem  is  therefore  proved, 

(3.)  In  words  (comp.  310,  (8.) ),  "  the  spherical  sum  of  the  successive  angles 
of  any  spherical  polygon^  if  taken  in  a  suitable  order ^  is  equal  to  a  multiple  of  two 
right  angles^  which  is  odd  or  eren^  according  as  the  number  of  the  sides  (or  comers) 
of  the  polygon  is  itself  odd  or  even":  the  definition  formerly  given  (180,  (4.) ), 
of  a  Spherical  Sum  of  Angles y  being  of  course  retained.  And  the  reasoning 
may  be  briefly  stated  thus.  When  an  arbitrary  point  0  is  taken  on  the 
spherical  surface,  as  in  (1.),  the  spherical  sum  of  the  two  partial  angles,  at  the 
ends  of  any  one  side,  is  the  supplement  of  the  angle  which  that  side  subtends,  at 
the  point  c;  but  the  sumoi  all  such  subtended  angles  is  either /ot^rn^A^  angles, 
or  some  whole  multiple  thereof:  therefore  the  sum  of  their  supplements  can 
difEer  only  by  some  such  multiple  from  nir,  if  n  be  the  number  of  the 
sides. 

(4.)  Whatever  that  number  may  be,  if  we  denote  by  pn  the  ea>ponential 
product  in  the  formula  I.,  we  have  for  every  vector  p,  and  for  every  quaternion  q, 
the  equations : 

XI. . .  p„ppn'^  =  p ;        XII. . .  Pnqpn'  =  q ; 

whereof  the  former  may  (by  308,  (8.) )  be  thus  interpreted : 

"  If  any  line  op,  drawn  from  the  centre  o  of  a  sphere^  be  made  to  revolve 
conically  round  any  n  radii,  oaj,  . .  oa«,  as  n  successive  axes  of  rotation,  through 


416  ELEMEI^TS  OF  QUATERNIONS.  [ni.i.  §  10. 

angles  equal  respectively  to  the  doubles  of  the  angles  of  the  spherical  polygon  Ai . .  a,», 
the  line  will  be  brought  back  to  its  initial  position,  by  the  composition  of  these 
n  rotations,^' 

(5.)  Another  way  of  proving  the  extended  formula  I.,  for  any  spherioal 
polygon,  is  analogous  to  that  which  was  employed  in  311  for  the  case  of  a 
triangle  on  a  sphere,  and  may  he  stated  as  follows.  Let  a'„  k\,  . . .  A'n  he  the 
positive  poles  of  the  arcs  A1A2,  AjAs,  .  .  .  a„Ai  ;  and  let  a\,  a\,  ' .  .  a'„  be  the 
unit- vectors  of  those  n  poles.  Then  the  point  Ai  is  the  positive  pole  of  the 
new  arc  a'iA^„,  and  the  angle  Ai  of  the  polygon  at  that  point  is  measured  by 
the  supplement  of  that  arc  ;  with  similar  results  for  other  comers  of  the 
polygon.    Thus  we  have  the  system  of  expressions  (oomp.  311,  VI.) : 

so  that  \ki^  product  of  powers  in  I.  is  equal  to  the  ioWo^ing  product  ofn  squares 
of  unit-lines,  and  therefore  to  the  n^  power  of  negative  unity, 

XI  v.  .  .  a  nO  «-i  .  a n-ltt n-8  •  •  •  a 2«  l  •  «  lO n  =  (""  1)**  J 

and  thus  the  extended  theorem  is  proved  anew. 

(6.)  This  latter  process  may  be  translated  into  another  theorem  of  rotation, 
on  which  it  is  possible  that  we  may  briefly  return,*  in  the  Second  and  last 
Chapter  of  this  Third  Book,  but  upon  which  we  cannot  here  delay. 

(7.)  It  may  be  remarked  however  here  (comp.  309,  XII.),  that  the  extended 
eosponential formula  I.  may  be  thus  written  : 

XV.  .  .  COnS  An  •  Ca«-iS  A»_i  •  .  .  COjS  A2  .  CaiS  Ai  =  (-  1)**. 

(8.)  For  example,  if  abcd  be  any  spherical  quadrilateral,  of  which  the 
angles  (suitably  measured)  are  denoted  by  a,  . .  d,  so  that  a  represents  the 
positive  or  negative  rotation  from  ad  to  ab,  &c.,  while  a,  /3,  7,  8  are  the 
unit  vectors  of  its  corners,  then 

XVI.  .  .  cSsD  ,  CySC  .  CjSsB  .  CaSA  =  +  1. 

(9.)  Hence  (oomp.  309,  XIII.),  we  may  write  also, 
XVII. . .  (cos  c  -  Y  sin  c)  (cos  D  -  8  sin  d)  =  (oosb  +  /3  sinB)(oosA  +  a  sin  a)  ; 

and  therefore,  by  taking  scalars  on  both  sides,  and  changing  signs, 
XVIII. . .  -  cos  c  cos  D  +  sin  c  sin  d  cos  cd  =  -  cos  b  cos  a  +  sin  b  sin  a  cos  ba  ; 

•  Compare  297,  (24.). 
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in  fact,  each  member  of  this  last  formula  is  equal  (by  309,  XIV.)  to  the 
cosine  of  the  angle  abb,  or  ced,  if  the  opposite  sides  ad,  bc  of  the  quadri- 
lateral intersect  in  b. 

(10.)  Let  p  =  OP  be  the  unit  vector  of  any  fifth  pointy  p,  upon  the  spheric 
surface ;  then  operating  by  S .  /o  on  XVII.,  we  obtain  this  other  general 
formula, 


^^^       CO  =  sin  A  cos  B  cos  ap  +  sin  b 

XIX. ... 

\   +  sm  c  cos  D  cos  OP  +  sin  d 


cos  A  cos  BP  +  sm  A  sm  b  sm  ab  sm  pq 
cos  c  cos  DP  +  sin  c  sin  d  sin  cd  sin  pr  ; 


in  which  the  ^ne%  of  the  sides  ab,  cd  are  treated  as  always  positive ;  but  the 
sines  of  the  perpendiculars  pq  and  pr,  on  those  two  sides,  are  regarded  as 
positive  or  negative^  according  as  the  rotations  round  p,  from  a  to  b  and  from 
G  to  D,  are  negative  or  positive :  and  hence,  by  assigning  particular  positions 
to  p,  several  other  but  less  general  equations  of  spherical  tetragonometry  can 
be  derived. 

(11.)  For  example,  if  we  place  p  at  the  intersection^  say  f,  of  the  opposite 
sides  AB,  CD,  the  two  last  perpendiculars  will  vanish,  and  two  of  the  six  terms 
will  disappear^  from  the  general  formula  XIX. ;  and  a  similar  reduction  to 
four  tei*ms  will  occur,  if  we  make  the  arbitrary  point  p  the  pole  of  a  side^  or 
of  a  diagonal, 

314.  The  definition  of  the  power  a',  which  was  assigned  in  308,  enables  us 
to  form  some  useful  expressions,  by  quaternions,  for  circular^  elliptic,  and  spiral 
locij  in  a  given  plane,  or  in  space,  a  few  of  which  may  be  mentioned  here. 

(1.)  Let  a  be  any  given  unit-vector  oa,  and  j3  any  other  given  line  ob, 
perpendicular  to  it ;  then,  by  the  definition  (308),  if  we  write, 

I.  .  .  OP  =  /o  =  a%     Ta  =  1,     Sa/3  =  0, 

the  locus  of  the  point  p  will  be  the  circumference  of  a  circle,  with  o  for  centre, 
and  oB  for  radius,  and  in  a  piane  perpendicular  to  oa. 

(2.)  If  we  retain  the  condition  Ta  =  1,  but  not  the  condition  Sa/3  =  0,  then 
the  product  a'j3  will  be  in  general  a  quaternion,  and  not  merely  a  vector ;  but 
if  we  take  its  vector-part  (292),  we  can  form  this  9iew  vector-expression, 

11. . .  OP  =  ^  =  V.  a*/3  =  /3  COS  a?  +  y  sin  a?, 
where 

III. . .  2a?  =  trr,    and    IV. ...  y  =  oc  =  Vaj3 ; 

and  now  the  locus  of  p  is  a  plane  ellipse,  with  its  centre  at  o,  and  with  ob  and 
DC  for  its  major  and  minor  semiaxes :  while  the  angular  quantity,  x,  is  what  is 
often  called  the  excentric  anomaly^ 

Hamilton's  ELBinurrs  or  Quatbrnions.  3  H 
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(3.)  If  we  write,  under  the  same  conditions  (2.), 
V. .  .  Ob'  =  /3'  =  Vj3a  :  a  »  a'^y,      and     VI. .  .  op'=  p'  =  Vpa  :  a  «  aVpa, 

so  that  b'  and  p'  are  the  projections  (203)  of  b  and  p  oh  a  plane  drawn  through  o, 
at  right  angles  to  the  unit-line  oa,  we  have  then,  by  II.,  the  equation, 

VII. . .  /o'  =  /3'  cosa?  +  y  sin  a;  =  o*j3'; 

so  that  the  locus  of  this  projected  point  p'  is  a  circley  with  ob'  and  oc  for  two 
rectangular  radii. 

(4.)  Under  the  same  conditions,  the  elliptic  locus  (2.),  of  the  point  p  itself, 
is  the  section  of  the  right  cylinder  (compare  203,  (5.) ), 

Vin.  .  .  TVap  =  TVa/3  =  Ty, 

made  by  the  plane, 

IX. .  .  0  =  SyjSp,     or    IX'.  .  .  P'Bap  =  Sa/3S/3p  (oomp.  298,  XXVI.) ; 
as  a  confirmation  of  which  last  form  we  liave,  by  11.  and  IV., 

X.  .  .  Sap  =  Sa/3  cos  X,     Sj3p  =  /3'  cos  a?. 

(5.)  If  we  retain  the  condition  Sa/3  =  0  (L),  but  not  now  the  condition 
Ta  =  1,  we  may  again  write  the  equation  I,  for  p ;  but  the  locus  of  p  will 
now  be  a  logarithmic  spiral^  with  o  for  its  pole,  in  the  plane  perpendicular 
to  OA ;  because  equal  angular  motions^  of  the  turning  line  op,  correspond  now 
to  eqtml  multiplications  of  the  length  of  that  line  p, 

(6.)  For  example,  when  the  scalar  exponent  t  is  increased  by  4,  so  that 

the  revolving  unit  line, 

XL  . .  Up  =  TJaMJjS 

returns  (comp.  309,  XXIV.)  to  the  direction  which  it  had  before  the  increase 
of  t  was  made,  the  length  Tp  of  the  turning  line  p  itself,  or  of  the  radius  vector 
of  the  locus,  is  multiplied  hy  Ta* ;  which  constant  and  positive  scalar  is  not  now 
equal  to  unity. 

(7.)  If  we  rej'ect  both  the  conditions  (1.), 

Ta  =  l,    and    Sa/3  =  0, 

so  that  the  line  a,  or  the  base  of  the  power  a',  is  now  neither  an  unit-line,  nor 
perpendicular  to  j3,  namely  to  the  line  on  which  that  power  operates,  as  sl  factor, 
we  must  again  take  vector  parts,  but  we  have  now  this  new  expression : 

XII. . .  OP  =  /o  =  V.  a'/3  =  a*(/3  cos  a?  +  y  sin  a?) ; 

in  which  we  have  written,  for  abridgment, 

XIIL..a  =  Ta,     y=.V(Ua./3). 


Aet.  314.]  EXPRESSIONS  FOR  CERTAIN  SPIRALS.  419 

(8.)  In  this  more  complex  case,  the  locus  of  p  is  btill  a  plane  curve^  and 
may  be  said  to  be  now  an  elliptic*  logarithmic  spiral ;  for  if  we  suppress  the 
scalar  factor^  a*,  we  fall  back  on  the/onn  II.,  and  have  again  an  ellipse  as  the 
loons :  but  when  we  take  account  of  that  factor,  we  find  (comp.  (2.) )  that  equal 
increments  ofexcenttHc  anomaly  {x)y  in  the  auxilia)*p  ellipse  so  determined,  cor- 
respond to  equal  multiplications  of  the  length  (Tp),  of  the  vector  of  the  fmc 
spiral. 

(9.)  We  may  also  project  b  and  p,  as  in  (3.),  into  points  b'  and  p',  on  the 
plane  through  o  perpendicular  to  oa,  which  plane  still  contains  the  extremity  c 
of  the  auxiliary  vector  y ;  and  then,  since  it  is  easily  proved  that  y  «  XJa .  /3', 
the  equation  of  the  projected  spiral  becomes  (with  Ta  >  or  <  1), 

XIV.  .  .  /  =  a' (j3'  cosiT  +  7  sin x)  =  a'j3' ; 

so  that  we  are  brought  back  to  the  case  (5.),  and  the  projected  curve  is  seen  to 
be  a  logarithmic  spiral,  of  the  known  and  ordinary  kind. 

(10.)  Several  spirals  of  double  curvature  are  esBilj  represented,  on  the  same 
general  plan,  by  merely  introducing  a  vector- term  proportional  to  t^  combined 
or  not  with  a  constant  vector-term,  in  each  of  the  expressions  above  given,  for 
the  variable  vector  p.    For  example,  the  equation, 

XV. . .  p  «  o^a  +  a%    with    Ta  =  1,    and    Sa]3  «  0, 

while  c  is  any  constant  scalar  different  from  zero,  represents  a  helix^  on  the  right 
circular  cylinder  VIII. 

(11.)  And  if  we  introduce  a  new  and  variable  scalar,  w,  as  ^factor  in  the 
right-hand  term,  and  so  write, 

XVI.  .  .  p  =  c^a  +  «a*/3, 

we  shall  have  an  expression  for  a  variable  vector  />,  considered  as  depending  on 
two  va)'iable  scalars  {t  and  w),  which  thus  becomes  (99)  the  expression  for  a 
vector  of  a  surface :  namely  of  that  important  Screw  Surface^  which  is  the  locus 
of  the  perpendiculars^  let  fall  from  the  various  points  of  a  given  helixy  on  the 
axis  of  the  cylinder  of  revolution,  on  which  that  helix,  or  spiral  curve,  is 
traced. 

*  The  mwU  logarithmic  spiral  might  perhaps  he  called,  hy  contrast  to  thii  one,  a  eireular  loga- 
rithmic spiral.  Compare  the  following  suh-article  (9.),  respecting  the  projection  of  what  is  here  called 
an  elliptic  logarithmic  spiral. 

8H2 
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315.  Without  at  present  pursuing  farther  the  study  of  these  loci  by  quater- 
nions, it  may  be  remarked  that  the  definition  (308)  of  the  power  a*,  especially 
for  the  ease  when  Ta  =  1,  combined  with  the  laws  (182)  of  t,  j\  *,  and  with 
the  identification  (295)  of  those  three  important  right  versors  with  their  own 
indices,  enables  us  to  establish  the  following  among  other  trans/ormoHonSj 
which  will  be  found  useful  on  several  occasions. 

(1.)  Let  a  be  ant/  unit-vector,  and  let  t  be  any  scalar ;  then, 

III.,  .a'=S.a'+aS.a'->;       IV.  .  .  a"*  =  8  .  a'- aS  .  a*-> ; 

V.  .  .  (S.aO*  +  (S.a*-^' =  aV*=  1. 

(2.)  Let  a  and  i  be  any  two  unit-vectors,  and  let  t  be  still  any  scalar ;  then 

VI.  ..S.a'=S.i';       Vn...V.a«-aS.a^M 
VIIL  .  .  aV.a'=  a'S.a*-»  =  8.a*^^ 

(3.)  Hence,  by  the  laws  of  t,y,  A, 

IX.  .  .  iV.  i*  =y VJ'  =  AV.  *•  -  8 .  a^K 

(4.)  We  have  also,  by  the  same  principles  and  laws, 

X.  .  .  iY.r  =  V.  A* ;     y V.  A'  -  V.  i* ;      AV.  i'  =  YJ* ; 

XI. . .  y  V.  i' = -  V.  A^    AV.y* = -  v.  i' ;    t  V.  A' = -  v./. 

(5.)  The  expression  308,  (10.),  for  an  arbitrary  vector  p,  may  be  put  under 

the  following  form :  .„  ^  ^ 

Xn.  .  .  p  =  rV.  Ic"*'  +  rA'^V.  t".* 

(6.)  And  it  may  be  expanded  as  follows : 

Xin.  .  ./)  =  r  {(» cos ^TT+y sin ^tt)  sin«7r  +  Acos«ir). 

(7.)  We  shall  return,  briefly,  in  the  8econd  Chapter  of  this  Book  [337], 
on  some  of  these  last  expressions,  in  connexion  with  differentials  and  derivatives 
of  powers  of  vectors ;  but,  for  the  purposes  of  the  present  section,  they  may 
suffice. 


•  [Since  f:.=  jSi^*-^  +  Sk^  this  foUowa  at  once  from  p  =  rk^J^k^'*,  remembering   that 
jV-t  =  k*-^J  =  icH.'] 
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SECTION  11. 

On  Powers  and  liOgarithms  of  Dlplanar  itnaternlons;  with  some 

Adflitlonal  Formnloe. 

316.  We  shall  oonolude  the  present  Chapter  with  a  short  Supplementary 
Section,  in  which  the  recent  definition  (308)  of  a  power  of  a  vector^  with  a 
scalar  exponent ^  shall  he  extended  so  as  to  include  the  general  case,  of  a  Power 
of  a  Quaternion^  with  a  Quaternion  Exponent^  even  when  the  two  quaternions 
so  oomhined  are  diplanar :  and  a  connected  definition  shall  he  given  (consistent 
with  the  less  general  one  of  the  same  kind,  which  was  assigned  in  the  Second 
Chapter  of  the  Second  Book),  for  the  Logarithm  of  a  Quaternion  in  an  arbitrary 
Plane  :  *  together  with  a  few  additional  Pormulse,  which  could  not  be  so  oon- 
venientlj  introduced  before. 

(1.)  We  propose,  then,  to  write,  generally ^ 

2  3 

q  being  any  quaternion^  and  c  being  the  real  and  known  base  of  the  natural 
(or  Napierian)  sjstem  of  logarithms,  of  real  and  positive  scalars :  so  that  (as 
usual), 

IL  ..€  =  £»«  1  +  y  +  :r^  +  Ac.  =  2-71828.  .  . 

JL       x  •M 

(Compare  240,  (1.)  and  (2.).) 

(2.)  We  shall  also  write,  for  any  quaternion  q,  the  following  expression 
for  what  we  shall  call  Hb  principal  logarithm^  or  simply  its  Logarithm : 

III..  Aq^YIlq^-lq.JPfq; 

and  thus  shall  have  (oomp.  243)  the  equation, 

IV.  .  .  fii?  =  q. 

(3.)  When  q  is  any  actual  quaternion  (144),  which  does  not  degenerate  (131) 
into  a  negative  scalar y  the  formula  III.  assigns  a  definite  value  for  the  logarithm^ 
\q ;  which  is  such  (comp.  again  243)  that 

V.  .  .  SljZ  =  Y£q  ;  VI.  .  .  Vl^  =  Iq.JJNq-, 

Vn.  . .  UVl^  =  UV^;      VIII.  .  .  TVl^  -  zg; 


•  The  qtiatemions  considered,  in  the  Chapter  referred  to,  were  all  supposed  to  be  in  the  plane  of 
the  right  versor  i.    But  see  the  Second  J^ote  to  pa^e  277. 
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the  scalar  part  of  the  logarithm  being  thus  the  (natural)  logarithm  of  the  tensor ; 
and  the  vector  part  of  the  same  logarithm  \q  being  constructed  by  a  line  in  the 
direction  of  the  axis  Ax .  g,  of  which  the  length  bears,  to  the  assumed  unit  of 
length^  the  same  ratio  as  that  which  the  angle  L  q  beaurs,  to  the  usual  unit  of 
angle  (oomp.  241,  (2.),  (4.)). 

(4.)  If  it  were  merely  required  to  satisfy  the  equation^ 

IX.  ..€*'=  g, 

in  which  q  is  supposed  to  be  a  given  and  actual  quaternion,  which  is  not  equal 
to  any  negative  scalar  (3.),  we  might  do  this  by  writing  (compare  again  243], 

X.  .  .  /  =  (log  q)n  =  Ig  +  2n7r  U  Vg, 

where  n  is  any  whole  number ,  positive  or  negative  or  null ;  and  in  this  yiew, 

what  we  have  called  the  logaHthm^  Ig,  of  the  quaternion  g,  is  only  what  may 

be  considered  as  the  simplest  solution  of  the  exponential  equation  IX.,  and  may, 

as  such,  be  thus  denoted : 

XI. . ,  Ig  -  (log  q)o, 

(5.)  The  excepted  case  (3.),  where  g  is  a  negative  scalar^  becomes  on  this 

plan  a  case  of  indetermination^  but  not  of  impossibility :  since  we  have,  for 

example,  by  the  definition  III.,  the  following  expression  for  the  logarithm  of 

negative  unity^ 

XII.  ..l(-l)-ir>/-l; 

which  in  iiaform  agrees  with  old  and  well-known  results,  but  is  here  inter" 
preted  as  signifying  any  unit-vector^  of  which  the  length  bears  to  the  unit  of 
length  the  ratio  of  ir  to  1  (comp.  243,  VIL). 

(6.)  We  propose  also  to  write,  generally,  for  any  two  quaternions^  q  and  q\ 
even  if  diplanar^  the  following  expression  (comp.  243,  (4.) )  for  what  may  be 
called  the  principal  value  of  the  power^  or  simply  the  Power^  in  which  the 
former  quaternion  q  is  the  base^  while  the  latter  quaternion  /  is  the  exponent : 

XIII.  .  .  g«'  =  6«'i» ; 

and  thus  this  quaternion  power  receives,  in  general^  with  the  help  of  the  defini- 
tions 1.  and  III,,  a  perfectly  definite  signification. 

(7.)  When  the  base^  g,  becomes  a  vector^  p,  its  angle  becomes  a  right  angle ; 
the  definition  III,  gives  therefore,  for  this  case, 

« 

XrV. . .  Ip  =  lT/»  +  5  Up ; 

and  this  is  the  quaternion  which  is  to  be  multiplied  by  g',  in  the  expression, 

XV. . .  D«'  -  f^'V.. 
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(8.)  When,  for  the  same  vector^base,  the  exponent  q'  becomeB  a  scalar ^  ty  the 
last  formula  becomes : 

XVL  •  .  p' =  t**^  =  v. €*^p,    if    2a?  =  <7r; 

and  because,  by  I.,  the  relation  (U/o)'  =  -  1  gives, 

XVn. . .  6'^''  =  COS  a?  +  Up  sin  x,    or  briefly,    XVII'. . .  f^^  =  cpsa?, 

we  see  that  the  former  definition,  308,  I.,  of  the  power  a',  is  in  this  way 
reproduced^  as  one  which  is  included  in  the  more  general  definition  XIII.,  of  the 
power  ^' ;  for  we  may  write,  by  the  last  mentioned  definition, 

XVIII. . .  (Up)*  o  €*u^  -  cps  ~  (oomp.  234,  VIII.) 

with  the  recent  values  XVI.  and  XVII.,  of  x  and  f^p. 

(9.)  In  the  present  theory  of  diplanar  quatemiom^  we  cannot  expect  to  find 
that  the  sum  of  the  logarithms  of  any  two  proposed  factors^  shall  be  generally 
equal  to  the  logaHthm  of  the  product ;  but  for  the  simpler  and  earlier  case  of 
complanar  quaternions,  that  algebraic  property  may  be  considered  to  exist,  with 
due  modifications  for  multiplicity  of  value* 

(10.)  The  definition  III.  enables  us,  however,  to  establish  generally  the 
very  simple  formula  (comp.  243,  II.  III.) : 

XIX.  . .  1^  =  l(T^.U^)  =  ITq  +  lU^; 
in  which  (comp.  (3.) ), 

XX...lUy  =  zg.UVg  =  Vl(?;    XXI. .  .TlUj  =  Z};    XXIL . . UlUj^ « U V?. 

(11.)  We  have  also  generally,  by  XIII.,  for  any  scalar  exponent^  ty  and 
any  quaternion  bascj  j,  the^otr^, 

XXni.  .  .  q'^  B*^9  '^  {Tqy.{QOSt  Lq  +  TJYq.Bint  iq); 

or  briefly,  

XXlir...q*^TqKQvBtAq,    if    v«UVg; 

in  which  the  parentheses  abput  Tq  may  be  omitted,  because 

XXIV.  .  .  T  {q*)  -  (T^)*  =  T^  (comp,  237,  II.). 

*  In  243,  (3),  it  might  ha?e  been  observed,  that  every  value  of  each  member  of  the  formula  IX., 
there  giren,  is  one  of  the  values  of  the  other  member ;  and  a  similar  remark  applies  to  the  formuhe  I. 
and  II.  of  236. 
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(12.)  When  the  base  and  exponent  of  a  power  are  two  rectangular  f>ectoi^^ 
p  and  p\  then,  whatever  their  lengths  may  be,  the  product  p'lp  is,  by  XIV.,  a 
vector ;  but  c*  is  always  a  versor^ 

XXV.  .  .  €«  =  COB  Ta  +  Ua  sin  Ta,  if  a  be  any  vector ; 

we  have  therefore, 

XXVI.  ..T./op'=  1,    if    S,pp'=0; 

or  in  words,  the  power  p^'  is  a  versor,  under  this  condition  of  rectangularity, 

(13.)  For  example  (comp.  242,  (7.),*  and  the  shortly  following  formula 

XXVIII.), 

XXVII.  .  .  P*.  €^•1'  =  -  A;     >*=  £*V=,  +  k; 

and  generally  if  the  base  be  an  unit-ltne,  and  the  exponent  a  line  of  any  lengthy 
but  peipendicular  to  the  base^  the  axis  of  the  power  is  a  line  perpendicular  to  both ; 
unless  the  direction  of  that  axis  becomes  indeterminate,  by  the  potoer  reducing 
itself  to  a  scalar,  which  in  certain  cases  may  happen. 
(14.)  Thus  whatever  scalar  c  may  bo,  we  may  write, 

XXVIIL  .  .  t^=  e^^"^*  =  ri^*' =  cos  ^  -  Asin^; 

this  power,  then,  is  a  versor  (12.),  and  its  axis  is  generally  the  line  T  k ;  but  in 
the  case  when  c  is  any  whole  and  even  number,  this  versor  degenerates  into  posi- 
tive or  negative  unity  (153),  and  the  axis  becomes  indeterminate  (131). 
(15.)  If,  for  any  real  quaternion  q,  we  write  again, 

XXIX. . .  TJYq  =  V,    and  therefore    XXX. ,  ,vq^  qv,    and    XXXI.  ..«?*  =  -•  1, 

the  process  of  239  will  hold  good,  when  we  change  itov;  the  set^,  denoted 
in  I.  by  «*,  is  therefore  always  at  last  convergent,^  however  great  (but  finite)  the 
tensor  Tq  may  be;  and  in  like  manner  the  two  following  other  series,  derived 
from  it,  which  represent  (comp.  242,  (3.) )  what  we  shall  call,  generally,  by 
analogy  to  known  expressions,  the  cosine  and  sine  of  the  quaternion  q,  are 
always  ultimately  convergent  i 

XXXn. . .  008}  .  1  (.f  +  ,-w)  -  1  -  i  +  j-^^  -  4o.  J 

^™n- ••  "^ '- .-V '•--■")- f  - 13-3  ^  rjxo  -  *»■ 


*  In  the  theory  of  eomplanar  quaternion*,  it  was  found  conyenient  to  admit  a  certain  muUiplicitf 
of  value  for  a  power,  when  the  expofient  was  not  a  whole  number  \  and  therefore  a  notation  for  the 
principal  value  of  a  power  was  employed,  with  which  the  conventions  of  the  present  section  enable  us 
now  to  dispense. 

t  In  fact,  it  can  be  proved  that  this  final  convergence  exists,  even  when  the  quaternion  is  tma^i^ 
nary,  or  when  it  is  replaced  by  a  biquatemion  (214,  (8.) ) ;  but  we  have  no  occasion  here  to  consider 
any  but  real  quaternions. 
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(16.)  We  shall  also  define  that  the  secant^  cosecant^  tangent^  and  cotangent 
of  a  quaternion^  supposed  still  to  be  real^  are  the  functions : 

2  2v 

XXXI V. ..  sec  fl' = —- -;      ooseoo'  = 


jV^— g-v*  ' 


XXXv. . .  tano^  =  — ^ ^ ;      cot^  =  -^ :r  I 

and  thus  shall  haye  the  usual  relations,  sec  ^^  <>  1 :  oos  q^  &o. 
(17.)  We  shall  also  have, 

XXXVI.  • .  6''*  =  oos  J  +  V  sin  j',    e"^^  =  oos  y  -  v  sin  y ; 

and  therefore,  as  in  trigonometry  (oomp.  315,  (1.) ), 

XXXVII- . .  (oos  qY  +  (sin  qf  «  g^'*.  r^  =  £« «  1, 

whatever  quaternion  q  may  be. 

(18.)  And  all  theformulce  of  trigonometry^  for  coainee  and  sines  of  sums  of 
two  or  more  arcs^  &o.,  will  thus  hold  good /or  quaternions  also,  provided  that  the 
quaternions  to  be  oombined  are  in  any  common  plane ;  for  example, 

XXXVIII. . .  oos  (^  +  J')  =  oos  g^  008  y  -  sin  q^  sin  g,     if    q^  \\\  q. 

(19.)  This  condition  of  complanarity  is  here  a  necessary  one ;  because  (comp. 
(9.) )  it  is  necessary  for  the  establishment  of  the  exponential  relation  between 
sums  and  powers, 

(20.)  Thus,  we  may  indeed  write, 

XXXrX. . .  e*'**  =  €«'.  6^,    if    /Illy; 
but,  in  general^  the  developments  of  these  two  expressions  give  the  difPerenoe, 

XL.  • .  e^^  -  6^€«  =  ^^'^^  +  terms  of  third  and  higher  dimensions ; 

and  XLI. . .  i  (?/  -  /g)  =  V  [Yq .  Yq% 

an  expression  which  does  not  vanish,  when  the  quaternions  q  and  q^  are 
diplanar. 

(21.)  A  few  supplementary  formulae,  connected  with  the  present  Chapter, 
may  be  appended  here,  as  was  mentioned  at  the  commencement  of  tliis  Article 
(316).  And  first  it  may  be  remarked,  as  connected  with  the  theory  oi  powers 
of  vectors^  that  if  a,  j3,  y  be  any  three  unit-lines^  oa,  ob,  oc,  and  if  a  denote  the 

Uamiltom's  Elbmbnts  op  Quatbrnions.  3  I 
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area  of  the  Bpherioal  triangle  abc,  then  the  formula  298,  XX.  may  be  thus 
written : 

XLII...J±^.^.^-„^; 
j3  +  7    a  +  j3    7  +  a 

the  exponent  being  here  a  scalar. 

(22.)  The  immediately  preceding  formula,  298,  XIX.,  gives  for  anp  three 
vectorSy  the  relation : 

XLIII.  .  .  (UafiyY  +  (TT/By)'  +  (UayY  +  (Ua/3)'  +  iJJay  .  8Ua/3  .  SU/By  =  -  2  ; 

for  example,  if  a,  /3,  y  be  made  equal  to  t,y,  A,  the  fii*st  member  of  this  equa- 
tion becomes,  1-1-1-1+0  =  - 2. 

(23.)  The  following  is  a  much  more  complex  identity,  involving  as  it  does 
not  only  three  arbitrary  vectors  a,  |3,  7,  but  also  four  arbitrary  acalars^  a,  6,  c, 
and  r ;  but  it  has  some  geometrical  applications,  and  a  student  would  find  it  a 
good  exercise  in  transformations ^  to  investigate  a  proof  of  it  for  himself.  To 
abridge  notation,  the  three  vectors  a,  /3,  7,  and  the  three  scalars  ff,  i,  c^  are 
considered  as  each  composing  a  cycle^  with  respect  to  which  are  formed  sufns  2, 
and  products  11,  on  a  plan  which  may  be  thus  exemplified : 

XLIV. . .  2flVj37  =  aV/3y  +  bYya  +  cVa0  ;       Da'  =  fl»6V. 
This  being  understood,  the  formula  to  be  proved  is  the  following : 

XLV.  . .  (Sa/37)»  +  (2aV/37)*  +  r'(SV/37)'  -  r-(Sfl  (0  -  7) )» 
+  2n  (y*  +  S/37  +  be)  =  2n(r»  +  a»)  +  2na' 
+  S(r»  +  o'  +  a»)  {(V/37)»  +  2bc{f^  +  S/37)  -  '^O  -  yY]  \ 

the  sign  of  summation  in  the  last  line  governing  all  that  follows  it. 

(24.)  For  example,  by  making  the  four  scalars  ^,  6,  (?,  r  each  -  0,  this 
formula  gives,  for  any  three  vectors  a,  /3,  7,  the  relation, 

XLVI. . .  (Sa/37)»  +  2nS;37  =  2na'  +  S .  a»  (7)37)' ; 

which  agrees  with  the  very  useful  equation  294,  LIII.,  because 

XLVII.  .  .  a'(V(iyy  =  a'  {(S/37)*  "  PVi  =  (^S/Sy)'  -  fla'. 

(25.)  Let  a,  /3,  7  be  the  vectors  of  three  points  a,  b,  c,  which  are  exterior  to 
a  given  sphere,  of  which  the  radius  is  r,  and  the  equation  is, 

XLVIII. . .  |o»  +  r*  =  0  (comp.  282,  XIII.) ; 
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and  let  a,  i,  c  denote  the  lengths  of  the  tangents  to  that  sphere^  which  are 
drawn  from  those  three  points  respectively.  We  shall  then  have  the  rela- 
tions : 

XLIX. .  .  a*  +  a'  =  i3^  +  6*  =  7*  +  c*  =  -  r»; 

thus  r^  +  a*  =  -a\  Ac,  and  the  second  member  of  the  formula  XLV.  vanishes ; 
the  first  member  of  that  formula  is  therefore  ako  equal  to  zero,  for  these 
significations  of  the  letters :  and  thus  a  theorem  is  obtained,  which  is  found 
to  be  extremely  useful,  in  the  investigation  by  quaternions  of  the  system  of 
the  eight  (real  or  imaginary)  small  circles^  which  touch  a  given  set  of  three  small 
circles  on  a  sphere. 

(26.)  We  cannot  enter  upon  that  investigation  here ;  but  may  remark  that 
because  the  vector  p  of  the  foot  p,  of  the  perpendicular  op  let  fall  the  origin  o 
on  the  right  line  ab,  is  given  by  the  expression, 

K..p  =  aS^  +  /3S^  =  — ^, 

as  may  be  proved  in  various  ways,  the  condition  of  contact  of  that  right  line  ab 
with  the  sphere  XL  V ill.  is  expressed  by  the  equation, 

LI. . .  TV/3a  =  rT  (a  -  /3) ;     or     LIL  . .  (V/3a)«  =  r»(a  -  /3)^ 

or  by  another  easy  transformation,  with  the  help  of  XLIX., 

LIII. .  .  (r^  +  Sa/3)»  =  if  +  a')  (r^  +  /3')  =  a'h\ 

(27.)  This  last  equation  evidently  admits  of  decomposition  into  two/actors^ 
representing  ttco  alternative  conditions,  namely, 

LIV. . .  H  +  Sa/3  -  a6  =  0  ;       LV.  ..!•»  +  SajS  +  a6  =  0  ; 

and  if  we  still  consider  the  tangents  a  and  b  (25.)  as  positive,  it  is  easy  to  prove, 
in  several  different  ways,  that  the  first  or  the  second  factor  is  to  be  selected, 
according  as  the  point  p,  at  which  the  line  ab  touches  the  sphere,  does  or  does 
not  fall  between  the  points  a  and  b;  or  in  other  words,  according  as  the  length 
of  that  line  is  equal  to  the  sum,  or  to  the  difference,  of  those  two  tangents. 
(28.)  In  fact  we  have,  for  the  first  case, 

LVI. . .  T(/3  -  a)  =  6  +  a,     or     0  =  03  -  a)«  +  (6  +  a)»  =  -  2  (r»  +  Sa/3  -  ab), 

in  virtue  of  the  relations  XLIX. ;  but,  for  the  second  case, 

LVIL..T(/3-a)  =  ±(6-a),     or     0«(/3-a)»+ (6-a)»  =  -2(i''  +  Saj3  +  flA) ; 

812 
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and  it  may  be  remarked,  that  we  might  in  this  way  have  been  led  to  find  the 
system  of  the  two  conditions  (27.)  and  thence  the  equation  LIIL,  or  its  trans- 
formations, LII.  and  LI. 

(29.)  We  may  oonoeive  a  cone  of  tangents  from  a,  circumscribing  the  sphere 
XTjYIII.,  and  touching  it  ahng  a  small  circle^  of  which  the  plane^  or  the  polar 
plane  of  the  point  a,  is  easily  found  to  have  for  its  equation, 

LVni. . .  Sa/o  +  r>  =  0  (comp.  294,  (28.),  and  216,  (10.) ) ; 

and  in  like  manner  the  equation, 

LIX. . .  S/3/II  +  r»  =  0, 

represents  the  polar  plane  of  the  point  b,  which  plane  cuts  the  sphere  in  a 
second  small  circle :  and  these  two  circles  touch  each  other ^  when  either  of  the  two 
conditions  (27.)  is  satisfied ;  such  contact  being  external  for  the  case  LIY.,  but 
internal  for  the  case  LV. 

(30.)  The  condition  of  contact  (26.),  of  the  line  and  spherCy  might  have  been 
otherwise  found,  as  the  condition  of  equality  of  roots  in  the  quadratic  equation 
(comp.  216,  (2.)), 

LX. . .  0  =  {xa  +  y/3)»  +  (a?  +  y)V, 

or 

LXI. . .  0  =  aj»(r»  +  o')  +  2xg{f^  +  So0)  +  y«(r»  +  /3*); 

the  contact  being  thus  considered  here  as  a  case  of  coincidence  of  inter- 
sections. 

(31.)  The  equation  of  corrugation  (comp.  215,  (13.)),  which  expresses  that 

each  of  the  two  points  a  and  b  is  in  the  polar  plane  of  the  other,  is  (with  the 

present  notations), 

LXII..,r»  +  Sa/3  =  0; 

the  eqtml  but  opposite  roots  of  LXI.,  which  then  exist  if  the  line  cuts  the 
sphere,  answering  here  to  the  well-known  harmonic  division  of  the  secant  line 
ab  (comp.  215,  (16.)),  which  thus  connects  two  conjugate  points. 

(32.)  In  like  manner,  from  the  quadratic  equation  216,  IIL,  we  get  this 
analogous  equation, 

LXIIL..S-S^-sfv^.V^Vl, 

connecting  the  vectors  A,  fi  of  any  two  points  l,  m,  which  are  conjugate  rela* 
tif>ely  to  the  ellipsoid  216,  II. ;  and  if  we  place  the  point  l,  on  the  surface^  the 
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equation  LXIII.  will  represent  the  tangent  plane  at  that  point  l,  considered  as 
the  locus  of  the  conjugate  point  m  ;  whence  it  is  easy  to  deduce  the  normal^  at 
any  point  of  the  ellipsoid.  But  all  researches  respecting  normals  to  surfaces 
can  be  better  conducted,  in  connexion  with  the  Differential  Calculus  of  Qua" 
temionsy  to  which  we  shall  next  proceed. 

(33.)  It  may  however  be  added  here,  as  regards  Powers  of  Quaternions 
with  scalar  exponents  (11.),  that  the  symbol  q*rf*  represents  a  quaternion 
formed  from  r,  by  a  conical  rotation  of  its  axis  round  that  of  q^  through  an 
angle  -2tLq\  and  that  both  members  of  the  equation, 

Lxrv. . .  [qrr^Y  =  qf^r\ 

are  symbols  of  one  common  quaternion. 

[Some  care  must  be  taken  in  the  interpretation  of  the  expressions^^' and 
{q^Y\    By  the  deEnition  XIII., 

^'ff"  =  gff'«'ij  =  gjV''  =  (g^'y  and  {q^y  =  h"^"^'  =  t^'^  =  y^'^. 

This  is  quite  consistent  with  the  rule  that  in  an  operating  product  the 
factor  to  the  right  operates  first  on  the  operand.  If  the  expression  1^  had 
been  interpreted  as  equal  to  1; .  q'  instead  oi  qW  q^  then  indeed  the  equality 
(g«')^'  =  j*'*''^  ti?-«V  would  have  held  good,  but  the  general  rule  would 
have  been  disobeyed.] 
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CHAPTER  IL 

ON  DIFFERENTIALS  AND  DEVELOPMENTS  OF  FUNCTIONS  OF 
QUATERNIONS;  AND  ON  SOME  APPLICATIONS  OF  QUATER- 
NIONS,  TO  GEOMETRICAL  AND  PHYSICAL  QUESTIONS. 


SECTION  1. 
On  the  Definition  of  Slmaltaneons  Difl^rentlaUi. 

317.  In  the  foregoing  Chapter  of  the  present  Book,  and  in  several  parts  of 
the  Book  preceding  it,  we  have  taken  ocoasion  to  exhibit,  as  we  went  along, 
a  considerable  variety  of  ExampleSy  of  the  Geometrical  Application  of  Qtiater^ 
nions :  but  these  have  been  given,  chiefly  as  assisting  to  impress  on  the  reader 
the  meanings  of  new  notatiom^  or  of  new  combinations  of  symbols^  when  such 
presented  themselves  in  turn  to  our  notice.  In  this  concluding  Chapter,  we 
desire  to  offer  a  few  additional  examples^  of  the  same  geometrical  kind,  but 
dealing,  more  freely  than  before,  with  tangents  and  normals  to  curves  and 
surfaces ;  and  to  give  at  least  some  specimens^  of  the  application  of  quaternions 
to  Physical  Inquiries.  But  it  seems  necessary  that  we  should  first  establish 
here  some  Principles^  and  some  Notations^  respecting  Differentials  of  Quater^ 
nionSy  and  of  their  Functions^  generally. 

318.  The  usual  definitions^  of  differential  coefficients^  and  of  derived  functions^ 
are  found  to  be  inapplicable  generally  to  the  present  Calculus,  on  account  of 
the  (generally)  non-commutative  character  of  quaternion-multiplication  (168, 
191).  It  becomes,  therefore,  necessary  to  have  recourse  to  a  neto  Definition  of 
Differentials^  which  yet  ought  to  be  so  framed,  as  to  be  consistent  withy  and  to 
ncludcy  the  usual  Rules  of  Differentiation :  bocawe  scalars  (131),  as  well  as 
vectors  (292),  have  been  seen  to  be  included^  under  the  general  Conception 
of  Quaternions. 
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319.  In  seeking  for  such  a  new  definition,  it  is  natural  to  go  back  to  the 
first  principles  of  the  whole  subjegt  of  Differentials :  and  to  consider  how  the 
great  Inventor  of  Fluxions  might  he  supposed  to  have  dealt  with  the  question, 
if  he  had  been  deprived  of  that  powerful  resource  of  common  calculation,  which 
is  supplied  by  the  commutative  property  of  algebraic  multiplication ;  or  by  the 
familiar  equation, 

considered  as  a  general  one,  or  as  subsisting  for  evert/  pair  of  factors,  x  and  y ; 
while  limits  should  still  be  allowed,  but  infinitesimaU  be  still  excluded:  and 
indeed  \hQ  fluxions  themselves  should  be  regarded  as  generally  finite*  according 
to  what  seems  to  have  been  the  ultimate  view  of  Newton. 

320.  The  answer  to  this  question,  which  a  study  of  the  Principia  appears 
to  suggest,  is  contained  in  the  following  Definition,  which  we  believe  to  be  a 
perfectly  general  one,  as  regards  the  older  Calculus,  and  which  we  propose  to 
adopt  for  Quaternions : — 

"  Simultaneous  Differentials  (or  Corresponding  Fluxions)  are  Limits  of  Equi* 
multiples'^  of  Simultaneous  «»rf  Decreasing  Differences.^* 

And  conversely,  whenever  any  simultaneous  differences,  of  any  system  of 
variables,  all  tend  to  vanish  together,  according  to  any  law,  or  system  of  laws ; 
then,  if  any  equimultiples  of  those  decreasing  differences  all  tend  together  to 
any  system  of  finite  limits,  those  Limits  are  said  to  be  Simultaneous  Differentials 
of  the  related  Variables  of  the  System  ;  and  are  denoted,  as  such,  by  prefixing 
the  letter  d,  as  a  characteristic  of  differentiation,  to  the  Symbol  of  each  such 
variable. 


*  Compare  the  remarks  annexed  to  the  Second  Lemma  of  the  Second  Book  of  the  Principia  (Third 
Edition,  London,  1726) ;  and  especially  the  following  passage  (page  244) : 

"  Neque  enim  spectatur  in  hoc  Lemmate  magnitudo  momentorum,  sed  prima  nascentium  proportio. 
Eodem  recidit  si  loco  momentorum  usnrpentur  yel  yelocitates  incrementonim  ac  decrementorum  (quas 
etiam  motus,  mutationes  et  fluxiones  quantitatum  nominare  licet)  yel  finitsB  qiueyiB  quantitates  velo- 
citatihus  hisce  proportionales." 

t  As  regards  the  notion  of  multiplying  such  differences,  or  generally  any  quantities  which  all 
diminish  together,  in  order  to  render  their  ultimate  relatione  more  evident,  it  may  he  suggested  hy 
▼arious  parts  of  the  Principia  of  Sir  Isaac  Newton ;  hut  especially  hy  the  First  Section  of  the  First 
Book.  See  for  example  the  Seventh  Lemma  (p.  31),  under  which  such  expressions  as  the  following 
occur:  " intelligantur  semper  AB  et  AD  ad  puncta  longinqua  b  et  d  produci,"  ....  **ideoque  rectae 
semper  finitse  Ab,  Ad, . . ."  The  direction,  ''ad  puncta  longinqua  produci,"  is  repeated  in  connexion 
with  the  Eighth  and  Xinth  Lemmas  of  the  same  Book  and  Section ;  while  under  the  former  of  tliose 
two  Lemmas  we  meet  the  expression,  **  tiiangula  semper  finita,"  applied  to  the  magnijied  representa- 
tions of  three  triangles,  which  all  diminish  indejlnitely  together :  and  under  the  latter  Lemma  the  words 
occur,  "manente  longitudinee  Ae,^^  where  Ae  is  a  finite  and  constant  line,  ohtained  hy  a  constantly 
increasing  multiplication  of  a  constantly  diminishing  line  AE  (page  33  of  the  edition  cited). 
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321.  More  fully  and  symbolically,  let 

JL.     •     •     W«     fa    Oa     »    •     ■ 

denote  anj/  system  of  connected  variables  (quaternions  or  others) ;  and  let 

n.  •  .  Aqj  Ar,  As,  . , . 

denote,  as  usual,  a  system  of  their  connected  (or  simultaneous)  differences ;  in 
such  a  manner  that  the  sums, 

III.  .  .  J  +  Ay,     r  +  Ar,    s  +  A«,  . . . 

shall  be  a  new  system  ofvariableSy  satisfying  the  same  laws  of  connexion^  what- 
ever they  may  be,  as  those  which  are  satisfied  by  the  old  system  I.  Then,  in 
returning  gradually  from  the  new  system  to  the  old  one,  or  in  proceeding 
gradually  from  the  old  to  the  new,  the  simultaneous  differences  II.  can  all  be 
made  (in  general)  to  approach  together  to  zero^  since  it  is  evident  that  they  may 
aU  vanish  together.  But  iff  while  the  differences  themselves  are  thus  supposed  to 
decrease*  indefinitely  together^  we  multiply  them  all  by  some  one  common  but 
increasing  numbery  w,  the  system  of  their  equimultiples^ 

IV.  .  .  nAg,     nAr,     nA«,  . . . 

may  tend  to  become  equal  to  some  determined  system  of  finite  limits.  And 
when  this  happens^  as  in  all  ordinary  cases  it  may  be  made  to  do,  by  a  suitable 
adjustment  of  the  increase  of  n  to  the  decrease  of  Ay,  &c.,  the  limits  thus  obtained 
are  said  to  be  simultaneous  differentials  of  the  related  variables,  y,  r,  s ;  and  are 
denoted^  as  such,  by  the  symbols, 

V.  .  .  dg,    dr,    d«,  . . . 


SECTION  2. 

Elementary  lUastratlons  of  the  Deflmltlom,  from  Algebra  and 

C^eometry. 

822.  To  leave  no  possible  doubt,  or  obscurity,  on  the  import  of  the 
foregoing  Definition^  we  shall  here  apply  it  to  determine  the  differential  of 
a  square^  in  algebra^  and  that  of  a  rectangle^  in  geometry  ;  in  doing  which  we 
shall  show,  that  while  for  such  cases  the  old  rules  are  reproduced^  the  different 
tials  treated  of  need  not  be  small;  and  that  it  would  be  a  vitiation,  and  not  a 

*  A  quaternion  may  be  said  to  decrease,  when  its  tentor  decreaaes ;  and  to  decrease  indefiniUl^j 
when  that  tensor  tende  to  zero. 
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correction^  of  the  results,  if  any  additional  to^ma  were  introduced  into  their 
expressions,  for  the  purpose  of  rendering  all  the  differentials  equal  to  the  cor- 
responding differences :  though  some  of  them  may  be  assumed  to  be  so,  namely, 
in  the  first  Example,  one^  and  in  the  second  Example,  two, 
(1.)  In  Algebra,  then,  let  us  consider  the  equation, 

I.  .  .  y  -  a?*, 

which  gives, 

II.  .  .  y  +  Ay  =  (j?  +  Ar)% 

and  therefore,  as  usual,* 

III.  •  *  Ay  =  2a?Aaj  +  Aaj* ; 

or  what  comes  to  the  same  thing, 

IV.  .  .  n Ay  »  2xndkX  +  «"*  (nA«)', 

where  n  is  an  arbitrary  multiplier^  which  may  be  supposed,  for  simplicity,  to 
be  a  positive  whole  number. 

(2.)  Conceive  now  that  while  the  differences  Aa?  and  Ay,  remaining  always 
connected  with  each  other  and  with  x  by  the  equation  III.,  decrease^  and 
tend  together  to  zero,  the  number  n  increases,  in  the  transformed  equation  IV., 
and  tends  to  infinity,  in  such  a  manner  that  the  product,  or  multiple,  nAx,  tends 
to  some  finite  limit  a ;  which  may  happen,  for  example,  by  our  obliging  Ax  to 
satisfy  always  the  condition, 

V.  .  .  Aa?  =  n'^a,    or    nAx  =  a, 

after  a  previous  selection  of  some  given  ajxA  finite  value  for  a. 

(3.)  We  shall  then  have,  vith  this  last  condition  V.,  the  following  ex- 
pression by  IV.,  for  the  equimultiple  nAyi  of  the  other  difference,  Ay : 

VI.  .  .  « Ay  =  2xa  +  n"^  a'  =  6  +  n'^  o?,    if    6  =  'Ixa. 

But  because  a,  and  therefore  «%  is  given  and  finite,  (2.),  while  the  number  n 
increases  indefinitely,  the  term  «"*  a',  in  this  expression  VI.  for  nAy,  indefi- 
nitely tends  to  %ero,  and  its  limit  is  rigorously  null.  Hence  the  two  finite 
quantities,  a  and  b  (since  x  is  supposed  to  be  finite),  are  two  simultaneous  limits, 
to  which,  under  the  supposed  conditions,  the  two  equimultiples,  nAx  and  nAy, 

♦  We  write  here,  as  is  common,  Aa?'  to  denote  (A^)' ;  while  A  .  «'  would  be  written,  on  the  same 
known  plan,  for  A  {x^),  or  Ap.  In  like  manner  we  shall  write  dx^,  as  usual,  for  {dx)^ ;  and  shall 
denote  d(a^  by  d .  ar*.     Compare  the  notations  Sq^,  S  .  q^,  and  Vg®,  V .  ^*,  in  199  and  204. 

Hamilton's  Elements  of  Quaternions.  3  K 
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tendf  they  are,  therefore,  by  the  definition  (320),  simulianeous  differentials  of 
X  and  y :  and  we  may  torite  accordingly  (321), 

VII. . .  da?  =  a,    dy  =  S  =  2xa ; 
or,  as  usual,  after  elimination  of  a, 

Vni. ..  dy  =  d .  ;r»  =  2iPda?. 

(4.)  And  it  would  not  improve,  but  vitiate,  according  to  the  adopted  defi-- 
nition  (320),  this  usual  expression  for  the  differential  of  the  square  of  a  variable  z 
in  algebra,  if  we  were  to  add  io  it  the  term  ix^^  in  imitation  of  the  formula  III. 
for  the  difference  A  .  a?'.  For  this  would  come  to  supposing  that,  for  a  given 
and  finite  value,  a,  of  dx^  or  of  n^x,  the  tenn  n"^a',  or  n'^Aa^,  in  the  expres- 
sion VI.  for  w Ay,  could  fail  to  tend  to  zero,  while  the  number^  n,  by  which  the 
square  of  Ax  is  divided,  increases  vnthout  limit,  or  tends  (as  above)  to  infinity. 

(6.)  As  an  arithmetical  example,  let  there  be  the  given  values, 

TX...x^2,      y=ic*  =  4,      d;r  =  1000; 

and  let  it  be  required  to  compute,  as  a  consequence  of  the  definition  (320),  the 
arithmetical  value  of  the  simultaneous  differential,  dy.  We  have  now  the 
following  equimultiples  of  simultaneous  differences, 

X...n^x  =  dx  =  1000 ;       nAy  =  4000  +  lOOOOOO^r^ ; 

biit  the  limit  of  the  n**  part  of  a  million  (or  of  any  greater,  but  given  and  finite 
number)  is  exactly  zero,  if  n  increase  without  limit ;  the  required  value  of  d^  is, 
therefore,  rigorously,  in  this  example, 

XI.  .  .  dy  =  4000. 

(6.)  And  we  see  that  these  two  simultaneous  differentials, 

XII.  .  .  da?  =  1000,    dy  =  4000, 

are  not,  in  this  example,  even  approximately  equal  to  the  two  simuttaneoua 
differences, 

Xin.  ..  Ax  =  Ax^  1000,     Ay  =  1002*  -  2»  =  1004000, 

which  answer  to  the  value  n  «  1 ;  although,  no  doubt,  from  the  very  conception 

*  In  thifl  case,  indeed,  the  multiple  fiLx  has  by  V.  a  constant  value,  namely  a ;  but  it  is  found 
conyenient  to  extend  the  use  of  the  word,  limitf  so  as  to  include  the  case  of  constants :  or  to  say, 
generaUy,  that  a  constant  is  itt  own  limit. 
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of  simultaneous  differentials^  as  embodied  in  the  definition  (320),  they  must 
admit  of  having  such  equisubmultiplea  of  themselves  taken, 

XIV.  .  .  n"^  dx    and    n"^  dy, 

as  to  be  nearli/  equals  for  large  values  of  the  number  n,  to  some  system  of  simul- 
taneous and  decreasing  differences, 

XV. . .  Air    and    Ay ; 

and  more  and  mo^*e  nearly  equal  to  such  a  system,  even  in  the  way  of  ratioy  as 
they  all  become  smaller  and  smaller  together,  and  tend  together  to  vanish. 

(7.)  For  example,  while  the  differentials  themselves  retain  the  constant 
values  XII.,  their  millionth  parts  are,  respectively, 

XVL..n-^ do?  =0-001,    and    n-^dy« 0-004,    if    n  =  1000000; 

and  the  same  value  of  the  number  n  gives,  by  X.,  the  equally  rigorous  values 
of  two  simultaneous  differences,  as  follows, 

XVEL  .  .  Aa?  =  0-001,    and    Ay  «  0-004001 ; 

so  that  these  values  of  the  decreasing  differences  XV.  may  already  be  considered 
to  be  nearly  equal  to  the  two  equisubmultiples,  XIV.  or  XVI.,  of  the  two 
simultaneous  differentials,  XII.  And  it  is  evident  that  this  approximation  would 
be  improved,  by  taking  higher  values  of  the  number,  n,  without  the  rigorous  and 
constant  values  XII.,  of  dz  and  dy,  being  at  all  affected  thereby. 

(8.)  It  is,  however,  evident  also,  that  after  assuming  y  -  a^,  and  ^  =  2,  as 
in  IX.,  we  might  have  assumed  any  other  finite  value  for  the  differential  da?, 
instead  of  the  value  1000 ;  and  should  then  have  deduced  a  different  (but  still 
finite)  value  for  the  other  differential,  dy,  and  not  the  formerly  deduced  value, 
4000 :  but  there  would  always  exist,  in  this  example,  or  for  this  form  of  the 
/unction,  y,  and  for  this  value  of  the  variable,  x,  the  rigorous  relation  between 
the  two  simultaneous  differentials,  dx  and  dy, 

XVIII.  .  .  dy  =  AAx, 

which  is  obviously  a  case  of  the  equation  VIII.,  and  can  be  proved  by  similar 
reasonings. 

323.  Proceeding  to  the  promised  Example  from  Geometry  (322),  we  shall 
again  see  that  differences  and  differentials  are  not  in  general  to  be  confounded 
with  each  other,  and  that  the  latter  (like  the  former)  need  not  be  small.  But 
we  shall  also  see  that  the  differ entiah  {like  the  differences),  which  enter  into  a 
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statement  of  relation,  or  into  the  enunciation  of  a  proposition,  respecting 
quantities  which  vary  together^  according  to  any  law  or  laws^  need  not  even  be 
homogeneous  among  themselves  :  it  being  suflGlcient  that  each  separately  sliould  bo 
homogeneous  with  the  variable  to  which  it  corresponds^  and  of  which  it  is  the 
differential,  as  line  of  line,  or  area  of  area.  It  will  also  be  seen  that  the 
definition  (320)  enables  us  to  construct  the  differential  of  a  rectangle,  as  the  sum 
of  two  other  {finite)  rectangles,  without  any  reference  to  units  of  length,  or  of 
area,  and  without  even  the  thought  of  employing  any  numerical  calculation 
whatever. 

(1.)  Let,  then,  as  in  the  annexed  figure  74,  abcd  be  any  given  rectangle, 
and  let  be  and  no  be  any  arbitrary  but  given  and 
finite  increments  of  its  sides,  ab  and  ad.  Complete 
the  increased  rectangle  oaef,  or  briefly  af,  which 
will  thus  exceed  the  given  rectangle  ac,  or  ca,  by 
the  sum  of  the  three  partial  rectangles,  ce,  cf,  cg  ; 
or  by  what  we  may  call  the  gnomon,*  cbefgdc.  On  the 
diagonal  cf  take  a  point  i,  so  that  the  line  ci  may  be 
any  arbitrarily  selected  submultiple  of  that  diagonal ; 
and  draw  through  t,  as  in  the  figure,  lines  hm,  kl,  parallel  to  the  sides 
AD,  ab  ;  and  therefore  intercepting,  on  the  sides  ab,  ad  prolonged,  equisub- 
multiples  bh,  dk  of  the  two  given  increments,  be,  dg,  of  those  two  given 
sides. 

(2.)  Conceive  now  that,  in  this  construction,  the  point  i  approaches  to  c, 
or  that  we  take  a  series  of  new  points  i,  on  the  given  diagonal  cf,  nearer  and 
nearer  to  the  given  point  c,  by  taking  the  line  ci  successively  a  smaller  and 
smaller  part  of  that  diagonal.  Then  the  two  new  linear  intetxals,  bii,  dk,  and 
the  new  gnomon,  cbhikdc,  or  the  sum  of  the  three  new  partial  rectangles,  ch,  ci, 
CK,  will  all  indefinitely  decrease,  and  will  tend  to  vanish  together :  remaining, 
however,  always  a  system  of  three  simultaneous  differences  (or  increments),  of  the 
two  given  sides,  ab,  ad,  and  of  the  given  areay  or  rectangle,  ac. 

(3.)  But  the  given  increments,  be  and  dg,  of  the  two  given  sides,  are  always 
(by  the  construction)  equimultiples  of  the  two  first  of  the  three  new  and  decreasing 
differences  ;  they  may,  therefore,  by  the  definition  (320),  be  arbitrarily  taken  as 
two  simultaneous  differentials  of  the  two  sides,  ab  and  ad,  provided  that  we  then 
treat,  as  the  corresponding  or  simultaneous  differential  of  the  rectangle  ac,  the 


•  The  word,  gnomon,  is  here  used  with  a  slightly  more  extended  signification,  than  in  the  Second 
Book  of  Euclid. 
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limit  of  the  equimultiple  of  the  new  gnomon  (2.),  or  of  the  decreasing  difference 
between  the  tico  rectangles^  ac  and  ai,  whereof  the  first  is  given. 

(4.)  We  are  then,^r«^,  to  increase  this  new  gnomon^  or  the  difference  of  ac, 
AI,  or  the  sum  (2.)  of  the  three  partial  rectangles,  ch,  ci,  gk,  in  the  ratio  of 
BE  to  BH,  or  of  DO  to  DK  ;  aud  secondly y  to  seek  the  limit  of  the  area  so  increased. 
For  this  last  limit  will,  by  the  definition  (3*20),  be  exactly  and  rigorously  equal 
to  the  sought  differential  of  the  rectangle  AC  ;  if  the  given  and  finite  increments^ 
BE  and  DO,  be  assutned  (as  by  (3.)  they  may)  to  be  the  differentials  of  the  sides, 

ab,  AD. 

(5.)  Now  when  we  thus  increase  the  two  f^^u?  partial  rectangles,  ch  and  ck, 
we  get  precisely  the  two  old  partial  rectangles,  ce  and  co ;  which,  as  being 
given  and  constant y  must  be  considered  to  be  their  own  limits.*  But  when  we 
increase,  in  the  sa?ne  ratio,  the  other  new  partial  rectangle  ci,  we  do  not  recover 
the  old  partial  rectangle  of,  corresponding  to  it ;  but  obtain  the  new  rectangle 
CL,  or  the  equal  rectangle  cm,  which  is  not  constant,  but  diminishes  indefinitely 
as  the  point  i  approaches  to  c ;  in  such  a  manner  that  the  limit  of  the  area,  of 
this  new  rectangle  cl  or  cm,  is  rigorously  null. 

(6.)  //,  then,  the  given  increments,  be,  dg,  be  still  assumed  to  be  the  differ- 
tials  of  the  given  sides,  ab,  ad  (an  assumption  which  has  been  seen  to  be 
permitted),  the  differential  of  the  given  area,  or  rectangle,  ac,  is  proved  {not 
assumed)  to  be,  as  a  necessary  consequence  of  the  definition  (320),  exactly  and 
rigorously  equal  to  the  sum  of  the  two  partial  rectangles  ce  and  cg  ;  because  such 
is  the  limit  (5.)  of  the  muliiple  of  the  new  gnomon  (2.),  in  the  coustj'uction. 
•  (7.)  And  if  any  one  were  to  suppose  that  he  could  improve  this  known 
value  for  the  differential  of  a  rectangle,  by  adding  to  it  the  rectangle  cf,  as  a  new 
term,  or  part,  so  as  to  make  it  equal  to  the  old  or  given  gnomon  (1.),  he  would 
(the  definition  being  granted)  commit  a  geometrical  error,  equivalent  to  that  of 
supposing  that  the  two  similar  rectangles  ci  and  cf,  bear  to  each  other  the 
simple  ratio,  instead  of  bearing  (as  they  do)  the  duplicate  ratiOy  of  their 
homologous  sides. 


Compare  the  note  to  page  434. 
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SECTION  3. 

On  some  general  Consequences  of  the  Dellnitlon. 

324.  Let  there  be  any  proposed  equation  of  the  form, 

I.  .  .  Q^F{q,r,  .  .  .); 

and  let  d^,  dr,  ...  be  any  assumed  (but  generally  finite)  and  simultaneous 
differentials  of  the  vandbles^  g,  r,  . . .  whether  scalars,  or  vectors,  or  quaternions, 
on  which  Q  is  supposed  to  depend^  by  the  equation  I.  Then  the  coresponding 
(or  simultaneous)  differential  of  their  function^  Q,  is  equal  (by  the  defini- 
tion 320,  compare  321)  to  the  following  limit : 

n. ..  dQ  =  lim.  n  lF{q-\-n'^  dq^    r  +  w'Mr, .. .)  -  F(j,  r,  . .  .))5 


ftss  00 


where  n  is  any  whole  number  (or  other  positive*  scalar)  which,  as  the  formula 
expresses,  is  conceived  to  become  indefinitely  greater  and  greater,  and  so  to 
tend  to  infinity.  And  if,  in  particular,  we  consider  the  function  Q  as  in- 
volving only  one  variable  q^  so  that 

m. . .  Q  =/(?)  =  A, 

then  TV.,.dQ^6fq  =  lim.  n  {/{q  +  n'  dq)  -fq) ; 

a  formula /or  the  differential  of  a  single  explicit  function  of  a  single  variable^  which 
agrees  perfectly  with  those  given,  near  the  end  of  the  First  Book,  for  the 
differentials  of  a  vector ^  and  of  a  scalar,  considered  each  as  a  function  (100)  of 
a  single  scalar  variable,  t :  but  which  is  now  extended,  as  a  consequence  of  the 
general  definition  (320),  to  the  case  when  the  connected  variables,  q,  Q,  and  their 
differentials,  dq,  dQ,  are  quaternions:  with  an  analogous  application,  of  the 
still  more  general  Formula  of  Differentiation  U.,  to  Functions  qf  several  Quater^ 
nions, 

(1.)  As  an  example  of  the  use  of  the  formula  lY.,  let  the  function  of  ?  be 

its  square^  so  that 

Y...Q^fq^q\ 
Then,  by  the  formula, 

VI. . .  dQ  =  d/y  =  lim.  n  [{q  +  n'^ dqY - q*]  =lim.  {q  .dq-¥dq.  J+n'^d^*), 


n=«  n=« 


*  Except  in  some  rare  cases  of  dUcontinuityf  not  at  present  under  our  consideration,  this  scalar  fi 
may  as  weU  be  conceived  to  tend  to  negative  infinity^ 
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where  dq^  signifies*  the  square  of  dq ;  that  is, 

Vll. . .  d.q^^q.dq-^-dq  ,q] 
or  without  the  pointst  between  q  and  dj, 

Yir. . .  d  .  ^'  =  qdq  -^-dqq; 

an  expression  for  the  differential  of  the  square  of  a  quaternion^  which  does  not 

in  general  admit  of  any  further  reduction  :  because  q  and  d^'  are  not  generally 

commutativey  m  factors  in  multiplication.     When,  however,  it  happensy  as  in 

algebra,  that  q  .dq  ^  dq  .qyhj  the  two  quaternions  q  and  dq  being  complanary 

the  expression  VII.  then  evidently  reproduces  the  usual  fomiy  322,  VIII.,  or 

becomes, 

Vin...d.y»=2}dy,    if    d^- Illy (123). 

(2.)  As  another  example,  let  the  function  be  the  reciprocaly, 

IX. . .  Q  ^fq  =  q^. 
Then,  because 

X. . . /(y  +  n-^  dq)  -fq  =  (g  +  n'^  dq)"  -  q^' 

=  (y  +  n"^  dq)-^  {?-(?+  ^"^  dq)  ]  q'^ 

=  -  n"^  {q  +  n~^  dq)'^ .  dq .  g"\ 

of  which,  when  multiplied  by  n,  the  limit  is  -  q'^  dq .  g"^,  we  have  the  following 
expression  for  the  differential  of  the  reciprocal  of  a  quatemiauy 

XI.  *.  d.q'^  =  -  q~^  .dq .  q"^ ; 

or  without  the  pointst  in  the  second  member,  dq  being  treated  (as  in  Vil'.) 

as  a  ichole  symboly 

Xr.  .  .  d .  y"^ «  -  g"*  dq  q""^ ; 

an  expression  which  does  not  generally  admit  of  being  any  farther  reduced,  but 
becomes,  as  in  the  ordinary  calculus, 

Xn...d.(?-^--g-M?,     if    dq\\\qy 

that  is,  for  the  case  of  complanarityy  of  the  quaternion  and  its  differential.§ 

*  Compare  the  note  to  page  433. 

t  The  point  between  d  and  9',  in  the  first  member  of  YII.,  is  indispensable,  to  distinguish  the 
differential  of  the  square  from  the  square  of  the  differential.  But  juat  as  this  latter  square  is  denoted 
briefly  by  d^*,  so  the  products,  q .  d^  and  diq  .  q,  may  be  written  as  qdiq  and  d^^  ;  the  symbol,  6q, 
being  thus  treated  as  a  whole  one,  or  as  if  it  were  a  sinffle  letter.  Yet,  for  greater  clearness  of  expres- 
sion, we  shall  retain  the  point  between  q  and  d^,  in  several  (though  not  in  all)  of  the  subsequent 
formulflB,  leaving  it  to  the  student  to  omit  it,  at  his  pleasure. 

X  Compare  the  note  immediately  preceding. 

i  [See  329  (4.)  for  a  result  including  XI.] 
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325.  Other  Examples  of  Quaternion  Differentiation  will  be  given  in  the 
following  seotion ;  but  the  two  foregoing  may  serve  Buffioientlj  to  exhibit  the 
nature  of  the  operation,  and  to  show  the  analogy  of  its  results  to  those  of  the 
older  calculus,  while  exemplifying  also  the  distinction  which  generally  exists 
between  them.  And  we  shall  here  proceed  to  explain  a  notation^  which  (at 
least  in  the  statement  of  the  present  theory  of  differentials)  appears  to  possess 
some  advantages ;  and  will  enable  us  to  offer  a  still  more  brief  symbolical  defi* 
nitiony  of  the  differential  of  a  function  fq,  than  before. 

(1.)  We  have  defned  (320,  324),  that  if  d^  be  called  the  differential  of  a 
(quaternion  or  other)  variable^  q,  then  the  limit  of  the  multiple^ 

L..n(/(y  +  n-^d?)-.A}, 

of  an  indefinitely  decreasing  difference  of  the  function^  fq^  of  that  (single) 
variable  q^  when  taken  relatively  to  an  indefinite  increase  of  the  multiplying 
number  y  n,  is  the  corresponding  or  simultaneous  differential  of  that  function^  and 
is  denoted^  as  such,  by  the  symbol  ifq, 

(2.)  But  before  we  thus  pass  to  the  limits  relatively  to  n,  and  while  that 
multiplier y  n,  is  still  considered  and  treated  qj&  finite^  the  multiple  I.  is  evidently 
0,  function  of  that  number ^  n,  as  well  as  of  the  two  independent  variables,  qanA  dq. 
And  we  propose  to  denote  (at  least  for  the  present)  this  new  function  of  the 
three  variables, 

II.  .  .  n,  q,  and  d^, 

of  which  the  form  depends,  according  to  the  law  expressed  by  the  formula  I., 
on  thefo}*m  of  the  given  function,  f  by  the  new  symbol, 

III.  .  ./n(?,  d^); 

in  such  a  manner  as  to  write,  for  any  two  variables,  q  and  $^,  and  any  number,  n, 
the  equation, 

T^'''/n{q,q')-n[f{q  +  n-W)'fq\; 
which  may  obviously  be  also  written  thus, 

V.  .  .  /(7  +  n-« q')  ^fq  +  w^n  (?,  g'), 

and  is  here  regarded  as  rigorously  exact,  in  virtue  of  the  definitions,  and  without 
anything 'whatever  being  neglected,  as  small. 
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(3.)  For  example,  it  appears  from  the  little  oaloulation  in  324,  (1.),  that, 

and  from  324,  (2.),  that, 

vn. . .  /nfe,  ?')--(?  +  nV)-VrS  «  fi  -  r'- 

(4.)  And  the  definition  of  dfq  may  now  be  briefly  thus  expressed  : 

Yin.  ..d/g-/«  (^,d?); 

or,  if  the  mb-index  ,  be  undentoody  we  may  write,  still  more  simply, 

IX.  .  .  d/q  ^/{q,  dq) ; 

this  last  expression,  /{q^  Aq\  OT/{q,  q"),  denoting  thus  a  function  of  two  inde- 
pendent variabka  q  and  /,  of  whioh  the /orm  is  derived*  or  deduced  (oomp.  (2.)), 
from  the  given  or  proposed  fo^m  of  the  function /g,  of  a  eingle  variable^  q,  aooord- 
ing  to  a  law  which  it  is  one  of  the  main  objects  of  the  Differential  Calculus  (at 
least  as  regards  Quaternions)  to  study. 

826.  One  of  the  most  important  general  properties^  oi  ^q  functions  of  this 
class  f{qy  $^),  is  that  they  are  all  distributive  with  respect  to  the  second  indepen- 
dent vaHablCy  g',  which  is  introduced  in  the  foregoing  process  of  wliat  we  have 
called  derivation,'^  from  some  given  function  fq^  of  a  single  variable,  q  :  a  theorem 
which  may  be  proved  as  follows,  whether  the  two  independent  variables  be,  or 
be  not,  quaternions. 

(1.)  Let  g"  be  any  third  independent  variable,  and  let  n  be  any  number ; 
then  the  formula  325,  Y.  gives  the  three  following  equations,  resulting  from 
the  hnjo  of  derivation  of  /«(5^,  /)  hom  fq : 

IL  .  ./(^  +  n-Y  +  n-Y)  =/(g  H-  n'Y)  +  n-fniq  +  n'^,  /) ; 

III. . .  /(g  +  n-y + n-yo  ^fq  +  «-%(g,  / + o ; 

*  It  was  remarked,  or  hinted,  in  318,  that  the  xmtal  definition  of  a  derived  function,  namely,  that 
given  by  Lagrange  in  the  Calcul  det  Fonetiona,  cannot  be  taken  as  d^  foundation  for  a  differential  cal- 
culus of  quatemion$ :  although  aueh  derived  functions  of  scalare  present  themselyes  occasionaUy  in  the 
applications  of  that  calculus,  as  in  100,  (3.)  and  (4.),  and  in  some  analogous  but  more  general  cases, 
which  wiU  be  noticed  soon.  The  pretent  Law  of  Derivation  is  of  an  entirely  different  kind,  since  it 
conducts,  as  we  see,  from  a  given  f uction  of  one  variable,  to  a  derived  function  of  two  variables,  which 
are  in  general  independent  of  each  other.  The  function /n(9>  q'),  of  the  three  vaiiables,  it,  q,  q',  may 
also  be  called  a  derived  function,  since  it  is  deduced,  by  the^^i^  law  lY.,  from  the  tame  given  function 
fq,  although  it  has  in  general  a  Use  simple  form  than  its  own  limit,  /«  (q,  ^),  0Tf(q,  q'). 

t  Compare  the  note  immediately  preceding. 
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by  oomparing  whioh  we  see  at  onoe  that 

the/orw  of  the  original  function^  fq^  and  the  values  of  the/ewr  mriablea^  g,  j', 
j^',  and  «,  remaining  altogether  arbitrary  :  except  that  n  is  supposed  to  be  a 
number  J  or  at  least  a  scalar^  while  q^  q\  q''  may  (or  may  not)  be  quaternions. 

(2.)  For  example,  if  we  take  the  particular  ixmotion  fq  «  g^,  whioh  gives 
the  form  325,  VI.  of  the  derived  function /n(5',  g^),  we  have 

VL .  ./„(?,?'  +  O  =  ?(?'+  n  +  (?  +  ^0  ?  +  '»"(/  +  y'?; 

and  therefore 

VII.  .  ./„(?,  q"  +  O  -/n(g,  O  ^qq^  +  q'q  +  n-(g'«  +  //'  +  /'/) 

=  (?  +  w- YO  /+?'(?  +  «-V0  +  n-»/' 

as  required  by  the  formula  IV. 

(3.)  Admitting  then  that  formula  as  proved,  for  ail  values  of  the  number 
»,  we  have  only  to  conceive  that  number  (or  scalar)  to  tend  to  infinity^  in  order 
to  deduce  this  limiting  form  of  the  equation: 

ym.  .  ./.  (j,  /  +  f)  =A  {q,  /)  +  A  {q,  q")  ; 

or  simply,  with  the  abridged  notation  of  325,  (4.), 

IX. .  ./(<?,  q'  +  q")  =Aq,  ^)  +/(g,  O ; 

which  contains  the  expression  of  the  functional  property ^  above  asserted  to 
exist. 

(4.)  For  example,  by  what  has  been  already  shown  (comp.  325,  (3.)  and 

(4.) ), 

X.  .  .  if  /g  «  q^,    then    /(g,  5O  =  ??'+  /? ; 

and  XI.  .  .  if  ^  =  q'^y    then    /(^,  j')  »  -  T^q^T^ » 

in  ^acA  of  which  instances  we  see  that  the  derived  function  f{q^  q')  is  distnbutive 
relatively  to  /,  although  it  is  only  in  the  jfirst  of  them  that  it  happens  to  be 
distributive  with  respect  to  q  also. 

(5.)  It  follows  at  onoe  from  the  formula  IX.  that  we  have  generally* 

XII.  ../(y,0)-0; 


*  We  abstract  here  from  some  exceptional  cases  of  dUeontinuitf/f  &o. 
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,  and  it  is  not  difficult  to  prove,  as  a  result  including  this,  that 

XIII.  .  ./(?,  x<[)  =  xf{qy  /),  if  a?  be  any  scalar. 

(6.)  As  a  confirmation  of  this  last  result,  we  may  observe  that  the  defini-- 
Hon  oif[qy  /)  may  be  expressed  by  the  following  formula  (oomp.  324,  IV., 
and  325,  IX.) : 

XIV.  .  ./(^,  /)  -  Um .  n[f{q  +  n^)  "A)  ; 


«=• 


we  have  therefore,  if  ^  be  any  finite  scalar,  and  m  «  ar^n^ 

XV.  .  .  f{q,  x^^x.Y\m.m[f{q'\-  m'V)  "M \ 


ms«B 


a  transformation  which  gives  the  recent  property  XIII.,  since  it  is  evident 
that  the  letter  m  may  be  written  instead  of  n,  in  the  formula  of  definition  XIV. 
327.  Besuming  then  the  general  expression  325,  IX.,  or  writing  anew, 

I.  .  .  dA  -/(?,  dfi'), 

we  see  (by  326,  IX.)  that  this  derived  function^  d/jy  of  q  and  dqy  is  always  (as 
in  the  examples  324,  VII.  and  XI.)  distributive  with  respect  to  that  differential 
Aq^  considered  as  an  independent  variable^  whatever  the  fortn  of  the  given  func' 
iionfq  may  be.  We  see  also  (by  326,  XIII.),  that  if  the  differential  iq  of  the 
variable,  q,  be  multiplied  by  any  scalar,  x,  the  differential  dfq,  of  the  function  fq, 
oomes  to  be  multiplied,  at  the  same  time,  by  the  same  scalar,  or  that 

II.  .  .f{q,  xdq)  =  xf{q,  dq),  if  x  be  any  scalar. 

And  in  fact  it  is  evident,  from  the  very  conception  and  definition  (320)  of 
simultaneous  differentials,  that  every  syatetn  of  such  differentials  must  admit  of 
being  all  changed  together  to  any  system  of  equimultiples,  or  equisubmultiples,  of 
themselves,  tcithout  ceasing  to  be  simultaneous  differentials :  or  more  generally, 
that  it  is  permitted  to  multiply  all  the  differentials  of  a  system,  by  any  common 

m 

scalar. 

(1.)  It  follows  that  the  quotient, 

m.  .  .  dfq:  dq  =»f{q,  dq)  :  dg^, 

of  the  two  simultaneous  differentials,  dfq  and  dq,  does  not  change  when  the 
differential  dq  is  thus  multiplied  by  any  scalar ;  and  consequently  that  this 
quotient  III.  is  independent  of  the  tensor  Tdq,  although  it  is  not  generally  inde^ 
pendent  of  the  versor  TJdq,  if  q  and  d^  be  quaternions :  except  that  it  remains 

3L  2 
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in  general  unchanged,  when  we  merely  change  that  versor  to  its  own  opposite 
(or  negative),  or  to— TJdj',  because  this  comes  to  multiplying  dj  by  - 1,  which 
is  a  scalar. 

(2.)  For  example,  the  quotient, 

rV.  .  .  d.q*  :dq  ^  q  -i-  dq.q.  dq~^  =  j  +  TJdq .  q .Udgr'S 

in  which  dq'^  and  XJdj^^  denote  the  reciprocals  of  dq  and  TJdg^,  is  very  far  from 
being  independent  of  d^,  or  at  least  of  Ud^ ;  since  it  represents,  as  we  see, 
the  8um  of  the  given  quaternion  q,  and  of  a  certain  other  quaternion,  which 
latter,  in  its  geometricalinterpretafion  (comp.  191,  (5.)),  may  be  considered  as 
being  derived  from  q,  by  a  conical  rotation  of  Ax .  q  round  Aof .  d^,  through  an 
angle  =  2^dq :  so  that  both  the  axis  and  the  quantity  of  this  rotation  depend  on 
the  versor  TJdg^,  and  vary  with  that  versor. 

(3.)  In  general  we  may,  if  we  please,  say  that  the  quotient  III.  is  a 

Differential  Quotient ;    but  we  ought  not  to  call  it  a  Differential  Coefficient 

(comp.  318),  becouse  d/q  does  not  generally  admit  of  decomposition  into  two 

factors,  whereof  one  shall  be  the  differential  dq,  and  the  other  s^  Junction  ofq 

alone. 

(4.)  And  for  the  same  reason,  we  ought  not  to  call  that  Quotient  a  Derived 
Function  (comp.  again  318),  unless  in  so  speaking  we  understand  a  F\inction 
of  Two*  independent  Variables,  namely  of  q  and  TJdq,  as  before. 

(5.)  When,  however,  a  quaternion,  q,  is  considered  as  a  Junction  of  a  scalar 
variable,  t,  so  that  we  have  an  equation  of  the  form, 

Y.  .  .  q  =ft,  where  t  denotes  a  scalar, 
it  is  then  permitted  (comp,  100,  (3.)  and  (4.) )  to  write, 

VI.  ..dqidt^dftidt^  Uxn.^\/(t'^^\  ^Jt\ 
=  lim .  A-M/(^  +  A) -yi?) 

and  to  call  this  limit,  as  usual,  a  derived  function  oft,  because  it  is  (in  fact)  a 
function  of  that  scalar  variable,  t,  alone,  and  is  independent  of  the  scalar  differen- 
tial, dt. 

*  Compare  the  note  to  326,  (4.). 
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(6.)  We  may  also  wriie,  under  these  ciroumstanoes,  the  differential  equation^ 
TLl...dq=^T>tq.it,    or    VIII.  .  •  d/g^ -/^  d^ 

and  may  call  the  denved  quaternion^  Dtq,  or/'^,a8  usual,  a  differential  coefficient 

in  this  formula,  because  the  scalar  differential,  dt,  is  (in  fact)  multiplied  by  it, 

in  the  expression  thus  found  for  the  quaternion  differential^  Aq  or  Aft. 

(7.)  But  as  regards  the  logic  of  the  question  (comp.  again  100,  (3.) ),  it  is 

important  to  remember  that  toe  regard  this  derived  function,  or  differential 

coefficient, 

IX.  .  .ft,    or    Btft,    or    Dtf, 

as  being  an  actual  quotient  YI.,  obtained  by  dividing  an  actual  quaternion, 

X.  •  .  dft,    or    dq, 

by  an  actual  scalar,  dt,  of  which  the  value  is  altogether  arbitrary,  and  may  (if 
we  choose)  be  supposed  to  be  large  (comp.  322) ;  while  the  dividend  quaternion 
X.  depends,  for  its  value,  on  the  values  of  the  two  independent  scalars,  t  and  d^, 
and  on  the  form  of  the  function  ft,  according  to  the  law  which  is  expressed  by 
the  general  formula  324,  IV.,  for  the  differentiation  of  eaplicit  functions  of  any 
single  variable. 

328.  It  is  easy  to  conceive  that  similar  remarks  apply  to  quaternion  func- 
tions of  more  variables  than  one ;  and  that  when  the  differential  of  such  £l  func- 
tion is  expressed  (comp.  324,  II.)  under  the  form, 

I.  .  .  dQ  »  dF{q,  r,  s,  ,  .)  =  F{q,  r,  s,  .  .  dq,  dr,  ds,  .  .), 

the  new  function  Fib  always  distributive,  with  respect  to  each  separately  of  the 
differentials  dq,  dr,  ds,  .  .;  being  also  homogeneous  of  the  first  dimension  (comp. 
327),  with  respect  to  all  those  differentials,  considered  as  a  system ;  in  such  a 
manner  that,  whatever  may  be  iheform  of  the  given  quaternion  function,  Q,  or 
F,  the  derived*  function  F,  or  the  third  member  of  the  formula  I.,  must  possess 
this  geuQiel  functional  property  (comp.  326,  XIII.,  and  327,  II.), 

n.  .  .  F{q,  r,  8,  .  .  (cdq,  xdr,  xds  .  ,)  «  xF{qf  r,  s, .  .  dq,  dr,  d«,  .  .), 

where  a?  may  be  any  scalar :  so  that  products,  as  weU  as  squares,  of  the  differen- 
tials dq,  dr,  &o.,  of  q,  r,  &c.  considered  as  so  many  variables  on  which  Q 
depends,  are  excluded  from  the  ea^anded  expression  of  the  differential  dQ  of  the 
function  Q. 


Compare  the  note  last  referred  to. 
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(1.)  For  example,  if  the  function  to  be  differentiated  be  a  product  of  ttco 

quaternions, 

III.  .  .  Q  =  F{q,  r)  =  qr, 

then  it  is  easily  found  from  the  general  formula  324,  II.,  that  (because  the 
limit  of  nr^.dq.dr  is  null,  when  the  number  n  increases  without  limit)  the 
differential  of  the  function  is, 

IV.  .  .  dQ  =  d . ^r  =  dJP(g,  r)  =  F{qy  r,  dg,  dr)^  q.dr  +  dq .r; 

with  analogous  results,  for  differentials  of  products  of  more  than  two  quater- 
nions. 

(2.)  Again,  if  we  take  this  other  function, 

V.  .  .  Q  -  F(q,  r)  =  grv, 

then,  applying  the  same  general  formula  324,  II.,  and  observing  that  we 
have,  for  all  values  of  the  number  (or  other  scalar),  n,  and  of  the /our  quater- 
nions, q,  r,  /,  r',  the  identical  transformation  (comp.  324,  (2.) ), 

VI.  ..«{(?  +  n-'qY  (r  +  frV)  -  q-'r]  =  q-V  -  {q  +  »-V)-^  ^q-'{r  +  n'^r'), 

we  find,  as  the  required  limit,  when  «  tends  to  infinity,  the  following  dijferen- 
tial  of  the  function : 

VII.  .  .  dQ  =  d  .  q^W  =  dF{q,  r)  =  F{q,  r,  dq,  dr)  =  g^^  dr  -  g^i .  djr .  ^n^; 

which  is  again,  like  the  expression  IV.,  distributive  with  respect  to  each  of  the 
differentials  dq,  dr,  of  the  variables  q,  r,  and  does  not  involve  the  product  of 
those  two  differentials:  although  these  two  differential  expressions,  IV.  and 
and  VII.,  are  both  entirely  rigorous,  and  are  not  in  any  tcay  dependent  on 
any  supposition  that  the  tensors  of  dq  and  dr  are  small  (comp.  again  322). 

329.  In  thus  differentiating  a  function  of  more  variables  than  one,  we  are 
led  to  consider  what  may  be  called  Partial  Differentials  of  Functions  of  two  or 
more  Quaternions ;  which  may  be  thus  denoted, 

I.  •  .  dqQ,  dfQi  d«Q,  •  •  • 

if  Q  be  a  function,  as  above,  of  q^  r,  s,  .  .  .  which  is  here  supposed  to  be 
differentiated  with  respect  to  each  variable  separately,  as  if  the  others  were 
constant.  And  then,  if  dQ  denote,  as  before,  what  may  be  called,  by  contrast, 
the  Total  Differential  of  the  function  Q,  we  shall  have  the  General  Formula, 

II.  .  .  dQ  =  d^Q  +  drQ  +  d,Q  +  .  .  . ; 
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or,  briefly  and  symbolioally, 

m. ..  .d*«dj  +  d#.  +  d,  +  ..., 

if  q^r,  8f  . . .  denote  the  quaternion  variables  on  which  the  quaternion  Jtinction 
depends,  of  whioh  the  total  differential  is  to  be  taken ;  whether  those  vatiahlea 
be  all  independentj  or  be  connected  with  each  other,  by  any  relation  or  relations. 
(1.)  For  example  (comp.  328,  (1.)  ), 

rV.  .  .  if  Q  =  jr,  then  AqQ  ^^  dq.r,  and  drQ  ^  q.dr; 

and  the  sum  of  these  two  partial  differentials  of  Q  makes  up  its  total  differential 
dQ,  as  otherwise  found  above. 

(2.)  Again  (comp.  328,  (2.) ), 

V.  .  .  if  Q  =  r^r,  then  d^Q  =  -  qr^dq.  ^^r ;    d^Q  -  g^'dr ; 

and  d^Q  +  drQ  =  the  same  dQ  as  that  which  was  otherwise  found  before,  for 
this  form  of  the  function  Q. 

(3.)  To  exemplify  the  possibility  of  a  relation  existing  between  the  variables 
q  and  r,  let  those  variables  be  now  supposed  eqtkil  to  each  other  in  V. ;  we 
shall  then  have  Q  =  1,  dQ  =  0 ;  and  accordingly  we  have  here  d^Q  =  -  q'^dq 
=  -  d.Q. 

(4.)  Again,  in  IV.,  let  qr  =  c^  any  constant  quaternion ;  we  shall  then 
again  have  0  »  dQ  «  d^Q  +  drQ ;  and  may  infer  that 

VI.  .  •  dr  =  -  j^^  dj'.  r,    it  qr-  c  =  const. ; 

a  result  which  evidently  agrees  with,  and  includes,  the  expression  324,  XI., 
for  the  differential  of  a  reciprocal, 

(5.)  A  quaternion^  q^  may  happen  to  be  expressed  as  a  function  of  two  or 
more  scalar  variables^  t^  u^  .  .  .;  and  then  it  will  have,  as  such,  by  the  present 
Article,  its  partial  differeniialSy  dtq^  duq^  &c.  But  because,  by  327,  VII.,  we 
may  in  this  case  write, 

VII.  .  •  d<^  =  Dtq .  d^,     duq  =  Dttf .  dw,  .  .  . 

where  the  coefficients  are  independent  of  the  differentials  (as  in  the  ordinary 
calculus),  we  shall  have  (by  II.)  an  expression  for  the  total  differential  d^,  of 
the  form, 

VIIL  .  .  d J  -  d<j  +  d^q  +  . .  .  =  Dtf .  d^  +  Duq .  dw  +  .  .  . ; 
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and  may  at  pleasure  say,  under  the  conditions  here  supposed,  thai  the  derived 

quatemionSy 

IX. .  •  D^»    ^v^i  •  •  • 

are  either  the  Partial  Denvatives,  or  the  Partial  Differential  Coefficients^  of  the 

Quatei'nion  Function^ 

X.  .  .  (?  =  F{ty  w, .  .  .) ; 

with  analogous  remarks  for  the  casCy  when  the  quafemiony'qy  degenerates  (oomp. 
289)  into  a  vector,  p. 

330.  In  general,  it  may  he  considered  as  evident,  from  the  definition  in 
320,  that  the  dfferential  of  a  constant  is  zero ;  so  that  if  Q  be  changed  to  antf 
constant  quaternion,  c,  in  the  equation  324, 1.,  then  dQ  is  to  he  replaced  by  0, 
in  the  differentiated  equation,  324,  II.  And  if  there  he  given  any  system  of 
equations,  connecting  the  quaternion  variables,  q,  r,  «,  .  .  .  we  may  treat  the 
corresponding  system  of  differentiated  equations,  as  holding  good,  for  the  system  of 
simultaneous  differentials,  dq,  dr,  d«,  .  .  . ;  and  may  therefore,  legitimately  in 
theory,  whenever  in  practice  it  shall  he  found  to  be  possible,  eliminate  any 
one  or  more  of  those  differentials,  between  the  equations  of  this  system. 

(1.)  As  an  example,  let  there  be  the  two  equations, 

1.  .  .  qr  =  c,    and    II.  .  .  «  =  r', 

where  c  denotes  a  constant  quaternion.     Then  (comp.  328,  (1.),  and  324,  (!•) ) 
we  have  the  two  differentiated  equations  corresponding, 

III.  .  .  q.dr  -\-  dq.r=^  0  ;        IV.  .  .  d«  =  r .  dr  +  dr . r ; 

in  which  the  points*  might  be  omitted.    The  former  gives, 

V.  .  .  dr  =  -  r'^q.r,  as  in  329,  VI. ; 

and  when  we  substitute  this  value  in  the  latter,  we  thereby  eliminate  the 
differential  dr,  and  obtain  this  new  differential  equation, 

VI.  .  .  d«  =  -  rq^^ .dq.r-q'\dq.r*. 
(2.)  The  equation  I.  gives  also  the  expression, 

YIl...r^r'o;] 
the  equation  11.  gives  therefore  this  other  expression, 

VIII.  .  .  «  =  {q-'cY  =  q-'cgr'c, 

*  Compare  the  secoad  note  to  324,  (1.). 
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by  elimination  be/ore  differentiation.    And  if,  in  the  formula  YI.,  we  substitute 

the  expressions  VII.  and  YIII.  for  r  and  «,  we  get  this  other  differential 

equation, 

IX.  .  .  d  .  (g^V)*"  -  q^^cq-^,  iq.q-^c  -  q-^.iq.q'^cq'^c; 

which  might  have  been  otherwise  obtained  (oomp.  again  324,  (I.)  and  (2.) ), 

under  the  form, 

X.  . .  d  •  (q-'cy  «  ^^e .  iiq-'c)  +  d(r'c) .  q"c. 

331.  No  special  rules  are  required,  for  the  differentiation  of  ^funetions  of 
functions  of  quaternions  ;  but  it  may  be  instructive  to  show,  briefly,  how  the 
oonsideriction  of  such  differentiation  conducts  (comp.  326)  to  a  general  property 
of  functions  of  the  class  f{qy  jQ  5  *^^  ^^^  ^^^  property  can  be  otherunse  esta- 
blished. 

(1.)  Let/,  ^,  and  \p  denote  any  functional  operators,  such  that 

then  writing  L  .  .  t^y  »  ♦(/?) ; 

II.  • .  r  -/g,  and  III.  . .  <  =  ^r,  we  have  IV. .  .  <  -  ^ ; 

whence  V.  .  .  da  =  d\pq  «  d^r. 

That  is,  we  may  (as  usual)  differentiate  the  compound  Junction^  ^(/^)>  ^  if/q 
were  an  independent  variable,  r ;  and  theny  in  the  expression  so  found,  replace 
the  differential  dfq  by  its  value,  obtained  by  differentiating  the  simple  function,  fq. 
For  this  comes  virtually  to  the  elimination  of  the  differential  dr,  or  of  the 
symbol  d/g,  in  a  way  which  we  have  seen  to  be  permitted  (330). 

(2.)  But,  by  the  definitions  of  Afq  and/i,(?,  g^),  we  saw  (326,  VIII.  IX.) 
that  the  differential  dfq  might  generally  be  denoted  by  /•(?,  dg),  or  briefly 
by  /(g,  dq) ;  whence  d^r  and  dypq  may  also,  by  an  extension  of  the  same 
notation,  be  represented  by  the  analogous  symbols,  ^«(r,  dr)  and  )/'«>(g,  dq), 
or  simply  by  ^(r,  dr)  and  i/f(gr,  dq). 

(3.)  We  ought,  therefore,  to  find  that 

VI.  ..i^.(g,dgr) -#«  (/(?,/« (g,dg)),    if    ^J -«(/?); 
or  briefly  that 

VIL..i^(g, /)  =  ♦(/?, /(?,/)).    if    >h-¥2> 

for  any  two  quaternions,  q,  <f,  and  any  two  functions,  f  ^;  provided  that  the 
functions /„(y,  ^),  i^^{q,  q'),  xpniqt  /)  8*^0  deduced  (or  derived)  from  the  func- 
tions fq,  (pq,  y^q,  according  to  the  law  expressed  by  the  formula  325,  IV.  ; 

Hamilton's  Elsmbnts  of  Qoatbrnioms.  3  M 
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and  that  then  the  limits  to  which  these  derived  functions  fniq^  q')^  &o.  tend^ 
when  the  number  n  tends  to  infinity^  are  denoted  by  these  other  functional 
symbols^  f{qy  g^),  &c. 

(4.)  To  prove  this  otherwisey  or  to  establish  this  general  property  VII.,  of 
functions  of  this  class  f{qj  q'),  without  any  use  of  differentials^  we  may  observe 
that  the  general  and  rigorous  transformation  325,  V.,  of  the  formula  325,  IV. 
by  which  the  functions  fniq,  gf)  are  defined ^  gives  for  all  values  of  n  the 
equation : 

VIII.  .  .  ^f{q  +  n-y )  =  *(/?  +  n%[q,  /) )  =  «/g  +  n'^nifqjniq,  /j ) ; 

but  also,  by  the  same  general  transformation, 

IX.  .  • )/.  (g^  +  n-y)  =  !//}  +  n''yPn{qy  /) ; 

hence  generally^  for  all  values  of  the  number  tt,  as  well  as  for  all  values  of  the 
two  independent  quaternions^  qy  /,  and  for  all  forms  of  the  two  functions^  /,  0,  we 
may  write, 

X.  .  .  ^«(g.  /)  =  *n(A,/»(?,  /) ),    if    i/^  «  ^fq ; 

an  equation  of  which  the  limiting  formy  for  w  =  oo,  is  (with  the  notations  used) 
the  equation  VII.  which  was  to  be  proved. 

(5.)  It  is  scarcely  worth  while  to  verify  the  general  formula  X.,  by  any 
particular  example :  yet,  merely  as  an  exercise,  it  may  be  remarked  that  if 
we  take  the  forms, 

XL../(?  =  j*,     ^q^t,     ^  =  ?*> 

of  which  the  two  first  give,  by  325,  VI.,  the  common  derived  form, 

XII.  .  .fniq,  /)  "  *«(?,  fj^q^+^q-^  »"V'> 
the  formula  X.  becomes, 

XIII.  .  .  i/.„(g,  q')  =  ^n{q\  q<f^(iq^  n'^^') 

=  ^[q^  +  /?  +  ^'W^)  +  {^^  +  fl^?  +  **"  Vj  ^  +  ""*  [q^  +  q'q  +  n-y*)* ; 

which  agrees  with  the  value  deduced  immediately  from  the  function  i/^  or  ^, 
by  the  definition  325,  IV.,  namely, 


Abt8.331,332.]  DIFFERENTIAL  OF  A  PRODUCT  OR  POWER.  451 

(6.)  In  general,  the  t/ieoremy  or  rule^  for  differentiating  as  in  (I.)  b,  function 
ofafunctiony  of  a  quaternion  or  other  yariable,  may  be  briefly  and  symboli- 
cally expressed  by  the  formula, 

XV...d(0/)g«d#(/?); 

and  if  we  did  not  otherwise  know  it,  a  proof  of  its  correctness  would  be 
supplied,  by  the  recent  proof  of  the  correctness  of  the  equivalent  formula  Yii. 


SECTION  4. 
Examples  of  maaternlon  DUTerentlatioii. 

332.  It  will  now  be  easy  and  useful  to  give  a  short  collection  of  Examples 
of  Differentiation  of  Quaternion  Functions  and  Equations,  additional  to  and 
inclusive  of  those  which  have  incidentally  occurred  already,  in  treating  of  the 
principles  of  the  subject. 

(1.)  If  0  be  any  constant  quaternion  (as  in  330),  then 

1.  .  .  dc  =  0 ;  II.  .  .  d(/^  +  (j)  =»  ^fq ; 

III.  .  .  d . c/j'  =  ci.fq ;    IV.  .  .  d {fq.  c)  -  d/g.  c, 
(2.)  In  general, 
V.  .  .  ^{fq  +  ^g  +  . . .)  =  d/g  +  Si^pq  +  . . . ;    or  briefly,    VI.  .  .  dS  =  Sd, 
if  2  be  used  as  a  mark  of  summation. 

(3.)  Also,         VII.  .  .  d (/y .  ^y)  =  d/y .  ^?  +/g .  d^g ; 

and  similarly  for  a  product  of  more  functions  than  two:  the  rule  being 
simply,  to  differentiate  each  factor  separately ,  in  its  own  place,  or  without  dis- 
turbing the  order  of  the  factors  (comp.  318,  319) ;  and  then  to  add  together  ths 
partial  results  (comp.  329), 

(4.)  In  particular,  if  m  be  any  positive  whole  number, 

VIII.  .  .  d . s^  =  q'^'^dq  +  j'^-'dg .(?..  +  qdiq.q"^^  +  ^q .  j^* , 
and  because  we  have  seen  (324,  (2.) )  that 

IX.  •  .  d  .  s^'  =  -  3^^  dg .  ^\ 

8M2 
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we  have  this  analogous  expression  for  the  differential  of  a  power  of  a  quater- 
nion^  with  a  negative  but  whole  exponent^ 

X.  •  •  d  .  q"^  =  -  5^d  .  3^  .  ^"*" 
=  -  g"*  dg^ .  (r*  -  y'  dgr .  q^^  -  .  *  -  g*"*  dg .  jf*  -  5^  d? .  q~^. 

(6.)  To  diffet*entiate  a  square  root^  we  are  to  resolve  the  linear  equation* 
XI.  ,,g^.d.^  +  d.^.^  =  dq;    or    XF.  .  .  rr'  +  /♦•  «  g^, 
if  we  write,  for  abridgment, 

XII. .  •  r  =  ^,    q^  =  dqy    r' »  d .  5^  =  dr. 
(6.)  Writing  also,  for  this  purpose, 

XIII. .  .  «  =  Kr  -  K .  ?*, 
whence  (by  190, 196)  it  will  follow  that 

XIV..  .r««Kr  =  Tr»«Tj,    and    XV.  •  .  r  +  «  -  2Sr  =  2S.^, 

the  product  and  «t/m  of  these  two  conjugate  quaternions^  r  and  a,  being  thus 
sealars  (140, 145),  we  have,  by  XF., 

XVI.  .  .  r"*  gfs^r^s-^s/; 
whenoe,  by  addition, 

XVII.  .  •  /  +  ry«  =  (r  +  «)  r'+  r'  (r  +  «)  «==  2r'(r  +  «) ; 
and  finally, 

XYIII...r'=^l^.    or    XIX...d.g*  =  ^g^fj^g/-^; 

2(r  +  «)  48  .  5* 

an  expression  for  the  differential  of  the  square-root  of  a  quaternion,  whioh 
will  be  found  to  admit  of  many  transf ormations,  not  needful  to  be  considered 
here. 

(7.)  In  the  three  last  sub-artioles,  as  in  the  three  preceding  them,  it  has 
been  supposed,  for  the  sake  of  generality,  that  q  and  dq  are  two  diplanar 

*  Although  such  solution  of  a  linear  equation,  or  equation  of  the^r<^  degree,  in  quaternions,  is 
easily  enough  accomplished  in  the  present  instance,  yet  in  general  the  problem  presents  difficulties, 
without  the  consideration  of  which  the  theory  of  dijferentiation  of  implicit  funetiont  ofquatemiom 
would  be  entirely  incomplete.  But  a  general  method,  for  the  solution  of  aU  such  equations,  will  be 
sketched  in  a  subsequent  Section. 
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quaternions;  but  if  in  any  application  they  happen,  on  the  contrary,  to  be 
compianar,  the  expressions  are  then  simplified,  and  take  usual,  or  algebraic 
forms,  as  follows : 

XX.  .  .  d.q^  =  m^'^dq ;        XXI.  .  .  d .  g'"^  =  -  mq^'^dq ; 
and 

XXII.  .  .  d . g*  =  if^dq,    if    XXUL  .  .  d^|||^(123) ; 

because,  when  /  is  oomplanar  with  q,  and  therefore  with  q^,  or  with  r,  in  the 
expression  XVIII.,  the  numerator  of  that  expression  may  be  written  as  r"V 
V  +  s). 

(8.)  More  generally,  if  x  be  ant/  scalar  exponent,  we  may  write,  as  in  the 
ordinary  calculus,  but  still  under  the  condition  of  complanarity  XXIII., 

:SXIV..  .d.f^x^'dq;     or    XSY.  .  .  qd.f=  xfdq. 

333.  The  functions  of  quaternions,  which  have  been  lately  differentiated, 
may  be  said  to  be  of  algebraic  form ;  the  following  are  a  few  examples  of 
differentials  of  what  may  be  called,  by  contrast,  transcendental  functions  of 
quaternions:  the  condition  of  complanarity  {dq\\\q)  being  however  here  sup- 
posed to  be  satisfied,  in  order  that  the  expressions  may  not  become  too  com- 
plex. In  fact,  with  this  simplification,  they  will  be  found  to  assume,  for  the 
most  part,  the  knoum^  and  usual  forms,  of  the  ordinary  differential  calculus. 

(1.)  Admitting  the  definitions  in  316,  and  supposing  throughout  that 
d^lll^,  we  have  the  usual  expressions  for  the  differentials  of  t*  and  \q,  namely, 

I.  .  .  d .  €«  =  i^dq ;    II.  .  .  d\q  =  g^'dg. 
(2.)  We  have  also,  by  the  same  system  of  definitions  (316), 

in.  .  .  d  sin  (^  -  cos  qdq ;     IV.  .  .  d  cos  g  =  -  sin  qdq ;  &c. 
(3.)  Also,  if  r  and  dr  be  complanar  with  q  and  dq,  then,  by  316, 
IV'.  .  .d.f--d.^^^fd.r\q^f(}qdr^-r^rdq)\ 
or  in  the  notation  of  partial  differentials  (329), 

V.  .  .  dj .  J**  =  rf'^Aq,    and    VI.  .  .  dr .  J^  =  ^''Ig^dr. 

(4.)  In  particular,  if  the  bau  j'  be  a  given  or  constant  vector,  a,  and  if  the 
exponent  r  be  a  variable  scalar,  t,  then  (by  the  value  316,  XIV.  of  \p)  the 
recent  formula  IV.  becomes, 

VII.  •  .  d  .  a'  =  (iTa  +  ^  UaV dt. 
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(5.)  If  then  the  base  a  be  a  given  unit  line,  so  that  ITa  «  0,  and  TJa  =  a, 
we  may  write  simply, 

VIII.  ..d.a*  =  ^a*«d<,    if    da  =  0,    and    Ta  =  l. 

(6.)  This  useful  formula,  for  tlie  differential  of  a  power  of  a  constant  unit 
line,  with  a  variable  scalar  exponent,  may  be  obtained  more  rapidly  from  the 
equation  308,  YII.,  which  gives, 

IX.  .  .  a*  =  cos  -^  +  a  sin  -^,    if    Ta  ■=  1 ; 

since  it  is  evident  that  the  differential  of  this  expression  is  equsd  to  the  ex- 
pression itself  multiplied  by  iirad^,  because  a*  =  -  1. 

(7.)  The  formula  VIII.  admits  also  of  a  simple  geometrical  interpretation^ 
connected  with  the  rotation  through  t  right  angkSy  in  a  plane  perpendicular  to 
a,  of  which  rotation,  or  version,  the  poiver  a*,  or  the  versor  Ua',  is  considered 
(308)  to  be  the  instrument,*  or  agent,  or  operator  (comp.  293). 

334.  Besides  algebraical  and  tramcendental  forms,  there  are  other  results  of 
operation  on  a  quaternion,  q,  or  on  a  function  thereof,  which  may  be  regarded 
as  forming  a  new  class  (or  kind)  ol  functions,  arising  out  of  i\iQ  principles  and 
rules  of  the  Quaternion  Calculus  itself:  namely  those  which  we  have  denoted 
in  former  Chapters  by  the  symbols, 

I.  .  .  Kq,  &q,  Yq,  Ny,  Tq,  Vq, 

or  by  symbols  formed  through  combinations  of  the  same  signs  of  operation, 

such  as 

n.  .  .  SJJq,  YVq,  TJYq,  Ac. 

And  it  is  essential  that  we  should  know  how  to  differentiate  expressions  of 
these  forms,  which  can  be  done  in  the  following  manner,  with  the  help  of  the 
principles  of  the  present  and  former  Chapters,  and  without  now  assuming  the 
complanarity,  Aq\\\q. 

(1.)  In  general,  let /represent,  for  a  moment,  any  distributive  symbol,  so 
that  for  any  two  quaternions,  q  and  q\  we  shall  have  the  equation, 

IIL,./(g  +  /)«/^+//; 


•  Compare  the  first  note  to  page  136. 
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and  therefore  also*  (oomp.  326,  (5.)), 

IV.  .  .  f{xq)  =  x/q^  if  a?  be  any  scalar. 

(2.)  Then,  with  the  notation  325,  IV.,  we  shall  have 

V.  .  .  /n(?,  ?')  =  n{Aq  +  n-V)  -  fq]  ^f<l ; 

and  therefore,  by  325,  VIII.,  for  any  %\ich  function  /g,  we  shall  have  the 

differential  expression, 

VI.  • .  d/jr  =/dj. 

(3.)  But  S,  V,  K  have  been  seen  to  be  distnbutive  symbols  (197,  207) ;  we 
can  therefore  infer  at  once  that 

VIL  •  •  dKj  =  Kiq;     VIIL  • .  dSj  -  Sd^;      IX.  .  .  dYq  «Vdj; 

or  in  words,  that  the  differentiah  of  the  conjugate^  the  scalar ^  and  the  vector  of  a 
quaternion  ave^  respectively,  the  conjugate^  the  scalar^  and  the  vector  of  the 
differential  of  that  quaternion. 

(4.)  To  find  the  differential  of  the  norm,  N^,  or  to  deduce  an  expression  for 
dNg^,  we  have  (by  VII.  and*  145)  the  equation, 

X.  .  .  dN^  =  d  .  qKq  =  dg .  Ky  +  g .  Kdj' ; 

but  ?K/  =  K .  ^Kq,  by  145,  and  192,  II. ; 

and       (1  +  K) .  q'Kq  =  28  .  ^Kq  =  28(Kq .  g'))  ^7  196,  II.,  and  198,  I. ; 

therefore  XI.  .  .  dNq  =  28{Kq .  dq). 

(5.)  Or  we  might  have  deduced  this  expression  XI.  for  dNg,  more  im- 
mediately, by  the  general  formula  324,  IV.,  from  the  earlier  expression  200, 
VII.,  or  210,  XX.,  for  the  norm  of  a  sum,  under  the  form. 


as  before. 


Xr.  .  .  dNg  =  Um .  w{N(g  +  n'^dq)  -  Ny) 

nscD 

-  lim .  {2S{K? .  iq)  +  n-'Niq) 
-2S(Kj'.d}), 


nsoo 


*  In  quaUrmonM  the  equation  III.  \a  not  a  necessary  consequence  of  IV.,  although  the  latter  is 
so  of  the  former;  for  example,  the  equation  IV.,  hut  not  the  equation  III.,  will  he  satisfied,  if  we 
assume /<7  s  qeq-^^q,  where  e  and  ^  are  any  two  constant  quaternions,  which  do  not  degenerate  into 
scalars. 
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(6.)  The  tensor,  Tq,  is  the  Bquare-root  (190)  of  the  norm,  Ny;  and  because 
T^  and  N^  are  scalars,  the  formula  332,  XXTI.  may  be  applied ;  which  gives, 
for  the  differential  of  the  tensor  of  a  quaternion,  the  expression  (comp.  158), 

XII. . .  dT«  -^  =  S(KU?.dj)  -S^ 

a  result  which  is  more  easily  rememberedy  under  the  form, 

xni...^  =  s^. 

(7.)  The  versov  J]q  is  equal  (by  188)  to  the  quotient,  q :  Ty,  of  the  quater- 
nion q  divided  by  its  tensor  Tg ;  henoe  the  differential  of  tlie  versor  is, 

Xiy...dTJ,.d,X.(f-8&)^.T!^.U,, 

whence  follows  at  once  this  formula,  analogous  to  XIII.,  and  like  it  easily 
remembered, 

XV.. .^=v^. 

Vq  q 

(8.)  We  might  also  have  observed  that  because  (by  188)  we  have  generally 
q-Tq .  JJq,  therefore  (by  332,  (3.))  we  have  also, 

XVI.  .  .  dq  -  dTq  .JJq  +  Tq .  dJJq, 
and 

TTVTT       d?_dT7    dTT? 
q       Tq      Vq 

if  then  we  have  in  any  manner  established  the  equation  XIII.,  we  can  im- 
mediately deduce  XV. ;  and  conversely,  the  former  equation  would  follow  at 
once  from  the  latter. 

(9.)  It  may  be  considered  as  remarkable,  that  we  should  thus  have 
generally  y  ox  for  any  two  quaterntonsy  q  and  dg^,  the  formula:* 

XVin.  ..S(dU^:U?)  =  0;    or    XYIII'.  •  .  dUg  :TJg  -  S"^0; 


•  When  the  connexion  of  the  theory  of  normaU  to  surfaees,  with  the  diferentialealeulut  ofguaUr- 
niontf  shall  have  been  (even  briefly)  explained  in  a  subsequent  Section,  the  student  will  perhaps  be 
able  to  perceive,  in  this  formula  XVIII.,  a  recognition,  though  not  ft  iwy  direct  one,  of  the  geo- 
metrical piinciplei  that  the  radii  of  a  sphere  are  its  normals. 
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but  this  vector  character  of  the  quotient  dUjr :  JJq  can  easily  be  oonfirmedy  as 
follows.  Taking  the  conjugate  of  that  quotient,  we  have,  bj  YII.  (oomp.  192, 
II. ;  168 ;  and  324,  XI.), 

XIX.  .  .  K(dTJj.  U?-*)  =  KUg-i .  dKUy  =TJy .  d(TJg^*)  -  -  dUy . Uj-' ; 

whence 

XX.  .  .  (1  +  K)  {SXJq.TSq-^)  -  0  ; 

which  agrees  (by  196,  II.)  with  XVIII. 

(10.)  The  Bcalar  character  of  the  tensor ^  T^,  enables  us  always  to  write,  as 
in  the  ordinary  calculus, 

XXI.  .  .  dlTg  «  dT? :  Tq ; 

but  ITy  =  Sly,  by  316,  V. ;  the  recent  formula  XIII.  may  therefore,  by  VIIIm 
be  thus  written, 

XXII.  .,Sdl?«dSlg«dTy:d?«S(ds':j);  or  XXIF. .  .dly-jTidy-S-^O. 

(11.)  When  dj^lll^,  this  last  difference  vanishes,  by  333,  II. ;  and  the 
equation  XY.  takes  the  form, 

XXIII.  .  .  dlU?  =  Vdlg  «  dVlg. 

And  in  fact  we  have  generally^  lUj  =  Vlg,  by  316,  XX.,  although  the  different 
tiak  of  these  two  equal  expressions  do  not  Bcparately  coincide  with  the  members 
of  the  recent  formula  XV.,  when  q  and  dj  are  diplanar.  We  may  however 
write  generally  (oomp.  XXII.), 

XXIV.  .  •  dlUg^  -  S}Jq  : Usr  =  V(dlj'  -  dg  : ?)  =  dig  -^qiq. 

835.  We  have  now  differentiated  the  six  simple  Junctions  334,  I.,  which 
are  formed  by  the  operation  of  the  sine  characteristics, 

K,8,V,N,T,U; 

and  as  regards  the  differentiation  of  the  compound /unctions  334,  II.,  which 
are  formed  by  combinations  of  those  former  operations,  it  is  easy  on  the  same 
principles  to  determine  them,  as  may  be  seen  in  the  few  following  examples. 
(1.)  The  axis  Ax.  g  of  a  quaternion  has  been  seen  (291)  to  admit  of  being 
represented  by  the  combination  UVj ;  the  differential  of  this  axis  may  there- 
fore, by  334,  IX.  and  XIV.,  be  thus  expressed  : 

Hamilton's  Blbmbnts  of  Quatkutions,  3  N 
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I.  . .  d(Ax.  q)  =  dUV^  =  V(Vd^ :  Yq)  .TTVq ; 
whence 

The  differential  of  the  axis  is  therefore,  generally y  a  /w^  perpendicular  to  that 

axis,  or  situated  m  ^A^  jo^ne  of  the  quaternion ;  but  it  vanishes,  when  the  />A7n^ 

(and  therefore  the  axis)  of  that  quaternion  is  constant ;  or  when  the  quaternion 

and  its  differential  are  complanar. 

(2.)  Hence, 

III.  ..dUVy  =  0,     if     IV.  ..d^III^; 

and  conversely  this  complanarity  IV.  may  be  expressed  by  the  equation  III. 
(3.)  It  is  easy  to  prove,  on  similar  principles,  that 


and 


V.  ..dVU^=VdU^«v(v^.U^); 
VI. .  .  dSU?  -  SdU?  -  sTv^.U^y 


(4.)  But  in  general,  for  any  two  quaternions,  q  and  q\  we  have  (comp. 
223,  (6.))  the  transformations, 

VII.  .  .  S(V5'. (?)  =  S(V/.  Vy)  =  S ./Vy ; 

and  when  we  thus  suppress  the  characteristic  V  before  Aq :  q,  and  insert  it 
before  TJg,  under  the  sign  S  in  the  last  expression  VT.,  we  may  replace  the 
new  factor  TUq  by  TVUg.UVUc?  (188),  or  by  TVU^.UVg  (274,  XIIL), 
or  by  -  TVUy :  UVg^  (204,  V.),  where  the  scalar  factor  TY^q  may  be  taken 
outside  (by  196,  VIII.) ;  also  for  q'^  i^JNq  we  may  substitute  I  :  (UVj^.  y), 
or  1 :  qUYq^  because UV^^IH g ;  the  formula  VI.  may  therefore  be  thus  written, 

VIII. . .  dSU?  =  -  8  ^ .  TYVq. 

(5.)  Now  it  may  be  remembered,  that  among  the  earliest  connexion*  of 
quaternions  with  trigonomeirp,  the  following  formulsB  ooonrred  (196,  XVI., 
and  204,  XIX.), 

IX. .  .  SUg- =  cos  z 2-,    TYVq^anLq; 

we  had  also,  in  316,  these  expressions  for  the  angle  of  a  quaternion, 

X.  ..iCj  =  TYlj-TlUg; 
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we  may  therefore  establish  the  following  expression  for  the  differential  of  the 
angle  of  a  quaternion, 


XI. .  •  d  z  17  -  dTVly  =  dTlUgr  =  S 


qVWq 


(6.)  The  following  is  another  way  of  arriving  at  the  same  result,  through 
the  differentiation  of  the  sine  instead  of  the  cosine  of  the  angle,  or  through 
the  caloulation  of  dTVTJy,  instead  of  dSU^'.  For  this  purpose,  it  is  only 
necessary  to  remark  that  we  have,  by  334,  XII.  XIY.,  and  by  some  easy 
transformations  of  the  kind  lately  employed  in  (4.),  the  formula, 

dividing  whioh  by  SIJ^,  and  attending  to  IX.  and  X.,  we  arrive  again  at 
the  expression  XI.,  for  the  differential  of  the  angle  of  a  quaternion. 

(7.)  Eliminating  S  (dy :  jTJVg)  between  VIII.  and  XII.,  we  obtain  the 
differential  equation^ 

XIII.  .  .  SUff .  dSU?  +  TVUg .  dTVTJ?  =  0 ; 

of  whioh,  on  account  of  the  scalar  character  of  the  differentiated  variables,  the 
integral  is  evidently  of  the/orm, 

XIV.  .  .  (8Ug)»  +  (TVIT^)'  =  const. ; 

and  accordingly  we  saw,  in  204,  XX.,  that  the  sum  in  the  first  member  of 
this  equation  is  constantly  equal  to  positive  unity. 
(8.)  The  formula  XI.  may  also  be  thus  written, 

XV.  ..d2l?  =  S(V(d?.?):UV?); 

with  the  verification,  that  when  we  suppose  d$^|||$^,  as  in  IV.,  and  therefore 
S\3Yq  «  0  by  in.,  the  expressioli  under  the  .sign  S  becomes  the  differential 
of  the  quotient,  Vly :  UVj',  and  therefore,  by  316,  VI.,  of  the  angle  L  q  itself. 
336.  An  important  application  of  the  foregoing  principles  and  rules 
consists  in  the  differentiation  of  scalar  functions  of  vectors,  when  those  functions 
are  defined  and  expressed  according  to  the  laws  and  notations  of  quaternions. 
It  will  be  found,  in  fact,  that  such  differentiations  play  a  very  extensive  part, 
in  the  applications  of  quaternions  to  geometry ;  but,  for  the  moment,  we  shall 
treat  them  here,  as  merely  exercises  of  calculation.  The  following  are  a  few 
examples. 

3  N  2 
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(1.)  Let  p  denote,  in  these  sab*artioleSy  a  variable  vector;   and  let  the 
following  equation  be  proposed, 

I-  .  .  r*  +  p'  =  0,    in  which    Vr  =  0, 

BO  that  r  is  a  (generally  variable)  scalar.  Differentiating,  and  observing  that, 
by  279,  III.,  pp'  +  p^p  =  2Spp\  if  p'  be  any  second  vector,  such  as  we  suppose 
dp  to  be,  we  have,  by  322,  YIII.,  and  324,  YII.,  the  equation, 

II.  .  .  rdr  +  Bpip  =  0  ;    or    III. .  .  dr  =  -  r-^Spdp  =  rSp'^dp. 

In  fact,  if  r  be  supposed  positive,  it  is  here,  by  282,  II.,  the  tensor  of  p ;  so 

that  this  last  expression  III.  for  dr  is  included  in  the  general  formula,  334, 

XIII. 

(2.)  If  this  tensor,  r,  be  constant,  the  differential  equation  II.  becomes 

simply, 

IV. .  .  8pdp  =  0,    if    -  p*  -  const.,    or  if    dTp  =  0. 

(3.)  Again,  let  the  proposed  equation  be  (comp.  282,  XIX.), 

V.  .  .r*«T(ip  +  p»c),    with    di  =  0,    dx-O, 

so  that  I  and  k  are  here  two  constant  vectors.  Then,  squaring  and  differen- 
tiating, we  have  (by  334,  XI.,  because  Kip  »  pi,  &c.), 

VI. . .  2r»dr  =  idN(ip  +  pic)  -  8  (pi  +  icp)  (cdp  +  dp*c)  =  (c»  +  ic')  Spdp  +  2Sifpidp ; 

or  more  briefly, 

VII.  .  .  2r"dr  -  Svdp, 

if  V  be  an  auxiliary  vector,  determined  by  the  equation, 

VIIL  .  •  r*v  -  (i*  -I-  ic*)  p  +  2Vicp«; 

which  admits  of  several  transformations. 

(4.)  For  example  we  may  write,  by  295,  VIE., 

IX.  .  .  r*i;  =  (i*  +  ,c«)  p  +  t^pi  +  ipic  =  I  {ip  +  pic)  +  ic  (p«  +  icp) ; 
or,  by  294,  III.,  and  282,  XII., 
X.  .  .r*i;-(c«  +  K')p  +  2(icSip-pSiic  +  tSicp)  =  fi-ic)V  +  2(i8icp  +  icSipj;  &o. 


] 
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(6.)  The  equation  V.  gives  (oomp.  190,  V.)>  when  squared  without 
differentiation, 

XI. .  .  r*  =  N(ip +pic)  =  {ip  +  pk)  {pi  +  Kp) 

=  {l*  +  K*)  p*  +  ipKp  +  pKpi 
-   (l»  +  K^)  p^  +  2BtpKp 

=  (t  -  ic)'  p^  +  4Sip  Sicp  =  &o., 

by  transformations  of  the  same  kind  as  before ;  we  have  therefore,  by  the 
recent  expressions  for  r%  the  following  remarkably  simple  relation  between 
tlie  two  variable  vectors^  p  and  v, 

XII.  . .  Sv/o  =  1 ;    or    XII\  . .  S/>v  =  1. 

(6.)  When  the  sealary  r,  is  constant^  we  have,  by  VII.,  the  differential 
equation^ 

Xni.  . .  Si/dp  =  0 ;    whence  also    XIV.  .  .  Spdv  =  0,  by  XII. ; 

a  relation  of  reciprocity  thus  existing,  between  the  two  vectors  p  and  v,  of  which 
the  geometrical  signification  will  soon  be  seen. 

(7.)  Meanwhile,  supposing  r  again  to  vary^  we  see  that  the  last  expression 
VI.  for  2r'dr  may  be  otherwise  obtained,  by  takiug  half  the  differential  of 
either  of  the  two  last  expanded  expressions  XI.  for  r^ ;  it  being  remembered, 
in  all  these  little  calculations,  that  cyclical  permutation  of  factors^  under  the 
aign  S,  is  permitted  {223^  (10.)),  even  if  those  factors  be  quaternionSy  and  what- 
ever their  number  may  be :  and  that  if  they  be  vectors^  and  if  their  number  be 
oddy  it  is  then  permitted,  under  the  sign  V,  to  invert  their  order  (295,  (9.) ), 
and  so  to  write,  for  instance,  Vipic  instead  of  Vk/oi,  in  the  formula  VIII. 

(8.)  As  another  example  of  a  scalar  function  of  a  vector y  let  p  denote  the 
proximity  (or  nearness)  of  a  variable  point  p  to  the  origin  o ;  so  that 

XV.  ../)-(- p»)-*-Tp-S    or    XT.  ..p-'  +  p'-O. 
Then, 

XVI. . .  dp  -  Svdp,    if    XVII.  ..v-'p'p  -i>"Up; 

V  being  here  a  new  auxiliary  vectory  distinct  from  the  one  lately  considered 
(VIII.),  and  having  (as  we  see)  the  same  versor  (or  the  same  direction)  as  the 
vector  p  itself y  but  having  its  tensor  equal  to  the  square  of  the  proximity  of  t  too; 
or  equal  to  the  inverse  square  of  the  distanccy  of  one  of  those  two  points  from 
the  other. 

337.  On  the  other  hand,  we  have  often  occasion,  in  the  applications,  to 
consider  vectors  as  functions  of  scalarsy  as  in  99,  but  now  with/omw  arising 
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out  of  operations  on  quaternions^  and  therefore  suoh  as  had  not  been  considered 
in  the  First  Book.  And  whenever  we  have  thus  an  expression  such  as  either 
of  the  two  following, 

for  the  variable  vector  of  a  curve y  or  of  a  surface  (oomp.  again  99),  s  and  t 
being  two  vanab/e  scalarSy  and  ^{t)  and  ^(«,  t)  denoting  any  functions  of  vector 
fornhy  whereof  the  latter  is  here  supposed  to  be  entirely  independent*  of  the 
former^  we  may  then  employ  (comp.  100,  (4.)  and  (9.)  and  the  more  recent 
sub-articles,  327,  (5.),  (6.),  and  329,  (5.) )  the  notations  of  derivatives^  total  or 
partial ;  and  so  may  write,  as  the  differentiated  equations^  resulting  from  the 
forms  I.  and  II.  respectively,  the  following  : 

III.  .  .  dp  =  ^'^  .d^  =  p^t  =  Dtp .  it ; 

IV.  .  .  dp  =  d,p  +  d^p  =  Dtp  .  d«  +  D/p .  it ; 

of  which  the  geometrical  significations  have  been  already  partially  seen,  in 
the  sub-articles  to  100,  and  will  soon  be  more  fully  developed. 
(1.)  Thns,  for  the  circular  locusj  314,  (1.),  for  which 

V.  .  .  p  =  a%     Ta  -  1,     Saj3  =  0, 
we  have,  by  333,  VIII.,  the  following  derived  vector, 

(2.)  And  for  the  elliptic  locus,  314,  (2.),  for  which 

VII.  ..p-V.a'j3,     Ta-1,     but  no<  SaP  «  0, 
we  have,  in  like  manner,  t}iis  other  derived  vector, 

VIII.  . .  p'  -  D<p  -  ^  V.  o*^*/3. 

(3.)  As  an  example  of  a  vector-function  of  more  scalars  than  one,  let  us 
resume  the  expression  (308,  XVIII.), 

IX..  .  p  ^  rk^j'/cj-'k'* ; 


*  We  are  therefore  not  employing  here  the  temporary  notation  of  some  recent  Articles,  according 
to  which  we  should  haye  had,  d^^  e  ^{q,  dg). 
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in  which  we  shall  now  suppose  that  the  tensor  r  is  gvoen^  so  that  p  is  the 
vajiable  vector  of  a  point  upon  a  given  sphet-ic  surface^  of  which  the  radius  is  r, 
and  the  centre  is  at  the  origin ;  while  8  and  t  are  two  independent  scalar  variables^ 
with  respect  to  which  the  two  partial  derivatives  of  the  vector  p  are  to  be 
determined. 

(4.)  The  derivation  relatively  to  t  is  easy ;  for,  since  ijk  are  vector-units 
(295),  and  since  we  have  generally,  by  333,  VIII., 

X.  .  .  d .  o*^  =  I  o'+*da?,    and  therefore    XI.  .  .  D« .  a*  -  |a'*»D<ir, 

if  Ta  » 1,  and  if  a;  be  any  scalar  function  of  t^  we  may  write,  at  once,  by 
279,  IV., 

XII.  .  .  Dtp  =  ^  (kp-pk)  =  wYkp ; 

and  we  see  that 

XIII.  . .  BpBtp  -  0, 

a  result  which  was  to  be  expected,  on  account  of  the  equation, 

XIV.  .  .p»+f*=0, 

which  follows,  by  308,  XXIV.,  from  the  recent  expression  IX.  for  p. 

(5.)  To  form  an  expression  of  about  the  same  degree  of  simplicity,  for  the 
other  partial  derivative  of  p,  we  may  observe  that  j**^kj'*  is  equal  to  its  own 
vector  part  (its  scalar  vanishing) ;  hence* 

XV.  .  .  Dap  =  irkfjk-^p  ;     or    XVI.  .  .  D^p  =  irV^jp  =  Trjk-^^p, 

by  the  transformation  308,  (11. )•     And  because  the  scalar  of  A^A"*  is  zero,  we 

have  thus  the  equation, 

XVII.  .  .  8pDsp  =  0, 

which  is  analogous  to  XIII.,  and  might  have  been  otherwise  obtained,  by 
taking  the  derivative  of  XIV.  with  respect  to  the  variable  scalar  «. 

(6.)  The  partial  derivative  D,p  must  be  a  rector ;  hence,  by  XV.  or  XVI., 
p  must  he  perpendicular  to  the  vector  A^A"*,  or  k^%  oijk^*;  a  result  which, 
under  the  last  form,  is  easily  confirmed  by  the  expression  316,  XII.  for  p. 
In  fact  that  expression  gives,  by  315,  (3.)  and  (4.),  and  by  the  recent  values 


♦  [Thus  D,  (jUj-')  =  ^  {J»*^kJ-'  +j*kj-»-^)  =  wj**  W-;  and  therefore  D.p  =  ir  rkyk-^k'J'kJ-'k-t  wUdh 
is  e^oiyalent  to  XY.] 


\ 
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XII.  XVI.,  these  other  forma  for  the  two  partial  derivatives  of  p,  which  have 
been  above  considered : 

XVIII.  .  .  D,p  -  wrJf'Y.j^ ;    XIX.  .  .  D,p  =  irr{k'^.  i^'  -  V.  **•)  ; 

which  might  have  been  immediately  obtained,  by  partial  derivations,  from 
the  expression  315,  XII.  itself,  and  of  which  both  are  vector-forms. 

(7.)  And  hence,  or  immediately  by  denvating  the  expanded  expression 
315,  XIII.,  we  obtain  these  new  forms  for  the  partial  derivatives  of  p  : 

XX.  .  .  Dtp  =  Trr{j  cos  trr  -  %  sin  tir)  sin  air ; 

XXI.  .  .  Dtp  =»  irr  { (i  cos  tv  +y  sin  tir)  cos  «ir  -  A  sin  air] . 

(8.)  We  may  add  that  not  only  is  the  variable  vector  p  perpendicular  to 
each  of  the  two  derived  vectora,  Dgp  and  D//o,  but  also  they  are  perpendicular  to 
exich  other ;  for  we  may  write,  by  XII.  and  XVI., 

XXII.  .  .  S(D,p.D,p)  =  -ir«S.JfcV*  =  «''^S.i*'i-0; 

and  the  same  conclusion  may  be  drawn  from  the  expressions  XX.  and  XXI. 
(9.)  A  vector  may  be  considered  as  a  function  of  three  independent  scalar 
varuihlea^  such  as  r,  «,  ^ ;  or  rather  it  muat  be  so  considered,  if  it  is  to  admit  of 
being  the  vector  of  an  arbiirary  point  of  apace  :  and  then  it  will  have  a  total 
differential  (329)  of  the  trinomial  foitn^ 

XXIII.  .  .  dp  =  Arp  +  d,/o  +  ditp  =f  Dr/o  .  dr  +  D,/a .  d«  +  Htp .  d^ ; 

and  will  thus  have  three*  partial  derivaticea, 

(10.)  For  example,  when  p  has  the  expression  IX.,  we  have  this  third 

partial  derivative, 

XXIV.  .  .  Dr/>  =  r>  =  Up, 

which  may  also  be  thus  more  fully  written  (comp.  again  315,  XIII.), 

XXV. .  .  Drp  =  f^j'kj-'kr*  =  {i  cos  tw  +y  sin  tw)  sin  wr  +  *  cos  air ; 

and  we  see  that  the  three  derived  rectora^ 

XXVI.  .  .  Drp,  DsPj  Dtp, 

compose  here  a  rectangular  system. 


•  That  is  to  say,  three  ofthefint  order;  for  we  shall  soon  have  occasion  to  consider  MMMttcw 
differentials^  of  functions  of  one  or  more  variables,  and  so  shall  be  conducted  to  the  consideration  of 
ardere  of  differentiala  and  derivatives,  higher  than  thejirtt. 
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SECTION  6. 

On  KncceflfllYe  Dlflnerentlals,   and  Deyelopmenti,  of  Fnnctlonfl 

of  Unaternions. 

338.  There  will  now  be  no  difficulty  in  the  successive  diferentiation^  total 
or  partial,  of  functions  of  one  or  more  quaternions ;  and  stick  differentiation 
will  he  found  to  he  useful^  as  in  the  ordinary  calculus,  in  connexion  with 
developments  of  functions :  hesides  that  it  is  necessary  for  many  of  those 
geometrical  and  physical  applications  of  differentials  of  quaternions,  on  which 
we  liave  not  entered  yet.  A  few  examples  of  successive  differentiation  may 
serve  to  show,  more  easily  than  any  general  precepts,  the  nature  and  effects 
of  the  operation ;  and  we  shall  begin,  for  simplicity,  with  explicit  functions  of 
one  quaternion  variable, 

(1.)  Take  then  the  square ^  j^,  of  a  quaternion,  as  a  function /g,  which  is  to 

be  tunce  differentiated.     We  saw,  in  324,  VII.,  that  a  first  differentiation 

gave  the  equation, 

I.  .  .  d/y  =  d .  y'  =»  s' .  dy  +  dy .  g ; 

but  we  are  now  to  differentiate  againy  in  order  to  form  the  second  differential 
^fq  oi\h.Q function  q*,  treating  the  differential  of  the  variable  q  as  still eqxisl 
to  dq,  and  in  general  writing  diq  =  d'^',  where  d'y  is  a  new  arbitrary  quaternion^ 
of  which  the  tensor ^  Td^g,  need  not  be  small  (comp.  322).  And  thus  we  get, 
in  general,  this  tvnce  differentiated  expression^  or  differential  of  the  second  order^ 

XL  .  .  dy^  =  d».  ^  =  ?.  d'y  +  2d^+  d*?.^. 

(2.)  The  second  differential  of  the  reciprocal  of  a  quaternion  is  generally 
(comp.  324,  XI.), 

III.  .  .  d» .  2-^  =  2(grid|7)«y-*  -  q'^d'q .  q'K 

(3.)  If  />  be  a  variable  vector^  then  (comp.  336,  (1.) )  we  have,  for  the  first 
and  second  differentials  of  its  square,  the  expressions : 

IV.  .  .d.p«  =  2Spd/>;    V..  .  d\ p«  =  2S/>d»p  +  2dp«. 

(4.)  If  ^  be  any  otfher  scalar  function  of  a  variable  vector  p,  and  if  (comp. 
again  the  sub-articles  to  336)  its^rs^  differential  be  put  under  the./5>rw, 

VI.  .  .  Afp  =  2Svdp,  when  v  is  another  variable  vector, 
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then  the  second  differential  of  the  same  function  may  be  expressed  as  follows : 

Vn.  .  .  dYp  =  2SvdV  +  2Sdvdp ; 

in  which  we  have  written,  briefly,  Sdi/d/o,  instead  of  S(dv .dp). 

(5.)  The  following  very  simple  equation  will  be  found  useful,  in  the 
theory  of  motions^  performed  under  the  influence  of  central  forces : 

Vm.  .  .  dVpdp  =  V/t>dV ;     because    V.  dp'  =  0. 

(6.)  As  an  example  of  the  second  differential  of  a  quaternion^  considered 
as  B,  function  of  a  scalar  variable  (comp.  t^33,  VIII.,  and  337,  (1.)  \  the  follow- 
ing may  be  assigned,  in  which  a  denotes  a  given  unit  line,  so  that  a*  =  -  1, 
da  «  0,  but  d;  is  a  variable  scalar : 

IX.  .  .  d\  a'=  d^la'+^da^V^  «'*'d»a?  -  i^^'^- 

(7.)  The  second  differential  of  \hj^  product  of  any  two  functions  of  a  quater- 
nion  q  may  be  expressed  as  follows  (comp.  II.) : 

X.  .  .  d'  {fq .  ijiq)  =  dyq  .  ^q  +  2dfq .  di^q  ^fq .  d'^y. 

339.  The  second  differential,  d*^,  of  the  variable  quaternion  j,  enters 

generally  (as  has  been  seen)  into  the  expression  of  the  second  differential  d'/^, 

of  the  function  fq^  as  a  new  and  arbitrary  quaternion :   but,  for  that  very 

reason,  it  is  permitted^  and  it  is  frequently  found  to  be  convenient^  to  asmme 

that  this  second  differential  d?q  is  equal  to  zero  :  or,  what  comes  to  the  same 

thing,  that  the  first  differential  d^  is  constant.    And  when  we  make  this  new 

supposition^ 

1.  .  ,  Aq  =  constant^    or    F.  .  .d?q-  0, 

the  expressions  for  d^fq  become  of  course  more  simple,  as  in  the  following 
examples. 

(1.)  With  this  last  supposition,  I.  or  I'.,  we  have  the  following  second 
differentials,  of  the  square  and  the  reciprocal  of  a  quaternion  : 

II.  .  .  d* .  ^  «  2dy* ;     III.  .  .  d' .  ^-'  =  2  (r'dy)T  =  2^"Hd^  •  r'Y- 

(2.)  Again,  if  we  suppose  that  Cb,  Ci^  0%  are  any  three  constant  quaternions, 
and  take  the  function, 

IV.  *  *fq^  Ct/ic^qCi, 
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we  findy  under  the  same  condition  I.  or  I\,  that  its  first  and  seoond  differen- 
tials are, 

V.  .  .  dfq  «  Codq  .  CiqCi  +  Coqcidq .  c, ;     VI.  .  .  dyq  =  2ctAq .  Cidq .  c, ; 

in  writing  wliioh,  the  points*  may  be  omitted. 

(3.)  Tlie  first  differential,  dq,  remaining  still  entirely  arbitrary  (oomp. 

322,  (8.),  and  326,  (2.) ),  so  that  no  supposition  is  made  that  its  tensor  Tdq  is 

smaliy  although  we  now  suppose  this  differential  dq  to  be  constant  (I.)  we  have 

rigorousfyj 

VII.  .  .  {q-\-dqy=q^+d.^-¥id\f; 

an  equation  which  may  be  also  written  thus, 

VIII.  ,.{q  +  dqy  =  (1  +  d  +  id*) .  q\ 

(4.)  And  in  like  manner  we  shall  have,  more  generally,  under  the  same 
condition  of  constancy  of  dg,  the  equation, 

rx.  ../(?  +  d?)-(i  +  d  +  id')/?, 

if  the  function /g  be  the  sum  of  any  number  o/monomes^  each  separately  of  the 
form  IV.,  and  therefore  each  rational^  integral^  and  homogeneotLS  of  the  second 
dimension^  with  respect  to  the  variable  quaternion,  q\  or  of  such  monomes, 
combined  with  others  of  the  first  dimension,  and  with  constant  terms :  that  is, 
if  «»,  6o)  fti,  b\y  b\y  ,  .  and  Co,  Ci,  Cj,  c'o>  c'l,  c'j,  .  .  be  any  constant  quaternions^ 

and 

X.  .  .  /}  =  Oo  +  ^b^qbi  +  "S^^qciqc^. 

340.  It  is  easy  to  carry  on  the  operation  of  differentiating,  to  the  third 
and  higher  orders ;  remembering  only  that  if,  in  any  former  stage,  we  have 
denoted  the  first  differentials  of  y,  dg^,  .  .  by  dq,  d?q,  .  .  we  then  continue  so  to 
denote  them,  in  every  subsequent  stage  of  the  successive  differentiation:  and 
that  (/"we  find  it  convenient  to  treat  any  one  differential  as  constant,  we  must 
then  treat  all  its  successive  differentials  as  vanishing,  A  few  examples  may  be 
given,  chiefly  with  a  view  to  the  extension  of  the  recent  formula  339,  IX.,  for 
tiie  function  f{q  +  dq)  of  a  sum,  of  any  ttoo  quaternions,  q  and  dq,  to  polynomial 
forms,  of  dimensions  higher  than  the  second. 


*  Compare  the  second  Note  to  page  439. 
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(1.)  The  third  differential  of  a  square  is  generally  (oomp.  338,  II.), 

I.  .  .  d» .  ^'^  =  g .  d'^  +  d'j .  5^  +  3  (dj' .  d?q  +  S'q .  dy). 

(2.)  More  generally,  the  third  differential  of  a,  product  of  ttco  quaternion 
functions  (comp.  338,  X.)  may  be  thus  expressed : 

n.  .  .  d»(/y .  i^q)  =  dfq .  ^q  +  3dy$' .  d^j  +  3d/g .  d?^q  ^  fq .  d%. 

(3.)  More  generally  still,  the  n**  differential  of  a  product  is,  as  in  the 
ordinary  oaloulus, 

III.  .  .  6r{fq.  <pq)  =  d^fq.  ^q+  nd'^'^fq.  d^q  +  nsd"-*/?.  d^q  +  . .  +/3'.  d*^j, 

if  .     <^"i)    .     ^Kn-i)(n-2)    4^. 

the  only  thing  peculiar  to  quaternions  being,  that  we  are  obliged  to  retain 
(generally)  the  order  of  the  factors^  in  each  term  of  this  expansion  III. 

(4.)  Hence,  in  particular,  denoting  briefly  the  function  fq  by  r,  and 
changing  ^q  to  ;, 

IV.  .  .d'*.r2'  =  dV.y  +  wd«"'V.d?,    if    d'y  =  0. 

(6.)  Hence  also,  under  this  condition  that  dq  is  constant,  if  c  be  any  o^A^r 
constant  quaternion,  we  have  the  transformation, 

Y...(l.d.id«.^d'.....^3i-^d«).,j.= 
(l.d.ld'.^d......^^3-^^d->)r.(,.d,K    if    d-r  =  0. 


c 


d 


(6.)  Hence,  by  339,  (4.),  it  is  easy  to  infer  that  if  we  interpret  the  symbol 
by  the  equation  (comp.  316, 1.), 

VI.  .  .  €*-  1  +  d  +  Jd»  +  ;r^  d«  +  &c., 

that  is,  if^we  interpret  this  other  symbol  €%,  as  concisely  denoting  the  series 
which  is  formed  from/y,  by  operating  on  it  with  this  symbolic  development; 
and  if  the  function  fq^  thus  operated  on,  be  any  fnite  polynome,  involving  (like 
the  expression  339,  X.)  no  fractional  nor  negative  exponents ;  we  may  then 
write,  as  an  extension  of  a  recent  equation  (339,  IX.)  the  formula : 

VII.  .  .  £% -/(g  +  d^),    if    d»j-0; 
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which  is  here  a  perfectly  Hgoraus  one,  all  the  terms  of  this  expansion  for  a 
function  of  a  sum  of  two  quaternions,  q  and  dg,  becoming  separately  equal  to 
zeroy  as  soon  as  the  symbolic  exponent  of  d  becomes  greater  than  the  dimension 
of  the  polynome. 

(7.)  We  shall  soon  [342]  see  that  there  is  a  sense^  in  which  this  exponential 
transformation  VII.  may  be  extended^  to  other  functional  forms  which  are  not 
composed  as  above :  and  that  thus  an  analogue  of  Taylor's  Theorem  can  be 
established /or  Quaternions.  Meanwhile  it  may  be  observed  that  by  changing 
d^  to  Aj*,  in  the  finite  expansion  obtained  as  abovOi  we  may  write  the  formula 
as  follows : 

VIII.  .  ♦  k^fq  ^f{q  +  Aq)  =  (1  +  A)fq,     or  briefly,     IX.  .  .  £*=  1  +  A ; 

which  last  symbolical  equation  may  be  operated  on,  or  transformed,  as  in  the 
usual  calculus  of  differences  and  differentials.  For  instance,  it  being  under- 
stood that  we  treat  A*g  as  well  as  ^q  as  vanishing,  we  have  thus  (for  any 
positive  and  whole  exponent  m\  the  two  following  transformations  of  IX., 

X.  ..  A- =f«d -])«•,    and    XI.  .  .d**-(log(l  +  A))«; 

the  results  of  operating,  with  the  symbols  thus  equated,  on  any  polynomial 
function  fq,  of  the  kind  above  described,  being  alvfeLj&  finite  exjyansions,  which 
are  rigorously  equal  to  each  other. 

341.  Let  Fx  and  ^a?  be  any  tu^o  functions  of  a  scalar  variable,  of  which  both 
vanish  vnth  that  variable ;  so  that  they  satisfy  the  two  conditions, 

I.  .  .  J^O  o  0,     ^0  =  0. 
Then  the  three  simultaneous  values, 

II.  .  «  X,    Fx,    ^, 

of  the  variable  and  the  two  functions,  are  at  the  same  time  (comp.  320,  321) 
three  simultaneous  differences,  as  compared  with  this  other  system  of  three 
simultaneous  values, 

III.  .  .  0,    FO,    ^0. 
If,  then,  any  equimultiples, 

IV.  .  .  nx,    nFx,    mfof, 

of  the  three  values  II.,  can  be  made,  by  any  suitable  increase  of  the  number, 
n,  combined  with  a  decrease  of  the  variable,  x,  to  tend  together  to  any  system  of 
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Imitsy  those  limits  must  (by  the  definition  in  320,  compare  again  321)  admit 
of  being  considered  as  a  system  of  simultaneous  differentials^ 

V.  .  .  Ar,     dFx,    d^, 

answering  to  the  system  of  initial  values  III. ;  and  must  he  proportional  to  the 
ultimate  values  of  the  connected  system  of  derivatives, 

VI.  .  .  1 ,     J^iT,     ^'a?,     when  X  tends  to  zero. 

We  may  therefore  write,  as  expressions  for  those  ultimate  values  of  the  two 
last  derived  functions, 

Yn...rO^Um.nF\     fO-Um.n^i,     if    ir'O  -  ^0  =  0. 

nsoD  n  n  =  a>  ^ 

And  even  if  these  last  values  vanish,  or  if  the  two  new  conditions 

VIII.  .  .  i?^0  =  0,     ^'0  =  0, 

are  satisfied,  so  that  x,  F'x,  and  tf/x  are  now  (oomp.  II.)  a  new  system  of 
simultaneous  differences,  we  may  still  establish  the  following  equation  of  limits 
of  quotients,  which  is  independent  of  these  last  conditions  VIII., 

IX.  .  .  Mm{Fx :  ^x)  =  \\m{I''x :  ^'a?),    if    2^0  =  ^0  =  0 ; 

it  being  understood  that,  in  certain  cases,  these  two  quotients  may  both  vanish 
unth  X ;  or  may  tend  together  to  infinity,  when  x  tenuis,  as  before,  to  zero. 

(1.)  This  theorem  is  so  important,  that  it  will  not  be  useless  to  confirm  it 
by  a  geometrical  illustration,  which  may  at  the  same  time  serve  for  a  geotnetri- 
cal  proof ;  at  least  for  the  extensive  case  where  both  the  functions  fx  and  ^ 
are  of  scalar  forms,  and  consequently  may  be  represented,  or  constructed,  by 
the  corresponding  ordinates,  XY  and  XZ  (or  ordinates  answering  to  one  cam- 
mon  abscissa  OX),  of  two  curves  OyY  and  OsZ,  which  are  in  one  plane,  and  set 
out  from  (or  pass  through)  one  common  origin  0,  as  in  the  annexed  figure  75. 
We  shall  afterwards  see  that  the  result,  so  obtained,  can  be  extended  to  quater- 
nion  functions. 

(2.)  Suppose  then,  first,  that  the  ordinates  of  these  two  curves  are  pro- 

portional,  or  that  they  bear  to  each  other  one  fixed  and  constant  ratio;  so  that 

the  equation, 

X. .. .  XT :  XZ  =  xy:xz, 

is  satisfied  for  every  pair  of  abscissa,  OX  and  Ox,  however  great  or  small  the 
corresponding  ordinates  may  be.     Prolonging  then  (if  necessary)  the  chord 
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Yy  of  the/rs/  curve,  to  moet  the  axii  of  abaoisaee  ia  some  point  t,  and  so  to 
determme  a  mbiecant  tX.,  we  aee  at  once  (by  similar  triangles)  that  the 
co)responding  chord  Zs  of  the  tecond  curve  will  meet  the  same  axis  in  the  same 
point,  t ;  and  therefore  that  it  will  determine  {rigorously]  the  same  iubsecant,  iX.. 

(3.)  Henoe,  if  the  point  x  he  conceived  to  approach  to  X,  so  that  the 
secant  Yi/t  of  the  first  curve  tends  to  ooinoide  with  the  tangent  TT  to  that 
curve  at  the  point  Y,  the  secant  Zstl  of  the  second  curve  must  t«nd  to  ooinoide 
with  the  line  ZT,  which  line  therefore  must  be  the  tangent  to  that  second 
curve :  or  In  other  words,  corresponding  subtangents 
coincide,  and  of  course  are  equal,  under  the  supposed 
condition  X.,  of  a  constant  proportionality  of  ordi- 
nates. 

(4.)  Suppose  next  that  oorreBpooding  ordinates 
ovlj  tend  to  bear  a  given  or  constant  ratio  to  each 
other ;  or  that  their  (now)  variable  ratio  tends  to  a 
given  or  fixed  limit,  when  the  common  abscissa  is 
iudefinitel;  diminished,  or  when  the  point  X  tends 
to  0 ;  and  let  T  be  still  the  variable  poiot  in  which 

the  tangent  to  \kQ  first  curve  at  Y  meets  the  axis,  so  that  the  line  TX  is  still 
^b  first  suhtangent.  Then  the  corresponding  tangent  to  the  second  curve  at 
Z  will  not  in  general  pass  through  the  point  T,  but  will  meet  the  axis  in  some 
different  point  U.  But  the  ratio  of  the  two  correspoadinn  subtangents,  TX  and 
UX,  which  had  been  a  ratio  of  equality ,  when  the  condition  of  proportionality 
X.  was  satisfied  rigorously,  will  now  at  least  tend  to  such  a  ratio ;  so  that  we 
shall  have,  under  this  new  condition,  of  tendency  to  proportionality  of  ordinates, 

the  limiting  equation,  

XI..  .lim(TX:UX)-l; 

whence  the  equation  IX.  results,  under  the  geometrical /orm, 

XH.  .  .]im(tanXTT:tauXUZ)-lim(XY:XZ). 

(5.)  We  might  also  liave  observed  that,  when  the  proportion  X.  is  rigorous, 
oorrespoDding  areas"  (such  as  aSYy  and  .rXZs)  of  the  two  curves  are  then 
exactly  in  the  given  ratio  of  the  ordinates ;  so  that  this  other  equation,  or 
propcnrtioD, 

XIII.  .  .  OXTffO  :  OXZ»0  =  XY :  XZ, 

•  Compare  Ihe  Foiutli  Lemma  of  the  First  Book  of  the  Prfncipia  ;  and  em  eipeoially  its 
CoroUaiy,  in  whiuh  Qie  Teaaooing  of  tbe  present  tub-article  ia  Tirtuallf  anticipated. 
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is  then  aho  rigorous.    Hence  if  we  only  suppose,  as  in  (4.),  that  the  ordinates 

tend  to  some  fixed  limiting  ratio,  the  areas  must  tend  to  the  same ;  so  that  if 

the  second  member  of  the  equation  IX.  have  anp  definite  value,  as  a  limity  the 

first  member  must  have  the  same :  whereas  the  reoetit  proof,  by  subtangents, 

served  rather  to  show  that  «/the/r«^  (or  left  hand)  limit  in  IX.  existed,  then 

the  second  limit  in  that  equation  existed  also,  and  was  equal  to  the  first. 

(6.)  If  the  function  Fx  be  a  quaternion,  we  may  (by  221)  express  it  as 

follows, 

XIV.  ..Fx^W+  iX+jY+  kZ, 

where  W,  X,  F,  Zare/owr  scalar  functions  of  x,  of  which  each  separately  can 
be  constructed,  as  the  ordinate  of  a  plane  curve  ;  and  the  recent  geometrical* 
reasoning  will  thus  apply  to  each  of  them,  and  therefore  to  their  linear  combi- 
nation Fx :  which  quaternion  function  reduces  itself  to  a  vector  function  of  x, 
when  Jr=  0. 

(7.)  And  if  ypx  were  another  quaternion  or  vector  function,  we  might  first 
substitute  it  for  Fx,  and  then  eliminate  the  scalar  function  i^x',  so  thai  a 
limiting  equation  of  the  form  IX.  may  thus  be  proved  to  hold  good,  when 
both  the  functions  compared  are  vectors,  or  quaternions,  supposed  still  to  vanish 
with  X, 

(8.)  The  general  considerations,  however,  on  which  the  equation  IX.,  was 
lately  established,  appear  to  be  more  simple  aTid  direct ;  and  it  is  evident 
that  they  give,  in  like  manner,  this  other  but  analogous  equation,  in  which 
F"x  and  ^"a?  are  second  derivatives,  and  the  conditions  VIII.  are  now  supposed 
to  be  satisfied : 

XV.  .  .  ^m[Px :  fa?)  =  lim {F'x :  f 'a?),    if    F'O  -  0,  f 0  =  0. 


*  Instead  of  the  equation  IX.,  it  has  become  usual,  in  modem  works  on  the  Differential  Calonlus, 
to  give  one  of  the  following  form  (deduced  from  principles  of  Lagrange) : 

F{x)      F'{ex)      ..     ^^,        ,^,      ^ 

B  denoting  some  preper  fractionf  or  quantity  between  0  and  1.  And  a  geometrical  iUuetration^  which 
is  also  a  geometrical  proof ,  when  ih^functione  Fx  and  ^  can  be  coneirueted  (or  conceived  to  be  con- 
structed) as  the  ordinates  of  two  plane  curves^  is  sometimes  derived  from  the  axiom  (or  geometrical 
intuition),  that  the  chord  of  any  finite  and  plane  are  must  be  parallel  to  the  tangent,  drawn  at  tome 
point  of  that^ni^^  are.  But  this  parallelism  no  longer  exitltf  in  general,  when  the  etirve  is  one  of 
double  curvature;  and  accordingly  the  equation  in  this  note  is  not  generally  true,  when  thsfuneticm 
are  quaternion* ;  or  even  when  one  of  them  is  a  quaternion,  or  a  vector. 
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And  80  we  might  proceed,  as  long  as  successive  derivatives^  of  higher  orders^ 
continue  to  vanish  together. 

(9.)  Hence,  in  particular,  if  we  take  this  scalar  formy 

which  evidently  gives  the  values, 

XVII.  ..^0  =  0,    f  0  =  0,    ^"0  -  0, .  .  .  ^(•«-')0  =  0,    ^WO  -  1, 
and  if  we  suppose  that  the  function  Fx  is  such  that 

XVIII. . .  2^0  =  0,  ro^Q,  r'o  -  o, . . .  j»(«-»)o  =  o, 

while  F^^^O  has  any  finite  value,  we  may  then  establish  this  limiting  equation  : 

XIX.  .  .  lim.  {Fx :  <px)  -  jF(«')0 ; 

in  which  the  fiaiction  jRc,  and  the  value  F^^^O,  are  here  supposed  to  be  generally 
quaternions ;  although  they  may  Jiappen^  in  particular  cases,  to  reduce  them- 
selves (292)  to  vectors^  or  to  scalars, 

342.  It  will  now  be  easy  to  extend  the  Exponential  Transformation  340, 
VII. ;  and  to  show  that  there  is  a  sense  in  which  that  very  important  Formula, 

I.  .•«%=/(!?  + dg),     if     d'q^O, 

which  is,  in  fact,  a  known*  mode  of  expressing  the  Series  or  Theorem  of 
Taylor,  holds  good  for  Quaternion  Functions  generally,  and  not  merely  for 
those  functions  oi  finite  emi  polynomial  form,  vnih  positive  and  whole  exponents, 
for  which  it  was  lately  deduced,  in  340,  (6.).  For  let/g-  ond/(j'  +  dg') 
denote  any  two  states,  or  values,  of  which  neither  is  infinite,  of  any  function  of  a 
quaternion  ;  and  of  the  m  first  differentials, 

II.  .  .  dfq,     AYq,  .  .     d^fq,    in  which     dq  =  const., 

let  it  be  supposed  that  no  one  is  infinite,  and  that  the  last  of  them  is  different 
from  zero;  while  all  that  precede  it,  and  the  functions /^^  and/(y  +  dy)  them- 
selves, may  or  may  not  happen  to  vanish.     Let  the  first  m  terms,  of  the 

*  Lacroix,  for  instance,  in  page  168  of  tlie  First  Volume  of  his  larger  Treatise  on  the  Differential 
and  Integral  Calculus  (Paris,  1810),  presents  the  Theorem  of  Taylor  under  the  form, 

"=«  + T -^  1:2  ■  1.-273  +  roTi +  *<=• ' 

where  u'  denotes  the  value  which  the  function  u  receiyes,  when  the  variahle  x  receives  the  arbitrary 
increment  dx  (I'accroissement  quelconque  dx). 

Hamilton's  £lembnts  of  Quatbrmions.  3  P 
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exponential  development  of  the  symbol  {k^  - 1)^,  be  denoted  briefly  by  q^  q%f .  . 
qm  ;  and  let  r^  denote  what  may  be  called  the  remainder  of  the  series^  or  the 
correction  which  must  be  oonoeived  to  be  added  to  the  sum  of  these  m  terms, 
in  order  to  produce  the  exact  value  of  the  diffei^ence^ 

III.  .  .  A/g  =/(?  +  i^q)  -/?  =/(?  +  iq)  -fq ; 

in  such  a  manner  that  we  shall  have  rigorously^  by  the  notations  employed, 

the  equation, 

d"7b 
IV.  .  ./{q  +  dq)  =/q  +  ?i  +  ?»  +  .  .  +  y»  +  r„,     where    q^  =  o  »/    '  5 

this  term  qm  being  different  from  zero^  but  no  on«  of  the  terms  being  infinite^ 
by  what  has  been  above  supposed.    Then  we  shall  prove,  as  a  Theorem^  that 

V.  ..Hm.(Tr«:T^«)-0,    if    lim.Td?  =  0; 

or  in  words,  that  the  tensor  of  the  remainder  may  be  made  to  bear  as  small  a 
ratio  as  we  please,  to  the  tensor  of  the  last  term  retained^  by  diminishing  the  tensor^ 
without  changing  the  vei^sor^  of  the  differential  (or  difference)  dg.  And  this  very 
general  result,  which  will  soon  be  seen  to  extend  to  functions  of  several 
quaternions,  is  in  the  present  Calculus  that  analogue  of  Taylor's  theorem  to 
which  we  lately  alluded  (in  340,  (7.) ) ;  and  it  may  be  called,  for  the  sake  of 
reference,  "  Tatjlor^s  Theorem  adapted  to  Quaternions^^ 
(1.)  Writing 

VI.  .  .  -Fb  =  f{q  +  Xdq)  ^fq^xdfq-"^  dVq  -  .  .  -  ^.s'^^L^l)  ^"'^^' 

we  shall  have  the  following  successive  derivatives  with  respect  to  x, 

rx^dfiq-^xdq)  -  dfq-xdyq  -  .  .  -g.S  .  !'"(L-2)  ^"'^*' 

vn. . .  j^'^  =  <iy(?+^d^)  -  dy?- . .  -  2^^^ 

F(«-^)iU  =  d"-y  (g  +  xdq)  -  d™"/^ ;  and  finally, 
Vi^(«)a?  »  d«/(g  +  xdq)  ; 
because,  by  327,  VI.,  and  324,  IV-, 
VIII.  .  .  T)f{q  +  xdq)  =  lim.«(/(3'  +  xdq  +  n~^dq)  -fXq  +  xdq))  =  df{q  +  xdq)^ 

nsco 

and  in  like  manner, 

IX.  .  .  J)V{q  +  <^q)  =  d'/(/  +  xdq\  &o. ; 


or 
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the  mark  of  derivation  D  referring  to  the  scalar  variable  Xy  while  d  operates 
on  q  alone,  and  not  here  on  x^  nor  on  dg. 

(2.)  We  have  therefore,  by  VI.  and  VII.,  the  values, 

X.  ..i?^0  =  0,    2^^0  =  0,    JT'O  =  0,  .  •  i^C^')0  =  0,    J'WO  =  d-/? ; 

whence,  by  341,  XIX.,  we  have  this  limiting  equationi 

XL  .  .  Km/jfe;     /"      )  -  d*/?; 

Xn. . .  lim.  (JJp :  ,^)  =  1,    if    ,^  =  (^*^y 

(3.)  But  these  two  functions,  Fx  and  yfjXy  are  formed  by  IV.  from  qn^  +  r« 
and  q^i  by  changing  d^^  to  x^q ;  and  instead  of  thus  fnuUiplying  Aq  by  a 
decreasing  scalar,  x,  we  may  diminish  its  tensor  Tdg,  without  changing  its 
mrsor  ITd^.  We  may  therefore  say  that,  when  this  is  done,  the  quotient 
[qm  +  ^m) '  9m  tends  to  unity y  or  this  other  quotient  r^  :  qm  to  s^ro,  as  its  limit ; 
or  in  other  words,  the  limiting  eqiMtion  V.  holds  good. 

(4.)  As  an  examphy  let  the  function  fq  be  the  reciprocaly  j^' ;  then  (oomp. 
339,  III.)  its  m*^  differential  is  (for  d^^  «  const.), 

Xin...  d"»/'?  =  d-.^^  =  2.3...m.j^(-r)",    if    r  =  d?.g-»; 
and  it  is  easy  to  prove,  without  differentialSy  that 

XIV...  (j  +  f7)-*  =  ^^(l+r)->  =  y-*{l-r+r'-..  +  (-r)"'+(-r)««(l  +  r)'M; 
we  have  therefore  here 

XV...g«,  =  r(-^)%     r«--.?^r(l+r)-S    T(r«:g«)  =  Tr.  T(l +  r)-^; 

and  this  last  tensor  indefinitely  diminishes  with  Tdj^,  the  quaternion  q  being 
supposed  to  have  some  given  value  different  from  zero. 
(5.)  In  general,  if  we  establish  the  following  equation, 


n**  ,. .  /I*"*" 


XVI. ../(?  + n-^dg)  -/?  +  n-MA+  -  dy?  +  ..  +  ^  3   ^^^^^^  d-/^ 

as  a  definitional  extension  of  the  equation  325,  V. ;  and  if  we  suppose  that 
neither  the  function  fq  itself,  nor  any  one  of  its  differentials  as  far  as  A^'^fq 
is  infinite ;  the  result  contained  in  the  limiting  equation  XI.  may  then  be 
expressed  by  the  formula, 

XVII...A-K(/.dy)=d-/?; 

3P2 
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which  for  the  particular  value  m  =  1,  if  we  suppress  the  upper  iudex,  coincides 
with  the  form  326,  VIII.  of  the  definition  d/p,  but  for  higher  values  of  m 
contains  a  theorem  :  namely  (when  A'^fq  is  supposed  neither  to  vanish^  nor  to 
become  infinite)^  what  we  have  called  Taylor^ 8  Theorem  adapted  to  Quaternions, 

343.  That  very  important  theorem  may  be  applied  to  cases,  in  which  a 
quaternion  (as  in  327,  (5.) ),  or  a  vector  (as  in  337),  is  expressed  as  a  function  of 
a  scalar  \  also  to  transcendental  forms  (333),  whenever  the  differentiations  can 
be  efFected;  and  to  those  new  forms  (334),  which  result  from  the  peculiar 
operations  of  the  present  Calculus  itself.  A  few  such  applications  may  here 
be  given. 

(1 .)  Taking  first  this  transcendental  and  quaternion  function  of  a  variable 

scalar, 

I. . .  q-ft  ^  u\     with     Ta  =  1,     da  =  0,     d^  =  const., 

we  have,  by  333,  VIII.,  the  general  term, 

"•••^-  =  273^^=273^^1-2-;   =2T3T^'    ^*    ^^""^'^ 

dividing  then  t^ .  a*  by  a^  we  obtain  an  infinite  series^  which  is  found  to  be 
correct y  and  convergent;  namely  (comp.  308,  (4.)  ), 

III. .  .  a*'  =  1  +  ara  +  ^^-^  +  .  .  +  .  \  ^ +  , .  =  ««*  =  oos -^r-+  a sm-jr-. 

2  2. 3 .  .m  2  2 

(2.)  Correct  and  finite  expansions^  for  S  (g  +  dy),  V  (^  +  dq)^  K  ($'  +  dg),  and 
N  (^  +  dg),  are  obtained  when  we  operate  with  c*  on  Bq^  Yq^  Kq^  and  Nq ;  for 
example  [dq  being  still  constant),  the  third  and  higher  differentials  of  Nq 
vanish  by  334,  XI.,  and  we  have 

IV...€<»N?  =  (l  +  d  +  K)Ny  =  Ny  +  2S(Ky.dg)  +  Ndy  =  N(y  +  dg); 

an  expression  for  the  norm  of  a  «ww,  which  agrees  with  210,  XX.,  and  with 
200,  VII. 

(3.)  To  develop,  on  like  principles,  the  tensor  and  versor  of  a  sum,  let  U8 
again  write  r  for  dq :  9,  and  denote  the  scalar  and  vector  parts  of  this  quotient 
by  s  and  v ;  so  that,  by  334,  XIII.  and  XV., 

q       Tq  '  ?       Ug 

(4.)  Then  vriting  also,  for  abridgmeut,  as  in  a  known  notation  of 
faetoriab, 

Yll. . .  [-  1]  -  (-  1) .  (-2) .  (-3) ....(-  «i), 
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we  shall  have,  by  342,  XIII.,  d^  being  still  treated  as  conBtant,  the  equation, 

VIII. . .  d'»(5  +  v)  =  drr  =  [-  1]  1^'  =  [-  1]  {8  +  vf*\ 
of  which  it  is  easy  to  separate  the  scalar  and  vector  parts ;  for  example, 
IX. ..  d«  =  -  B .(«  + 1?)"  =  -(«'  +  !?») ;    dt? «  -  V  .  («  + 1?)»  =  -  28v. 
(5.)  We  have  also,  by  V.  and  VI., 

X...^^«(«-fd)^^  =  ...«(.  +  d)«l; 

XL..%^-.^»(..d)^?^==...  =  (..dri; 

the  notation  being  such  that  we  have,  for  instance,  by  IX., 

XII...  («  +  d)l  =  «;     («  +  d)'l  =  (8+d)«  =  «'  +  d«  =  ~f;»; 
XIII. . .  (r  +  d)  1  =  f ;     (t?+  d)*  1  =  (f?  +  d)  r=  1?^+  de?  =  e?«  -  28v. 
(6.)  The  exponential  formula  342, 1.,  gives,  therefore, 

XIV. . .  T  (y  +  d^)  =  t^Tq  =  6^*1  .Tq; 
XV. . .  Ute  +  dy)  =  e*U?=  fc^n  .Uy; 
or,  dividing  and  substituting, 

XVL..T(l+«  +  r)  =  e'+M;    XVIL  ..  U(1 +  s  +  t;)  =  i«'*n  ; 

8  and  V  being  here  a  8calar  and  a  vector,  which  are  entirely  independent  of  each 
other;  but  of  which,  in  the  applications,  the  ten8or8  must  not  be  taken  too 
large,  in  order  that  the  series  may  converge. 

(7.)  The  symbolical  expressions,  XVI.  and  XVII.,  for  those  two  series,  may 
be  developed  by  (4.)  and  (5.) ;  thus,  if  we  only  write  down  the  terms  which  do 
not  exceed  the  second  dimension,  with  respect  to  8  and  v,  we  have  by  XII. 
and  XIII.  the  development, 

XVIII...  T(l+«  +  r)  =  l  +  «-it7«  +  ..., 

XIX. ..TJ(l  +  «  +  t;)  =  l  +  e?+  (i«?' -sv)  -\-.  . ,; 

of  which  accordingly  the  product  is  1  +  «  +  f ,  to  the  same  order  of  approxi- 
mation. 

(8.)  A.  function  of  a  sum  of  two  quaternions  can  sometimes  be  developed, 
without  differentials,  by  processes  of  a  more  algebraical  character ;  and  when 
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this  happens,  we  may  compare  the  result  with  the  form  given  by  Taylor^s 
SerieSy  as  adapted  to  quaternions  in  342,  and  so  dedtice  the  values  of  the 
successive  differentiah  of  the  function ;  for  example,  we  can  infer  Wiq  expression 
342,  XIII.  for  d"* .  j^S  from  the  series  342,  XIV.,  for  the  reciprocal  of  a  sum, 

(9.)  And  not  only  may  we  verify  the  recent  developments,  XVIII.  and 
XIX.,  by  comparing  them  with  the  more  algebraical  forms* 

XX...T(l  +  «  +  t?)«  (l  +  5  +  f?)4(l  +  «-t?)i, 

XXL  . .  U  (1 +S  + «)) «  (1 +«  + e?)i (I +«- r)-», 

but  also,  if  the  first  of  these,  for  example  (when  expanded  by  ordinary 
processes^  which  are  in  this  case  applicable),  have  given  us,  without  differen- 
tials, 

XXII...T(s'  +  gO  =  (l+«-i«^'--)T?,  where  «=S^^S  and  i?  =  V/^S 
we  can  then  infer  the  values  of  the  first  and  second  differentials  of  the  tensor  of 
a  quaternion,  as  follows : 

XXin...dTj  =  S^.Tg;    d«T?  =  -(v^YT?; 

whereof  the  first  agrees  with  334,  XII.  or  XIII.,  and  the  second  can  be 
deduced  from  it,  under  the  form, 

(10.)  In  general,  if  we.oan  only  develop  a  function /(y  +  /)  as  far  as  the 
term  or  terms  which  are  of  the  first  dimension  relatively  to  3^,  we  shall  still 
obtain  thus  an  expression  for  the  first  differential  d/g,  by  merely  writing  dg  in 
the  place  of  g[.  But  we  have  not  chosen  (comp.  100,  (14.) )  to  regard  this 
property  of  the  differential  of  a  function  as  {he  fundamental  one^  or  to  adopt  it  as 
the  definition  of  dfq;  because  we  have  not  chosen  to  postulate  the  general 
possibility  of  such  developments  of  functions  of  quaternion  sums^  of  which  in  fact 
it  is  in  many  cases  difficult  to  discover  the  lawsy  or  even  to  prove  the  existence^ 
except  in  some  such  way  as  that  above  explained. 

(11.)  This  opportunity  may  be  taken  to  observe,  that  (with  recent  nota- 
tions) we  have,  by  VIII.,  the  symbolical  expression, 

XXV...€'+^+dl  =  l  +  s  +  t^;    or    XXVL..€^*M  =  l  +  r.t 

*  [These  are  equivalent  to  the  txanafonnationa 
t  [In  fact  by  Vm,,  dr  =  -  r«    and    (r  +  d)».  1  =  (»•  + d).r-r» -r>  =  0.] 


Abts.  343-345.]    SUCCESSIVE  DIFFERENCES  AND  DERIVATIONS.         479 

344.  Successive  differentiah  are  also  oonneoted  with  successive  differences,  by 
laws  wbioh  it  is  easy  to  investigate,  and  on  whioh  only  a  few  words  need  here 
be  said. 

(1.)  We  can  easily  prove,  from  the  definition  324,  lY.  of  ifq^  that  if  d^ 
be  constant, 

I. . .  dyg  =  lim.  n'  [f{q  +  2n-^  dy)  -  2f[q  +  rr'  Aq)  +/g) ; 

with  analogous  expressions  for  differentials  of  higher  orders. 

(2.)  Hence  we  may  say  (oomp.  340,  X.)  that  the  successive  differentials, 

IL..d/g,     dyg,    dyg,..     for    d*^  =  0, 

are  limits  to  which  the  following  multiples  of  successive  differenceSy 

III.  ..wA/g,     n^i^\fq,     w^A'/^, ..     for     A'fi' =  0, 

all  simultaneously  tend,  when  the  multiple  n^q  is  either  constantly  equal  to 
Aq,  or  at  least  tends  to  become  equal  thereto,  while  the  number  n  increases 
indefinitely. 

(3.)  And  hence  we  might  prove,  in  a  new  way,  that  if  the  function 
f[q  +  Aq)  can  be  developed^  in  a  series  proceeding  according  to  ascending  and 
whole  dimensions  with  respect  to  d^^,  the  parts  of  this  series,  which  are  of  those 
successive  dimensions,  must  follow  the  laio  expressed  by  Taylor*s  Theorem* 
adapted  to  Quaternions  (342). 

345.  It  is  easy  to  conceive  that  the  foregoing  results  may  be  extended 
(comp.  338),  to  the  successive  differentiations  of  functions  of  several  quater- 
nions ;  and  that  thus  there  arises,  in  each  such  case,  a  system  of  successive 
differentiah^  total  and  partial:  as  also  a  system  of  partial  derivatives,  of  orders 
higher  than  the  first,  when  a  quaternion,  or  a  vector,  is  regarded  (oomp.  337) 
as  a  function  of  several  scalars. 

(1.)  The  general  expression  for  the  secofid  total  differential, 

I. . .  d'Q  =  d'F{q,  r, . .), 

involves  d'j,  d^r, . . ;  but  it  is  often  convenient  to  suppose  that  all  these  second 
differentials  vanish,  or  that  the  first  differentials  dq,  dr, . .  are  constant ;  and 
then  d*"Q,  or  d^P{q,  r, . .),  becomes  a  rational,  integral,  and  homogeneous 
function  of  the  m*^  dimension,  of  those  first  differentials  d^,  dr, . . ,  which 
may  (comp.  329,  III.)  be  thus  denoted, 

IL  . .  d"»Q  =  (dg  +  dr  + .  O^-Q ;     or  briefly,    III. . .  d«  =  (d^  +  d,.  +  . .)«, 


*  Some  remarkB  on  the  adaptation  and  proof  of  this  important  theorem  wiU  be  found  in  the 
Zecturea,  pages  689,  &o.  ' 
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in  developing  which  symbolical  powery  the  multinomial  theorem  of  algebra  may 

be  employed  :  because  we  have  generally,  for  quaternions  as  in  the  ordinary 

calculus, 

IV. . .  drdj  =  djdr. 

(2.)  For  example,  if  we  denote  iq  and  dr  by  /  and  /,  and  suppose 

V. . .  Q  =  rqr,     then     VI. . .  iqQ  =  rq'r  ;     VII. . .  drQ  «  r'qr  +  rq/; 

and  VIII. . .  drd^Q  =  d^drQ  -  r^r  +  rqV. 

And  in  general,  each  of  the  two  equated  symbols  IV.  gives,  by  its  operation 
on  F{q,  r),  the  Hmit  of  this  other  function,  or  product  (comp.  344, 1.), 

IX. . .  nn'(F{q  +  nr'dq,  r  +  n'-'dr)  -  F{q,  r  +  n''^dr)  -  F{q  +  w'  dq,  r)  +  F{q,  r)} ; 

in  which  the  numbers  n  and  n^  are  supposed  to  tend  to  infinity. 
(3.)  We  may  also  write,  for  functions  of  several  quaternions, 

X...  Q-^AQ  =  F{q  +  dq,  r  +  dr,..)  =  t^9*^*" F{qyr); 

or  briefly,  XI. . .  1  +  A  =  fd«+^r+  •  •  =  gd ; 

with  interpretations  and  transformations  analogous  to  those  which  have 
occurred  already,  for  functions  of  a  single  quaternion. 

(4.)  Finally,  as  an  example  of  successive  and  partial  derivation^  if  we  resume 
the  vector  expression  308,  XVIII.  (comp.  315,  XII.  and  XIII.),  namely, 

XII.  .  .  p  =  rk'fkj-'k-'y 

which  has  been  seen  to  be  capable  of  representing  the  vector  of  ang  point  of 
spaccy  we  may  observe  that  it  gives,  mthout  trigonometry ^  by  the  principle 
mentioned  in  308,  (11.),  and  by  the  sub-articles  to  315,  not  only  the  form 

XIII.  ..p^  rJ^j^K"-*,  as  in  308,  XIX., 

but  also,  if  a  be  any  vector  unity 

XIV.  .  .  p  =  rV'^r^k^  =  rk\h&  .  a"  +  iS .  a'-^  .  *-* ; 
whence 

XV.  .  .  />  =  rV.  A"*^  +  rk^'N,  t^',  as  in  315,  XTI. 

(5.)  We  have  therefore  the  following  new  expressions  (compare  the  sub- 
articles  to  337),  for  the  two  partial  derivatives  of  the^/*«^  order y  of  this  variable 
vector  /o,  taken  with  respect  to  s  and  t : 

XVI.  .  .  D,/t>  =  irr]^fis'*k-*  =  -  npk'jk'\ 
with  the  verification,  that 

XVII.  .  .  pD,p  =  Trr* .  AVA/'A' .  l^j'ir'k*  =  irr»A*/Ar* ;     and 
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whence 
XIX.  ..pD<p«-rD,/t).S.a"-S    and    XX. . .  Dv> . D^/)  =  irVpS . o^^ 

while 

XXI.  .  .  Drp  =  Hp  »  1(fj*hf^k'\  as  in  337,  XXV. ; 

BO  that  we  have  the  following  iei^nary  product  of  these  derived  vectors  of  the 
first  order, 

the  «(?fl&r  character  of  which  product  depends  (comp.  299,  (9.))  on  the  cir- 
cumstance, that  the  vectors  thus  multiplied  compose  (337,  (10.))  a  rectangular 
s^yatem. 

(6.)  It  is  easy  then  to  infer,  for  the  six  partial  derivatives  of  p,  of  the 
second  order^  taken  with  respect  to  the  same  three  scalar  variables,  r,  «,  t, 
the  expressions : 

XXm.  .  .DrV  =  0  ;      BrDsP  =  J)J)rP  =  r'Dsp  I      T>rT>tp  =  T^tDrP  -  f'-'Jitp  \ 

XXIV. . .  D,V  =  -  irV  ;    DJ)tp  =  D,D,p  =  ^VA^^V.  Z**^ ;    D,V  =  -  irVA^T .  t". 

(7.)  The  three  partial  differentials  of  the  ^rs^  order^  of  the  same  variable 
vector  /D,  are  the  following : 

XXV.  .  .  dr/0  =  T^pAr ;    d,p  =  D^p .  ds ;    Atp  =  Dip .  d^ ; 

with  the  products, 

XXVI.  .  .  d|/o .  dfp  «  -  irrpdS .  «** .  d^ ; 

XXVII.  .  .  dr/t) .  d,p  •  d</t)  =  irr*dr .  dS .  a" .  d^. 

(8.)  These  differential  vectors^  dr/o,  d,p,  dfp,  are  (in  the  present  theory) 
generally  finite  \  dr/o,  like  Dr/o,  being  a  line  in  the  direction  of  /o,  or  of  the 
radius  of  this  sphere  round  the  origin,  at  least  if  dr,  like  f,  be  positive ;  while 
d«/t),  like  D,/t),  is  (comp.  100,  (9.))  a  tangent  to  the  meridian  of  that  spheric 
surface,  for  which  r  and  t  are  constant ;  but  d/p,  like  D^/o,  is  on  the  contrary 
a  tangent  to  the  small  circle  (or  parallel)^  on  the  same  sphere,  for  which  r  and 
s  are  constant. 

(9.)  Treating  only  the  radius  r  as  constant,  and  writing  p  =  of,  if  we  pass 
from  the  point  p,  or  («,  t\  to  another  point  q,  or  («  +  2^«,  ^),  on  the  «<w»tf 
meridian^  the  cAor^/  fq  is  represented  by  the  finite  difference^  Atp ;  and  in  like 

Hamilton's  Elvmbnts  of  Quaternions.  3  Q 
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manner,  if  we  pass  from  f  to  a  point  b^  or  («,  t  •\-  A^),  on  the  same  parallel,  the 
new  chord  pr  is  represented  hy  the  other  partial  and  finite  differenoe,  A^ ; 
while  the  point  («  +  A«,  ^  +  A^)  may  be  denoted  by  s. 

(10.)  If  now  the  two  points  q  and  r  be  conceived  to  approach  to  p,  and  to 
come  to  be  vert/  near  it,  the  chords  pq  and  pr  will  very  nearly  coincide  with  the 
two  corresponding  arcs  of  meridian  and  parallel ;  or  with  the  tangents  to  the 
same  two  circles  at  p,  so  drawn  as  to  have  the  lengths  of  those  two  arcs : 
or  finally  with  the  differential  and  tangential  vectors,  d,/t)  and  d^p,  if  we  suppose 
(as  we  may,  comp.  322)  that  the  two  arbitrary  and  scalar  differentials,  d«  and 
di^,  are  so  assumed  as  to  be  constantly  equal  to  the  two  differences.  As  and  At, 
and  consequently  to  diminish  with  them. 

(11.)  Whether  the  differentials  d«  and  d^  be  large  or  small,  the  product 
dtp  .  dtp,  like  the  product  Dsp  .  Dtp,  represents  rigorously  a  normal  veci4>r 
(as  in  XXVI.  and  XX.) ;  of  which  the  length  bears  to  the  unit  of  length 
(comp.  281)  the  same  ratio,  as  that  which  the  rectangle  under  the  two  perpen- 
dicular tangents,  dap  and  dfp,  to  the  sphere,  bears  to  the  unit  of  area.  Hence, 
with  the  recent  suppositions  (10.),  we  may  regard  this  product  dgp  .  dtp  as 
representing,  with  a  continually  and  indefinitely  increasing  accuracy,  even 
in  the  way  of  ratio,  what  we  may  call  the  directed  element  of  spheric  surface, 
PQRS,  considered  as  thus  represented  (or  constructed)  by  a  normal  at  p  ;  and 
the  tensor  of  the  same  product,  namely  (by  XXYI.), 

XXVin.  .  .  T(d,p .  dtp)  =  -  iriMS .  a^ .  dt, 

in  which  the  negative  sign  is  retained,  because  S  .a"  decreases  from  + 1  to  - 1, 
while  s  increases  from  0  to  1,  is  an  expression  on  the  same  plan  for  what  we 
may  call  by  contrast  the  undirected  element  of  spheric  area,  or  that  element 
considered  with  reference  merely  to  quantity,  and  not  with  reference  to 
direction. 

(12.)  Integrating,  then,  this  last  differential  expression  XXVIII.,  from 
^  =  0  to  ^  »  2,  and  from  s  =  Saios-  Si,  that  is,  taking  the  limit  of  the  sum  of 
aU  the  elements  pqrs  between  these  bounding  values,  we  find  the  following 

equation : 

XXIX.  .  .  Area  of  Spheric  Zone  =  2flT»S(a"o  -  a"i) ; 
whence 

XXX.  .  .  Area  of  Spheric  Cap  [s)  =  2irf>(l  -  S .  a")  =  47rr»(TV.  a'f ; 

and  finally, 

XXXI.  .  .  Area  of  Sphere  =  47rr*,  as  usual* 
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(13.)  In  like  manner  the  expreflsion  XXVIL,  with  its  sign  ohanged  (on 
aooount  of  the  decrease  of  S  .  a%  as  in  (11 .) ),  represents  the  element  of  volume ; 
and  thus,  by  integrating  from  r  =  n  to  r  =  fi,  from  «  =  0  to  «  »  1,  and  from 
^  «  0  to  ^  «=  2,  we  obtain  anew  the  known  values : 

XXXII.  .  .  Volume  of  Spheric  Shell  =  %(ri»  -  r^^) ; 

and 

XXXIII*  .  .  Volume  of  Sphere  (r)  «  — 7^-,  as  usual. 

o 

(14.)  The^e  are  however  only  specimens  of  what  may  be  called  Scalar 
Integration^  although  connected  with  quaternion  form% ;  and  it  will  be  more 
characteristic  of  the  present  Calculus,  if  we  apply  it  briefly  to  take  the 
Vector  Integral,  or  the  limit  of  the  tector-sum  of  the  directed  elements  (11.)  of 
a  portion  of  a  spheric  surface  :  a  problem  which  corresponds,  in  hydrostatics^ 
to  calculating  the  resultant  of  the  pressures  on  that  surface,  each  pressure 
having  a  normal  direction,  and  a  quantity  proportional  to  the  element  of  area. 

(15.)  For  this  purpose,  we  may  employ  the  expression  XXVI.  with  its 
sign  changed,  in  order  to  denote  an  inward  normal,  or  a  pressure  acting  from 
without ;  and  if  we  then  substitute  for  p  its  value  XY.,  and  observe  that 

XXXIV.  .  .  r^^d^  =  0,    because    *»  =  -  1,* 

and  remember  that  V.  k^^  =  AS .  a",  we  easily  deduce  the  expressions : 
XXXV.  .  .  Sum  of  Directed  Elements  of  Elementary  Zone  =  irr'M .  (S .  o^j* ; 

XXXVl.  .  .  Sum  of  Directed  Elements  of  Spheric  Cap  («)  =  -  irr'k[l  -  (S .  a")') 

=  7rr'*(V.a'')'  =  v'kiDtpy  =  irk(Vkpy. 

(16.)  But  the  radius  of  the  plane  and  circular  base,  of  the  spheric  segment 
corresponding,  is  TYkp,  so  that  its  area  is  in  quantity  =  -  ir  (VkpY ;  and  the 
common  direction  of  all  its  inward  normals  is  that  ot  +  k;  hence,  if  we  still 
represent  the  directed  elements  by  normals  thus  drawn  inwards,  we  have  this 
new  expression : 

XXXVII.  .  .  Sum  of  Directed  Elements  of  Circular  Base  =  -  irk(Vkpy ; 
comparing  which  with  XXXVI.,  we  arrive  at  the  formula, 


[Sine©  d;fe'<-i  =  ^k*td{2t  -  1)  by  333  (6.),  the  integral  {'  l^^dt  =  -  (*»<•»  -  A-').] 
2  Jo  *" 
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XXXVIII.  .  .  Sum  of  Directed  EkmenU  of  Spheric  Segment  «  Zero ; 
a  result  which  may  be  greaUy  extended,  and  which  evidently  answers  to  a 
known  case  of  equilibrium  in  hydrostatics, 

(17.)  These  few  examples  may  serve  to  show  abeady,  that  Differentials  of 
Quaternions  (or  of  Vectors)  may  be  applied  to  various  geometrical  and  physical 
questions ;  and  that,  when  so  applied,  it  is  permitted  to  treat  them  as  small/\i 
any  convenience  be  gained  thereby,  as  in  oases  of  integration  there  always  is. 
But  we  must  now  pass  to  an  important  investigation  of  another  kind,  with 
which  differentials  wiU  be  found  to  have  only  a  sort  of  indirect  or  suggestive 


connexion. 


SECTION  6. 

Ob  the  BUTerenilatloii  of  Implicit  Fenetlons  of  aaaternioM ; 
and  on  the  Oeneral  Inversion  of  a  I.lnear  Function,  of  a 
Sector  or  a  OrUaternlon  i  wltli  some  connected  Investigations. 

346.  We  saw,  when  diflEerentiating  the  square-root  of  a  quaternion  (332, 
(5.)  and  (6.) ),  that  it  was  necessary  for  that  purpose  to  resohe  a  linear 
equation*  or  an  equation  of  the  first  degree ;  namely  the  equation, 

I.  .  .  r/  +  rV  =  /, 

in  which  r  and  /  represented  two  given  quaternions,  ^  and  dg,  while  v^ 
represented  a  sought  quaternion,  namely  dr  or  d  .  qK  And  generally,  from 
the  linear  or  distributive  form  (327),  of  the  quaternion  differential 

IL  .  .  dQ  =  d/g  =/(^,  dg), 

of  any  given  and  explicit  function  fq,  when  considered  as  depending  on  the 
differential  dg  of  the  quaternion  variable  ?,  we  see  that  the  return  from  the 
former  differential  to  the  latter,  that  is  from  dQ  to  dy,  or  the  differentiation  of 
the  inverse  or  implicit  function  f'Q,  requires  for  its  accomplishment  the 
Solution  of  an  Equation  of  the  First  Degree :  or  what  may  be  called  the 
Inversion  of  a  Linear  Function  of  a  Quaternion.  We  are  therefore  led  to  con- 
sider here  that  general  Problem ;  to  which  accordingly,  and  to  investigations 
connected  with  which,  we  shaU  devote  the  present  Section,  dismissing  however 
now  the  special  consideration  of  the  Differentials  above  mentioned,  or  treating 


t  Compare  the  Note  to  page  462. 
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them  only  as  Quaternions^  sought  or  given,  of  which  the  relations  to  each  other 
are  to  be  etudied. 

347.  Whatever  the  .particular  form  of  the  given  linear  or  distributive 
function^/q,  may  be,  we  can  always  decompose  it  as  follows: 

I.  .  ../?  -A»g  +  V?)  -fSq  +fYq  =  8q  ./I  +/V^  ; 

taking  then  separately  soalars  and  vectors,  or  operating  with  S  and  Y  on  the 

proposed  litiear  equation, 

11.  .  .fq^ry 

where  r  is  a  given  quaternion,  and  q  a  sought  one,  we  can  in  general  eliminate 

S^,  and  so  reduce  the  problem  to  the  solution  of  a  linear  and  vector  equation^ 

of  the  form, 

III.  •  •  ^/o  <=  <T ; 

where  ir  is  a  given  vector^  but  p  (=  Yg)  is  a  sought  one,  and  ^  is  used  as  the 
characteristic  of  a  given  linear  and  vector  function  of  a  vector,  which  function 
we  shall  throughout  suppose  to  be  a  real  one,  or  to  involve  no  imaginary 
constants  in  its  composition.  But,  to  every  sudi  function  ^p,  there  always 
corresponds  what  may  be  called  a  conjugate  linear  and  vector  function  ^'p, 
connected  with  it  by  the  following  Equation  of  Ooryugation, 

lY.  .  .  SA^/t>  =  Sp^'A ; 

where  A  and  p  are  any  two  vectors.  Assuming  then,  as  we  may,  that  ^  and  v 
are  two  auxiliary  vectors,  so  chosen  as  to  satisfy  the  equation, 

Y. .  .  Y/iv  =  <T, 
and  therefore  also, 

YI.  .  .  SA<T  ==  SA/iv,    S/i(T  =  0,    Svo-  =  0, 

where  A  is  a  third  auxiliary  and  arbitrary  vector,  we  may  (comp.  312)  replace 
the  one  vector  equation  III.  by  the  three  scalar  equations, 

YII.  .  .  Sp^'A  =  SA/iv,    Sp^V  =  0,    Sp^'v  =  0. 

And  these  give,  by  principles  with  which  the  reader  is  supposed  to  be  already 
familiar,*  the  expression, 

YIII.  . .  mp  =  xl^tTy      or      IX.  .  .  p  =  ^"V  =  m'^xf^ay 


*  A  student  might  find  it  useful,  at  tliis  stage,  to  read  again  the  Sixth  Section  of  the  preceding 
Chapter ;  or  at  least  the  early  sub-articles  to  Art.  294,  a  familiar  acquaintance  with  which  is 
presumed  in  the  present  Section, 
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if  m  be  a  acalar-comtant^  and  ;//  an  auxiUary  linear  and  vector  function^  of  which 
the  value  and  the />rm  are  detennined  by  the  two  following  equations : 

XI.  .  . ;//  (VH  =  V(0'/u .  «'v) ; 
X'.  .  .  mSA^i;  =  S  .  ^'X^'/i^'v, 

xr. . .  xfJVfiv = V.  (j/fifi/v. 


or  briefly, 
and 


And  thns  the  proposed  Problem  of  Inversion,  of  the  linear  and  vector  function 
^,  may  be  considered  to  be,  in  all  its  generality,  resolved ;  because  it  is  always 
possible  so  to  prepare  the  second  members  of  the  equations  X.  and  XI.,  that 
they  shall  take  the  forms  indicated  in  the  first  members  of  those  equations.* 

(1.)  For  example,  if  we  assume  any  three  diplanar  vectors  a,  a,  a\  and 
deduce  from  them  three  other  vectors  /3o9  /3'o»  P\  by  the  equations, 

XII.  .  .  j3o  Saa'a"  =  Yaa'^       jS'oSaaV  =  Ya^a,       j3"oSaa'a"  =  ^aa\ 

then  any  vector  p  may,  by  294,  XV.,  be  expressed  as  follows : 

Xni.  .  .  p  =  /3oSap  +  /3'oSa>  +  /3"oSa'V ; 
if  then  we  write, 

XIV.  .  .  0  -  ^/3o,    /3'=0/3'o,    ^"-♦/BV 

we  shall  have  the  following  General  Expression,  or  Standard  Trinomial  Form, 
for  a  Linear  and  Vector  Function  of  a  Vector, 

containing,  as  we  see,  three  vector  constants,  |3,  /3^  |3^^  or  nine  scalar  constanU, 
such  as 

XVI.  .  .  Sa/S,  Sa'/3,  Sa"0;     Sa/3',  Sa'^',  Sa''/3';     Sa/3",  Sa'/3^  Sa'/S"; 

which  may  (and  generally  will)  all  vary,  in  passing  from  one  linear  and  vector 
function  ^p  to  another  such  function ;  but  which  are  all  supposed  to  be  real, 
and  given,  for  esLoh  particular  form  of  that  function. 


*  [For  a  more  elementary  solution  of  the  problem  of  Inversion,  see  sub-art.  (4.).] 

t  [The  equations  XIV.  lead  to  a  useful  expression  for  a  linear  vector  function  in  terma  of  three 
diplanar  vectors  i9o,  /9'o,  and  j9"o,  and  the  derived  vectors  /3,  fif,  and  /3".] 
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(2.)  Passing  to  what  we  have  called  the  coiyugate  linear  function  ^'p^  the 
form  Xy.  gives,  by  lY.,  the  expression, 

XVII.  .  .  «>  -  aS^p  +  aWp  +  a''80' P  ; 
but 

V.  (aS/3AX  +  a'S/3»  (aS/3v  +  a'S^'i;)  =  Vaa'S  .  ^'(vS/3^  -  p&^v) 

therefore  the  transformation  XI.  suoceeds,  and  gives, 

XYIII.  .  .  ;//p  -  VaV'S0"j3>  +  Va''aS/3/3'>  f  Yaa'S/3'i3/t>, 

as  an  expression  for  the  auxiliary  function  xf/ ;  of  which  the  conjugate  may  be 
thus  written, 

so  that  xp  is  changed  to  \p\  when  ^  is  changed  to  ^',  by  interchanging  each  of 
the  three  alphas  with  the  corresponding  beta. 

(3.)  If  we  write,  as  in  this  whole  investigation  we  propose  to  do, 

XX.  .  .  X'  =  V/ii',    PL  =  VvX,    V  =  VA/u, 

the  formulsd  XI.  and  X.  become, 

XXI.  .  .  ;//X'  =  V.  0V0'v,    and    XXII.  .  .  waSXX'  =  8 .  f  X;//X', 

with  the  same  Wt  of  abridgment  of  notation  as  in  Xr. ;  and  because  the 
coeflBcient  of  SoaV  in  this  last  expression  XXII.  is  by  XVII.  XVIII., 

S0XS/3''/3'X'  +  S0'X8/3/3''X'  +  S/3"AS/3'/3V  =  S/3''i3'0SXA', 

the  division  by  SXX'',  or  by  SX^iv,  succeeds,  and  we  find  the  expression, 

XXIII.  .  .  w  -  Saa V'S/3"/3'i3 ; 

which  may  also  be  thus  written, 

XXIir.  .  .  w  =  S/3i3'/3"SaVa, 

so  that  m  does  not  change  when  we  pass  from  ^  to  ^\  on  which  account  we 
may  write  also, 

XXIV.  .  .  fwSXX'  -  8 .  ^\yl/\\    or    XXIV.  .  .  w8X^y  =  8 .  ^X^/i^v, 

because,  by  (2.),  we  can  deduce  from  XI.  the  conjugate  expression, 

XXV.  .  .  ^'X'  =  Y .  ^/i^y. 
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(40  We  ought  then  to  find  that  the  Unear  equation^ 

XXVI  ...<T^iPp  =  fiBap  +  j3'Sa>  +  i3"Sa'V, 

has  its  solution  expressed  (comp.  YIII.)  by  the  formula, 

XXVII.  .  .  pSaaW'8fi''(i'(i  =  Va V'S/3''i3V  +  Va''aSi3i3'V  +  Yaa'&fi'P<T  ; 

and  accordingly,  if  we  operate  on  the  expression  XXVI.  for  <j  with  the  three 

symbols, 

XXVIII.  ..  S . /3"/3',    S.i3/3",    a.p% 

we  obtain  the  three  scalar  equations, 

XXIX.  .  .  S/3''^V  -  S/3''i3'0Sap,  &o., 

from  which  the  equation  XXVII.  follows  immediately,  without  any  intro- 
duction of  the  auxiliary  vectors  A,  /u,  v,  although  these  are  useful  in  the 
theory  generally. 

(5.)  Conversely,  if  the  equation  XXVII.  were  given,  and  the  value  of  <t 
soughtj  we  might  operate  with  the  three  symbols, 

XXX  .  .  S .  o,    S  •  /3|    S  •  y, 

and  so  obtain  the  three  scalar  equations  XXIX.,  from  which  the  expression 
XXVI.  for  a  would  follow. 

(6.)  It  will  be  found  a  useful  check  on  formulae  of  this  sort,  to  consider 
each  beta,  in  what  we  have  called  the  Standard  Form  (I.)  of  ^p,  as  being  of 
the  first  dimension  ;  for  then  we  may  say  that  ^  and  ij/  are  aho  of  the  first 
dimension,  but  \p  and  \p^  of  the  second^  and  m  of  the  third;  and  every  formula, 
into  which  these  symbols  enter,  will  thus  be  homogeneous :  a,  a',  a',  and  A,  ;i, 
V,  p,  being  not  counted,  in  this  mode  of  estimating  dimensions,  but  <r  being 
treated  as  of  the^rs^  dimension,  when  it  is  taken  as  representing  ^/j.* 

(7.)  And  although  the  trinomial/orm  XV.  has  been  seen  to  be  sufficiently 
general,  yet  if  we  choose  to  take  the  more  expanded  form, 

XXXI.  .  .  0p  =  SjSSap,     which  gives    XXXII.  •  .  ^  p  -  SaS^p, 

any  number  of  terms  of  ^p,  such  as  /3Sap,  fi'Bapi  &c.,  being  now  included  in 
the  sum  2»  there  is  no  difficulty  in  proving  that  the  eqiiations  VIII.  and  IX. 
are  satisfied,  when  we  write, 

*  [Compare  the  first  Note  to  A^.  350.] 
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XXXIII.  .  .  i^p  =  SVaa'SjS'jSp,     with     XXXIV.  .  .  ^>  «  SV^/S'SaV. 
*^^  XXXV. . .  m  -  2SaaV'8i3''i3'/3  =  2S/3^'^''SaVa. 

(8.)  The  important  property  (2.),  that  the  auxiliary  function  xpiB  changed 
to  its  own  conjugate  ^,  when  ^  is  changed  to  ^',  may  be  proved  without  any 
reference  to  the  forra  SjSSap  of  0/o,  by  means  of  the  definitions  IV.  and  XI., 
of  ^'  and  \p,  as  follows.  Whatever  four  vectors  ^,  v,  /ii,  and  vi  may  be,  if  we 
write 

XXXVI. .  .  Vi  =  V/uiVi,    and    XXXVII.  .  .  xp'Y^v  =  V.  ^/i*v, 

adopting  here  this  lafit  equation  as  a  definition  of  the  function  \p\  we  may 
proceed  to  prove  that  it  is  conjugate  to  \p,  by  observing  that  we  have  the 
transformations, 

XXXVIII. . .  swxp'y = s  {Yixivi .  V .  ^/i0i/)  =  s .  ;x,(  V .  v,y  .  ^/i^^) 

=  S/Xi0|/  .  Svi0/i  —  SfiitPfl  .  Svi0V 

=  8/u^'vi .  Svtp^^i  —  S;x0'/ii .  Sv^'vi 

=  S./i(V.vV.0>,fvO  =S(V/iv.V.f/xif  V,)  =SX'^A', ; 

which  establish  the  relation  in  question,  between  \p  and  ;/'^ 

(9.)  And  the  not  less  important  property  (3.),  that  m  remains  unchanged 
when  we  pass  from  (p  to  ^^  may  in  like  manner  be  proved,  without  reference 
to  the  form  XV.  or  XXXI.  of  0/a,  by  observing  that  we  have  by  XXXVII., 
&c.,  the  transformations, 

XXXIX.  .  .  S .  ^X^^^v  =  S .  ipXypT  =  SX';//0X  «  wSX'X  «  fwSX^v, 

because  the  equations  III.  and  VIII.  give, 

XL.  .  .  \p<l>p  =  tnp,    whatever  vector  p  may  be  ; 

so  that  the  value  of  this  scalar  constant  m  may  now  be  derived  from  the 
original  linear  function  ^,  exactly  as  it  was  in  X.  or  X^  from  the  conjugate 
function  ^'. 

348.  It  is  found,  then,  that  the  linear  and  vector  equation^ 

I.  .  .  0/D  =  <r,     gives     II.  .  .  nip  =  ;//a, 

as  its  formula  of  solution ;  with  the  general  method^  above  explained,  of 
deducing  m  and  y^  from  ^.     We  have  therefore  the  two  identities^ 

HI.  .  .  W(T  =  0i^cT,     mp  =  T//0|t> ; 
or  briefly  and  symbolically, 

III'.  .  .  m  =  (fixp  =  \pip; 

Hamilton's  Elbmbnts  of  Quatrrnions  3  R 
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with  which,  by  what  has  been  shown,  we  may  connect  these  conjugate  equations, 

Changing  then  successively  /x  and  v  to  xl/fj,  and  \p'v,  in  the  equation  of 
definition  of  the  auxiliary  function  xf/,  or  in  the  formula, 

;/.V/xi;=V.0Vfv,  347,  XI'., 

we  get  these  two  other  equations, 

in  the  former  of  which  the  points  may  be  omitted,  while  in  each  of  them 
accented  may  be  exchanged  with  unaccented  symbols  of  operation :  and  we 
see  that  the  iatv  of  homogeneity  (347,  (6.) )  is  preserved.  And  many  other 
transformations  of  the  same  sort  may  be  made,  of  which  the  following  are  a 
few  examples. 

(1.)  Operating  on  V.  by  i//-^  or  by  w-^0,  we  get  this  new  formula, 

VI.  .  .  V.  ^'fiyf/v  =  mtpVfiv  ; 

comparing  which  with  the  lately  cited  definition  of  yp,  we  see  that  we  may 
change  ip  to  ^,  if  we  at  the  same  time  change  \p  to  tm^y  and  therefore  also  m  to  m*; 
0'  being  then  changed  to  t/^',  and  yff  to  m^'. 

(2.)  For  example,  we  may  thus  pass  from  IV.  and  V.  to  the  formulae, 

VII.  .  .  -  0Vv0V  =  Yf4'v,    and    VIII.  .  .  ^V.  ^V^'v  -  mYfiv ; 

in  which  we  see  that  the  lately  cited  law  of  homogeneity  is  still  observed. 

(3.)  The  equation  VII.  might  have  been  otherwise  obtained,  by  inter- 
changing jLc  and  V  in  IV.,  and  operating  with  -  w"*0,  or  with  -  ^"* ;  and  the 
formula  VIII.  may  be  at  once  deduced  from  the  equation  of  definition  of  ;^, 
by  operating  on  it  with  0.  In  fact,  our  ruh  of  iuf>ersion,  of  the  linear  function 
0,  may  be  said  to  be  contained  in  the  formula, 

IX.  .  .  0-^Vfcv  =  m-»V.  ^V^'v  ; 

where  m  is  a  scalar  constant,  as  above. 

(4.)  By  similar  operations  and  substitutions, 

X.  .  .  i^'V.  (li'fiip'v  =  mfjtYfiv  ^Y.\p'fi\p'v  ; 

XI.  .  .  m<iiY.  ^'ix^'v  =  w'V/uv  =  \pY.\p'n\p'v ; 

XII.  .  .  w'V.  i>'fjL(t>'v  =  m^Yfiv  =  iA"V. ^Vf  V ; 

XIII. .  .  V.  f  Vf  *v  =  xpY.  <p'fif'v  =  xfj^Yfiv ;  &c. 
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(6.)  But  we  have  also, 

XIV.  •  .  S  .  X^'/o  =  8  .  0p^'X  =  8  .  /o^^'A, 

BO  that  the  second  functions  ^'  and  ^''  are  conjugate  (compare  347,  IV.) ; 
hence,  by  XIII.,  -^^  is  formed  from  ^',  as  ^//  from  ^ ;  and  generally  it  will 
be  found,  that  if  n  be  any  whole  number ^  and  if  we  chaoge  ^  to  0'',  we  change 
at  the  same  time  ^'  to  ^'",  yp  to  ^//",  -^Z  to  ^//'",  and  m  to  m". 

(6.)  It  may  also  be  remarked  that  the  ohanges  (I.)    conduot  to  the 

equation, 

XV.  .  .  (8  .  ^X^/n0i/)^  =  8X/avS  .  \pX\PfA\Pv ; 

and  to  many  other  analogous  formulsB. 
349.  The  expressions, 

X'^X  +  fifp/uL  +  y'^v,     y\p\  +  II  ^fi  +  v^v 

with  the  significations  347,  XX.  of  W  /u^  v\  and  others  of  the  same  type, 
are  easily  proved  to  vanish  when  X,  /u,  v  are  coniplanary*  and  therefore  to  be 
divisible  by  SX/icv,  since  each  such  expression  iuTolves  each  of  the  three 
auxiliary  vectors  X,  /x,  v  in  the  first  degree  only ;  the  quotients  of  such 
divisions  being  therefore  certain  constant  quaternions^  independent  of  X,  /i,  i', 
and  depending  only  on  the  particular  form  of  <p,  or  on  the  (scalar  or  vector, 
but  real)  constants^  which  enter  into  the  composition  of  that  given  function. 

Writing,  then, 

I.  .  .  gi  =  (X'^X  +  /i'0/i  +  v'^i')  :  SXfcv, 
and 

n.  .  .  ^2  =  (X't//X  +  /u'^/i  +  vxpv)  :  SX/xy, 

we  shall  find  it  useful  to  consider  separately  the  scalar  and  vector  parts  of 
these  two  quaternion  constants^  qx  and  gj ;  which  constants  are,  respectively,  of 
the  first  and  second  dimensions^  in  a  sense  lately  explained.f 

(1.)  Since  VX'^X  =  /iSv^X  -  vSX^'/x,  &c.,  it  follows  that  the  vector  parts 
of  qi  and  q^  change  signs,  wlien  ^  is  changed  to  ^\  and  therefore  -^  to  l//^  On 
the  other  hand,  we  may  change  the  arbitrary  vectors  X,  fc,  v  to  X',  fi\  v\  if 
we  at  the  same  time  change  X'  to  V/xV,  or  to  -  XSX/uv,  &c.,  and  SX/xv,  or 
SXX',  to  -  (SX/xv)'  ;  dividing  then  by  -  SX/uv,  we  find  these  new  expressions, 

ni.  .  .  ^i  «  (X^X'  +  }i^\i  +  v^v)  : 8X/XV, 
IV.  .  .  ^2  =  (X;//X'  +  ^i-py!  +  v>\fv)  : SX/xv ; 


♦  [By  putting  y  =  a:x  +  y/i.] 

t  [It  may  be  instructiTe  to  the  student  to  reduce  these  quaternion  constants  by  replacing  X,  /«, 
and r  by  «i  +  «;  +  «*,  ar'i  +  y*j  +  «'*,  and  «"i  +  y"j  +  z'A;.] 

3R2 
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operating  on  which  by  S,  we  return  to  the  scalars  of  the  expressions  I.  and 
II.,  with  (jt  and  xp  changed  to  tp^  and  \p\ 

(2.)  Hence  the  conjugate  quaternion  constants,  K^i  and  Kg2,  are  obtained 
by  passing  to  the  conjugate  linear  functions  ;  and  thus  we  may  write, 

V.  .  .  K^i  =  (AVA  +  /i>V  +  v<p'v)  :  SA^i' ; 

VI.  .  .  K^a  =  (A V'A  +  ^l'^|J'fJL  +  v'xp'v) :  BX/av  ; 

or,  interchanging  A  with  A',  &o.,  in  the  dividends, 

VII.  . .  K^i  =  (A^T  +  /^^y  +  v<pV)  I  SXfxv ; 

VIII.  .  .  Kga  =  {X^P'y  +  fi^P'fi  f  vrpV)  I  BXfiv  ; 

where  A'  =  V/xv,  &o.,  as  before. 

(3.)  Operating  with  V  .  p  on  Vgi,  and  observing  that 

V.  pVA'^A  =  0(A8A»  -  A'SA^V,  &c., 
while 

^(ASA'p  +  fiSju'/)  +  vSi/'p)  =  ^pSXfiVj 
and 

A'SA^'/o  +  fiS^<p'p  +  v'Sv^'p  =  ^'/oSA/tiv, 

with  similar  transformations  for  V.  /oV^j,  we  find  that 

IX.  .  .  V.  pYqi  =  ^p  -  ^'p ; 
and 

X.  .  .  V.  pYqz  =  4'P  "^  ^V* 

(4.)  Accordingly,  since 

the  vector  (pp  -  ^^/o,  if  it  do  not  vanish,  must  be  a  line  perpendicular  to  /o,  and 

therefore  of  the./arw, 

XI.  .  .  0/0  -  (f/p  =  2Yypf 

in  which  7  is  some  constant  vector  ;*  so  that  we  may  write, 

XII.  .  .  0/0  »  0op  +  V7/0,     <f>'p  =  0op  -  V7/0, 

where  the  function  0o/o  is  t^  02^  cot^jugate^  or  is  the  common  self-conjugate  pari 
of  0/0  and  0^p ;  namely  the  part, 

XIII.  .  .  00/0  «  •J-(0/>  +  0'/>)* 
And  we  see  that,  with  this  signification  of  7, 
XIV.  .  .  V(A'0A  +  p:<t>fi  +  v'<pv)  =  -  2jSXfiv,     or    XIV'.  .  .  V^x  =  -  2y ; 

*  [This  vector  y  has  been  called  the  spin- vector  of  the  function  4».] 
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while  we  have,  in  like  manner, 

XV.  .  .  V(AVA  +  ^'xPfJL  +  v^Pv)  =  -  28SA/iv,      or      XV'.  .  .  Vg,  =  -  28, 
if 

XVI.  ..ypp-xp'p^  2V8p. 

As  a  confirmation,  the  part  ^o  of  (p  has  by  (1 .)  no  effect  in  V^i ;   and  if  we 
change  0A  to  VyX,  &o.,  in  the  first  member  of  XIV.,  we  have  thus, 

(A&yA'  +  fiSy/i'  +  vSy/)  -  'yS{AA'  +  fAfi  +  I'l/)  =  ySXfiv  -  SySA/ui'. 

(6.)  Since  VA^'A  -  -  ^VA^'A',  &o.,  by  348,  VII.,  whUe  we  may  write, 
by  (1.),  (2.),  and  (4.), 

XVII.  .  .  V(A^A'  +  pa^p  +  v^v)  =  -  278A/UV, 

XVIII.  .  •  V(A^A'  +  ixx^p  +  in/zv )  =  -  288A^i;, 
or 

XIX.  .  .  V(A«T  +  /u0V  + v^V)  =  +  278A^v, 
and 

XX.  .  •  V(A';^'A  +  /iV'Ai  +  vyl^'v)  -  +  2SSA/xv, 

we  have  this  relation  between  the  two  new  vector  constants, 

XXI.  .  .  8  =  —  f^y  =  —  ^'y  =  —  ^07  J 

for  0,  ^',  and  ^0  have  all  the  same  effect^  on  this  particular  vector,  7. 

(6.)  We  may  add  that  the  vector  constant  7  is  of  the  Jirst  dimension^  and 
that  8  is  of  the  second  dimension,  with  respect  to  the  betas  of  the  standard 
form ;  in  fact,  with  that /orm,  347,  XV.,  of  ^/o,  we  have  the  expressions, 

XXII. . .  7  =  iV03a  +  (iW  +  /3"a'0, 
and 

XXIII. . .  8  =  i V(Vj3'/3" .  YaV  +  V0"i3  .  Ya'a  +  V/3/3' .  Yaa') . 

(7.)  If  we  denote  by  \po  and  »Jo>  what  \p  and  m  become  when  ^  is  changed 
to  ^09  we  easily  find  that 

XXIV.  ..\Pp  =  xPop-  ySyp  +  V8/0  ;     XXV.  ..\P'p  =  yPop-  y^p  -  V8/0  ; 

so  that  the  self-conjugate  part  of  \pp  contains  a  tefiti^  -  787/0,  which  involves 
the  vector  7,  bnt  only  in  the  second  degree ;  and  in  like  manner, 

XXVI. . .  w  =  Wo  +  87S  =  mo-  87^7  ; 

7  again  entering  only  in  an  even  degree^  because  m  remains  unchanged,  when 
we  pass  from  0  to  fp\  or  from  7  to  -  7.* 


♦  [Expand  V^V/4r  =  V(^^  -  V7ai)(4>ok  -  Vyv).] 
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(8.)  It  is  evident  that  we  have  the  relations, 

XXVII.   .   .  Wo  =   00^0  =  ^0^  9 

and  that,  in  a  sense  already  explained,  0o»  ^o>  and  nh  are  of  the  firsts  second^ 
and  third  dimensions,  respectively. 

350.  After  thus  considering  the  vector  paris  of  the  tfco  quaternion  coitstants, 
qi  and  ^2,  we  proceed  to  consider  their  scalar  parts ;  which  will  introduce  ttco 
new  scalar  constants^  m''  and  m\  and  will  lead  to  the  employment  of  tuH)  new 
conjugate  auxiliary  functionSy  -^p  and  xV  >  whence  also  will  result  the  establish- 
ment of  a  certain  Symbolic  and  Cubic  Equation, 

I. . .  0  =  w  -  m'(p  +  m'y  -  ^\ 

which  is  satisfied  by  the  Linear  Symbol  of  Operation,  ^,  and  is  of  great 
importance  in  this  whole  Theory  of  Linear  Functions,* 
(1.)  Writing,  then, 

II. , ,  w"  =  Sgi,    and     III. . .  m'  =  S^j, 

we  see  first  that  neither  of  these  two  new  constants  changes  value,  when  we 
pass  from  ^  to  0',  or  from  7  to  -  7 ;  because,  in  such  a  passage,  it  has  been 
seen  that  we  only  change  qi  and  q^  to  Kji  and  K^j.  Accordingly,  if  we 
denote  by  m\  and  m'\  what  m'  and  w''  become,  when  ^  is  changed  to  ^0,  we 
easily  find  the  expressions, 

IV. .  .  m"  =  m"o ;     and     V. . .  m'  =  m\  -  7*. 

*  [Or  directly,  without  introducing  x  or  x'l  for  an  arbitrary  yector  A  the  relation 

^'aSx^x^^;^  =  xS4>a^«a^3a  +  ^xS^'AA^'x  +  ^'aSa^a^'a 
will  generally  exist.    This  may  be  briefly  written  in  the  form, 

0'A  —  fWi^'A  +  ms^A  —  t»8A  =  0, 
where  the  coefficients  m  can  only  depend  on  ^  and  A.     Operating  on  this  by  ^  and  ^\ 

^*A  -  mi^'A  +  iws^'A  -  ms^A  =  0 
and 

^*A  -  i«i^*A  +  mii^\  -  m3^*A  =  0. 

But  an  arbitrary  vector  p  may  be  expressed  in  the  form 

XK  +  y^A  +  «^*A, 
and  hence  from  the  three  equations,  on  multiplying  by  x^  y,  and  2,  and  adding,  the  equation 

^'p  —  mi^'^p  +  ma^p  —  m^p  =  0 

results.  This  must  be  identical  with  the  equation  found  by  treating  p  directly,  in  the  same  manner 
as  A  has  been  treated,  and  therefore  the  coefficienta  m  must  be  independent  of  A.  The  suffixes  here 
printed  senre  to  indicate  the  dimensions  of  the  m.    See  347  (6.).] 
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(2.)  It  may  be  noted  that  ni!\  or  w\  is  of  the  fir%t  dimensioii,  but  that 
ni  and  m\  are  of  the  second^  with  respect  to  the  standard  form  of  <j> ;  and 
accordingly,  with  that  form  we  have, 

VI.  ..m''  =  SajS  +  Sa'jS'  +  8a''P"  ; 
and 

VII.  .  .  w'  =  S(VaV' .  V/3"/3'  +  Ya'^a  .  V/BjS''  +  Yaa' .  Y^'fi). 

(3.)  If  we  introduce  two  neto  linear  functions^  \p  and  xV>  ^'^^'^  ^^^^ 

VIII. . .  xV/uv  =  Y(jifi!v  -  v^V), 
aud 

IX. . .  xYfxv  =  V(/i^v  -  v^/i), 

it  is  easily  proved  that  these  functions  are  conjugate  to  each  other,  and  that 
each  is  of  theirs/  dimension  ;  in  fact,  with  the  standard  form  of  0/o,  we  have 
the  expressions, 

X.  .  .  XP  =  V(aV/3/t>  +  aT/3>  +  a'TjS'V), 

XI. .  .  X  p  =  V(i3Va/t>  +  /3'Va>  +  i3"Va'»  ; 

and  S  .  XaV/3p  =  S  .  /o/S VaX,  &c.  Also,  if  xo  be  formed  from  ^09  as  x  from  ^, 
it  will  be  found  that 

XII. . .  x/o  =  X'»f>  "  ^7P>     ^^d    XIII. . .  xV  =  X<>P  +  ^7P  5 

where  xo  is  of  the  first  dimension. 
(4.)  Since 

the  expression  II.  gives,  by  349,  V.,  the  equation, 

XIV. . .  w''8XV  =  S  .  X(*  +  x)A', 

A  and  X'  being  two  arbitrary  and  independent  vectors ;  which  can  only  be,  by 
our  having  the  functional  relation^ 

XV. . .  fpp  +  XP  =  ^^'9 » 
or  briefly  and  symboUcally, 

XVI. . .  X  +  *  =  '^*"- 

Accordingly  it  is  evident  that  the  relation  XV.  is  verified,  by  the  form  X.  of 
X/o,  combined  with  the  standard  form  of  ^/o,  and  vidth  the  expression  VI.  for 
the  constant  m'\ 
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(5.)  The  formula  XVI,  gives, 

and  aooordingly  the  identity  of  x^  a^d  ^x  ™^7  ©^sily  ^^  otherwise  proved, 
by  ohanging  fx  and  v  to  \p'fx  and  \p'v  in  the  definition  VIII.  of  x>  ^^^ 
remembering  that 

for  thus  we  have, 

XVIII.  .  .  XipYfiv  =  Y{n\P'v  -  v^//V)  -  *V(ju*'v  -  v*V)  =  *X^i"»'» 

as  required. 

(6.)  Since,  then, 

the  value  III.  of  m'  gives,  by  349,  VI.,  the  equation, 

XIX. . .  m'8\y  =  S  .  X(^//  +  0x)^'> 
A  and  A^  being  independent  vdotors ;  hence, 

XX. . .  \Lp  +  0xp  ~  ^'p> 
or  briefly, 

XXI. .  •  ^  +  0x  ~  *'*'• 
And  in  fact,  with  the  standard  form  of  <pp,  we  have 

XXII.  .  .  *X/D  =  X*P  =  V(Vi3'^'^ VpVa'c,''  +  Vi3"i3  .YpVa^'a  +  V/3/3'. V|t>Vaa') ; 

which  verifies  the  equation  XX.,  when  it  is  combined  with  the  value  VII.  of 
m\  and  with  the  expression  347,  XVIII.  for  \pp. 

(7.)  Eliminating  the  symbol  x>   between  the  two  equations  XVI.    and 
XXI.,  and  riBmembering  that  (p\p  =  \p(p  -  m,  we  find  the  symbolic  expression, 

XXIII.  .  .  m<fr^  =  ;//  =  m'  -  m''^  +  ^' ; 

and  thus  the  symbolic  and  cubic  equation  I.  is  proved. 

(8.)  And  because  the  coefficients,  m,  m\  m'\  of  that  equation,  have  been 

seen  to  remain  unaltered,  in  the  passage  from  ^  to  ^\  we  may  write  also  this 

conjugate  equation^ 

XXIV.  .  .  0  =  m  -  mV  +  m'>'*  -  *'».* 

•  [This  may  also  be  proved  thus : — If  p  and  a  are  arbitrary  vectors,  by  348  (6.), 

Sp  {<p'*  -  m"tl>'^  +  f;i>'  -  »»)  (T  =  So-  (^»  -  m'>«  +  fn>  -  tn)  p, 
and  therefore  yanishes.    This  requires    (^''  -  tn"  ^''  +  m'^'  —  m)  c  =  0,    as  p  is  arbitrary.] 
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(9.)  Multiplying  symbolically  the  equation  I.  by  -  m'*  r^,  and  reducing 
by  \pi^  a  my  we  eliminate  the  symbol  <^y  and  obtain  this  cubic  in  yp, 

XXV.  .  ,  0  -  m«  -  mtn''^  +  w';//'  -  r^"; 

in  which  xp^  may  be  substituted  for  \p, 

(10.)  In  general,  it  may  be  remarked,  that  when  we  change  <p  to  \p,  and 
therefore  \p  to  m^,  as  before,  we  change  not  only  m  to  m',  but  also  tn  to  mm'\ 
and  w"  to  w';  while  x  is  **  tbe  same  time  changed  to  0x>  ^^  *o  X0>  *^^  *^® 
quaternion  gi  is  changed  to  q^.  Accordingly,  we  may  thus  pass  from  the 
relation  XVI.  to  XXI. ;  and  conversely,  from  the  latter  to  the  former. 

(11.)  And  if  the  two  new  auxiliary  functions,  x  a^d  x'>  be  considered  as 
defined  by  the  equations  VTII.  and  IX.,  their  conjugate  rehtion  (3.)  to  each 
other  may  be  proved,  without  any  reference  to  the  standard  form  of  0/o,  by 
reasonings  similar  to  those  which  were  employed  in  347,  (8.),  to  establish  the 
corresponding  conjugation  of  the  functions  ^  and  ^\ 

(12.)  It  may  be  added  t)iat  the  relations  between  ^,  ^^  X'  X^  ^^^  ^^^''  K^^^ 
the  following  additional  transformations,  which  are  occasionally  useful : 

XXVI.  . .  ifVfiv  =  V(/L(xv  +  v^ix)  =  -  V(i/xM  +  ii^v) ; 

XXVII. . .  ffSTfxv  =  voux'v  +  »'0V)  =  -  '^(»'xV  +  Mf  »0 ; 

with  others  on  which  we  cannot  here  delay.* 
351.  The  cubic  in  ^  may  be  thus  written  : 

I.  .  .  0  =  mp  -  m'fpp  +  m"^^p  -  ^'/o  ; 

where  p  is  an  arbitrary  vector.  If  then  it  happen  that  for  some  particular 
but  actual  vector,  /o,  the  linear  function  ^p  vanishes,  so  that  ^p  »  0,  0*p  «  0, 
^'/o  s  0,  &c.,  the  constant  m  must  be  zero ;  or  in  symbols, 

II.  .  .  if  ^p  =  0,    and    Tp  >  0,    then    w  =  0. 

Hence,  by  the  expression  347,  XXIII.  for  i»,  when  the  standard  form  for  ^p 
is  adopted,  we  must  have  either 

III.  .  .  Saa'a''  -  0,    or  else    IV.  . .  S/3"/3'i3  =  0 ; 

so  that,  in  each  case,  that  ge^ierally  trinomial  form^  347,  XV.,  must  admit  of 


*  [Without  introducing  x,  since  for  any  three  vectors  w"SA/i»'  =  S^  (^T/iv  +  Vju^y  +  V^/xy),  it 
follows,  as  A  is  arbitrary,  that  #»"V/iy  =  ^'V/if  +  V/i^y  +  V^/w.    This  is  equivalent  to  XXVI.] 

Hamilton's  Eumbnts  op  Quatbrmions.  3  S 


498  ELEMENTS  OF  QUATERNIONS.  [IH.  n.  §  6. 

being  reduced  to  a  binomiaL  Gonversely,  when  we  have  thus  a  funoiion  of 
the  particular  form^ 

we  have  then^ 

so  that  if  a  and  of  be  actual  and  non-parallel  lines,  the  real  and  actual  vector 
Naa  will  be  a  value  of  /o,  which  will  satisfy  the  equation  ^p  ==  0 ;  but  no 
other  real  and  actual  value  of  p^  except  p  =  xYaa\  will  satisfy  that  equation,  if 
[i  and  /3^  be  actual,  and  non-parallel.  In  this  case  Y.,  the  operation  ^  reduces 
evoy  other  vector  to  the  fixed  plane  of  j3,  /3^  which  plane  is  therefore  the  locus 
of  0/9 ;  and  since  we  have  also, 

we  see  that  the  locus  of  the  functionally  conjugate  vector^  ^'p^  is  another  fixed 
phne^  namely  that  of  a,  a.  Also,  the  normal  to  the  latter  plane  is  the  line 
which  is  destroyed  by  WiQ  former  operation,  namely  by  ^  ;  while  the  nonnal  to 
the  former  plane  is  in  like  manner  the  line,  which  is  annihilated  by  the  latter 
operation,  <p\  since  we  have 

VIII.  .  .  f  Vi3/3'  =  0, 

but  not  ^'p  =  0,  for  any  actual  p,  in  any  direction  except  that  of  Vj3j3',  or  its 
opposite,  which  may  however,  for  the  present  purpose,  be  regarded  as  the  same* 
In  this  case  we  have  also  monomial  forms  for  \pp  and  xp'p,  namely 

IX...xPp  =  Vaa'S/3'/3p,     and     X.  .  .  f p  =  Yfi(i'Sa'ap ; 

SO  that  the  operation  yp  destroys  every  line  in  the  first  fixed  plane  (of  /3,  /3'),  and 
the  coif\jugate  operation  ;//'  annihilates  every  line  in  the  second  fixed  plane 
(of  a,  a').  On  the  other  hand,  the  operation  i/>  reduces  every  line,  which  is 
out  of  the  first  plane,  to  the^^rf  direction  of  the  normal  to  the  second  plane  ; 
and  the  operation  i/>'  reduces  every  line  which  is  outof\}iQ  wconrf  plane,  to  that 
other  fixed  direction,  which  is  normal  to  the/r«^  plane.  And  thus  it  comes  to 
pass,  that  whether  we  operate  first  with  \p,  and  then  with  ^ ;  or  first  with  ^, 
and  then  with  y^ ;  or  first  with  t//'  and  then  with  <^'\  or  first  with  0',  and  then 
with  yf/]  in  all  these  cases,  we  arrive  at  last  at  a  null  line,  in  conformity  with 
the  symbolic  equations, 

XI.  .  .  0^//  =  1^0  =  0';//'  =  ^V  =  m  =  0, 

which  belong  to  the  case  here  considered. 

*  Accordingly,  in  the  present  investigation,  whenever  we  shall  speak  of  a  **Jixed  direction,'*  or  the 
'*  direction  of  a  given  line,**  &c.,  we  are  always  to  be  understood  as  meaning,  "  or  the  oppoeile  of  that 
direction.'* 
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(1.)  Without  reourring  to  the  standard  form  of  0p,  the  equation  348,  VI., 
namely  V.  \p'fi\p^v  =  w^V/iv,  and  the  analogous  equation  Y.\pfi\ljv  =  nupTV^v^ 
might  have  enabled  us  to  foresee  that  yf^'p  and  ;^/o,  if  they  do  not  both 
constantly  vanish j  must  (if  m  =  0)  have  each  a  fxed  direction ;  and  therefore 
that  each  must  be  expressible  by  a  monome^  as  above :  the  fixed  direction  of 
yfjp  being  that  of  a  line  whioh  is  annihilated  by  the  operation  <pf  and  similarly 
for  \p'p  and  0'. 

(2.)  And  because,  by  847,  XI.  and  XXV.,  we  have 

\pYfiv  =  V .  i^'fK^'v^    and    -i^/Yfiv  =  V .  0ju^v, 

so  that  the  line  ^'fiy  if  actual,  is  perpendicular  to  ^V/xp,  and  the  line  ^p.  per- 
pendicular to  yf/Ypvy  we  see  that  each  of  the  two  linesy  <^'p  and  ^p,  must  have 
(in  the  present  case)  a  plane  locus ;  whence  the  binomial  forms  of  the  two 
conjugate  vector  functions^  ^p  and  ^'p,  might  have  been  foreseen  :  ypp  and  y^/p 
being  here  supposed  to  be  actual  vectors. 

(3.)  The  relations  of  rectangularity^  of  the  two  fixed  lines  (or  directions)^  to 
the  two  fixed  planes^  might  also  have  been  thus  deduced,  through  the  two 
conjugate  binomial  forms^  V.  and  VII.,  without  the  previous  establishment  of 
the  more  general  trinomial  (or  standard)  form  of  ^p. 

(4.)  The  existence  of  a  plane  locus  for  0p,  and  of  another  for  ^'p,  for  the 
case  when  m  ==  0,  might  also  have  been  foreseen  from  the  equations, 

and  the  same  equations  might  have  enabled  us  to  foresee,  that  the  scalar 
constant  m  must  be  zerOj  if  for  any  one  actual  vector^  such  as  X,  either  ^X  or  ^'X 
becomes  null, 

(5.)  And  the  reducibility  of  the  trinomial  to  the  binomial formy  when  this 
last  condition  is  satisfied,  might  have  been  anticipated,  without  any  reference 
to  the  composition  of  the  constant  m,  from  the  simple  consideration  (comp. 
294,  (10.) ),  that  no  actual  vector  p  can  be  petpendicularj  at  once,  to  three 
diplanar  lines. 

352.  It  may  happen,  that  besides  the  recent  reduction  (351)  of  the  linear 
function  <jip  to  a  binomial form^  when  the  relation 

I.  .  .  w  =  0 

exists  between  the  constants  of  that  function,  in  which  case  the  symbolic  and 
cubic  equation  350, 1,  reduces  itself  to  the  form, 

II.  .  .  ^'  -  w"^'  +  w>  =  0, 

8S2 


LV 
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thus  losing  its  absolute  term,  or  having  one  root  equal  to  zero^  this  equation 
may  undergo  a  further  reduction,  by  two  of  its  roots  becoming  equal  to  each 
other ;  namely  either  by  our  having 

III.  .  .  w'=  0,    and    IV.  .  .  ^'(0  -  w")  =  0 ; 

or  in  another  way,  by  the  existence  of  these  other  equations, 

V.  .  .m''«-4w'=0,    and    VI.  .  .  ^(^  -  Jw'7  =  0. 

In  each  of  these  two  cases,  we  shall  find  that  certain  new  geometrical  relations 
arise,  which  it  may  be  interesting  briefly  to  investigate ;  and  of  which  the 
principal  is  the  mutual  rectangularUy  of  tu)0  fixed  planes,  which  are  the  loci 
(comp,  351)  of  certain  derived,  and  functionally  conjugate  vectors  :  namely,  in 
the  case  III.  IV.,  the  loci  of  ^p  and  ^'p ;  and  in  the  case  V.  VI.,  the  loci  of 
^p  and  <P'p,  if 

VIL  •.4»  =  ^- Jw'',    and    VIII.  ..<!>'=  f  -  iw'', 

so  that,  in  this  last  case,  the  symbol  O  satisfies  this  new  cubic, 

IX.  ..0  =  i|^»(4>  + Jw"); 

while  ^'  satisfies  at  the  same  time  a  cubic  equation  with  the  same  coefficients 
(comp.  350,  (8.) ),  namely 

X.  ..0  =  4>'»(4>'  + Jw''). 

(1.)  We  saw  in  351,  (1.),  (2.),  that  when  w  =  0  the  line  y^/p  has  generally 
dk  fixed  direction,  to  which  that  of  the  line  ^p  ia  perpendicular ;  and  that  in  like 
manner  the  line  ypp  has  then  another  fixed  direction,  to  which  ^'p  is  perpen- 
dicular. If  then  the  plane  loci  of  ^p  and  i^'p  be  at  right  angles  to  each  other, 
we  must  also  have  tiiQ  fixed  lines  \p^X  and  xpp,  rectangular,  or 

XL  •.0-S.i/.'X^/£  =  SX^V, 

independently  of  the  directions  of  A  and  p, ;  whence 

XII.  .  .  0  =  xp%      or      XIII.  ..;/.»  =  0, 

since  p  is  an  arbitrary  vector. 

(2.)  Now  in  general,  by  the  functional  relation  360,  XXI.  combined  with 
i/.0  =  m,  we  have  the  transformation, 

XIV. . .  i/»'  =  \//(w/  -  <f>x)  "^  ''*V ""  ^'*x » 
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if  then  m  »  0,  as  in  I.,  the  symbol  \p  must  satisfy  the  depressed  or  quadratic 

equatiorty 

XV.  .  .  0  =  w';^  -  i^» ; 

which  is  accordingly  d^  factor  of  the  cubic  equation, 

XVI.  .  .  0  =  w'l/.'  -  ;^% 

whereto  the  general  equation  350,  XXV.  is  reduced^  by  this  supposition  of  m 
vanishing. 

(3.)  If  then  we  have  not  only  w  =  0,  as  in  I.,  but  also  w'  =  0,  as  in  III., 
the  condition  XIII.  is  satisfied,  by  XV. ;  and  the  two  planes^  above  referred 
to,  are  generally  rectangular. 

(4.)  We  might  indeed  propose  to  satisfy  that  condition  XIII.,  by  sup- 
posing that  we  had  always, 

XVII.  .  .  i/.  «  0,    that  is,    XVIF.  .  .  i^p  =  0, 

for  every  direction  of  p  ;  but  in  this  case,  the  quaternion  constant  q%  would 
i?anish  (by  349,  II.) ;  and  therefore  the  constant  m\  as  being  its  scalar  part 
(by  350,  III.),  would  still  be  equal  to  zero. 

(5.)  The  particular  supposition  XVII.  would  however  alter  completely  the 
geometrical  character  of  the  question;  for  it  would  imply  (comp.  351,  (2.)) 
that  the  directions  of  the  lines  tj^p  and  ip^p  (when  not  evanescent)  are  fixedy 
instead  of  those  lines  having  only  certain  planes  for  their  loci,  as  before. 

(6.)  On  the  side  of  calculation,  we  should  thus  have,  for  the  two  conjugate 
fuuctionsy  (l>p  and  ^^/o,  monomial  expressions  of  the  forms, 

XVIII.  ..it>p^  /3Sa/>,    f />  =  oS/S/o  ; 

whence,  by  347,  XVIIL,  and  350,  VII.,  we  should  recover  the  equations, 
;//p  «  0  and  w'  *=  0. 

(7.)  We  should  haVe  also,  in  this  particular  case, 

XIX.  .  .  ^/o  =  0,    if    p±af    and    XX.  .  •  ^'/t>  =  0,    if    p  ±  )3  ; 

so  that  ^p  now  vanishes,  if  p  be  any  line  in  the  fixed  plane  perpendiculur  to  a  ; 

and  in  like  manner  ^^p  is  a  null  line,  if  /o  be  in  that  other  fixed  plane,  which  is 

at  right  angles  to  the  other  given  line,  j3. 

(8.)  These  two  planes,  or  their  normals  a  and  j3,  or  the  fixed  directions  of 

the  two  lines  ^'p  and  (j^p,  will  be  rectangular  (comp.  (1.) ),  if  we  have  this  new 

equation, 

XXI.  .  .  ^»  =  0,    or    XXI'.  .  .  ^'p  =  0, 
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for  every  direction  of  p  ;  and  accordingly  the  expression  XVIII.  gives 

0'/t>  =  Sa/3  .  ^p  =  0,    if    /3  ±  a,  and  reciprocally. 

(9.)  Without  expressly  introducing  a  and  j3,  the  equation  350,  XXIII. 
shows  that  when  \p  =  0^  and  therefore  also  w'  =  0,  as  in  (4.),  the  symbol  ^ 
satisfies  (comp.  (2.) )  the  new  qtrndrattc  or  depressed  equation^ 

XXII.  .  .  0  =  ^*  -  w''^  ; 

which  is  accordingly  d,  factor  of  the  cubic  IV.,  but  to  which  that  cubic  is  not 
reducible^  unless  we  have  tlius  i//  =  0,  as  well  as  m'  =  0. 

(10.)  The  co7tdifioftf  then,  of  the  existence  and  rectangulanty  of  the  ttco 
planes  (7.),  for  which  we  have  respectively  ^p  =  0  and  i^'p  =  0,  without  ^p 
generally  vanishing  (a  case  which  it  would  be  useless  to  consider),  is  that  the 
four  following  equations  should  subsist : 

XXIII... w  =  0,    m'=0,    w"  =  0,    and    XVII.. .^-0; 

or  that  the  cubic  IV.,  and  its  quadratic  factor  XXII.,  should  reduce  them- 
selves to  the  very  simple  forms, 

XXIV.  .  .  ^»  =  0,    and    XXV.  .  .  ^*  =  0 ; 

the  cubic  in  ^  liaving  thus  its  three  roots  equals  and  nully  and  -^p  vanishing. 

(11.)  We  may  also  observe  that  as,  when  even  one  root  of  the  general 
cubic  350, 1,  is  zeroy  that  is  when  m  =  0,  the  vector  equation 

XXVI.  .  .  ^/t>  =  0 

was  seen  (in  351)  to  be  satisfied  by  one  real  direction  of  /o,  so  when  we  have 
also  m'  =  0,  or  when  the  cubic  in  ^  has  t%oo  null  roots,  or  takes  the  form  IV., 
then  the  two  vector  equations, 

XXVII.  .  .  ^|t>  =  0,    xPp  =  0, 

are  satisfied  by  one  common  direction  of  the  real  and  actiMl  line  p  ;  because  we 
have,  by  350,  XVII.  and  XX.,  the  general  relation, 

xfjp  =  m'p  -  x*/o- 

(12.)  And  because,  by  350,  XV.,  we  have  also  the  relation  xp  =  ^"p  "  ^P> 
it  follows  that  when  the  three  roots  of  the  cubic  all  vanish,  or  when  the  three 
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scalar  equations  XXIII.  are  satisfied,  then  the  three  vector  equations^ 

XXVIII.  .  .i^p^O,    ypp'O,    XP  «  0» 

have  a  common  {real  and  actual)  vector  root ;  or  are  all  satisfied  by  one  common 
direction  of  p. 

(13.)  Since  m'^  -  i^  -  x»  *^®  cubic  IV.  may  be  written  under  any  one  of 
the  following  forms, 

XXIX.  .  .  0  =  ^'x  =  ^X*  =  X*'  =  * •  *X  =  <^o» 
in  which  accented  may  be  substituted  for  unaccented  symbols  :   and  its 
geometrical  signification  may  be  illustrated  by  a  reference  to  certain  fi>xed  linesy 
BJid  fixed  planes^  as  follows. 

(14.)  Suppose  first  that  m  and  m'  both  vanish,  but  that  m'^  is  different 
from  zero,  so  that  the  cubic  in  ^  is  reducible  to  the  form  lY.,  but  not  to  the 
form  XXrV. ;  and  that  the  operation  i//,  which  is  here  equivalent  to  -  ^x*  ^^ 
to  -  x^>  ^^^^  ^^*  annihilate  evert/  vector  p,  so  that  (comp.  (4.)  (5.)  (6.) )  tpp 
and  ij/p  have  not  the  directions  of  two  fixed  lines^  but  have  only  (comp.  (1.) 
and  (3.) )  ttco  fixed  and  rectangular  planes^  U  and  ^^  as  their  loci ;  and  let  the 
normals  to  these  two  planes  be  denoted  by  X  and  \\  so  that  these  two 
rectangular  lines,  X  and  X^  are  situated  respectively  in  the  planes  n'  and  n. 

(15.)  Then  it  is  easily  shown  (comp.  351)  that  the  operation  ^  destroys  the 
line  X'  itself y  while  it  reduces*  gvqtj  other  line  (that  is,  every  line  which  is  not 
of  the  form  arX',  with  Va?  =  0)  to  the  plane  11  J.  X ;  and  that  it  reduces  every 
line  in  that  plane  to  a  fixed  direction^  fi,  in  the  same  plane,  which  is  thus  the 
common  direction  of  all  the  lines  <p^py  whatever  the  direction  of  p  may  be. 
And  the  symbolical  equation,  x  *  ^'  ~  ^9  expresses  that  this  fixed  direction 
fi  of  <f!^p  may  also  be  denoted  by  x'^O ;  or  that  we  have  the  equation, 

XXX.  .  .  0  =  XM  =  m''/jL  -  ^/Lc,    if    fi^  ifii^py 

which  can  accordingly  be  otherwise  proved  :    with  similar  results  for  the 

conjugate  symbols,  ^'  and  x\ 

(16.)  For  example,  we  may  represent  the  conditions  of  the  presenjt  case  by 

the  following  system  of  equations  (comp.  351,  V.  VII.  IX.  X.,  and  350,  VI. 

VII.  X.  XI.) : 

>/:>  =  (iSap  +  /3'8a>,     i>'p  -  oS/3/9  +  o'8^>, 

XXXI.  .  .  ^0  =  m'=  8 (Vaa'. V/3'i3)  =  Sa^Sa'/iJ' -  Sa/3'Sa'/3, 

//r  =  Sa^  +  Sa'/3' ; 

*  We  propose  to  include  the  case  where  an  operation  of  this  sort  destroy t  a  line,  or  reduces  it  to 
zero,  under  the  case  when  the  same  operation  reduces  a  line  to  aJUed  direeiim^  or  to  d^Jixed plane. 
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X'p  =  V(/3Vo/»  +  0Ta»  =  m"p  -  f  p, 
-^P"  i'XP  "  X^P  =  Vao'S/3/3'p, 
-  "^V  =  *'X>  -  X»  =  V^^'Saa'p ; 
and  may  then  write  (not  here  supposing  A'  =  V/uv,  &c.), 

|X  =  V^/3',     V  =  Taa',    SXV=0, 

^//  =  «^ll«^^     i«'=fa'|lfa,     SX/ii  =  SXV-0; 
after  which  we  easily  find  that 

XXXIV        f*^'"^*    ♦'^"'"'    */^  =  ^'V»    XM-0; 

'  *  '  If  X  =  0,    f  V  II  ,x\    <py  =  mV,    xV  =  0. 

(17.)  Since  we  have  thus  xV  "=  ^>  where  /u'  is  a  line  in  the  fixed  direction 
of  f  V»  we  have  also  the  equation, 

XXXV.  .  .  0  =  SpxV  -  VXP.  or  XA>-J-/; 
the  locus  of  x/>  is  therefore  deplane  perpendicular  to  the  line  fi  \  and  in  like 
manner,  ft  is  the  normal  to  a  plane,  which  is  the  locus  of  the  line  \p.  And 
the  symbolical  equations,  ^ .  ^x  ~  ^>  ♦'•  X  ~  ^>  ^^'•y  ^®  interpreted  as  express- 
ing, that  the  operation  ^  reduces  eyerj  line  in  this  new?  plane  of  x/>  to  the 
fxed  direction  of  f  0,  or  of  X';  and  that  the  operation  f  destroys  every  line 
in  this  plane  ±  /u' ;  with  analogous  results,  when  accented  are  interchanged 
with  unaccented  symbols.  Accordingly  we  see,  by  XXXII.,  that  ^xp  has 
the  fixed  direction  of  Vaa^  or  of  X' ;  and  that  ^ .  ^XP  =  0>  because  ^X' »  0. 

(18.)  We  see  also,  that  the  operation  ^x*  ^^  XPi  destroys  every  line  in 
the  plane  11,  to  which  the  operation  ^  reduces  every  line ;  and  that  thus  the 
symbolical  equations,  ^x  •  ^  =  ^>  X^  •  ♦  "  ^>  ^^7  ^  interpreted. 

(19.)  As  a  verification,  it  may  be  remarked  that  the  fixed  direction  X^  of 
<pXP  or  xPPf  o^S^t  to  be  that  of  the  line  of  intersection  of  the  two  fixed  planes 
of  <l>p  and  xp  l  ^^d  accordingly  it  is  perpendicular  by  XXXIII.  to  their  two 
normals^  X  and  fx' :  with  similar  remarks  respecting  the  fixed  direction  X,  of 
fp'XP  or  xW>  which  is  perpendicular  to  X'  and  to  fi. 

(20.)  Let  us  next  suppose,  that  besides  m  =  0,  and  m'  ==  0,  we  have  i/^  =  0, 
but  that  m^'  is  still  dififerent  from  zero.  In  this  case,  it  has  been  seen  (6.) 
that  the  expression  for  if>p  reduces  itself  to  the  monomial  form^  fiSap ;  and 
therefore  that  the  operation  ^  destroys  every  line  in  ei  fixed  plane  (J.  a),  while 
it  reduces  every  other  line  to  b.  fixed  direction  (11/3),  which  is  not  contained  ui 
that  plane^  because  we  have  not  now  Sa/3  =  0. 
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(21.)  In  this  oase  we  have  by  (16.),  equating  a  or  (i'  to  0,  the  expressions. 


XXXVI. .  . 


so  that  the  equations  XYIII.  are  reproduced ;  and  the  depressed  cubic^  or  the 
quadratic  XXII.  in  ^,  may  be  written  under  the  very  simple  form, 

XXXVII.  . .  0  =  ^x  =  X*- 

(2?.)  Aooordiugly  (comp.  (5.)  and  (7.) ),  the  operation  ^  here  reduces  an 
arbitrary  line  to  the  fixed  direction  of  /3,  while  x  destroys  every  line  in  that 
direction ;  and  conversely,  the  operation  x  reduces  an  arbitrary  line  to  the 
fixed  plane  perpendicular  to  a,  and  ^  destroys  every  line  in  that  fixed  plane. 
But  because  we  do  not  here  suppose  that  m^^  =  0,  the  Jia^ed  direction  of  tpp  is 
not  contained  in  the  fxed plane  of  xp  l  ^^^  (comp.  (8.)  and  (10.))  the  directions 
of  <l>p  and  <l>'p  are  not  rectangular  to  each  other. 

(23.)  On  the  other  hand,  if  we  suppose  that  the  three  roots  of  the  cubic  in 
^  ranishy  or  that  we  have  m  >  0,  m' »  0,  and  m'^ «  0,  as  in  XXIII.,  but  that 
the  equation  \pp  ^  0  is  not  satisfied  for  all  directions  of  p,  then  the  binomial 
forms  XXXI.  of  ^/o  and  <p^p  reappear,  but  with  these  ttco  equations  of  con- 
dition between  their  vector  constants^  whereof  only  one  had  occurred  before  : 

XXXVIII.  .  .  0  =  Sa0Sa'/3'  -  Sn^'Sa'P,     0  =  Saj3  +  Sa'/3^ 

(24.)  We  have  also  now  the  expressions, 

;.  .  .  Xf>  =  -  *p»    X  P  =  -  *V  f 


and  the  cubic  in  ^  becomes  simply  ^*  »  0,  as  in  XXIV. ;  but  it  is  important 
to  observe  that  we  have  not  here  (comp.  (9.) )  the  depressed  or  quadratic  equa- 
tion ^'  =  0,  since  we  have  noio  on  the  contrary  the  two  conjugate  expressioDS, 

XL.  .  .  ^'/»  =5  i/zp  «  YaaSfi'fip,     (p^p  =  xf/p  =  V/3j3'Sa'a/o, 

which  do  not  generally  vanish.  And  the  equation  ^^  =  0  is  now  interpreted^ 
by  observing  that  ^'  here  reduces  every  line  to  the  Jixed  direction  of  ^"^0 ; 
while  <p  reduces  an  arbitrary  vector  to  that  fixed  plane^  all  lines  in  which  are 
destroyed  by  ^*. 

(25.)  In  this  last  case  (23.),  in  which  all  the  roots  of  the  cubic  in  ^  are 
equaly  and  are  null,  tlie  theorem  (12.),  of  the  existence  of  a  common  vector  root 

Hamilton's  Eumbnts  of  Quatbrnions.  3  "^ 
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of  the  three  equations  XXVIII.,  may  be  verified  by  observing  that  we  have 

XI^I.  .  .  ^Vaa'  =  0,     xpYaa'  =  0,     x^^^  ^  ^  5 

the  third  of  which  would  not  have  here  held  good,  unless  we  had  supposed 

m''  =  0. 

(26.)  This  last  condition  allows  us  to  write,  by  (16.), 

XLII. .  .  ^)ti  =  0,    f/=0,    YfiX'^O,    V)ti'X  =  0,    S)Lt/  =  0, 

the  lines  f/  and  fi  thus  coinciding  in  direction  with  the  normals  X  and  X',  to 
the  planes  fl  and  11' ;  if  then  we  write, 

XLIIL  .  .  V  =  VXX' II  V)Lt/,    so  that    S/iv  =  0,    S/v  =  0, 

this  new  vector  v  will  be  a  line  in  the  intersection  of  those  two  rectangular 
plancBy  which  were  lately  seen  (14.)  to  be  the  loci  of  the  lines  <^p  and  ^'^,  and 

are  now  (comp.  (17.) )  the  loci  of  XP  ^^^  XP  >  ^^^  ^^  ^*^^^  *'*^*  '*'  '*'  ^ 
(or  X',  X,  v)  will  compose  a  rectangular  system. 

(27.)  In  general^  it  is  easy  to  prove  that  the  expressions, 


XLIV.  .  . 


0  -  «/3i  +  J/3'i,    /3'  =  a'/3i  +  6'j3^, 

«!  =  fla  +  flV,     a\  =  ba  -\-  b  a', 


in  which  o,  /3,  a',  /3'  may  be  any  four  rectors,  and  «,  J,  « ,  6'  may  be  any  four 

scalars,  conduct  to  the  following  transformations  (in  which  p  may  be  any 

vector  1  * 

XLV. . .  Sai/3i  +  Sa'i/3'i  «  SajS  +  8a'/3' ; 

XLVI. . .  j3i8«,/tt  +  i3'iSa',p  -  jSSap  +  i3'Sa> ; 

XLVII.  .  .  Ya,a\  .V/3',/3i  -  Yaa'  .V^'/3 ; 

so  that  the  scalar,  Sa/3  +  Sa'/3' ;  the  vector,  (5&ap  +  (i'Sap  ;  and  the  quater- 
nion,* Yaa  . Vj3'/3,  remain  unaltered  in  value,  when  we  pass  from  a  given  system 
oifour  vectors  aj3a'/3',  to  another  system  of  four  vectors  ai/3io'i/3'i,  by  expressions 
of  the  forms  XLIV. 

(28.)  With  the  help  of  this  general  principle  (27.),  and  of  the  remarks  in 
(26.),  it  may  be  shown,  without  diflSoulty,  that  in  the  case  (23.)  the  vector 

*  We  hskve,  ia  these  trans/armationt,  examples  of  what  xnBj  be  called  Quaternion  Invarufnt9» 
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oonstants  of  the  binomial  expression  /3Sa/>  +  (i'Sap  for  ^/o  may,  without  any 
real  loss  of  generality,  be  supposed  subject  to  the /our  following  conditions, 

XLVIII. . .  0  -  Sa^  =  Sa'/3  =  8^)3'  =  Sa'/3' ; 

which  evidently  conduct  to  these  other  expressions, 

XLIX.  .  .  0V  =  j3Sai3'Sa>,     ^V  =  0 ; 

and  thus  put  in  evidence,  in  a  very  simple  manner,  the  general  non-d^eaeion 
of  the  cubic  ^'  =  0,  to  the  quadratic^  ^'  =  0. 

(29.)  The  case,  or  mb-case^  when  we  have  not  only  m  =  0,  m'  «  0,  m"  «  0, 
but  aho  xf^  =  Oy  and  therefore  ^*  =  0,  as  a  depressed  form  of  ^'  =  0,  by  the 
linear  function  <pp  reducing  itself  to  the  monomial  /3Sa/>,  with  the  relation 
Saj3  =  0  between  its  constants,  has  been  already  considered  (in  (10.));  and 
thus  the  consequences  of  the  supposition  III.,  that  there  are  (at  least)  two 
equal  but  null  roots  of  the  cubic  in  <p,  have  been  perhaps  sufficiently  discussed. 

(30.)  As  regards  the  other  principal  case  of  equal  roots^  of  the  cubic 
equation  in  ^,  namely  that  in  which  the  vector  constants  are  connected  by 
the  relation  Y.,  or  by  the  equation  of  condition, 

L. .  .  0  =  !»''*  -  4w'  -  (Sa^  +  Sa'py  -  4S(Vaa'.T/3'/3) 

=  (Sa/3  -  Sa'^y  +  4Sa/3'Sa'/3, 

it  may  suffice  to  remark  that  it  conducts,  by  VI.,  or  by  VII.  and  IX.,  to  the 

symbolical  equation, 

LI. . .  0  -  0<1>»,     if    <P  =  <I>-W; 

and  that  thus  its  interpretation  is  precisely  similar  to  that  of  the  analogous 

equation, 

X<p^  =  0,    where    x  =  ^''  "*  ^>  XXIX., 

as  given  in  (14.),  and  in  the  following  sub-articles.* 

« 

*  [The  following  resum^  of  the  special  cases  discussed  in  recent  articles  may  not  be  superfluous : — 
Assuming  arbitrarily  any  three  constant  and  diplanar  vectors  jB,  /iS',  and  /5",  any  linear  vector 
function  (pp  may  be  resolved  along  these  three  vectors  ;  thus  <pp  =  xfi-^  x'$'  +  x"$".  In  this  expres- 
sion X,  x',  and  x"  are  linear  and  scalar  functions  of  p,  and  may  consequently  be  replaced  by  Bap, 
Sap,  and  Sa'p.  Hence  the  trinomial  form  <pp  =  fiSap  f  $'Qap  +  $"Qa"p  is  established,  and  the 
function  f  is  made  to  depend  upon  the  three  vectors  a,  a',  and  a".  When  these  are  given,  ^  is  deter- 
mined ;  and  conversely,  when  ^  is  given,  the  three  vectors  a,  a',  and  a"  are  determinate,  retaining 
always  the  same  set  of  vectors  of  reference  fi,  iS',  and  fi'\  Special  cases  will  arise  when  special 
relations  connect  a,  a ,  and  a'. 

If  ^p  B  0  for  a  pai-ticular  value  of  p.  Sap  »  Sap  =  Sa'p  =  0  are  necessary  consequences,  and 

3T2 
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353.  When  we  have  m  =  0,  but  not  ni  =  0,  nor  w"*  -  4in',  the  three  roots 

of  the  oubic  in  ^  are  all  unequal^  while  one  of  them  is  still  nullj  as  before ; 

and  the  two  roots  of  the  quadratic  and  scalar  equation^  with  real  coefficients 

(347), 

I. . .  0  =  c*  +  w  c  +  m\ 

whioh  is  formed  from  the  cubic  by  changing  ^  to  -  c,  and  then  dividing  by 
Cy  are  also  necessarily  uneqiml^  whether  they  be  real  or  imaginary.  We  shall 
find  that  when  these  two  scalar  roots^  Ci^  Cty  are  real^  there  are  then  ttco  real 
directions f  pi  and  p2,  in  thai  Jixed  plane  11  which  is  the  locus  (351,  352)  of  the 
line  <ppy  possessing  the  property  that  for  each  of  them  the  homogeneous  and 
vector  equation  of  the  second  degree^ 

II. . .  V/tt^/)  =  0,    or    i^p  II  py 

is  satisfied,  without  p  vanishing ;  namely  by  our  having,  for  the  Jirst  of  these 
two  directions,  the  equation 

III. .  •  ifipi  =  -  c^piy  or  ^1^1  =  0,  if  ^i  «  ^  +  Ci ; 
and  for  the  second  of  them  the  analogous  equation, 

IV.  t .  fftpt  =  —  Cipzy  or  ^3/oa  =  0,  if  ^  B  ^  -I-  c, : 
but  that  no  other  direction  of  the  real  and  actual  vector  p,  satisfies  the  equation 

therefore  a,  a,  and  a"  (if  actual)  must  be  complanar.  But  if  a,  a',  and  a"  are  complanar,  the  tri- 
nomial form  reduces  on  rearrangement  to  the  binomial  form 

4>p  =  (/8  +  a/8")  Sop  +  (/B*  +  a'/8")  So>, 

provided  a  and  a'  are  the  scalars  determined  by  the  relation  of  complanarity  a"  =  oa  +  a'a,  Con- 
▼ersely,  if  the  trinomial  reduces  to  a  binomial  form,  the  three  vectora  a,  a',  and  a"  (if  actual)  must  be 
complanar. 

Further  reduction  to  the  monomial  form  will  not  be  possible  unless  these  three  yectors  are  parallel. 
In  genenil,  also,  as  if^p  »  Yaa''8fi''fi'p  -f  Ya"a!&fifi"p  +  Yaa'SjS'iSp,  ^p  will  not  vanish  identically,  or  the 
equation  ^  =  0  will  not  be  true,  unless  the  vectora  are  parallel.  This  easily  follows  on  replacing  p 
successively  by  iS,  fi',  and  iS". 

Remarking  that,  when  ^  is  expressible  in  a  binomial  form,  it  reduces  those  vectors  which  it  does 
not  annul  to  a  fixed  plane,  we  may  assume  a  plane  containing  a  pair  of  arbitrarily  chosen  vectors 
fi  and  fi',  and  consider  all  those  functions  4>  which  reduce  vectors  to  this  particular  plane.  Just  as  in 
the  cose  of  the  trinomial  form,  these  functions  ^  may  be  expressed  by  the  type  ^p  «=  fiSap  +  iS'Sa  p, 
and  they  depend  on  and  may  be  determined  by  the  vectors  a  and  a  if  the  vectors  fi  and  fi'  are  pre- 
served unchanged. 

A  second  root  of  the  cubic  will  vanish  if  m*  =  SYeutYfi'fi  is  equal  to  zero.  This  may  happen  in 
two  ways — (1)  when  Yoa's  0,  in  which  case  the  binomial  is  reducible  to  the  monomial  form,  and  ^ 
will  vanish  for  all  values  of  p,  or  ^  =  0 ;  (2)  when  Yaa  la  actual  and  perpendicular  to  Yfifi^,  that  is, 
when  the  plane  of  a  and  a  is  at  right  angles  to  that  of  fi  and  fi\    In  this  latter  case,  the  assumjitions 
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Y.,  except  that  third  which  has  already  heen  considered  (351),  as  satisfying 
the  linear  and  vector  equation, 

ir...i^p^Qy    with    Tp>0. 

It  will  also  be  shown  that  these  two  directions,  pi^  p^y  &re  not  only  real,  but 
rectangular,  to  each  other  and  to  the  third  direction  p,  when  the  linear  function 
<l>p  is  self-conjugate  (349,  (4.)),  or  when  the  condition 

VI. . .  ^'p  =  <^p,    or    VI'. . .  SX^jo  =  Sp^A, 

is  satisfied  by  the  given  form  of  ^,  or  by  the  constants  which  enter  into  the 
composition  of  that  linear  symbol ;  but  that  when  this  condition  of  self-conju- 
gation is  not  satisfied,  the  roots  of  the  quadratic  I,  may  happen  to  be  imaginary: 
and  that  in  this  case  there  exists  no  real  direction  of  p,  for  which  the  vector 
equation  II.  of  the  second  degree  is  satisfied,  by  actual  values  of  p,  except  that 
one  direction  which  has  been  seen  before  to  satisfy  the  linear  equation  Y. 

(1.)  The  most  obvious  mode  of  seeking  to  satisfy  II.,  otherwise  than 
through  Y.,  is  to  assume  an  expression  of  the  form,  p-x^-^  x'^\  and  to 
seek  thereby  to  satisfy  the  equation,  (^  +  c)p  =  0,  with  ^p  =  /BSo/a  +  /3'Sa'p, 
by  satisfying  separately  the  two  scalar  equations, 

YII. .  .  0  =  a?(c  +  Sa/3)  +  ir'Sa^',     0  =  x\c  +  Sa'jSO  +  ^«'/3. 


a  B  a^"  -f  dV/SiS'  and  a  =  a')8"  +  IT^fiff  are  legitimate  when  a,  a\  b^  and  ^  are  scalars,  while  0"  is 
some  yector  in  the  plane  of  fi  and  fi\  and  not,  as  before,  diplanar  to  them.  Beplacing  a  and  a,  the 
new  binomial  form,  (pp  =  {afi  +  a'0')S$"p  +  (bfi  4  b'fi')SYfi0f,  p  is  obtained,  and  \^p  =  (ab'  ~  a'b) 
V.  0"Yfifi'S$'fip. 

Again,  a  third  root  wD^  vanish  if  m"  =  SajS  +  SajB'  =  S{afi  +  a'fi')0"  =  0,  or  if  fi"  ||  V(«/8  +  a'fi')Yfifi^, 

Examining  separately  the  case  in  which  the  symbolic  equation  of  the  binomial  is  depressed  to  a 

quadratic,  it  is  seen  at  once  that  it  must  be  of  the  form  <p'*  -k-  xf  =  0.     It  cannot  be  of  the  form 

^'  +  ^^  +  y  =  0,  for  ipp,  4flpy  &c.,  are  in  the  plane  of  fi  and  fi%  and  p  is  not  generally  in  that  plane. 

On  calculation  of  ip'^p,  it  is  found  that 

^V  +  x^pp  =  fii^afiSap  +  Ba0Sap  +  xSap)  +  fi'iSa'fiSap  +  SajB'SoV  +  xSap) ; 

and  if  this  vanishes  for  all  values  of  p, 

a?  =  -  Sa/5  =  -  Sa'iB',     and    Sa/5'=  So'iB  =  0. 

The  second  pair  of  equations  is  satisfied  by  assuming  a  «  Yr'fi'  and  a  -  Yrfi,  and  then  from 
the  first  pair  x=s  —  Hr'fi'fi  s  —  Sr)8i3'.    Hence,  it  is  easy  to  see  that  the  general  solutions  are 

a  =  aYfifi'  -  X  ^,  and  o'  =  a'Yfifi'  +  x  ^|^,  and  that  Voo'  =  -  a:  (afi  +  a'fi'  +  ~\  • 

From  these  x=»  —  ^m",  and  a;'  s  +  m'  =  im"^.    If  a;  vanishes,  the  function  becomes  monomial. 

Of  course  when  m  is  zero,  the  usual  solution  mp  =■  if^ir  of  the  equation  ^p  =  tr  is  nugatory.  In  this 
case,  since  ^'p  —  in"(p^p  +  m'^p  =  0,  or  <p^<r  -  m"^<r  +  m'fp  =  0,  the  solution  is  m'p  =  m'V  -  ^<r+ ^"'0, 
and  it  is  indeterminate ;  if  in  addition  m'  =s  0,  the  solution  is  m'*p  =  ir  +  ^~'0.] 
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which  give,  by  elimination  of  a! :  a?,  the  following  quadratio  in  c, 

VIII.  .  .  (c  +  Sa/3)  [C  +  Sa'00  -  Sa^'Sa'jS, 

which  is  easily  seen  to  be  only  another  fonn  of  I.  Denoting  then,  as  above, 
by  Ci  and  Ca,  the  rooU  of  that  quadratio  I,,  supposed  for  the  present  to  be 
redly  we  have  these  two  real  directions  for  />,  in  the  plane  11  of  j3,  )3' : 

IX.  ..p,^  j3(ci  +  Sa'^')  -  /3'Sa'/3  =  c,/3  +  VaTP'/3 ; 
X. . .  p3  =  /3(ra  +  8a'/30  -  /3'Sa'/3  =  c^jS  +  VaT/3'/3 ; 
which  satisfy  the  equations  III.  and  IV.     In  fact,  the  expression  IX.  gives 

if>pi  =  c,^/3  +  m'/3  =  -  (?,pi,     or     ijupi  =  0, 
because  we  may  write  it  thus, 

XI. . .  /)i  =  (m"  +  c,)/3  -  ^j3  =  -  r^/S  -  ^/3  =  -  ^20  =  -  ^j3  -  m'cr'fi; 
and  in  like  manner,  the  expression  X.  may  be  thus  written, 

XII. . .  p,  -  (m"  +  (?,)j3  -  ^/3  -  -  (?ii3  -  ^j3  =  -  ^,j3  =  -  ^j3  -  mW% 

and  gives, 

^/t>3  =  ^2^/3  +  m'j3  »»  -  Ctpf    or    ^spi  -  0. 

(2.)  We  may  also  write, 

XIII.  ..p\  =  ^'{c^  +  Sa/3)  -  ^SajS'  =  (?i0'  +  VaVjS^'  «  -  «^'  II  /t>i ; 

XIV. . .  p',  =  ^\c  +  Sa/3)  -  /3Sa0'  =  (^'  +  VaV0/3' «  -  ^.j3'  II  p.; 

and  shall  then  have  the  equations, 

XV. . .  ^i/t)'i  =  0,    <i>ip\  =  0 ; 

but  the  directions  of  p\  and  p'2  will  be  the  same  by  VIII.  as  those  of  pi  and 
/h,  and  so  will  furnish  no  new  solution  of  the  problem  just  resolved. 
(3.)  Since  we  have  thus, 

XVI. . .  ^2)3'  II  ^2/3  II  pi  II  ipi-%    and    XVI. . .  ^,/3'  II  ^i/3  II  />,  ||  ^'0, 

it  follows  that  the  operation  <pt  reduces  every  line  in  the  fia^d  plane  of  ^p  to 
\h.Q  fixed  direction  of  ^i~^0;  and  that,  in  like  manner,  the  operation  ^1  reduoes 
every  line,  in  the  same  fixed  plane  of  ^p,  to  the  other  fixed  direction  of  ^"H). 
(4.)  Hence  we  may  write  the  symbolic  equations, 

^YIJ..  •  ,  d>i ,  ^2^  ^  ^9      ^2  •  4^1^  ^  ^9 

in  which  the  points  may  be  omitted ;  and  in  fact  we  have  the  transformations, 

XVIII. . .  ^1^,  =  <pi^i  =  (0  +  Ci)  (^  +  C2)  =  ^'  -  w"^  +  m'  »  \/^, 
BO  that 
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(6.)  If  we  propose  to  form  \pi  from  ^i,  by  the  same  general  rule  (347, 
XI.)  by  which  \p  is  formed  from  ^,  we  have 

and  therefore,  by  the  definition  350,  VIII.  of  x» 

XX.  . ,  \pip  =  xpp  +  C\yp  +  Cipy     or    XXI. . .  t//i  =  \//  +  Cx\  +  c^ ; 
and  in  like  manner, 

XXII.  .  .  \//a  =  l//  +  Cg^  +  C2f 

even  if  m  be  different  from  zero^  and  if  (?i,  c^  be  arbitrary  scalara, 

(6.)  Accordingly,  without  assuming  that  ;n  mnisheSy  if  we  operate  on  \pip 
with  ^1,  or  symbolically  multiply  the  expression  XXI.  for  \Pi  by  ^i,  we  get 
the  symbolic  product, 

XXIII. . .  ^ii/^i  =  (^  +  Ci)  ('A  +  ^ix  +  ^1*) 

=  *!/'  +  <?i(^x  +  ^)  +  ^i'(0  +  X)  +  ^i' 

=  m  +  Ciw'  +  Ci*w/'  +  Ci^  =  Ml, 

whero  Wi  is  what  the  scalar  m  becomes,  when  ^  is  changed  to  ^i,  or  is  such  that 

XXIV. . .  WiSA/Av  =  S .  ^'iX^'i/i^'iv  «  S .  (fj/X  +  Cik)  {<p'fji  +  Cijj)  [if/v  +  Civ) ; 

as  appears  by  the  definitions  of  0',  \p,  x»  ^>  ^'>  ^  ^  ^"^^  ^7  *^®  relations 
between  those  symbols  which  have  been  established  in  recent  Articles,  or 
in  the  sub-articles  appended  to  them. 

(7.)  Supposing  now  again  that  m^  0,  and  that  Ci,  Ca  are  the  roots  of  the 
quadratic  I.  in  c,  we  have  by  XXIII., 

XXV. . .  ^ixfji  =  mi  »  0 ;    and  in  like  manner    XXVI. . .  <pi^2  -  fna  «  0, 

if  m%  be  formed  from  mi,  by  changing  Ci  to  c%. 

(8.)  Comparing  XXV.  with  XXVII.,  we  may  be  led  to  suspect  the 
existence  of  an  intimate  connexion  existing  between  \pi  and  ^2^,  since  each 
reduces  an  arbitrary  vector  to  the  fixed  direction  of  ^f^O,  or  of  pi ;  and  in  fact 
these  two  operations  are  identical^  because,  by  XXI.,  and  by  the  known 
relations  between  the  symbols,  we  have  the  transformations, 

XXVII. . .  ;//i  =  1/^  +  Cix  +  c,'  »  (w'  -  m"<p  +  ^*)  +  Ci[m''  -  0)  +  Ci* 

=  0'  -  Ini^  +  Ci)0  =  0'  +  C^fh  =  00a  ; 

_,,__  •        >  til  fit 

and  similarly 

XXVIII. . .  ^a  =  0^  +  <?i0  =  001 ; 
while  \lf  =  010,,  as  before. 
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(9.)  We  have  thus  the  new  symbolic  equation^ 

in  which  the  three  symbolic  factors^  0,  0i,  0a  may  he  in  any  manner  grouped 
and  transposed^  so  that  it  includes  the  two  equations  XYII. ;  and  in  which 
the  Buhject  of  operation  is  an  arbitrary  vector  p.  Its  interpretation  has  been 
already  partly  given ;  but  we  may  add,  that  while  0  reduces  every  vector  to 
thejiofed  plane  11,  0i  reduces  every  line  to  another  fixed  plane,  IIi,  and  0s 
reduces  to  a  third  plane,  lis ;  thus  0i02,  or  030i,  while  it  destroys  tioo  lines  p^ 
P2i  and  therefore  every  line  in  the  plane  11,  reduces  an  arbitrary  line  to  the 
fixed  direction  of  the  intersection  of  the  two  planes  Ilillay  which  intersection 
must  thus  have  the  direction  of  0~^O ;  and  in  like  manner,  the  fixed  direction 
pi  of  0r*O,  as  being  that  to  which  an  arbitrary  vector  is  reduced  (3.)  by  the 
compound  operation  020,  or  002,  must  be  that  of  the  intersection  of  the  planes 
nn2 ;  and  p^,  or  02~'O,  has  the  direction  of  the  intersection  of  nili ;  while  on 
the  other  hand  002  destroys  every  line  in  IIi,  and  00i  every  line  in  Da :  so 
that  these  three  planes^  with  their  three  lines  of  intersection^  are  the  chief 
elements  in  the  geometrical  interpretation  of  the  equation  00i02  »  0. 
(10.)  The  conjugate  equation^ 

A.  A  A.  •  •  0  0 10  3  =  U, 

may  be  interpreted  in  a  similar  way,  and  so  conducts  to  the  consideration  of 
a  corrugate  system  of  planes  and  lines ;  namely  the  planes  n^  ^^,  TL't,  which 
are  the  loci  of  0'/o,  0^/o,  0^f>,  while  the  operations  0^0^,  0^20^9  and  0^0^  destroy 
all  lines  in  these  three  planes  respectively,  and  reduce  arbitrary  lines  to  the 
fixed  directions  of  the  intersections^  II'iIl^,  Ti\Tl\  ^^^^,  which  are  also  those 
of  0'-^O,  0V'O,  0V'O. 

(11.)  It  is  important  to  observe  that  these  three  last  lines  are  the  normak 
to  the  three  first  planes,  U,  n',  11'' ;  and  that,  in  like  manner,  the  \hxee  former 
lines  tcTQ  perpendicular  to  the  three  latter*  planes.  To  prove  this,  it  is  sufficient 
to  observe  that 

XXXI.  .  .  Qp'fpp  =  S|O0V  =  0,    if    0V  «  0,    or  that    0/t)  ±  0'-^O ; 

and  similarly,  0'/o  J.  0"^O,  &c.* 

*  [More  symmetrically,  without  assuming  one  root  to  be  zero,  if  ^  satisfies  the  symbolical  cubic 
(^  +  <ri)  (^  +  €%)  (4>  +  ^)  =  0,  it  is  easy  to  show  that  pi,  the  result  of  operating  by  (^  +  c»)  (^  +  Ci)  on 
any  vector  p,  is  parallel  to  a  fixed  direction.  For  a  second  arbitrary  vector  ir  may  be  expressed  in  the 
form  ar^V  +  VPP  +  «Pi  ^^^  so  (^  +  c*)  (^  +  e{)ir  =  x<p^p\  +  ypp\  +  tp\  =  (a«?i*  -  yci  +  «)pi  (since  by  the 
symbolical  cubic  (^  +  c\)pi  s=  0)  is  likewise  ||  pi.     Thus  the  operators  (<^  +  c»)  (^  +  «i),  (^  +  «i)  (^  -»-  <i), 
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(12.)  Instead  of  eliminating  ni :  x  between  the  two  equations  VII.,  we 
might  have  eliminated  c ;  which  would  have  given  this  other  quadratic^ 

XXXII.  .  .  0  =  ir^Sa'iS  +  «a?'(Sa'/3'  -  Sa/3)  -  iP'^Sa^' ; 

also,  if  (xfx  :  Xx  and  x\ :  x^  be  the  two  values  oiafix^  then 

^^^  XXXIII.  ..pxW  Xxfi  +  x\fi\     p2  II  x,p  +  j^^p\ 

XXXIV.  .  .  xxx^ :  {xxTft  +  x^\)  :  ixfxx\  =  -  Sa/3' :  (Sa/3  -  Sa'jS') :  So'/3  ; 

henoe  the  condition  of  rectangularity  of  the  two  lines  /oi,  /o,,  or  ^f^O,  ^r^O,  is 
expressed  by  the  equation, 

XXXV. . .  0  =  -  /3^Sa/3'  +  Si3/3'(Saj3  -  Sa'/3')  +  /B'^Sa'/S  =  S  •  i3/3TOa  +  /3V) ; 

and  consequently  it  is  satiafiedy  if  the  given  function  ^  be  self-conjugate  (VI.), 
because  we  have  then  the  relation, 

XXXVI.  .  . V^a  +  V/3V=  0; 

in  fact  the  binomial  fonn  of  ^  gives  (comp.  349,  XXII.), 

XXXVII.  .  .  f  p  -  ^/t>  =  (aSjSp  -  /3Sa/t>)  +  (a'Si3>  -  ^^Sa^)  =  V.  pNf^a  +  /3V), 

which  cannot  vanish  independently  of  /o,  unless  the  constants  satisfy  the  con- 
dition xxxvr. 

(13.)  With  this  condition  then,  of  self-conjugation  of  ^,  we  have  the  relation 
of  rectangularity y 

XXXVIII.  .  .  S/oi/t>2  =  0,*    or    ^f'O  ±  ^r'O  ; 

at  least  if  these  directions  pi  and  p%  be  r^a/,  which  they  can  easily  be  proved 
to  be,  as  follows.     The  condition  XXXVI.  gives, 

XXXIX.  ..0  =  8.  aa'N{i^a  +  ^V)  =  a«Sa'/3  +  Saa'(Sa'/3'  -  Sa/3)  -  a'»Sa/3' ; 


and  (^  +  c\)  (^  +  ^2)  reduce  any  vector  to  lines  parallel  respectively  to  three  fixed  directions  p\,  p2, 
and  pz.  Further,  by  the  property  of  the  conjugate  function  ^\  (4/  +  ei)p  is  a  general  expression  for  a 
vector  perpendicular  to  pi.  In  the  same  way  (^'  +  ct)  (^'  +  C3)p  is  perpendicular  to  pt  and  also  to  pz 
and  parallel  to  a  fixed  direction  p'l  which  satisfies  (^'  +  ci)p'i  =  0  ;  and  p'z  and  p'z  similarly  found  and 
satisfying  (^'  +  ei)p*%  and  (^'  +  ez)pz  =  0  are  at  right  angles  respectively  to  the  planes  of  pz,  pi,  and 
of  pi,  pz.  Taking  unit  vectors  through  a  common  origin  and  parallel  to  these  fixed  vectors,  XJpi,  Ups, 
and  XJpz  determine  a  triangle  on  the  unit  sphere  and  Vp'i,  Vp't,  and  Up's  are  the  vectors  to  the  vertices 
ofthe  supplemental  triangle.  Again  if  y  is  the  spin-vector  defined  in  349  (4.),  TJ(^  +  ^1)7  or  its  equal 
U(^'  +  ri)7  terminates  at  the  pole  of  the  great  circle  through  JJpi  and  XJp'i,  and  the  point  determined 
by  VYyipy  is  the  common  orthocentre  of  the  two  triangles.  When  the  function  is  self-conjugate, 
the  two  supplemental  triangles  coincide,  and  consequently  the  solutions  of  Yp<^op  =  0  are  mutually 
perpendicular  (16.).] 

•  [In  general  by  349  (4.),  2Sypipz  =  S(^  -  4>lpipi  =  (<^  -  ei)Bpipi.  So  if  pi  is  perpendicular 
to  pa,  7,  if  it  does  not  vanish,  lies  in  their  plane.  Conversely,  if  7  lies  in  the  plane  of  pi  and  p», 
•ither  Spipt «  0,  or  ei  b  ^.] 

Hamilton's  Elxmsnts  of  Quathutioks.  3  ^ 
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hence  (a'Sa'jS  -  a''8afiy  =  (Saa')»  (Sa/3  -  Sa'fi')\ 

a'o^{m"^  -  4^0  =  aVM(SaP  -  Sa'/3')'  +  4SaP'Sa'P) 
=  (a'a'»  -  (SaaO')  (Sa/3  -  Sa'jSO'  +  («'S«'/3  +  fl"Sa/3')'  >  0, 

and  XL.  .  .  (Sa^  -  8a'/30'  +  4Sa0'Sa'/3  =  m"»  -  4m'  >  0 ; 

80  that  each  of  the  two  quadratics,  I.  (or  YIII.)}  and  XXXII.,  has  real  and 
unequal  roots :  a  conolusion  which  may  also  be  otherwise  derived,  from  the 
expressions  /3  =  aa  +  ba\  (i^  =  ba  +  a^Uy  which  the  condition  allows  us  to 
substitute  for  j3  and  /3^ 

(14.)  The  same  condition  XXXVI.  shows  that  the ybt^r  vectors  afiafi^  are 
complanar,  or  that  we  have  the  relations, 

XLI.  .  .  SaP^' -  0,     Sa'/3i3'=0,     V(Vaa'.V^'/3)  «  0 ; 

hence  Yaa\  or  ^""0  is  now  normal  to  the  plane  U ;  and  therefore  by  (13.), 
when  the  Junction  ^  is  self-conjugate  (VI.),  the  three  directions^ 

XLII.  .  .  /t>,  Ply  Ply    or    ^"^0,  ^r'O,  ^2*'0, 

compose  a  real  and  rectangular  system. 

(15.)  In  the  present  series  of  sub-articles  (to  353),  we  suppose  that  the 
three  roots  of  the  cubic  in  ^  are  all  unequaly  the  cases  of  equal  roots  (with  m  «  0) 
having  been  discussed  in  a  preceding  series  (352) ;  but  it  may  be  remarked, 
in  passing,  that  when  a  self-conjugate  function  t^p  is  reducible  to  the  monomial 
form  /3Sa/t>,  we  must  have  the  relation  V/3a  =  0 ;  and  that  thus  the  line  /3,  to 
the  Jixed  direction  of  which  (comp.  352,  (5.)  and  (6.) )  the  operation  ^  then 
reduces  an  arbitrary  vector,  is  petpendicular  to  the  fxed  plane  (352,  (7.)),  every 
line  in  which  is  destroyed  by  that  operation  <f>. 

(16.)  In  general,  if  ^  be  thus  self-conjugate,  it  is  evident  that  the  three 
planes  n',  II'i,  Il'a,  which  are  (comp.  (10.))  the  loci  of  ^'/t>,  ^'jp,  ^V>  coi^^^de 
with  the  planes  11,  111,  lis,  which  are  the  loci  of  ^p,  ^ip,  ^ap* 

(17.)  When  ^  is  not  self-conjugate,  so  that  ^p  and  ^p  are  not  generally 
equal,  it  has  been  remarked  that  the  scalar  quadratic  I.,  and  therefore  also  the 
symbolical  cubic  in  ^,  may  have  imaginary  roots ;  and  that,  in  this  case,  the 
vector  equation  II.  of  the  second  degree  cannot  be  satisfied  by  any  real  direction 
of  p,  except  that  one  which  satisfies  the  linear  equation  V.,  or  causes  ^p  itself 
to  vanish,  while  p  remains  real  and  actual.  As  an  example  of  such  imaginary 
scalarSy  as  roots  of  I.,  and  of  what  may  be  called  imaginary  directionsy  or 
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imaginary  vectors  (oomp.  214,  (4.) ),  which  correspond  to  those  soalars,  and  are 
themselves  imaginary  roots  of  II.>  we  may  take  the  very  simple  expressions 
(oomp.  349,  XII.), 

XLIII.  .  .  ^/t>  =  V7/0,    ^'p  =  -  V7/t> ; 

in  whioh  y  denotes  some  real  and  given  vector,  and  which  evidently  do  not 
satisfy  the  condition  YI.,  the  function  ^  being  here  the  negative  of  its  own 
conjugate,  so  that  its  self-co^fugate  part  ^0  is  zero  (comp.  349,  XIII.).  We 
have  thus, 

XLIV-  .  .  Wo  =  0,    w'o  =  0,    m'\  «  0,    ^0  -  0,    1^0  =  0>    Xo  =  0, 
and  consequently,  by  the  sub-articles  to  349  and  360, 

XLV.  .  .  w  =  0,     w' «  -  7*,     w"  =0,     if p  =  -  ySy/tt,     XP  =  "  ^7/»  5 
the  quadratic  I.,  and  its  roots  Ci,  c%y  become  therefore, 

where  v^-  1  is  the  imaginary  of  algebra  (comp.  214,  (3.) ) ;  thus  by  XX.  or 
XXI.,  and  XXII.  we  have  now 

XLVn.  .  ,  \//i<r  =  -  ySya  -  c^ya  +  (?i'<y  =  (7  -  C^  V7<r,     i/^aa  =  (7  -  C^^y<r  \ 

hence 

oy\lf\9  =  0,     Ny\l^\a  =  7i/'i<Tj  &C., 

XLVIII.  .  .  ^ii//i<r  «  (^  +  Ci)\l,i<r  =  (7  +  Cx)  (7  -  <?i)V7<r  =  (7*  -  Ci*)V7(t  =  0, 

and  in  like  manner  XLVIII^  .  .  i^i(p%v  =■  0  ; 

if  then  we  take  an  arbitrary  vector  a,  and  derive  (or  rather  conceive  as  derived) 
from  it  two  {itnaginary)  vectors  pi  and  p^  by  the  (imaginary)  operations  \pi  and 
\/^2,  we  shadl  have  (comp.  III.  and  lY.)  the  equations, 

XLTX.  . .  /oi  =  \pi(ry    ^i/t>i  =  0,    <ppi  =  -  Cipu    Vpi0/>i  =»  0, 

and  L.  .  .  /02  ="  i/zatr,      ^ap2  *=  0,      ^ps  =  —  C2p8,      ^p%^p2  =  0, 

as  ones  which  are  at  least  symbolically  true.  We  find  then  that  the  two  imagi^ 
nary  directions^  px  and  p^^  satisfy  (at  least  in  a  symbolical  sense,  or  as  far  as 
calculation  is  concerned)  the  vector  equation  II.,  or  that  pi  and  pt  are  two 
imaginary  vector  roots  of  V/o^p  =  0  ;  but  that,  because  the  scalar  quadratic  I. 
has  here  imaginary  rootsy  this  vector  equation  II.  has  (as  above  stated)  no  real 
vector  root  p,  except  one  in  the  direction  of  the  given  and  real  vectoi'  7,  which 
satisfies  the  linear  equation  V.,  or  gives  tpp  =  0. 

a  u  2 
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(18.)  This  particular  example  might  have  been  more  simply  treated,  by  a 
less  general  method,  as  follows.     We  wish  to  satisfy  the  equation, 

LI.  .  .  0  ^Y.pYyp  =  pSyp  -  p^y  ; 

which  gives,  when  we  operate  on  it  by  V.  y  and  V.  p,  these  others, 

LIL  ..0=V7/o.S7p,    O^p^Yyp; 

if  then  we  wish  to  avoid  supposing  ^p  «  Yyp  «  0,  we  must  seek  to  satisfy  the 
two  scalar  equaiumSy 

LIII.  .  .  8yp  «  0,    p»-0; 

and  conversely,  if  we  can  satisfy  these  by  any  (real  or  imaginary)  p,  we  shall 
have  satisfied  (really  or  symbolically)  the  vector  equation  LI.  Now  the  first 
equation  LIII.  is  satisfied,  when  we  assume  the  egression, 

LIT.  .  .  p  =  (c  +  7) Vy<r  =  Yy<j .  [c  -  7), 

where  9  is  an  arbitrary  vector,  and  c  is  any  scalar,  or  symbol  subject  to  the 
laws  ofscalars ;  and  this  expression  LIV.  for  p,  with  its  transformation  just 
assigned,  gives 

LV.  .  .  p^  =  (c*  -  7»)  [YytrY  =  0,     if    c*  -  7"  =  0  ; 

the  quadratic  XLYI.  is  therefore  reproduced,  and  we  have  the  same  imagifiary 
roots,  and  imaginary  directions,  as  before. 

(19.)  Oeometricallyy  the  imaginary  character  of  the  recent  problem,  of 
satisfying  the  equation  V.  pV7p  =  0  by  any  direction  of  p  except  that  of  the 
given  line  7,  is  apparent  from  the  circumstance  that  <pp,  or  V7P,  is  here  a 
yector perpendicular  to  p,  if  both  be  actual  lines;  and  that  therefore  the  one 
cannot  be  also  parallel  to  the  other,  so  long  as  both  are  real.* 

354.  In  the  three  preceding  Articles,  and  in  the  sub-articles  annexed,  we 
have  supposed  throughout  that  the  absolute  term  of  the  cubic  in  ^  is  toanting, 
or  that  the  condition  m  =  0  is  satisfied ;  in  which  case  we  have  seen  (351) 


•  Accordingly  the  two  imaginary  direetiom,  aboye  found  for  p,  are  eaaily  a^n  to  be  those  which 
in  modem  geometry  are  called  the  directions  of  lines  draum  in  a  given  plane  (perpendicular  here  to  the 
given  line  7),  to  the  circular  pointt  at  injinity :  of  which  supposed  directions  the  imaginary  character 
may  be  said  to  be  precisely  this,  that  each  is  (in  the  given  plane)  its  own  perpendicular^ 

[As  additional  examples : — 

If  <pp  =  qpqr^f  it  is  obvious  that  f'  =  <f>-^.  This  shows  that  the  cubic  of  ^  is  lecipiocal,  and  it 
may  eaaly  be  reduced  to  (^  -  1)  (^»  -  2  cos  2m  4>  +  1)  =  0  if  «  =  z.  q.  The  real  direction  is  \g,  and 
the  imaginary  directions  are  the  lines  to  the  circular  points  at  infinity  in  the  plane  perpendicular  to 
Yq.  Again,  if  <p  changes  a  into  jB,  fi  into  7,  and  y  into  a,  the  cubic  is  ^'-1=0.  The  directions 
are  a  +  «^  +  a,*^,  where  «  is  an  algebraic  cube  root  of  unity.] 
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that  it  is  always  possible  to  satisfy  the  linear  equation  ^p  =  0,  by  at  least  one 
real  and  actual  value  of  p  (with  an  arbitrary  scalar  coefl5cient) ;  or  by  at 
least  one  real  direction.  It  will  be  easy  now  to  show,  that  although  con- 
versely (oomp.  351,  (4.) )  the  function  ^p  cannot  vanish  for  any  actual  vector 
p,  unless  we  have  thus  m  «  0,  yet  there  is  always  at  least  one  real  direction  for 
which  the  vector  equation  of  the  second  degree^ 

I.  .  .  Yp<f>p  =  0, 

which  has  already  been  considered  (353)  in  combination  with  the  condition 
m  ^  Of  IB  satisfied ;  and  that  if  the  function  ^  be  a  self'conjugate  one,  then 
this  equation  I.  is  always  satisfied  by  at  least  three  real  and  rectangular  direc' 
tionsy  but  not  generally  by  more  directions  than  three ;  although,  in  this  case 
of  self'coryugationj  namely  when 

II.  • «  ^  /o  =  <Ppj     or     IT,  •  •  8\if>p  =  S/o^X, 

for  all  values  of  the  vectors  p  and  X,  the  equation  I.  may  happen  to  become 
true,  for  one  real  direction  of  />,  and  for  every  direction  po^endicular  thereto  : 
or  even  for  all  possible  directions,  according  to  the  particular  system  of 
constants,  which  enter  into  the  composition  of  the  Junction  tj^p.  We  shall 
show  also  that  the  scalar  (or  algebraic)  and  cubic  equation, 

III.  ..  0  =  W  +  !»'(?  +  wV  +  c*, 

which  is  formed  from  the  symbolic  and  cubic  equation  350, 1.,  by  changing  ^ 
to  -  c,  enters  importantly  into  this  whole  theory ;  and  that  if  it  have  one  real 
and  two  imaginary  roots,  the  quadratic  and  vector  equation  I.  is  satisfied  by 
only  one  real  direction  of  p  ;  but  that  it  may  then  be  said  (comp.  363,  (17.) )  to 
be  satisfied  also  by  two  imaginary  directions,  or  to  have  two  imaginaf^y  and  vector 
roots  :  so  that  this  equation  I.  may  be  said  to  represent  generally  a  system  of 
three  right  lines,  whereof  one  at  least  muust  be  real.  For  the  case  II.,  the 
scalar  roots  of  III.  will  be  proved  to  be  always  real ;  so  that  if  m^,  m\,  and  m"o 
be  formed  (as  in  sub-articles  to  349  and  350)  from  the  self-corrugate  part  (p^p 
of  any  linear  and  vector  function  ^p,  as  m,  m\  and  m''  are  formed  from  that 
function  ^p  itself,  then  the  new  cubic, 

rV.  .  .  0  =  Wo  +  wV  +  m'V  +  (?f 

which  thus  results,  can  never  have  imaginary  roots. 
(1.)  If  we  write, 

Y...<Pp^i^p  +  cp,  4>  p  =  <l>'p  +  cp,  or  briefly,  V'. . .  ^  =  ^  +  c,  ^'  =  /  +  c, 
where  c  is  an  arbitrary  scalar,  and  if  we  denote  by  ^,  "¥',  and  M  what  \p,  \p\ 
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and  m,  become,  by  thiB  change  of  ^  to  ^  +  o  or  ^,  the  caLoulations  in 
353,  (5.),  (6.)y  show  that  we  have  the  exprcBsions, 

VI. . .  ^  =  ;//  +  cx  +  ^>    ^  =  ^'  +  ex'  +  c*, 
and 

VII. . .  Jf  =  m  +  w'c  +  w'V  +  c*, 

with 

VIII. . .  if  =  ^^  =  ^<^  =  <^'^'  =  ^^'. 

(2.)  Hence  it  may  be  inferred  that  the  functions  x»  X »  ^^^  ^^  constants 
m'y  m!^  become, 

IX.  • .  X  =  D,^  =  X  +  2e»     X'  =  D,^  =  x'  +  2e» 

^        r  2!f'  =  DcM^tn'  +  2in"(j  +  3<?', 
lif''=iD,»-af-m"  +  3(j; 

with  the  verifications, 

XI. . .  ^  +  X  =  *'  +  X'  =  if',     ^X  +  ^  «  ^'X'  +  ^  =  JT, 

as  we  had,  by  the  sub-articles  to  350, 

^  +  X  =  ^'  +  x'  =  w",    ^x  +  ^  =  *V  +  ^'  ==*  »^'- 
(3.)  The  mw  linear  symbol  ^  must  satisfy  the  new  cubtCj 

XIL  ..0=M-M'^-h  if'^»  -  4>»; 

which  accordingly  can  be  at  once  derived  from  the  old  cubic  350,  I.,  under 

the  form, 

XIII. . .  0  =  m  +  m'(c  -  ^)  +  m''{c  -  $)»  +  (c  -  ^)»- 

(4.)  Now  it  is  always  possible  to  satisfy  the  condition, 

XIV...Jf=0, 

by  substituting  for  c  a  real  root  of  the  scalar  cubic  III. ;  and  thereby  to 
reduce  the  new  symbolical  cubic  XII.  to  the /orm, 

XV...0  =  ^'^ir'$»  + Jf$; 

which  is  precisely  similar  to  the  form, 

0  =  ^'  -  m'>'  +  m>,  362,  II., 

and  conducts  to  analogous  consequences,  which  need  not  here  be  developed 
in  detail,  since  they  can  easily  be  supplied  by  anyone  who  will  take  the 
trouble  to  read  again  the  few  recent  series  of  sub-articles. 

(5.)  For  example,  unless  it  happen  that  ^p  constantly  vanishes^  in  whi(di 
case  M  =  0,  and  ^p  (if  not  identically  null)  takes  a  monomial  form,  which  is 
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reduced  to  zero  (oomp.  352,  (7.) )  for  everi/  direction  of  p  in  a  given  plane, 
the  operation  ^  reduces  (comp.  351)  an  arbitrary  vector^  to  a  given  direction ; 
and  the  operation  $  destroys  every  line  in  that  direction :  so  that,  in  every 
case,  there  is  at  least  one  real  way  of  satisfying  the  vector  equation  ^p  =  0, 
and  therefore  also  (as  above  asserted)  the  equation  I.,  without  causing  p 
itself  to  vanish. 

(6.)  And  since  that  equation  I.  may  be  thus  written, 

XVI. . .  Yp^p  =  0,    or    ^p  II  p, 

we  see  that  it  can  be  satisfied  without  ^p  vanishing,  if  this  new  scalar  and 

quadratic  equation, 

XVII- . .  0  «  C  +  Jf"(7  +  Jf  ,  comp.  353, 1., 

have  real  and  unequal  roots,  Ci,  Cz ;  for  if  we  then  write, 

XVin. . .  ^1 «  ^  +  (7„    ^a  =  $  +  (7„ 

the  line  ^p  will  generally  have  for  its  locus  a  given  plane,  and  there  will  be 
two  real  and  distinct  directions  pi  and  p2  in  that  plane,  for  one  of  which 
^ipi  =  0,  while  ^2p%  =  0  for  the  other,  so  that  each  satisfies  XVI.,  or  I. ; 
and  these  are  precisely  the  Ji:ced  directions  of  ^ip  and  ^tpi  if  ^i  and  ^i  be 
formed  from  ^  by  changing  <>  to  ^i  and  ^s  respectively. 

(7.)  Gases  of  equal  and  of  imaginary  roots  need  not  be  dwelt  on  here ; 
but  it  may  be  remarked  in  passing,  that  if  the  function  ipp  have  the  par- 
ticular form  {g  being  any  scalar  constant), 

XIX.  ..i^p  =  gp,    then     XX. .  •  (^  -  ^)'  =  0,     and     XXI. .  .M=  ig  -^  cf\ 

the  cubic  XIV.  or  III.  having  thus  all  its  roots  equal,  and  the  equation  I. 
being  satisfied  by  eve)*y  direction  of  p,  in  this  particular  case. 

(8.)  The  general  existence  of  a  real  and  rectangular  system  of  three  directions 
satisfying  I.,  when  the  condition  II.  is  satisfied,  may  be  proved  as  in 
353,  (14.) ;  and  it  is  unnecessary  to  dwell  on  the  case  where,  by  two  roots 
of  the  cubic  becoming  equal,  all  lines  in  a  given  plane,  and  also  the  normal 
to  that  plane,  are  vector  roots  of  I.,  with  the  same  condition  II. 

(9.)  And  because  the  qtuidratic,  0  =  c*  +  w"c  +  m'  (353,  I.),  has  been 
proved  to  have  always  real  roots  (353,  (13.))  when  ^p  -  ^p,  the  analogous 
quadratic  XVII.  must  likewise  then  have  real  roots,  Ci,  (7a;  whence  it 
immediately  follows  (comp.  XII.  and  XIII.),  that  (under  the  same  con* 
dition  of  self-corrugation)  the  cubic  III.  has  three  real  roots,  c,  c  +  Ci,  c  +  Cj; 
and  therefore  that  (as  above  stated)  the  other  cubic  IV.,  which  is  formed 
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from  the  self-conjugate  part  ^o  of  the  general  linear  and  vector  function  ^,  and 
which  may  on  that  aooount  be  thus  denoted, 

XXII. , .  Mo  =  0,  has  its  roots  always  real. 

(10.)  If  we  denote  in  like  manner  by  ^o  the  symbol  ^o  +  c^  the  equation 
m  =  mo-  Syfl^oT  (349,  XXVI.,  oomp.  349,  XXI.)  becomes, 

XXIIL..-Jf=Jtfo- 87^07; 

whence,  by  comparing  powers  of  c,  we  recoyer  the  relations, 

m'  «  /w'o  -  7*,    and    m''  =  m"o,  as  in  350,  (1.).* 

(11.)  On  a  similar  plan,  the  equation  m^'Y/xv  ^  Y.i/^/ui^y  becomes, 

XXIV. . .  M^'YfjLv  =  V.^/u^v,  comp.  348,  (1.), 

in  which  fi  and  v  are  arbitrary  vectors^  and  c  is  an  arbitrary  scalar ;  or  more 
fully, 

XXV. . .  (m  +  w'c  +  wV  +  c')  (^'  +  c) V/uv  =  V.  (;^/u  +  cyji  +  (?}x)  (;^v  +  c^v  +  c*y) ; 

whence  follow  these  new  equations, 

XXVI.  ..(»*  +  m'<p')Yfiv  =  Y{ypfjL  »xv  -\pv.  xm)* 

XXVII. . .  (w'  +  wV)V/iv  =  YifiyPv  -  V1/./U  +  XM  •  X^)* 

XXVni.  .  .  (m''  +  i^')Y^v  =  Y(jjLxv  -  vxM)y 

which  can  all  be  otherwise  proved,  and  from  the  last  of  which  (by  changing 
ijtto  \pf  &c.)  we  can  infer  this  other  of  the  same  kind, 

XXIX. . .  (m'  +  xP')Yfxv  =  Yifopx^  -  v^xm)- 

(12.)  As  an  example  of  the  existence  of  a  real  and  rectangular  system  of 
three  directions  (8.),  represented  jointly  by  an  equation  of  the  form  I.,  and 
of  a  system  of  three  real  roots  of  the  scalar  cubic  III.,  when  the  condition  II. 
is  satisfied,  let  us  take  the  form 

XXX. . .  iffp  -  ffp  -¥  YXpfi  =  ^'/o, 
g  being  here  any  real  and  given  scalar^  and  A,  fi  any  real  and  non-parallel 

♦[If 

<ppi  =  <hPi  +  ^ypi  =  -  ^ipif    then    pi  =  -  (^  +  ciY^Yypi 

(mo  +  m'oci  +  «i'Vi*  +  ei^)pi  =  -  V(^  +  ei)y{it>o  +  ei)pi  =  V(^  +  ^OyVypi 

=  piSy{<l>o  +  «i)7  -  7Spi(<^o  +  <?i)r  =  Pi87(^  +  ci]y. 
From  this,  ri  is  a  root  of 

(mo  -  87^)  +  (m'o  -  7»)«  +  «'V  +  c»  »  0, 
and  this  oubio  miut  be  identical  with  tn-^rn'o-^-  m"<^  -1-  ^  »  0,  a«  they  hare  three  rooti  oommon.] 
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given  vectors  ;    to  which  /orw,  indeed,  we  shall  soon  find  that  everp  self- 
oon jugate  function  t^^p  can  be  brought.     We  have  now  (after  somereductions), 

XXXI. . .  i/^p  =  YXpfxSXfA  -  VX/i8A|t)/i  -  ^(AS/ip  +  fiBXp)  +  fp, 

XXXII.  •  •  x/^  =  -  (^Sftp  +  pSXp)  +  2gp^ 
and 

XXXIII. . .  w  =  ((7  -  sx/i)  ((/'  -  xy ),  w'  =  -  xy  -  2^sx/u  +  3^, 

w''--8Xiii4-3^; 

where  the  part  of  \f/p  which  is  independent  of  g  may  be  put  under  several 
other  forms,  such  as  the  following, 


.IV. . .  V(Xp;iSX/x  -  XfjSXpfi)  =  Xp/iSX/i  -  XfiSXpfi 
=  X(pSX/i  +  S)Xpp)fA  =  iX(X/ip  +  pX/jLjij.  =  X(XS/i/o  +  fiSXp  -  Xpfi)fAy  &c. ; 

and  <^,  ^,  X,  If,  Jf' ,  Jtf"  may  be  formed  from  ^,  i/^,  x>  ^»  ^»'>  w">  ty  simply 
changiug  ^  to  o  +  ^.  The  equation  Jf  =  0  has  therefore  here  three  real  and 
unequal  roots,  namely  the  three  following 

XXXV. . .  c  =  -  ^  +  SX/i,    c+Ci  =  -g-¥  TX/x,    c  +  ft  «  -  ^jr  -  TX/u; 
and  the  corresponding  forms  of  "^p  are  found  to  be, 

XXXVI. . .  *p  =  YXpSXfip,    ^,p  =  -  (XT/i  +  /uTX)S .  p{XTfjL  ^  /iTX), 

>F,p  -  -  (XT/x  -  /iTX)S .  p{XTfi  -  ;iTX). 

Thus  ^p,  ^ip,  and  ^sp  have  in  fact  the  three  fixed  and  rectangular  directions 
of  VX/x,  XT/i  +  /xTX,  and  XT/x  -  /xTX,  namely  of  the  normal  to  the  given 
plane  of  X,  ju,  and  the  bisectors  of  the  angles  made  by  those  two  given 
lines ;  and  these  are  accordingly  the  onlg  directions  which  satisfy  the  vector 
equation  of  the  second  degree, 

XXXVII. . .  [Ypi^p  =  V.  pYXpfi  =) VpX8/xp  +  Yp^Xp  =  0 ; 

so  that  this  last  equation  represents  (as  was  expected)  a  system  of  three  right 
linesy  in  these  three  respective  directions, 

(13.)  In  general^  if  c?i,  c^^  Cs  denote  the  three  roots  (real  or  imaginary)  of 
the  cubic  equation  if  =  0,  and  if  we  write, 

XXXVIII. . .  <>i  =  ^  +  c„     *»  =  ^  +  c     *8  =  ^  +  tfj, 

the  corresponding  values  of  ^  will  be  (comp.  VI.), 

XXXIX. . .  ^,  =  1^  +  Cix  +  Ci\    ^a  =  t//  +  cix  +  <^\    'F,  =  i/^  +  (?,x  +  ^* ; 

Hamilton's  Elbhbmts  ov  Quatbrnioms.  3  ^ 
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also  we  have  the  relations, 

/'ci  +  c,  -f  Cs  =  -  w''  =  -  0  -  x» 

XL. .  •  \  CjCj  +  dCi  +  CiCf  =  +  m'  =  ^x  "*■  ^> 
\C1C2Ci  =  -  w  =  -  ^;//; 

wheuce  it  is  easy  to  infer  the  expressions, 

XLI.  ..q>,  =  {c,-  c,Y'  {^,  -  >P,),     <!>,  =  (^3  -  ci)-^  (^1  -  %), 

whioh  enable  us  to  express  the  functions  ^ip,  $2/0,  <P^  as  binamiah  (oomp. 
351,  &o.),  when  ^ip,  ^sp,  ^a/o  have  been  expressed  as  monomea^  and  to  assign 
the  planes  (real  or  imaginary),  which  are  the  loci  of  the  lines  <>ip,  <&2p,  ^sf>. 

(14.)  Accordingly,  the  three  operations^  4>,  <I>i,  ^j,  by  whioh  lines  in  the 
three  lately  determined  directiom  (12.)  are  destroyedy  or  reduced  to  zero^  and 
which  at  first  present  themselves  under  the  forms, 

XLII.  ..$/»  =  AS/ip  +  /iSAp,    ^i/»  =  VXp/i  +  pTX/i,    ^2  =  VX/>/Le  - pVXfi^ 

are  found  to  admit  of  the  transformations, 

VTTTT  *         ^a/O-^iP  ^  ^2p-^p  .  ^p  -  ^ip 

where  ^,  ^i,  ^j  have  the  recent  forms  XXXVI.,  and  the  hei  of  ^p,  4>ip, 
^2p  compose  a  system  of  three  rectangular  planes, 

(15.)  In  general,  the  relations  (13.)  give  also  (oomp.  353,  (8.)), 

and 

XLV. . .  ^,^,  =  4>,^2  =  ^8^3  =  ^i4>,<I>3  =  0, 
whence  also, 

XLVI. . .  ^1^2  =  ^2^3  -  %^i  =  0, 

the  symbols  (in  any  one  system  of  this  sort)  admitting  of  being  transposed 
and  grouped  at  pleasure ;  if  then  the  roots  of  3f  =  0  be  real  and  unequal^ 
there  arises  a  system  of  three  real  and  distinct  planes^  whioh  are  connected 
with  the  interpretation  of  the  symbolical  equation^  ^i4>3^3  =  0,  exactly  as  the 
three  planes  in  358,  (9.)  were  connected  with  the  analogous  equation  ^^1^1  =  0. 
(16.)  And  when  the  cubic  has  two  imaginary  rootSy  it  may  then  be  said 
that  there  is  one  real  plane  (such  as  the  plane  X  7  in  353,  (18.),  (19.) ), 
containing  the  two  imaginary  directions  which  then  satisfy  the  equation  I. ; 
and  two  imaginary  planes^  which  respectively  contain  those  two  directions, 
and  intersect  each  other  in  one  real  line  (such  as  the  line  7  in  the  example 
cited),  namely  the  one  real  vector  root  of  the  same  equation  I. 
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355.  Some  additional  light  may  be  thrown  upon  that  vector  equation  of 
the  second  degree,  by  oonsidering  the  system  of  the  two  scalar  equations, 

I. . .  SXpi^p  =  0,    and    II. . .  SAp  =  0, 

and  investigating  the  condition  of  the  reality/  of  the  two*  directions,  pi  and  p^, 

by  which  they  are  generally  satisfied,  and  for  each  of  which  the  plane  of  p 

and  ^p  contains  generally  the  given  line  X  in  I.,  or  is  norm-al  to  the  plane 

locus  II.  of  p.     We  shall  find  that  these  two  directions  are  always  real  and 

rectangular   (except  that  they  may  become  indeterminate),  when  the  linear 

function  ^  is  its  oum  conjugate  \  and  that  then,  if  A  be  a  root  po  of  the  vector 

equation, 

m. . .  Vp^/o  =  0, 

which  has  been  already  otherwise  discussed,  the  lines  px  and  pt  are  also  roots 
of  that  equation;  the  general  existence  (354)  of  a  system  of  three  real  and 
rectangular  directions,  which  satisfy  this  equation  III,  when  ^  p  ~  <pp,  being 
thus  proved  anew :  whence  also  will  follow  a  netc  proof  of  the  reality  of  the 
scalar  roots  of  the  cubic  M  =  0,  for  this  case  of  self-cor^jugation  of  ^ ;  and 
therefore  of  the  necessary  reality  of  the  roots  of  that  other  cubic,  Mq  =  0,  which 
is  formed  (354,  IV.  or  XXII, )  from  the  self-conjugate  part  ^o  of  the  general 
linear  and  vector  function  ^,  as  i/  =  0  was  formed  from  ^. 

(1.)  Let  X,  ft,  y  be  a  system  of  three  rectangular  vector  units,  following  in 
all  respects  the  laws  (182,  183),  of  the  symbols  i,j,  k.    Writing  then, 

IV.  .  .  p  -yn  +  zv,    and  therefore,    Ap  =»  yy  -  zp,,    ^p  =  y^/i  +  ztpv, 

the  equation  II.  is  satisfied,  and  I.  becomes, 

V.  .  .  0  =  y^SvifffA  +  ys(Sv^v  -  S/i^/x)  -  a'S/x^v ; 

the  roots  of  which  quadratic  will  be  real  and  unequal,  if 

VI.  .  .  {Svi^v  -  S/i^/i)'  +  4S/i^v8i;^/Lt  >  0  ; 


*  Geometrically,  the  equation  I.  repreaents  a  eotie  of  the  second  order,  with  \  for  one  side,  and  with 
the  three  lines  p  which  satisfy  III.  for  three  other  sides;  and  II.  represents  a  ^to»«  through  the  vertex, 
perpendicular  to  the  side  X.  The  itfOo  directions  sought  are  thus  the  two  sides,  in  which  this  plane 
cuts  the  cone.  [The  general  equation  of  a  quadric  may  he  written  in  the  form  S^^p  =  1  where  the 
function  ^  is  self -conjugate.  The  cone,  through  its  intersection  with  a  concentric  sphere,  is 
S/>(^  +  r~')/>  B  0  if  r  is  the  radius  of  the  sphere.  If  this  touches  the  plane  B\p  =  0,  it  is  geometrically 
evident  that  the  edge  of  contact  is  a  principal  axis  of  the  plane  section  of  the  quadric  as  it  passes 
through  the  points  of  contact  of  the  concentric  sections  of  the  quadric  and  the  sphere.  The  condition 
for  contact  is  X  ||  (^  +  r-^)p,  or  S\pt^p  «  0,  coupled  with  8\p  =■  0.  The  directions  of  the  principal 
axes  thus  determined  are  always  real  whether  the  plane  cuts  the  quadric  in  a  real  curve  or  not.] 

3X2 
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and  the  corresponding  direotione  of  p  will  be  rectangular,  if 

Vn.  .  .  0  =  S(y,)ii  +  ziv)  (i/iix  +  S21/)  =  -  {i/it/2  +  ZiZi) ; 
that  18,  if  

VIII.   .  .  RviftfJL  =  S/i^V, 

at  least  for  this  particular  pair  of  vectors,  /u  and  v. 

(2.)  Introducing  now  the  expression,  ^p  =  ^  +  Yyp  (349,  XII.),  the 
conditions  VI.  and  VIII.  take  the  forms, 

IX.  .  .  (Sv^ov  -  S/i^o/u)'  +  4S(/Lt^ov)'  >  4{Syfivy,    and    X.  .  .  Sy/iv  =  0 ; 

which  are  both  satisfied  generally  when  7  ==  0,  or  ^  =  ^'  =  ^0 ;  the  only  ex- 
ception being,  that  the  quadratic  V.  map  happen  to  become  an  identify ^  by  all 
itfl  coefficients  vanishing :  but  the  opposite  inequality  (to  VI.  and  IX.)  can 
never  hold  good,  that  is  to  say,  the  roots  of  that  quadratic  can  never  be 
imaginary^  when  ^  is  thus  self-conjugate. 

(3.)  On  the  other  hand,  wlien  7  is  acfualj  or  ^'p  not  generally  =  ^,0,  the 
condition  X.  of  rectangularity  can  only  accidentally  be  satisfied,  namely  by 
the  given  or  fiiired  line  y  happening  to  be  in  th^  assumed  plane  of  fc,  v ; 
and  when  the  tico  directions  of  p  are  thus  not  rectangular,  or  when  the  scalar 
S7/11;  does  not  vanish,  we  have  only  to  suppose  that  the  square  of  this  scalar 
becomes  la7*ge  enough,  in  order  to  render  (by  IX.)  those  directions  coincident, 
or  imaginary. 

(4.)  When  ^'  =  ^,  or  7  =  0,  we  may  take  p,  and  v  for  the  two  rectangular 
directions  of  p,  or  may  reduce  the  quadratic  to  the  very  simple  form  ^s  =  0  ; 
but,  for  this  purpose,  we  must  establish  the  relations, 

XI.  .  .  Sp<^v  =  Sv^/i  =  0. 

(5.)  And  if,  at  the  same  time,  X  satisfies  the  equation  III.,  so  that  ^X  |j  X, 
we  shall  have  these  other  scalar  equations, 

XII.  . .  0  =  S/x^X  =  Sv^X  =  SX^/i  «  SX^v ; 
whence 

ipp  II  VvX  11  p,     and     ^v  ||  VX/x  ||  v, 
or, 

XIII.  .  .  0  =  VX^X  -  V/U0/X  =  Vv0v ; 

X,  p,  V  thus  forming  (as  above  stated)  a  system,  of  three  real  and  rectangular 
roots,  of  that  vector  equation  III, 

(6.)  But  in  general,  if  III.  be  satisfied  by  even  ttco  real  and  distinct 
directions  of  p,  the  scalar  and  cubic  equation  il/  =  0  can  have  no  imaginary 


Aets.  355, 356.]     NEW  PROOF  Of  EXI8TEKCE  Of  THE  SYSTEM.  525 

root ;  for  if  those  two  direotions  give  ttco  unequal  but  real  and  scalar  valuesy 
Ci  and  Cty  for  the  quotient  -^pi  py  then  Ci  and  ^3  are  two  real  roots  of  the  oubio, 
of  which  therefore  the  third  root  is  also  real ;  and  if,  on  the  other  hand,  the 
two  direotions  px  and  pt  give  one  common  real  and  soalar  value,  suoh  as  Ci,  for 
that  quotient,  then  ^p  =  -  Cip,  or  *,p  =  (^  +  c^p  =  0,  for  erery  line  in  the  plane 
^^  Pi9  p%  \  00  that  ^/o  must  be  of  the  form^  -  Cip  +  jSSpi/os/o,  aud  the  cubic  will 
have  at  least  two  equal  roots^  sinoe  it  will  take  the  form, 

XIV. .  .  0  «  (c  ^  e,Y  {c^ci  +  Sp,/t),j3), 

as  is  easily  shown  from  principles  and  formulse  already  established. 

(7.)  It  is  then  proved  anew,  that  the  equation  3[  =  0  has  all  its  roots  real, 
if  ^'p  =  0p ;  and  therefore  that  the  equation  jifo  =  0  (as  above  stated)  can 
never  have  an  imaginary  root. 

(8.)  And  we  see,  at  the  same  time,  how  the  scalar  cubic  M=  0  might 
have  been  deduced  from  the  symbolical  cubic  350, 1.,  or  from  the  equation 
351, 1.,  as  the  condition  for  the  vector  equation  III.  being  satisfied  by  any 
actual  p  ;  namely  by  observing  that  if  0p  =  -  rp,  then  ^'p  «  c'p,  ^'p  =  -  c^p, 
&c.,  and  therefore  Mp  =  0,  in  which  p,  by  supposition,  is  different  from  zero. 

(9.)  Finally,  as  regards  the  case*  0/ indetermination,  above  alluded  to,  when 
the  quadratic  V.  fails  to  assign  any  definite  values  to  y :  a,  or  any  definite 
directions  in  the  given  plane  to  p,  this  case  is  evidently  distinguished  by  the 
condition, 

in  combination  with  the  equations  XI. 

356.  The  existence  of  the  Symbolic  and  Cubic  Equation  (350),  which  is 
satisfied  by  the  linear  and  vector  symbol  ^,  suggests  a  Theoremli  of  Oeometrical 
Deformation,  which  may  be  thus  enunciated : — 

^^  If  by  any  given  Mode,  or  Law,  of  Linear  Derivation,  of  the  kind  above 
denoted  by  the  symbol  ^,  we  pass  from  any  assumed  Vector  p  to  a  Seines  of 
Successively  Derived  Vectors,  pi,  pj,  pa,  .  .  .  or  ^*p,  <f^*p,  ^*p>  •  •  5  ^^^  ify  ^V  ^^*' 
sUnicting  a  Parallelepiped,  we  decompose  any  Line  ofthi^  Series,  such  as  pi,  into 
three  partial  or  component  lines,  mp,  -  w'pi,  w'^pi,  in  the  Directions  of  the  three 

•  It  will  be  found  that  this  eau  corresponds  to  the  circular  sections  of  a  surface  of  the  second  order ; 
while  the  less  particular  case  in  which  ^'/)  =  ^p,  hut  not  S/i^i*  «  Sy^r,  so  that  the  two  direetiont  of  p 
are  determined,  real,  and  rectangular,  corresponds  to  the  axes  of  a  non-circular  section  of  such  a  surface. 

t  This  theorem  was  stated,  nearly  in  the  same  way,  in  page  668  of  the  Lectures ;  and  the  problem 
of  inversion  of  a  linear  and  yector  function  was  treated,  in  the  few  preceding  pages  (569,  &c.)>  though 
with  somewhat  less  of  completeness  and  perhaps  of  simplicity  than  in  the  present  Section,  and  with  a 
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which  precede  ii,  as  here  of  /o,  /oi,  p2  ;  then  the  Three  Scalar  Coefficients^  m, 
-  m\  w!\  or  the  Three  Ratios  which  these  three  Components  of  the  Fourth  Line 
pz  bear  to  the  Three  Preceding  Lines  of  the  Series^  will  depend  only  on  the  given 
Mode  or  Law  of  Derivation^  and  mil  he  entirely  independent  of  the  assumed 
Length  and  Direction  of  the  Initial  Vector.^* 

(1.)  As  an  Example  of  such  successive  Derivation^  let  us  take  the  lawy 

which  answers  to  the  construction  in  305,  (1.),  &o.,  when  we  suppose  that 
/3  and  7  are  unit-lines.  Treating  them  at  first  as  any  two  given  vectors^  our 
general  method  conducts  to  the  equation, 

II.  .  .  pa  -  mp  -  w  pi  +  nif'p2y 

with  the  following  values  of  the  coefficients, 

III.  .  .  w  =  -  /3'y'Sj37,     m'  =  -  /3'7',     m"  =  S/Sy ; 

as  may  he  seen,  without  any  new  calculation,  hy  merely  changing  g,  X,  and  //, 
in  354,  XXXIII.,  to  0,  j3,  and  -  y. 

(2.)  Supposing  next,  for  comparison  with  305,  that 

IV.  .  .  13'  =  7'  =  -  1,    and    Sj37  =  -  /, 

so  that  /3,  7  are  unit  lines,  and  /  is  the  cosine  of  their  inclination  to  each 
other,  the  values  III.  become, 

slighUjr  different  notation.  The  general  form  of  such  a  function  which  was  there  adopted  may  now 
be  thus  ezpreesed : 

f^p  =  2/3Sap  +  Vf f>»    r  being  a  given  quaternion ; 

the  resulting  value  of  m  was  found  to  be  (page  561), 

m  =  5Saa'a"S/8"/B'/8  +  28  (rVoa'.V/B'/B)  +  SrHSafir  -  5SarS/Br  +  SrTr» ; 

and  the  auxiliary  function  which  we  now  denote  by  ^  was, 

fM^-»<r  =  !|^a-  «  tVaa'S0'fi<r  +  2V.  oV(Vi8<r.  r)  +  (VirrSr  -  YrS<rr) ; 

where  the  sum  of  the  two  last  terms  of  ^(T  might  have  been  written  as  arSr  -  rSor.  A  student  mi^t 
find  it  an  useful  exercise,  to  prove  the  correctness  of  these  expressions  by  the  principles  of  the  present 
Section.  One  way  of  doing  so  would  be,  to  treat  S/SSap  and  r  as  respectively  equal  to  ^  -f  Yyp  and 
c  +  c ;  which  would  transform  m  and  if'cr,  as  above  writleny  into  the  following, 

-Wo-S(7  +  «)(0o-f  c)  (7  +  «)»     and    yo<r  -  (7  +  f)  8(7  +  €)(r  + Va-(4N)  +  c)  (7  +  O; 

that  is,  into  the  new  values  which  the  M  and  "Vff  of  the  Section  assume,  when  4p  takes  the  new  value, 

♦/>  =  (^  +  c)p  +  \{y  +  €)p. 
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and  the  equation  II.»  connecting  four  successive  lives  of  the  series,  takes  the 

form, 

VI.  .  .  ps  =  /p  +  pi  -  /jQ2    or    VII-  .  .  p3  -  pi  =  -  l(p2  -  p) ; 

a  result  which  agrees  with  305,  (2.),  since  we  there  found  that  if  p  =  op,  &c., 
the  interval  PiPs  was  =  -  /  x  ppj. 

(3.)  And  as  regards  the  inversion  of  a  linear  and  vector  function  (347),  or 
the  return  from  any  one  line  pi  of  such  a  series  to  the  line  p  which,  precedes  it, 
our  general  method  gives,  for  the  example  I.,  by  354,  (12.), 

Vin. . .  ;^pi  =  m^yp^  +  />i/3y)7, 

and 

IX. . . ,  .  r>:  -"-■#.--  ^^f : 

m 

a  result  which  it  is  easy  to  verify  and  to  interpret,  on  principles  already 
explained. 

357.  We  are  now  prepared  to  assign  some  new  and  general  Ibrms^  to 
which  the  Linear  and  Vector  Function  (with  real  constants)  of  a  variable 
vector  can  be  brought,  without  assuming  its  self-conjugation  ;  one  of  the 
simplest  of  which  forms  is  the  following, 

I.  .  .  0p  =  Vj'op  +  YXpfiy    with    r.  .  .  ^0  =  ^  +  7 ; 

^0  being  here  a  real  and  constant  quaternion^  and  X,  fi  two  real  and  constant 
vectors,  which  can  all  be  definitely  assigned,  when  the  particular  form  of  ^  is 
gi/oen :  except  that  X  and  /k  may  be  interchanged  (by  295,  VII.),  and  that 
either  may  be  multiplied  by  any  scalar,  if  the  other  be  divided  by  the  same. 
It  will  follow  that  the  scalar,  quadratic,  and  homogeneous  function  of  a  vector, 
denoted  by  Sp^p,  can  always  be  thus  expressed : 

n.  .  .  Sp^p  =  gp^  +  SXpfip ; 
or  thus, 

ir.  .  .  Sp^p  =  /p»  +  2SXpSpp,    if    /  =  ijr  -  SX/x ; 

a  general  and  (as  above  remarked)  definite  transformation,  which  is  found  to 
be  one  of  great  utility  in  the  theory  of  Surfaces*  of  the  Second  Order. 

(1.)  Attending  first  to  the  case  of  self-conjugate  functions  ^,  from 
which  we  can  pass  to  the  general  case  by  merely  adding  the  tertn  Yyp,  and 

*  In  the  theory  of  such  surfaces,  the  two  constant  and  real  vectors,  A  and  fi,  have  the  directions 
of  what  are  caUed  the  cj/elio  notinalt. 
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supposing  (in  virtue  of  what  precedes)  that  010203  are  three  real  and  rectan- 
gular vector-units,  and  CiCjCs  three  real  acalars  (the  roots  of  the  cubic  Mo  -  0), 
such  that 

III.  .  .  0iOi  =  (^0  +  Ci)a\  =  0,     ^^02  =  (^0  +  ^2)02  =  0,     ^fi3  =  (^  +  Cj)as  =  0, 

we  may  write 

IV.  .  .  p  =  -  (aiSoi/o  +  02802/0  +  OaSosp), 

and  therefore 

V.  .  .  ^o/>  =  (^lOiSoi/o  +  (;2a2Sa2p  +  CsOsSosp  ; 
so  that 

(f^ip  =  (Cj  -  Ci)a28a2p  +  [Ct  -  Ci)asSa3p, 

VI.  .  .  \^p  =  (<?3  ~  C2)a88o3p  +  (ci  -  C2)oiSoip, 

,^3p  =  (ci  -  <?3)aiSaip  +  (C2  -  Cs)a28a2p, 

the  binomial  farms  of  ^1,  ^29  ^3  being  thus  put  in  evidence. 
(2.)  We  have  thus  the  general  but  scalar  expressions : 

VII.  .  .  -  p'  =  (8a»p)'  +  (8a,p)»  +  (8a3p)'  ; 

VTII.  .  .  8p^p  =  Sp^op  =  Ci(Soip)*  +  C2(8a2p)'  +  C^i^aapY 
=  -  C,p'  +  (<?2  -  Ci)  (802P)*  +  (Cs  -  Ci)  (Soap)' 
=  -  Cap'  -  (ea  -  Ci)  (8aip)*  +  (c,  -  C,)  (8asp)' 
=  -  Cjp'  -  {Ci  -  (?i)  (Sa,p)'  -  (Cs  -  C,)  (8a2p)'  : 

in  which  it  is  in  general  permitted  to  assume  that 

IX.  ,  .  Ci  <  C2<  C3,    or  that    X.  .  .  ^2  -  <Ji  =  2^*,    Cs  -  C2  =  2^^*, 

6  and  «'  beiug  real  scalars,  and  the  numerical  coefficients  being  introduced  for 
a  motive  of  convenience  which  will  presently  appear. 

(3.)  Comparing  the  last  but  one  of  the  expressions  VIII.  with  II'.,  we 
see  that  we  may  bring  Sp<l>p  to  the  proposed  form  11.,  by  assuming, 

XI.  .  .  X  =  tfoi  +  ^03,    /£  =  -  eai  +  c'03,    g  =  SXp  -  ^  =  —  J(ci  +  (?s), 

because  SX/i  =  ^  -  ^*  =  ^2  -  i(tJi  +  C3). 

(4.)  But  in  general  (comp.  349,  (4.))  we  cannot  have,  for  all  values  of  p, 

XII.  .  •  8p^p  =  8p^p,    unless    XIII.  •  .  ^op  =  ^qp^ 

that  is,  unless  the  self-conjugate  parts  of  ^  and  if"  be  equal;  we  can  therefore 
infer  from  II.  that  ^op  =  ^p  +  VXp/i,  because  VXpp  =  V/upX  =  its  own  conju- 
gate ;  aud  thus  the  transformation  I.  is  proved  to  be  possible,  and  reaL 
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(5.)  Aooordingly,  with  the  values  XI.  of  X,  /x,  g^  the  expresfiion, 

XIV.  .  .  ^of>  =  ^p  +  VVm  "  9^9  -  SX^)  +  XS^p  +  /uSXp, 
beoomeSy 

XV.  .  .  ^oP  =  -  ^/o  +  (^'fls  +  ^«i)  S(e'a3  -  ea^p  +  (^'aa  -  Bqi)  8(e'a8  +  ^ai)p 

=  -  Cap  —  2^'aiSaip  +  2d'*asSasp  ; 

which  agrees,  by  X.,  with  VI. 

(6.)  Conversely  if  g^  X,  and  /i  be  constants  such  that  ^^p  ^  gp  •¥  YXpfA,  then 
^oVX/i  =  g'YXfjLf  where  s^  =  g  -  SXp,  as  before ;  hence  -  /  must  be  one  of  the 
three  roots  Ct^  Ct,  c^  of  the  cubic  Mo  =  0,  and  the  normal  to  the  plane  of  X,  /i 
must  have  one  of  the  three  directions  of  ai,  a^^  a^ ;  if  then  we  assume,  on  trial, 
that  this  plane  is  that  of  ai,  as,  and  write  accordingly, 

XVI.  .  .  X  =  aai  +  a'os,     jul^  bai  +  Va^y     ^ap  =  XSpp  +  pBXpy 

we  are,  by  VI.,  to  seek  for  scalars  aa'bb^  which  shall  satisfy  the  three  con- 
ditions, 

XVII.  .  .2a6  =  Ci-(Ja,     2aT=cii-C2,    ab'+ba'^O; 

but  these  give 

XVIII.  .  .  {2abJ  =  {2bay  =  (cj,  -  c,)  (<?,  -  Ci), 

so  that  if  the  transformation  is  to  be  a  real  one,  we  must  suppose  that  c^  -  Ci 
and  Ci-  Ci  are  either  both  positive  ^  as  in  IX.,  or  else  both  negative ;  or  in  other 
words,  we  must  so  arrange  the  three  real  roots  of  the  cubic,  that  c^  may  be 
(algebraically)  intermediate  in  value  between  the  other  two.  Adopting  then 
the  order  IX.,  with  the  values  X.,  we  satisfy  the  conditions  XVII.  by  sup- 
posing that  

..  .  .  rt'  =  6'  =  «',    a  =  -  A  =  tf ; 


and  are  thus  led  back  from  XVI.  to  the  expressions  XI.,  as  the  only  real  ones 
for  X,  ft,  and  g  which  render  possible  the  transformations  I.  and  II. ;  except 
that  X  and  p,  may  be  interchanged^  &c.,  as  before. 

(7.)  We  see,  however,  that  in  an  imaginary  sense  there  exist  two  other 
solutions  of  the  problem,  to  transform  i^p  and  Sp^p  as  above ;  for  if  we  retain 
the  order  IX.,  and  equate  ^  in  II'.  to  either  ~  e^i  or  -  c^^  we  may  in  each  case 
conceive  the  corresponding  sum  of  two  squares  in  VIII.  as  being  the  product  of 
tico  imaginary  but  linear  factors ;  the  planes  of  the  two  imaginary  pairs  of 
vectors  which  result  being  real^  and  perpendicular  respectively  to  ai  and  os< 

Hamilton's  Elbiismts  ov  Quatbrnions.  3  V 
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(8.)  And  if  the  real  expression  XIY.  for  ^op  be  given^  and  it  be  required 
to  pass  from  it  to  the  expression  Y.,  with  the  order  of  inequality  IX.,  the 
investigation  in  354,  (12.)  enables  us  at  once  to  establish  the  formulae : 

XX.  .  .  Ci  =  -  y  -  TXfjLf    c%^  -  9  +  SX/x,    Cj  =  -  ^  +  TXfi ; 

XXI.  .  .  ai  =  V{\Tfi  -  fiTX),     a,  =  UVX/x,     aa  =  U(XT;i  +  ^TX) ; 

in  which  however  it  is  permitted  to  change  the  sign  of  any  one  of  the  three 
vector  units.     Accordingly  the  expressions  XI.  give, 

TX/Lt  +  SkfjL  =  2tf*  =  c,  -  c„    TX/Lt  -  SXfi  =  2c'«  -  cs  -  c,,    SX/x  =  ^  +  c, ; 
TX  =  T/x,     X  -  /*  =  2^ai,     VX/i  =  -  2ee'a,ai  =  T  2ee'at,     \  +  fi  =  2/0,. 

(9.)  We  have  also  the  two  identical  transformations, 

XXII. . .  axpfip  =  p'TXfi  +  {{^XfipY  +  (sxpT/i  +  s^pT\y\  (tx^  -  s\^y\ 

XXIII. .  .  8Xppp  =  -  p*TX/i  -  {{8X^pY  +  (SXpT^  -  S/ipTX)*)  (TX/x  +  SX/i)-\ 

which  hold  good  for  auy  three  vectors^  X,  ju,  />,  and  may  (among  other  ways) 
be  deduced,  through  the  expressions  XX.  and  XXI.,  from  II.  and  VIII, 

(10.)  Finally,  as  regards  the  expressions  YI.  for  ^ip,  &c.,  if  we  denote 
the  corresponding  forms  of  1///0  by  i^ip,  &c.,  we  have  (comp.  364,  (15.) )  these 
other  expressions,  which  are  as  usual  (comp.  351,  &c.)  of  monomial  form  : 

^\p  =  ^2^3p  =■•  (<^  -  ^1)  (^1  -  ^3)01801/9 ; 

XXIY.  .  .  \  \l/2p  "  ^s^if>  =  (<^  ~  Ct)  {Ci  —  CijttaSaap  ; 

^sp  =  ^\^p  =  (pi  -  ^s)  (^  -  CjjasSaap  ; 

and  wluch  verify  the  relations  354,  XLI.,  and  several  other  parts  of  the 
whole  foregoing  theory. 

358.  The  general  linear  and  vector  function  f^p  of  a  vectar  has  been  seen 
(347,  (1.))  to  contain,  at  least  implicitly,  nine  scalar  constants ;  and  accordingly 
the  expression  357, 1,  involves  that  number,  namely /owr  in  the  term  Y^cp,  on 
account  of  the  constant  quaternion  q^y  and^f?e  in  the  other  term  YXp/u,  each  of 
the  two  unit'tectorsy  TJX  and  U/tx,  counting  as  two  scalarsy  and  the  tensor  TA^ 
as  one  more.  But  a  self-conjugate  linear  and  vector  function,  or  the  self-confu- 
gate  part  ^  of  the  general  function  ^p,  involves  only  six  scalar  constants ; 
either  because  three  disappear  with  the  term  Yyp  of  ^p ;   or  because  the 
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condition  of  self-conjugationf  SV/3a  =  27  =  0   (comp.  349,  XXII.  and  353, 

XXXYI.]»  which  arises  when  we  take  for  <^p  the  form  2/3Sap  (347,  XXXI.]» 

is  equivalent  to  a  system  of  three  scalar  equations,  connecting  the  nine  constants. 

And  for  the  same  reason  the  general  quadratic  but  scalar  function,  Sp^p, 

involves  in  like  manner  only  six  scalar  constants.     Accordingly  there  enter 

only  six  such  constants  into  the  expressions  357, 11.,  11'.,  V.,  VIII.,  XIV. ; 

0\y  C29  c^y  for  instance,  being  three  such,  and  the  rectangular  unit  system 

ai,  as,  as  answering  to  three  others.    The  following  otJ^er  general  transformations 

of  Sp^p  and  ^op,  although  not  quite  so  simple  as  357,  II.  and  XIY.,  involve 

the  same  number  {six)  of  scalar  constants,  and  deserve  to  be  briefly  considered : 

namely  the  forms, 

I.  .  .  Sp^p  -  a(Vapy  +  biSfipY ; 

n.  .  .  ^p  =»  -  aaVap  +  J/3S/3o ; 

in  which  d,  b  are  two  real  soalars,  and  a,  /3  are  two  real  unit-vectors.  We 
shall  merely  set  down  the  leading  formulae,  leaving  the  reader  to  supply  the 
analysis,  which  at  this  stage  he  cannot  find  difficult. 

(1.)  In  accomplishing  the  reduction  of  the  expressions, 

Sp^p  «  Oi(Saip)'  +  c(Sa2p)»  +  C^{8a^)\  367,  VIII. 

and 

^op  =  OxOiSaip  +  CaasSaap  +  CsOtSaap,  357,  V., 

to  these  new  forms  I.  and  II.,  it  is  found  that,  if  the  result  is  to  be  a  real  one, 

-  a  must  be  that  root  of  the  scalar  cubic  Mo  =  0,  the  reciprocal  of  which  is 

algebraically  intermediate,  between  the  reciprocals  of  the  other  two.     It  is 

therefore  convenient  here  to  assume  this  new  conditionj  respecting  the  order  of 

the  inequalities, 

m.  .  .  cC^  >  cf^  >  cf^ ; 

which  will  indeed  coincide  with  the  arrangement  357,  IX.,  if  the  three  roots 
C\9  Ca,  Ci,  be  all  positive,  but  will  be  incompatible  with  it  in  every  other  case. 

(2.)  This  being  laid  down  (or  even,  if  we  choose,  the  opposite  order  being 
taken),  the  (real)  values  of  a,  b,  a,  /3  may  be  thus  expressed : 


in  which 


rV.  .  .  fl  =  -  C2,    J  =  Ci  -  02  +  <?8 ; 

V.  .  .  a  «  iWfi  +  Skis,     j3  =  x'ai  +   z'oi  ; 

ci  *  -  c,  ^         cr^  -  C3  ^ 


3Y2 
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VII.  .  .  ^  =  ^  =  H<^+  »')  -  -  iSap  =  (aaj)  J'; 
VIII.  .  .  }*»  -  Cicr'ci6  -  c,V  +  CiV ;      IX.  .  .  «•  ^-y* -a^ +  /«  =  1; 

XI.  ..cia^-^e^'^  c,ci'c^  «  A-^y»  «  A(Sa/3)*,    o,c  -  -  aJ(8a^)» ; 
XII.  .  .  6'/3  =  -  J/3Saj3  »  CiXai  +  (?8«a« ;  &c. 
(3.)  And  there  result  the  transformations : 

XIII.  .  .  ^2p  =  (^1  -  C2)ai8aip  +  (^3  —  €2)aSozp 

-  -  (H{xai  +  zaz)  B{xai  +  8aj)/[>  +  — {xCiQi  +  Sk^jaj)  8{xCiai  +  »?sa8)p; 

C1C3 

XIY.  .  .  ^  »  CiOiSaip  +  CtfitJSatp  +  CsOsSoap 

=  (J2(a?ai  +  209)  V(iPai  +  «a,)p  +  —  (a?CiOi  +  Z(hfh)  S(irCiai  +  8Ctas)p ; 

XV.  .  .  Spfp  =  -  Ci(V{xai  +  Saa)^)'  +  —  (S(a?(?iai  +  »<?»a3)p)* ; 

whioh  last}  t/c^iOs  heposiUvBy  gives  this  o^Aer  realform^ 

XVI.  .  .  Sp^p  =  —  N{S(iWJiai  +  %Cia%)p  +  (ciC,)*  V(irai  +  »as)p); 

^  and  2^  being  determined  by  the  expressions  VI. 

(4.)  Those  expressions  allow  us  to  change  the  ^ign  oi  z:x,  and  thereby  to 
determine  a  second  pair  of  real  unit  lineSf  a  and  /3',  whioh  may  be  substituted 
for  a  and  (i  in  the  forms  I.  and  II. ;  the  order  of  inequalities  III.  (or  the 
opposite  order)  I  and  the  values  IV.  of  a  and  by  remaining  unchanged.  We 
have  therefore  the  double  transformations : 

XVn.  .  •  Sp^p  -  "  c(Vap)'  +  (C,  -  C,  +  O3)  (Sj3p)»  =  -  Ca(Va»» 

+  (ci  -  e^  +  r,)  (S/3»*  ; 

XVIII.  .  •  ^op  -  CjoVap  +  (ci  -  c  +  Os)j3Sj3p  =  CtoNap  +  (ci  -  c>  +  (?,)j3'S/3 p. 

(5.)  If  either  of  the  two  connected  /or»w  I.  and  II.  had  been  given,  we 
might  have  proposed  to  deduce  from  it  the  values  of  CiC^y  and  of  aia^a^,  by 
the  general  method  of  this  Section.     We  should  thus  have  had  the  cubic, 

XIX.  .  .  0  -  ifo  =  (c  +  a){c'  +  (a  -  b)c  -  aJ(Sa0/); 


I 
J 
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and  beoause  the  quadratio  {c  +  uY^Mq  -  0  may  be  thus  written, 

:.  .  .  (r^  +  ar'Y  (Saj3)*  -  {c'  +  (r')  (a-^S.(a/3)»  +  b-')  +  o^CVajS)'  -  0, 


it  gives  two  real  values  of  c^  +  trS  one  positive  and  tlie  other  negative ;  if 
then  we  arrange  the  reciprocals  of  the  three  roots  of  J/o  =  0  in  the  order  III., 
we  have  the  expressions, 

Ci  =  i(6  -  a)  +  iab  -/(«-»  +  2ar'b''8 .  (a/3)'  +  6"^) ;     Ct^-a; 
'  "  U,  =  i{b  -  a)  -  iaA  v/(fl^  +  2rt-» J-'S .  (a/3)»  +  6-») ; 

the  signs  of  the  radical  being  determined  by  the  condition  that  (^i  -  Ct) :  ai(Saj3j' 

=  or*  -  cf^  >  0.     Accordingly  these  expressions  for  the  roots  agree  evidently 

with  the  former  results,  IV.  and  XI.,  because  S.  (aj3)*  =  2(Sa/3)*  -  1. 

(6.)  The  roots  c^  (hy  (h  being  thus  known,  the  same  general  method  gives 

for  the  directions  of  ai,  at,  as  the  versars  of  the  following  expressions  (or  of 

their  negatives) : 

xPip  =  acf'{c^  +  Jj3Sa/3)  8(ca  +  6/3Saj3)p ; 

XXII.  .  .-{^2^  =  fl6Vaj3Sj3a^  ; 

,^a^  =  <»cr'(^io  +  */3Saj3)  8(Cia  +  6i3Sa/3)p ; 

of  which  the  monomial  forms  may  again  be  noted,  and  which  give, 

XXir.  .  .  ai  =  ±  TJ(c,a  +  JjSSajS),     a,  =  ±  UVajS,     a,  =  ±  TJ(Cia  +  6/3Saj3). 

(7.)  Accordingly  the  expressions  in  (2.)  give  (if  we  suppose  oaai  =  +  oi), 

XXIII.  .  .  Csa  +  6/3Sa/3  =  (<?s  -  Ci)xaiy     Vo/3  =  (;c'«  -  a?2;')a„     (J,a  +  6j3So/3 

=  {Ci  -  Ci)«a, ; 

and  as  an  additional  verification  of  the  consistency  of  the  various  parts  of  this 
whole  theory,  it  may  be  observed  (comp.  357,  XXIV.),  that 

XXIV. .  .  -  acf'{c^a  +  6/3Sa/3)'  -  (c,  -  c)  [c,  -  c),    aJ(Va/3)« 

=  (^  -  ^)  (^  -  ^i)i     -  (^CC^Cia  +  6/3Saj3)'  =  (Ci  -  C^  ((h  -  (?a). 

(8.)  As  regards  the  second  transformations^  XVli.  and  XVIII.,  it  is  easy 
to  prove  that  we  may  write, 

XXV.  .  .  (C3  -  c,)a!  «  A/iaj3  -  fla,      (ci  -  c,)^'  =  aa/3a  -  6/3, 


I 
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XXVI.  .  .  -  (C3  -  c,y  =  (6/3a/3  -  aay  «  {aa(ia  -  b&y; 
so  that  we  have  the  following  equation, 

XXVII.  .  .  {a[Vapy  +  b{B(ipY)  {a'  +  2fliS.(aj3)»  +  6») 

=  a(V(6j3aj3  -  aa)/t>)«  +  A(S(fla/3a  -  bp)p)\ 

whioh  is  true  for  any  vector  p,  any  two  unit  lines  a,  j3,  and  any  two  scalars  a,  b. 
(9.)  Aooordingly  it  is  evident  from  (4.),  that  aiy  as  must  be  the  bisectors 
of  the  angles  made  by  a,  a^  and  also  of  those  made  by  /3,  /3^;  and  the 
expressions  XXV.  may  be  thus  written  (because  6  -  a  =  Ci  +  (?8)> 

XXVIII.  .  .  (c,  -  Ci)a'  =  [c,  +  c,)a  +  2Jj3Sai3,     ((?i  -  Cs)j3'  =  {c,  +  (?8)j3  -  2ffaSa/3  ; 

whence,  by  XXIII.,  we  may  write, 

....  a  +  a'  =  2xaif     a  --  a  =  2zaz  5 


so  that  oi  bisects  the  internal  angle,  and  os  the  external  angle,  of  the  lines  a,  a\ 
(10.)  At  the  same  time  we  have  these  other  expressions, 

XXX.  .  .  (ci  -  c)  (13  +  ^'j  -  2(c,/3  -  aaSa/3),  (c,  -  c)  (/3  -  /3')  =  2{c^  -  oaSa^) ; 
which  can  easily  be  reduced  to  the  simple  forms, 

XXXI.  ../3  +  /3'=2a^ai,    j3  -  j3' «  2»'aa, 

with  the  recent  meanings  of  the  coefficients  x'  and  z\ 

(11.)  And  although,  for  the  sake  of  obtaining  real  tram/omiationay  we 
have  supposed  (comp.  III.)  that 

XXXII.  .  .  (cr*  -  ct'^)  (c,-^  -  c^'^)  >  0, 

because  the  assumed  relation  a  =  a?ai  +  zaz  between  the  three  unit  vectors 
aaios,  whereof  the  two  latter  are  rectangular,  gives  a^  +  «*  =  1,  as  in  IX.,  so 
that  each  of  the  two  expressions  VI.  involves  the  other,  and  their  comparison 
gives  the  ratio, 

XXXIII.  .  .  or' :  «•  «  (cr»  -  cr') :  (e^a"'  -  ^"O* 

yet  we  see  that,  toithout  this  inequality  XXXII.  existing,  the  foregoing 
transformations  hold  good  in  an  imaginary  (or  merely  symbolical)  sense :  so 
that  we  may  say,  in  general,  that  the  functions  Sp^p  and  ^op  can  be  brought 
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to  ihe/oftns  I.  and  II.  in  sut  distinct  waysy  whereof  two  are  realy  and  the/owr 
others  are  imaginary. 

(12.)  It  may  be  added  that  the  first  equation  XXII.  admits  of  being 
replaced  by  the  following, 

XXXIV.  . .  ^ip  =  -  6(?i"Hcij3  -  ao8a/3)  S(^i/3  -  rta8aj3>, 

with  a  corresponding  form  for  ^  ;  and  that  thus,  instead  of  XXIF.,  we  are 
at  liberty  to  write  the  expressions^ 

XXXV.  .  .  ai  =  U(c,j3  -  aaSa/3),     a,  =  UVa/3,     a,  =  U(r3j3  -  flroSaj3), 

for  the  rectangular  unit  system,  deduced  from  I.  or  II. 
359.  If  we  call,  as  we  naturally  may,  the  expressions 

I.  .  .  ^of>  =  ^ifliSoi/o  +  0302802^  +  CsOsSasf),  357,  v., 

and 

II.  .  .  Sp^p  =  Ci(Sa,p)»  +  Ca(Sa2p)'  +  C^{^a^p)\  357,  VIIL, 

the  Rectangular  Transformatiom  of  the  Functions  ^oP  ai^d  Sp^p,  then  by 

another  geometfical  analogy^  which  will  be  seen  when  we  come  to  speak 
briefly  of  the  theory  of  Surfaces  of  the  Second  Order,  we  may  call  the 
expressions, 

III.  .  .  ^oP  =  ^p  +  VXp/i,  357,  XIV., 
and 

IV.  .  .  Sp^p  =  gp^  +  SXp/xp,  357,  II., 

the  Cyclic*  Transformations  of  the  same  two  functions;  and  may  say  that  the 
two  other  and  more  recent  expressions, 

V.  .  .  ^oP  =  -  «aV«p  +  ii3Sj3p,  358,  II., 

and 

VI.  .  .  Sp^p  =  a(yapy  +  i(Sj3p)',  358,  I., 

are  Ibcalf  Transformations  of  the  same.  We  have  already  shown  (357)  how 
to  exchange  rectangular  forms  with  cyclic  ones ;  and  also  (358)  how  to  pass 
from  rectangular  expressions  to  focal  ones,  and  reciprocally  :  but  it  may  be 
worth  while  to  consider  briefly  the  mutual  relations  which  exist,  between 
cyclic  ajid  focal  expressions,  and  the  modes  of  passing  from  either  to  the  other. 

♦  Compare  the  Note  to  Art.  367. 

t  It  will  be  found  that  the  two  real  vectors  a,  a',  of  358,  are  the  two  real  focal  linee  of  the  real  or 
iina^inary  eonCf  which  ia  aeymptotte  to  the  imface  of  the  teeond  orders  Qp^p  =  const. 
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(1.)  To  pass  from  IV.  to  VI.,  or  from  the  cyclic  to  the  focal  form,  we 

may  first  accomplish  the  rectangular  transformation  II.,  with  the  values  357, 

XX.,  and  XXI.,  of  ^i,  ^2,  Cs,  and  of  ai,  02,  as,  the  order  of  inequality  being 

assumed  to  be 

VII.  .  ,  Cz>  Ct>  Ciy  as  in  357,  IX. ; 

and  then  shall  have  (oomp.  358,  XV.)  the  following  expressions : 

Vm.  .  .  4Sp*p  =  (S .  /.(cx*(UX  -  Vfi)  +  (?,*(UX  +  U/x) ) }» 

-  {V.  p{c}{V\  +  U/x)  +  c\J]\  -  U/x) ) }» ; 

Vlir.  .  .  4S/o^p  =  -  {8  ./t>((-  ci)*  (UX  -U/ti)  +  (-  c)*  (TJX  +Um))j' 

+  {V.p((-  c,)^  (UX  +U/tx)  +  (-  cf  (UX  -Um))}' 

IX.  .  .  (c  -  c,)*  Sp^/D  =  {V.  p{c^  Y\fi  +  (-  (?,)*  (KTfi  +  mTX)) )' 

+  (S .  p((-  c,)»  VX/tx  -  c*  (XT;.  +  mTX))}«; 

X.  . .  ((?2  -  c,)«  Sp^p  =  -  {V.p((-  cO*  VX/i  +  ca*  (XT/i  -  ^TX)))* 

-  (8 .  p(-  (?2*  VX;x  +  (- c,)*  (XT/i  -  /^TX)) )« ; 

in  which  it  is  to  be  remembered  that  (by  357,  XX.}, 

XI.  .  .  Ci  =  -  jf  -  TXfc,    c,  =  -  jf  +  8X/£,    Cj  =  -  ^  +  TX/i ; 

and  of  which  all  are  symbolically  true^  or  give  (as  in  IV.)  the  real  value 
g^  +  SXpfip  for  8/o^p,  if  ^,  X,  /i,  p  be  r^a/.  And  in  this  symbolical  sense^ 
although  they  have  been  written  down  as  foury  they  only  count  as  three 
distinct  focal  tramformationSy  of  a  given  and  real  cyclic  form ;  because  the 
expression  VIIF.  is  an  immediate  consequence  of  VIII. ;  and  other  formulse 
IX^  and  X^  might  in  like  manner  be  at  once  derived  from  IX.  and  X. 

(2.)  But  if  we  wish  to  confine  ourselves  to  real  focal  fomiSy  there  are  then 
four  cases  to  be  considered,  in  each  of  which  some  one  of  the  four  equations 
VIII.  VIII'.  IX.  X.  is  to  be  adopted,  to  the  exclusion  of  the  other  three. 
Thus,  if 

XII.  .  .  c,  >  c,  >{?!  >  0,    and  therefore    <?r*  >  c,"*  >  c,"^  >  0, 
the/oz-m  VIII.  is  the  only  real  one.     If 

XIII.  ,  .  Ci>  C2>0>  Ciy    cf^  >  cf^  >0  >  Ci'\  then  X.  is  the  real  form. 
If         XIV.  .  .  Ci>  0  >  c^>  Ciy    ci^  >  0  >  c{^>  c"*,  the  only  real  form  is  IX. 
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Finally  if  XV.  .  .  0  >  Cs  >  Cj  >Ci,    0  >  c{^  >  c^'^  >  Cs'S 

that  is,  if  all  the  roots  of  the  oubio  Mq^  Ohe  negative^  then  Ylir.  is  the  form 
to  be  adopted,  under  the  same  condition  of  reality, 

(3.)  When  all  the  roots  c  are  poaiiwe^  or  in  the  case  when  YIII.  is  the 
real  focal  farm,  the  unit  lines  o,  /3  in  VI.  may  be  thus  expressed  : 


XVI.  .  . 


with  6  =  Ci  -  c,  +  t?s  as  before  (358,  IV.). 

(4.)  In  the  same  ease  VEIL,  the  expressions  for  4S/o^p  may  be  written 
(oomp.  358,  XVI.)  under  either  of  these  two  other  real  forms  : 

XVII.  .  .  48/t)^p  =  N{ (cb*  +  ci^)  p  .UX  +  (c,*  -  ci*)  U;* .  p) ; 
XVir.  .  .  4Sn)^p  -  N{((J3*  +  ci*)  UX .  p  +  (c*  -  c,*)  p  .Vp]  ; 
so  that  if  we  write,  for  abridgment, 

XVIII.  .  .  lo  -  i  (<?3*  +  t?i*jUX,    iCo  =  i  (cs*  -  ci*)  U/ti, 
we  shall  have,  briefly, 

XIX.  . .  Sp^p  =  N(«o/t>  +  p^a)  -  N(/)io  +  kqp). 
(5.)  Or  we  may  make 
XX. .  .  «  =  i  (ci"*  +  C3'^)UX,    ic  -  i  (ci"^  -  Cj"*)!!/!,    whence    ic'  -  i»  =  c,"^ci"^ ; 
and  shall  then  have  the  transformation, 

XKI...Spi^p^N'^^ 


2  9 
K    -  £ 


which  may  be  compared  with  the  equation  281,  XXIX.  of  the  ellipsoid^  and 
for  the  reality  of  which  form,  or  of  its  two  vector  constants,  i,  k,  it  is  necessary 
that  the  roots  c  of  the  cubic  should  all  be  positive  as  above. 

(6.)  It  was  lately  shown  (in  358,  (8.),  &c.)  how  to  pass  from  a  given  and 
real  focal  form  to  a  second  of  the  same  kind,  with  its  new  real  unit  lines  a,  )3' 
in  the  same  plane  as  the  two  old  or  given  lines,  a,  j3 ;  but  we  have  not  yet 
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shown  how  to  pass  from  a  focal  form  to  a  cyclic  one,  although  the  convene 
passage  has  been  recently  discussed.  Let  us  then  now  suppose  that  {he  form 
VI.  is  real  and  given  y  or  that  the  two  scalar  constants  a,  J,  and  the  two  unit 
vectors  a,  ]3,  have  real  and  given  values  ;  and  let  us  seek  to  reduce  this 
expression  VI.  to  the  earlier  form  IV. 

(7.)  We  might,  for  this  purpose,  begin  by  assuming  that 

XXn.  .  .  cf^  >  cf'  >  €f\    as  in  358,  III.  ; 

which  would  give  the  expressions  858,  XXI.  and  XXII.,  for  CiC^fhi  and  010203, 
and  so  would  supply  the  rectangular  tramfounationy  from  which  we  could  pass, 
as  before,  to  the  cyclic  one. 

(8.)  But  to  vary  a  little  the  analysis,  let  us  now  suppose  that  the  given 
focal  form  is  some  one  of  the  four  following  (comp.  (1.))  : 

XXni.  .  .  8p<^p  »  (S/3o/3)'  -  (Vaop)' ;    XXIir.  .  .  Spi^p  =  (VaopY  -  (S0op)' ; 

XXIV.  . .  &pil>p  =  (Sj3op)*  +  (Va^Y ;     XXIV'.  .  .  Spi>p  =  -  (Va^)»  -  [QfioR? ; 

in  each  of  which  a^  and  /3o  are  conceived  to  be  given  and  real  vectors,  but  not 
generally  unit  lines;  and  which  are  in  fact  the  four  cases  included  under  the 
general  form,  a(Vo/>)'  +  6(Sj3jo)',  according  as  the  scalars  a  and  b  are  positive 
or  negative.  It  will  be  sufficient  to  consider  the  two  cases,  XXIII.  and 
XXrV.,  from  which  the  two  others  will  follow  at  once. 

(9.)  For  the  case  XXIII.  we  easily  derive  the  real  cyclic  transformation^ 

XXV.  .  .  Sp^p  =  (S/3op)*  -  {SaopY  +  «oV 

=  SOo  +  ao)p-S(^o  -  «o)p  +  a«V 

=  gp^  +  SXppp  -  [g  -  SXfi)p^  +  2SXfiS/txf>, 
where 

xxvi...x  =  ^o  +  ao,  /i  =  iOo-oo),   g-iW-^Po'); 

and  the  equations  357,  (9.)  enable  us  to  pass  thence  to  the  two  imaginary 
cyclic  forms. 

(10.)  For  example,  if  the  proposed  fimction  be  (comp.  XIX.), 

XXVII.  . .  8pi>p  =  N(/^  +  pKo)  =  (S(/o  +  K,)py  -  (V(/o  -  ic,)p)\ 
we  may  write 

«o  •"  *o ""  'foj    i3o  =  '0  +  Kof    X  «=  2*01    fc  =  Ko,    ^  -  <o*  +  fo' ; 
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and  the  required  transformation  is  (oomp.  336,  XI.)> 

XXVIII. . .  N(iop  4  pK,)  =  (to'  +  ic,')p*  +  2S«,^op. 

(11.)  To  treat  the  case  XXIY.  bj  onr  general  method,  we  maj  omit 
for  simplicity  the  subindioes  „  and  write  simply  (oomp.  V.  and  YI.)  the 
expressions, 

XXIX.  .  .  ^p  =  -  aYap  +  j3S/3/>,      and     XXX.  .  ,  Sp^p  =  (Vo/>)»  +  (SfipY ; 

in  which,  however,  it  is  to  be  observed  that  a  and  /3,  though  real  vectors,  are 
not  note  unit  lines  (8.).  Henoe,  because  -  aYap  =  aSap  -  a*p,  we  easily  form 
the  expressions : 

I.  .  .  m  =  a'(So^)»,    m'  =  «»(o'  -  /3»)  -  (Sa/3)»,    m"  =  j3»  -  2o' ; 

fi^p  =  Va/3S/3ap  -  a*(oVap  +  /3V/3p)  +  a*p 


XXXII. .  . 


=  Vap/3Sa/3  +  a(a»  -  i3')Sap, 


Ixp  =  -  (aSop  +  /3S^p)  +  (/3'  -  a')p ; 

and  therefore 

XXXIII.  .  .  Jf  =  (c  ~  a»)  (c»  +  O'  -  a')c  -  (Sa/3)'), 
and 

XXXrV.  .  .  *p  =  VapjSSoP  +  03*  -  a»)  (cp  -  oSap)  -  c(aSap  +  /SS/Jp)  +  (fp 
=  (a(a»  -  /3'  -  c)  +  /3Sa/3)8ap  +  («Sa/3  -  c/3)S^p  +  (c»  +  (/3»  -  a»)c  -  (Sa/3)')p. 

(13.)  Introducing  then  a  real  and  positive  scalar  constant,  r,  sudi  that 

XXXV.  .  .  r*  =  (a»  -  /3')»  +  4(8a^)'  =  («'  +  jS')'  +  4(Va0)' 

=  a*  +  (a/3)'  +  (/3a)'  +  /3*  =  a*  +  2S .  (a/3)'  +  /J* 
=  a-»(a'  +  /3a/3j'  -  i3-*(/3'  +  o/3a)'  =  &0., 

in  which  (by  199,  &o.), 

S .  (a/3)'  =  (Sa/3)'  +  (Va/3)'  =  2(Sa/3)'  -  a'0'  -  2(Yaj3)'  +  a'/3', 

the  roots  of  Jf  •>  0  admit  of  being  expressed  as  follows : 

XXXVI.  ..  c,  =  i(«*  - /3*  +  »').    <^-«*»    c*  =  i(a*  -  ^' - '•*) ; 
and  when  they  are  thus  arranged,  we  have  the  inequalities, 

XXXVII.  .  .  o  0  >  Ci >  c,,    cr«  >  0  >ca''  >  cfK 

SZ2 
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(13.)  The  corresponding  forms  of  "fp  are  the  three  monomial  expressions, 

'  ^ip  =  Ck-'(aC  +  /3Saj3)  S(aC  +  /3Sq/3V,     \f>tp  =  Vo^S/3ap, 

.^3/t>  =  t?i-^(aCi  +  j38a/3)  S(a(Ji  +  j3Sa/t))p  ; 


XXXVIII. . . 


which  may  be  variously  transformed  and  verified,  and  give  the  three  follow- 
ing rectangular  vector  units, 

XXXI?.  .  .  a,  «  U{aCz  +  i38a/3),     a>  =  UVaj3,     a,  =  V{aCi  +  ^Sa/3)  ; 

in  connexion  with  which  it  is  easy  to  prove  that 

/  T{ac,  +  ^Sa/3)  =  (-^3)4  (C|  -  C2)4  (ci  -  Cs)^  =  r  (e?i  -  ^)i  (-  c,)*, 
XL.  .  .  \  TVa/3  =  {ci  -  c,)4  (c  -  ca)ft ; 

T(aCi  +  /3Sa/3)  =  Ci4(cs  -  c,)*  (ci  -  C3)*  =  r  (oa  -  c)i  Ci^  ; 

the  radicals  being  all  real,  by  XXXVII. 

(14.)  We  have  thus,  for  the  given  focal  form  XXX.,  the  rectangular  trans* 
formation^ 

XLI.  . .  Sp^p  =  {YapY  +  {SfipY 

^  C,{S{ac,  -f  /3Sa/3)/o)'  C,(Sa/3/o)'  g>(S(flg,  +  /38a/3)p)" 

-  C8(Ci  -  Ca)r*  {Ci  -  Cj)  (Ca  -  C,)  Ci(C3  -  Ci)r*  ' 

or  briefly, 

XLII.  .  .  S/o^n)  =  (VapY  +  (Sj3/d)»  =  c,{8.pTJ{ac^  +  i3Saj3)p)' 

+  a»(S  .  pUVojS)*  +  ^3(8  .  pV{aC,  +  j3Saj3))*  ; 

in  which  the  first  term  is  positive,  but  the  two  others  are  negative,  and  Ci,  Cs 
are  the  roots  of  the  quadratic, 

XLIII.  .  .  0  =  c»  +  (/3»  -  a')c  -  (8a/3)*. 

(15.)  We  have  also  the  parallelisms, 

XLIV.  .  .  ac  +  /3Sa/3  II  Pc  -  aSaj3,     ac,  +  /3Sa/3  jj  /Bcs  -  a8a/3, 

because 

and  may  therefore  write, 

XLV.  .  .  Spi>p  -  {YapY  +  (S/3/>)»  =  c,(S .  pU(j3ci  -  a8a^)y 

+  a*(S .  pUVa/B;'  +  C3(S .  pU(^  -  oSo/3))» ; 
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while 
XLVI.  .  .  TO(?i  -  aSafi)  =  rci4((?i  -  c)i,     T(/3^  -  a8a/3)  -  r  (-  c)i  (c,  -  e*)*, 

and  r  e  (ci  -  Cs)^,  with  real  radicals  as  before. 

(16.)  Multiplying  then  by  r*(TVa/3)*,  or  by  (cy  -  (?,)  (tf,  -  Oa)  (cs  -  ^),  we 
obtain  this  new  equation, 

XLVII.  .  .  (Cx  -  c.)  {(TVaj3)»  ((Vap)»  +  (Sj3p)»)  -  a»(Sa/3p)'} 

=  (C3  -  a*)  (C|Sj3/t)  -  Ba^&apY  -  (ci  -  a»)  {eSfip  -  aSo/3j* ; 

which  is  only  another  way  of  expressing  the  same  rectangular  transformation 
as  before,  but  has  the  advantage  of  being  freed  from  divisors. 

(17.)  Developing  the  second  member  of  XLVII.,  and  dividing  by  Ci  -  Ct, 
we  obtain  this  new  transformation  : 

XLVIII. . .  {TYapySpi>p  =  -  (Va/3)«  {(VapY  +  (SjSp)') 

=  a^iSafipY  -  (8a/3)'  (8ap)»  +  2a^Sa/3SapS/3p  +  C(Sj3p)' ; 

in  which  we  have  written  for  abridgment, 

XLIX.  .  .0 -CiCz-  a^{ci  +  Ci). 
(18.)  The  expressions  XXX YI.  for  Ciy  c%  give  thus, 

L...(7  =  -a*-(Va/3)*; 

and  accordingly,  when  this  value  is  substituted  for  C  in  XLYIII.,  that 
equation  becomes  an  identityy  or  holds  good  for  all  values  of  the  three  vectors^ 
a,  j3,  /o  ;  as  may  be  proved*  in  various  ways. 

(19.)  Admitting  this  result,  we  see  that  for  the  mere  establishment  of 
the  equation  XLVII.,  it  is  not  necessary  that  Ci  and  c,  should  be  roots  of  the 
particular  quadratic  XLIII.  It  is  sufficient,  for  this  purpose,  that  they 
should  be  roots  of  any  quadratic, 

U. .  .c*  +  ^(j  +  B  =  0,    with  the  r^fe«o«    LII.  .  . -4a»  +  -B  +  a*  +  (Va/3)*  =  0, 

between  its  coefficients.  But  when  we  combine  with  this  the  condition  of 
rectangularityy  os  ±  ai,  or 

LIII.  .  .  0  «  8 .  ((?,/3  -  a8a/3)  (C^  -  a8a/3)  =  .fl(8aj3)'  +  5j3»  +  a%8afi)\ 

*  Many  such  proofs,  or  TorifloatioDB,  as  the  one  here  aUuded  to,  are  purposely  left,  at  this  stage, 
as  exercises,  to  the  student. 
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li^e  obtain  thus  a  se^^ond  relation,  which  gives  definitely ^  for  the  two  ooeffioients, 
the  values, 

and  so  conducts,  in  a  new  way,  to  the  equation  XLIII. 

(20.)  In  this  manner,  then,  we  might  have  been  led  to  perceive  the  truth 
of  the  rectangular  transformation  XLYII.,  with  the  quadratic  equation 
XLIII.  of  which  Ci  and  Cs  are  roots,  without  having  previously  found  the 
cubic  XXXIII.,  of  which  the  quadratic  is  a  factor,  and  of  which  the  other 
root  is  Ci  »  a'.  But  if  we  had  not  employed  the  general  method  of  the  present 
Section,  wliich  conducted  us  to  form  Jirst  that  cubic  equation,  there  would 
have  been  nothing  to  suggest  the  particular  form  XLVII.,  which  could  thus 
have  only  been  by  some  sort  of  chance  arrived  at. 

(21.)  The  values  of  axa^^  give  also  (oomp.  357,  VII.), 

LV.  .  .  -  /D»  =  (8  .  pJ5(ficy  -  aSa/3))^  +  (S  .  />XJVai3)'  +  (8  .  />U(/3(J3  -  aSa/3))* ; 

that  is,  by  XL.  and  XLVI., 

LVI.  .  .  CxC^{Cx  -  C3)  (/t>'(Va^)»  -  (8aj3/D)*)  =  c(c^  -  a*)  ((?i8/3p  -  80)880^)' 

-  eicx  -  a»)  (c,8j3p  -  Sa/3Sap)» ; 

and  accordingly  the  values  XXXYI.  of  Ci,  Cs  enable  us  to  express  each 
member  of  this  last  equation  under  the  common  form,  -  C\Cz(cx  -  c^ 
{aSPp  -  (iSap)\ 

(22.)  Comparing  the  recent  inequalities  Ci>  Cz>  c^  (XXXVII.)  with  the 
arrangement  357,  IX.,  we  see,  by  357,  (6.),  that  for  the  real  cyclic  trans- 
formation (6.)  at  present  sought,  the  plane  of  X,  fc  is  to  be  perpendicular  to 
as  (and  not  to  o,,  as  in  357,  (3.),  Ac).  We  are  therefore  to  eliminate 
(ffaSjSp  -  8aj3Sa/))'  between  the  equations  XLVII.  and  LVI.,  which  gives 
(after  a  few  reductions)  the  real  transformation : 

LVn.  .  .  ( (Sa/3)»  -  c,^')  ( (Vap)'  +  {^M)  -  iP^  -  «')  (Sa/3) V 

=  (ciS/3p  -  8o/3Sa/>)«  -  CiiSa^pY 
«  8  .  />(c,j3  -  aSa/3  +  Ci*Va/3)  8  .  /d(CxJ3  -  080)8  -  (Ji*Va/3) ; 

which  is  of  the  kind  required. 

(23.)  Accordingly  it  will  be  found  that  the  following  equation, 

LVIII.  .  .  {{8apy  -  cfi')  (VapY  +  (C  -  a»)  (c(8j3p)'  -  p*8(ai3)') 

-  (dafip  -  8a^Sop)*  -  c(Sa/3p)% 
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is  an  identity y  or  that  it  holds  good  for  all  values  of  the  scalar  Cy  and  of  the 
vectors  a,  /3,  p ;  since,  by  addition  of  c(Va/3) V*  oi^  l>oth  sides,  it  takes  this 
obfnouBly  identical  form, 

LIX.  .  .  ((Sa/3)'  -  c^')  {SapY  +  c{c  -  a')  (S/3p)*  =  {S(ip  -  SafiSapY 

-  c{aS(ip  -  (iSapY ; 

so  that  if  Ci  be  either  root  of  the  quadratic  XLIII.,  or  if  Ci(ci  -  o')  =  (Sa/3)' 
-  Ci/3*,  the  tramformation  LVII.  is  at  least  symbolicallt/  valid :  but  we  must 
take,  as  above,  the  positive  root  of  that  quadratic  for  Ci,  if  we  wish  that  trans- 
formation to  be  a  real  one,  as  regards  the  constants  which  it  employs.  And 
if  we  had  happened  (comp.  (20.))  to  perceive  this  identity  LIX.,  and  to  see 
its  transformation  LVIII.,  we  might  have  been  in  that  way  led  to  form  the 
quadratic  XLIII.,  without  having  previously  formed  the  cubic  XXXIII. 

(24.)  Already,  then,  we  see  how  to  obtain  one  of  the  two  imaginary  cyclic 
transformations  of  the  given  focal  form  XXX.,  namely  by  changing  Ci  to  Ct  in 
LVII. ;  and  the  othe}*  imaginary  transformation  is  had,  on  principles  before 
explained,  by  eliminating  (Sa/3/t))'  between  XLVIL  and  LVI. ;  a  process 
which  easily  conducts  to  the  equation, 

LX.  .  .  {YapY  +  (8/3p)=  +  ay  =  (ci  -  c,)-'[c,-'{d8fip  -  SafiSapY 

-Cf^cSfip-Sa^BapY), 

where  the  second  member  is  the  sum  of  two  squares  {ci  being  >  0,  but  Cs  <  0), 
as  the  second  expression  LVII.  would  also  become,  if  Ci  were  replaced  by  Tj. 
Accordingly,  each  member  of  LX.  is  equal  to  (Sap)*  +  (S/3p)',  if  Ci,  d  be  the 
roots  of  any  quadratic  LI.,  with  only  the  one  condition, 

LXL  .  .  ci(?s  =  5  =  -  (Sa^)" ; 

which  however,  when  combined  with  the  condition  of  rectangularity  LIII., 
su£Sces  to  give  also  ^  »  /3'  -  a*,  as  in  LIV.,  and  so  to  lead  us  back  to  the 
quadratic  XLIII.,  which  had  been  deduced  by  the  general  method,  as  a 
factor  of  the  cubic  equation  XXXIII. 

(26.)  And  since  the  values  XXXVI.  of  Ci,  Cz  reduce,  as  above,  the  second 
member  of  LX.  to  the  simple  form  (Sap)*  +  (S/3p)',  we  may  thus,  or  even 
without  employing  the  roots  Ci,  Cj  at  all,  deduce  the  followiug  expression  for 
the  last  imaginary  cyclic  transformation : 

LXII.  .  .  Sp^p  =  (Vap)'  +  (8i3p)*  =  -  ay  +  S(a  +  J^j3)p .  S(a  -  J^/3)p, 
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where  J  - 1  is  the  imaginary  of  algebra  (comp.  2 14,  (6.)) ;  while  the  real  scalar 
r*  of  XXXV.  may  at  the  same  time  receive  the  couneoted  imaginary  fomiy 

LXIII.  .  .  r*  =  [a'  -  ^y  4  4(Sai3)»  =  (a  +  J^l/3)'  (a  -  J^/3)«. 

(26.)  Finally,  as  regards  the  passage  from  the  given  form  XXX.,  to  a 
second  real  focal  form  (oomp.  358,  (4.)),  or  the  transformation, 

LXIV.  .  .  (Vap)»  +  {%^pY  =  (Va»»  +  (S/3»*, 

in  which  a  and  /3^  are  real  vectors,  distinct  from  ±  a  and  ±  /3,  bat  in  the 
same  plane  with  them,  it  may  be  sufficient  (oomp.  358,  (8.)),  to  write  down 
the  formulae : 

LXV.  .  .  rV  =  -  (a'  +  /3a/3),     r'/3'  =  -  0»  +  a/3a), 

with  the  same  real  value  of  r*  as  before ;  so  that  (by  XXXV.,  &o.)  we  have 
the  relations, 

LXVI. .  .  Ta' «  Ta,    T/3'=T/3,    Sa'/3'=Sai3; 


liXVII 


LXVIII.  . . 


'  r'ia  +  a')  -  a(f  -  a»  +  /3*)  -  2j3Sa/3  =  -  2(aC^  +  /3Sa/3)  ||  ai, 

- 

.r'ia-  a')  =  a(r»  +  o»  -  P')  +  2^800  =  2(ac,  +  /3SaP)  ||  a,  ; 

■  r'(P  +  /3')  =  ^{f  +  a*  -  J3')  -  2oSaj3  =  2(/3c,  -  o8«P)  II  o„ 
,  r'OS  -  /3')  =  P(»^  -  a'  +  /3»)  +  2aSaP  =  -  2{^  -  a8a/3)  ||  a,. 

(27.)  We  have  then  the  identity, 

LXIX.  .  .  (V(a'  +  /3o/3)/))»  +  (8(/3»  +  a/3a)p)» 

=  («♦  +  28 .  (a^)'  +  /3')  ((V«p)»  +  (S/3p)«) ; 

witli  which  may  be  combined  this  other  of  the  same  kind, 

LSX.  .  .  -  (V(a»  -  /3a/3)p)'  +  (8(3*  -  a^a)pY 

=  («'  -  28 .  (a/3)»  +  p*)  (-(Vo/»)'  +  (8/3/.)*), 

which  enables  us  to  pass  from  the  focal  form  XX III.,  to  a  second  real  focal 
form,  with  its  two  new  lines  in  the  same  plane  as  the  two  old  ones :  and  it 
may  be  noted  that  we  can  pass  from  LXIX.  to  LXX.,  by  changing 
a  to  a  J  -  1. 
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360.  Besides  the  reotangular^  ojclio,  and  focal  transformations  of  Sp^p, 
whioh  have  been  already  considered,  there  are  others,  although  perhaps  of 
less  importance  :  but  we  shall  here  mention  only  two  of  them,  as  specimens, 
whereof  one  may  be  called  the  Bifocaly  and  the  other  the  Mixed  Trans- 
formation. 

(1.)  The  two  lines  a,  a\  of  369,  LXV.,  being  called  focal  lines^*  an 
expression  which  shall  introduce  them  both  may  be  called  on  that  account  a 
bifocal  transformation. 

(2.)  Retaining  then  the  value  369,  XXXV.  of  r*,  and  introducing  a  new 
auxiliary  constant  Cy  which  shall  satisfy  the  equation, 

I.  .  .  i3»  -  a'  =  rV,     and  therefore    11.  .  .  4(Sa/3)«  =  i^(l  -  ^), 

80  that 

III.  .  .  4^(Sa/3)'  =  (1  -  e")  (/3'  -  a')% 

the  first  equation  369,  LXV.  gives, 

IV.  .  .  r'iea  -  a!)  =  2/3Sa/3,         V.  .  .  r\e%ap  -  SaV)  «  2Sa/3S^/t> ; 
and  therefore,  with  the  form  369,  XXX.  of  Sp^p, 

VI.  .  .  (1  -  e^)8p^p  -  (1  -  O  ( (Vap)'  +  (S^p)') 

«  (1  -  e>)  (Vop)»  +  {Sap  -  Sa»' 

=  {e'  -  l)aV  +  (Sap)'  -  2eSapSa'p  +  (Sa'p)* ; 

in  which  a*  =  a'S  by  359,  LXVE.,  so  that  a  and  a  may  be  considered  to 
enter  symmetrically  into  this  last  transformation,  which  is  ol  the  bffocal  kind 
above  mentioned. 

(3.)  For  the  same  reason,  the  expression  last  found  for  Sp^p  involves 
again  (comp.  368)  six  scalar  constants;  namely,  ^,  Ta(=  Ta),  and  the  four 
involved  in  the  two  unit  lines,  Ua,  TJo'. 

(4.)  In  all  the  foregoing  transformations,  the  scalar  and  quadratic 
function  Sp^p  has  been  evidently  homogeneom^  or  has  been  seen  to  involve  no 
terms  below  the  second  degree  in  p.  We  may  however  also  employ  this 
apparently  heterogeneous  or  mixed  form, 

VII. . .  Sp0p  =  /(p  -  e)»  +  2SA(p  -  ?)s,x(p  -  ?)  +  ^ ; 


*  Compare  the  Note  to  Art.  369  [p.  636]. 
Hamilton's  £liimbnts  ov  Quatbrnions.  4  A 
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in  which  /,  X,  /c  have  the  same  signifioations  as  in  357,  but  e^  c,  ^  are  three 
new  constants^  subject  to  the  two  conditions  of  homogeneity^ 

VIII.  .  .  /£  +  XS^:  +  iSK  =  0, 
and 

IX.  .  .  g'e  +  2SA^S/i?  +  e  =  0, 

in  order  that  the  expression  VII.  may  admit  of  reduction  to  the  form, 

X.  . .  S^^|0  =  g'p^  +  2S\pSfip,    as  in  357,  IF. 

(5.)  Other  general  homogeneous  transformations  of  Sp^f^p^  which  are  them- 
selves real,  although  connected  with  imaginary*  cyclic  forms  (comp.  357,  (7.)), 
because  a  sum  of  ttco  squares  of  linear  and  scalar  functions  is,  in  an  imaginary 
sense,  a  product  of  two  such  functions,  are  the  two  following  (comp.  357,  (9.jj : 

XI.  .  .  Qpipp"^  gp^  +  ^Xpfip  =  ^i/o»  +  (SX,p)«  +  (8/«,/o)* ; 

XII. . .  S/o^/o  =  gp*  +  SXpfip  =  g^p*  -  (8X3/0)'  -  {^i^pY  I 

in  which  (comp.  357,  (2.)  and  (8.)), 

XIII.  .  .  gi'^g  +  T\fi  =  -  c„    g%^g  -  TXfi  «=  -  cs, 

XIV.  .  .  Xi  =  VX/ti(TX/u  -  SX/x)-*,    ,1,  =  (XT/^  +  /^TX)  (TX/ti  -  SX/x)"*, 
and 

XV.  .  .  X3  =  Y\fi{T\fjL  +  SX/ti)-*,    /u,  =  {XTfi  -  /tiTX)  {TXfi  +  SX/n)-* ; 

so  that  <7i,  Xi,  /ui,  and  ^39  Xs,  fis  are  r^a/,  if  g,  X,  fc  be  such. 

(6.)  We  have  therefore  the  ttco  new  mixed  transformations  following  : 

rVI. .  •  Spi^p  =  gAp  -  8i)»  +  (SXi(/t>  -  ?0)'  +  (S/«i(p  -  Zi)Y  +  ^i ; 

XVII.  .  .  Sp<i>p  =  g,(p  -  83)'  -  (8X3(10  -  Sa))*  -  (8/i3(/o  -  ?3))'  4  ^3 ; 

with  these  two  new  pairs  of  equations,  as  conditions  of  homogeneity^ 

XVIII.  .  .  g^si  +  Xi82iXi  +  fiMxfii  =  0, 

XIX.  .  .  g,B,'  +  [SZM  +  (S2:,/txO'  +  ^1  =  0, 
and 

XX.   .   .  ^363  -  X8S?3X3  -  flz^Zifli  =  Oj 

XXI. . .  g,e^  -  (s?:,X3)'  -  {Sfi,z.y  + «, « o.. 

*  Ai  i  \/  -  1  /ii,  and  As  1  \/  —  1  /AS,  may  here  be  said  to  be  two  pain  of  imoffinafy  eyeiic 
normah,  of  that  real  surface  of  the  second  order,  of  which  the  equation  is,  as  before,  Sp^p  ^  const. 
Compare  the  Notes  to  pages  527,  684. 
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361.  We  Baw,  in  the  sub-articles  to  336,  that  the  differential y  d/p,  of  a 
scalar  function  of  a  vector y  may  in  general  be  expressed  under  the  form, 

I. .  .  Afp  «  nSvd/o, 

where  v  is  a  derived  vector  function^  of  the  same  variable  vector  p,  and  n  is  a 
scalar  coeffi^Aent^    And  we  now  propose  to  show,  that  if 

H.  ,  •  fp  =  Sp^pf 

i^p  still  denoting  the  linear  and  vector  function  which  has  been  considered 
in  the  present  Section,  and  of  which  ^o/t>  is  still  the  self- conjugate  part,  we 
shall  have  the  equation  I.  with  the  values, 

III.  .  .  n  =  2,     V  =  ^0/0 ; 

so  that  the  part  ^^p  may  thus  be  deduced  from  <pp  by  operating  with  JdS .  p, 
and  seeking  the  coefficient  of  dp  under  the  sign  S.  in  the  result :  while  there 
exist  certain  general  relations  of  rectprocity  (comp.  336,  (6.)),  between  the 
ttoo  vectors  p  and  v,  which  are  in  this  way  connected^  as  linear  functions  of 
each  other, 

(1.)  We  have  here,  by  the  supposed  linear  form  of  ^p,  the  differential 
equation  (comp.  334,  VI.), 

IV.  .  .  d<^p  =»  ^dp  ; 
also 

S(dp .  ^p)  =  S(^p .  dp),    and    S(p  .  ^dp)  =  S(^'p .  dp) ; 

hence,  by  349,  XIII.,  we  have,  as  asserted, 

V.  .  .  dSp^p  =  S(^p  +  <f/p)dp  =  28 .  ^opdp. 

(2.)  As  an  example  of  the  employment  of  this  formula,  in  the  deduction 
of  ^op  from  ^p,  let  us  take  the  expression, 

VI.  .  .  ^p  =  2j3Sap,  347,  XXXI., 

which  gives, 

VII.  .  ./p  =  8p0p  «  SSapSjSp, 
and  therefore 

VIII.  .  .  d/p  =  28(j3Sap  +  aS/3p)dp. 

Comparing  this  with  the  general  formula, 

IX.  •  .  j^dfp  s  Srdp  s=  S .  0opdp, 

4  A  2 


54d  ELEMEITTS  OP  QTtATERKlONS.  [lU.  n.  §  6. 

ive  find  that  the  form  YI.  of  (ftp  has  for  its  self-oonjugatejo^r/, 

and  in  fact  we  saw  (347>  XXXII.)  that  this  form  gives,  as  its  conjugate,  the 

expression, 

XI.  .  .  f^'p  =  2aSj3/o. 

(3.)  Supposing  now,  for  simplicity,  that  the  function  ^  is  gtven,  or  maakj 
self-conjugatey  by  taking  (if  necessary)  the  semisum  of  itself  and  its  own 
conjugate  function,  we  may  write  0  instead  of  0o,  and  shall  thus  have, 
simply, 

XII.  .  .  V  =  0p,     XIII.  .  ./p  =  Svpf     XIV.  .  .  d/p  =  2Svd/> ; 

whence  also  (comp.  348, 1.  II.), 

XV.  .  .  p  =  ^"*v  =  m"*i//v,    and    XVI.  .  .  8vdp  =  8pdv. 
(4.)  Writing,  then, 

XVn.  .  .Fv  =  Svi>-'v  =  m-'Sv^|JV, 
we  shall  have  the  equations, 

XVIII.  .  .  Fv  =fp,    XIX.  .  .  di^v  =  28pdv  =  28 .  ip-'vdp ; 

so  that  p  may  he  deduced  from  Fv,  as  v  was  deduced  fi^om  fp ;  and  generally,  as 
above  stated,  there  exists  a  perfect  reciprocity  of  relations,  between  the  reclars 
p  and  V,  and  also  between  their  scalar  functions,  fp  and  Fv. 

(5.)  As  regards  the  deduction,  or  derivation,  of  v  from  fp,  and  of  p  from 
Fvi  it  may  occasionally  be  convenient  to  denote  it  thus  :* 

XX.  .  .  V  =  i(S .  dp)-^d/p ;        XXI.  .  .  p  =  i(S .  dv)"dFv ; 

*  [Hamilton  suggested  the  notation  (j  =  (S.dp)~*d  in  page  291  of  a  paper  published  in  the  '* Pro- 
ceedings of  the  Royal  Irish  Academy,"  vol.  iii.    On  the  same  page  he  introduced  the  '*  more  general 

characteristic  of  operation, 

.  d         d         d 

♦S^-^d^  +  ^S^^*' 

in  which  x,  y,  and  e  are  ordinary  rectangular  coordinates,"  while  i,^,  and  k  are  unit  yectors  parallel 
to  the  coordinate  axes.  More  recently  <  has  been  printed  v^  and  in  accordance  with  the  notation  for 
partial  differentiation  used  in  the  ''  Elements  "  v  =  iD«  +J^9  +  ^^a*  ^o^  i^  p  ^  *x  •\- Jy  +  ke,  for 
any  system  of  rectangular  axes, 

dfp  =  [dxBz  +  dyDy  +  d«D,)/p  =  -  Sdpv.  /p. 

Comparing  this  with  dfp  =  nSvdp,  it  is  eyident,  as  dp  may  have  any  direction  whatever,  that  the 
equation  ny  «  ~  v.  f{p)  must  be  true.  Hence  it  may  be  inferred  that  v  is  independent  of  any 
particular  set  uf  coordinate  axes.] 
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in  fact,  these  last  may  be  considered  as  only  symbolical  transformations  of  the 

expressions, 

XXII.  .  .  d//>  =  2S(d/t) .  v),     dFv  =  2S(dv .  p), 

which  follow  immediately  from  XIV.  and  XIX. 

(6.)  As  an  example  of  the  passage  from  an  expression  such  as  fp^  to  an 
equal  expression  of  the  reciprocal  form  Fvy  let  us  resume  the  cyclic  form  357,11., 
writing  thus, 

XXIII.  ,  ./p  ^  S/9^/0  =  gp^  +  SX/o/i/o, 

and  supposing  that  ^,  X,  and  fi  are  real.     Here,  by  what  has  been  already 

shown  (in  sub-articles  to  354  and  357),  if  ^p  be  supposed  self-conjugate,  as 

in  (3.),  we  have, 

XXrV.  .  ,  V  =  (pp  ^  gp  +  YXpfi ; 

XXV.  .  .  w  =  (^  -  SX/i)  {g^  -  XV)  =  -  <^i<^2Cb  ; 

XXVI. .  .  V/v  =  VXv/LiSX/i  -  YXfSXvfi  -  giXSfiv  +  fiSXv)  +  f/V  ;* 

and  therefore 

XXVII.  .  .  mFv  =  Bvxfjv 

=  SXv/iii/SX/i  +  {SXvfiY  -  2^SXvS)ui;  +  ^•v'^ 

=  [g^  -  Ay)v'»  +  X*(S/iyj»  +  )ii'»(SXv)'  -  2^SXvS)iii; ; 

which  last,  when  compared  with  360,  VI.,  is  seen  to  be  what  we  have  called 
a  bifocal  form  :  itB  focal  lines  a,  a  (360,  (1.))  having  here  the  directions  of  X,)u, 
that  is  of  what  may  be  called  the  cyclic  lines  f  of  the  form  XXIII.  The  oyclic 
and  btfocal  transformations  are  therefore  reciprocals  of  each  other. 

(7.)  As  another  example  of  this  reciprocal  relation  between  cyclic  and 
focal  lines,  in  the  passage  from/p  to  Jv,  or  conversely  from  the  latter  to  the 
former,  let  us  now  begin  with  the  focal form^ 

XXVIII.  .  ./p  =  Sp0p  =  (VapY  +  (S/3p)^  359,  XXX., 


•  [Since  v  =  ^f>  +  \p/JL  -  Sxp/*, 

it  follows  that       \yfi  =  ff\pfi  +  aVV  -  A/*SXp/t  =  (\V  -  ff^)p  +  (^  -  \/A)SAp/i  +  pw. 

From  tbis  S\y/i  «  (^  -  8\ti)S\pfi, 

and,  on  substitution,  equation  XXYI.  may  at  once  be  found,  remembering  that  ^  ^  m^'^] 

t  Tbey  are  in  fact  (compare  the  Note  to  page  627)  the  eyelie  normaitf  or  the  normals  to  the 
eyelie  planetf  of  that  surface  of  the  second  order,  which  has  for  its  equation /p  =  const. ;  while  they 
are,  as  above,  ^q  focal  lines  of  that  other  or  reciprocal  surface,  of  which  v  is  the  variable  vector,  and 
the  equation  is  Fv  s  const. 
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in  whioh  a  and  /3  are  supposed  to  be  given  and  real  veotors.     We  have  now,  || 

by  359,  (11.), 

V  =  ^jo  =  -  aYap  +  /3S/3p,     m  =  o'(Sa/3)S 


•     •    • 


^Pv  =  VavjSSajS  +  a{a^  -  /3')8ai., 
and  therefore, 

XXX.  .  .  mFv  =  a^Sa^YFv  -  Sv^Pv 

=  Say/3vSa/3  +  (a»  -  /3»)  (Say)' 

=  -  v\8a^Y  +  Sai;((a»  -  /3')Sav  +  2Sa/38^i;) 

=  -  )'»(Sa)3}»  +  SavS(a»  +  /3a/3)i;, 

an  expression  which  is  of  ct/clic  form ;  one  cyclic  line  of  Fv  being  the  ffif?en 
focal  line  a  of //o ;  and  the  other  cyclic  line  of  Fv  having  the  direction  of 
±  (o*  +  /3aj3),  and  consequently  (by  359,  LXV.)  of  T  a\  where  a  is  the  second 
real  and  focal  line  oifp. 

(8.)  And  to  verify  the  equation  XVIII.,  or  to  show  by  an  example  that 
the  two  Junctions  fp  and  Fv  are  equal  in  value,  although  they  are  (generally) 
different  in  fornix  it  is  sufficient  to  substitute  in  XXX.  the  value  XXIX.  of  v ; 
which,  after  a  few  reductions,  will  exhibit  the  asserted  equality. 

362.  It  is  often  convenient  to  introduce  a  certain  scalar  and  symmetric 
function  of  two  independent  vectors,  p  and  p',  which  is  linear  with  respect  to 
each  of  them,  and  is  deduced  from  the  linear  and  self-conjugate  vector  functum 
0/0,  of  a  single  vector  p,  as  follows : 

I.  .  .  /(/),  p)  =  f{p\  p)  «  Qpi^p  =  8p<pp'. 

With  this  notation,  we  have 

II.  .  ./(p  +  pO  =/p  +  2/(p,  /)  +  /p'; 

III.  .  ./(p,  p'  +  p'O  =/(p,  pO  +/(p,  p'O  ; 

IV.  .  .  /(p,  p)  =  /p ;      V.  . .  ^p  -  2/(p,  dp) ; 

VL  ../(a^p,ypO=a#(p,pO,    if    Vaj  =  Vy-0; 

and  as  a  verification, 

YII...f{xp)^x'fp, 

a  result  which  might  have  been  obtained,  without  introducing  this  new 
function  I. 
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(1.)  It  appears  to  be  unnecessary,  at  this  stage,  to  write  down  proofs  of 
the  foregoing  consequences,  II.  to  VI.,  of  the  definition  I. ;  but  it  may  be 
worth  remarking,  that  we  here  depart  a  little,  in  the  formula  V.,  from  a 
notation  (326)  which  was  used  in  some  early  Articles  of  the  present  Chapter, 
although  avowedly  only  as  a  temporary  one,  and  adopted  merely  for  con- 
venience of  exposition  of  the  principles  of  Quaternion  Differentials. 

(2.)  In  that  provisional  notation  (comp.  325,  IX.)  we  should  have  had, 
for  the  diflEerentiation  of  the  recent  function^  (361,  II.),  the  formulae, 

^fp  =  /(/>>  ^p)i     Apy  p)y  =  *^S/0|o  ; 

the  numerical  coefficient  being  thus  transferred  from  one  of  them  to  the 
other,  as  compared  with  the  recent  equations,  I.  and  Y.  But  there  is  a 
convenience  now  in  adopting  these  last  equations  Y.  and  I.,  namely, 

d//>  =  2/(/),  d/o),     /(/>,  />')  =  Sp>p ; 

because  this  fimction  S/o'^/d,  or  S/o^/o',  occurs  frequently  in  the  applications 
of  quaternions  to  surfaces  of  the  second  order,  and  not  always  with  the 
coefficient  2. 

(3.)  Betaining  then  the  recent  notations,  and  treating  Ap  as  constant,  or 
d'p  as  null,  successive  differentiation  of  ^  gives,  by  lY.  and  Y.,  the  formulae, 

Yin.  .  .  d!/}>  -  2/(d^) ;     dy/>  -  0  ;  &c. ; 

so  that  the  theorem  342, 1,  is  here  verified,  under  the  form, 

IX.  .  .  eyp  =  (1  +  d  +  id')/^  ^fp  +  2/(p,  d^)  +/dp; 
or  briefly, 

X.  ..6y/>=/(/t>  +  dp), 

an  equation  which  by  II.  is  rigorously  exact  (comp.  339,  (4.)),  without  any 
supposition  whatever  being  made,  respecting  any  smallness  of  the  tensor^  Tdp, 
363.  Linear  and  vector  functions  of  vectors,  such  as  those  considered  in  the 
present  Section,  although  not  generally  satisfying  the  condition  of  self-conjU' 
gatwn,  present  themselves  generally  in  the  differentiation  of  non-linear  but 
vector  functions  of  vectors.  In  fact,  if  we  denote  for  the  moment  such  a  non- 
linear function  by  w(p),  or  simply  by  cu/d,  the  general  distributive  property 
(326)  of  differential  expressions  allows  us  to  write, 

I.  .  .  dci>(p)  =  ^(d/o),    or  briefly,     I'.  .  .  dai/o  =  (pAp ; 

where  ^  has  all  tbe  properties  hitherto  employed,  including  that  of  not  being 


662  ELEMENTS  OF  QUATERNIONS.  [III.  ii.  §  6. 

generally  self-oonjugate,  as  has  been  just  observed.  There  is,  however,  as  we 
shall  soon  see,  an  extensive  and  important  case^  in  which  the  property  of 
self-oonjugation  eonsiSj  for  such  a  function  ^  ;  namely  when  the  differentiated 
function  J  cjpy  is  itself  the  result  v  of  the  differentiation  of  a  scalar  function  fp 
of  the  variable  vector  p,  although  not  necessanly  a  function  of  the  second 
dimension^  such  as  has  been  recently  considered  (361) ;  or  more  fully,  when 
it  is  the  coefficient  of  d/o,  under  the  sign  S.,  in  the  differential  (361, 1.)  of 
that  scalar  function^,  whether  it  be  multiplied  or  not  by  any  scalar  constant 
(such  as  n,  in  the  formula  last  referred  to).  And  generally  (comp.  346), 
the  inversion  of  the  linear  and  vector  function  ^  in  I.  corresponds  to  the 
differentiation  of  the  inverse  (or  implicit)  function  w* ;  in  such  a  manner  that 
the  equation  I.  or  I^  may  be  written  under  this  other  form, 

II.  •  .  d(ii"V  =  ^~*d<T  =  w"^i//d<T,     if     <T  =  w/o. 

(1.)  As  a  very  simple  example  of  a  non-linear  but  vector  function,  let  us 
take  the  form, 

III.  .  .  (r  a  (i;(/o)  ==  /oop,    where  a  is  a  constant  vector. 

This  gives,  if  Ap  ==  p\ 

IV.  .  .  i^p  «=  0dp  =  dciip  =  pap  +  pap' «  2Ypap' ; 

V.  .  .  SX^p'  =  2SXpap'  =  8p'(t>'X ; 

VI.  .  .  ^'A  =  2VXpa  =  2VapX,    ^y  =  2Vapp' ; 

so  that  if>p'  and  ip'p'  are  unequal,  and  the  linear  function  ^p'  is  not  self- 
conjugate. 

(2.)  To  find  its  self-conjugate  part  ^op',  by  the  method  of  Art.  361,  we 
are  to  form  the  scalar  expression, 

VII.  . .  iyp'  =  iSpVp'  =  p'^Sop  ; 
of  which  the  differential,  taken  with  respect  to  p\  is 
VIII.  .  .  Wp  =  S .  f^'dp'  =  2SflpSp V>    giving    IX.  .  .  ^op'  =  2p'Sap  ; 

and  accordingly  this  is  equal  to  the  semisum  of  the  two  expressions,  IV.  and 
VI.,  for  ^p'  and  its  conjugate. 

(3.)  On  the  other  hand,  as  an  example  of  the  self -conjugation  of  the  linear 
and  vector  function, 

X.  .  .  dy  =  dwp  =  0dp,    when    X'. .  .  dfp  =  2Svdp  =  28 .  oipdp, 
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even  if  the  scalar  function^  be  of  a  higher  dimension  than  the  second,  let 
this  last  function  have  the  form, 

XI.  .  .  ./Ja  =  Sgp^  p$'''/t),     5,  q\  q'^  being  three  constant  quaternions. 
Here 

XII.  .  .  V  =  cup  =  iV(yp^'p^"  +  q'f>^^M.  "^  ^'p^P^  5 

xni. . .  dv  =  ^dp  =  ^p'  =  k'ViqpgW  +  ?WV?)  +  k'Vi^pYM  +  s^WpY) 

and 

XrV.  .  .  SA^p'  =  iS .  q'pf[\qp  +  p'?^)  +  &o-  =  S/t)>X  ; 

so  that  0^  =  ^,  as  asserted. 

(4.)  In  general,  if  S  be   used   as   a  second  and  independent  symbol  of 
diflferentiation,  we  maj  write  (comp.  346,  IV.), 

XV.  .  .  8d/g  =  dS/y, 

where /g  may  denote  any  function  of  a  quaternion  ;  in  fact,  each  member  is, 
by  the  principles  of  the  present  Chapter  (comp.  344,  I.,  and  345,  IX.),  an 
expression  for  the  Kmity^ 

XVI.  .  .  lim.  nn'\f{q  +  n-'Aq  +  n'-^lq)  -  f{q  +  n'^^q)  -  f(q  +  n'''lq)  +fq]. 


nsoD 

It'SOD 


(5.)  As  another  statement  of  the  same  theorem,  we  may  remark  that  a 
first  differentiation  of /g,  with  each  symbol  separately  taken,  gives  results  of 
the  forms, 

XVII.  .  .  d/^  -  f(s,  Aq) ,     hfq  =  /(y,  iq)  ; 

and  then  the  assertion  is,  that  if  we  differentiate  the  first  of  these  with  S,  and 
the  second  with  d,  operating  only  on  q  with  each,  and  not  on  dq  nor  on  8y, 
we  obtain  equal  results^  of  these  other  forms, 

XVIII.  .  .  U/q  =/(y.  dq,  Sq)  -  f{q,  Sq,  dq)  =  dS/q. 

For  example,  if 

XIX.  .  »/q  =  qcq,    where  c  is  a  constant  quaternion, 


♦  We  may  also  say  that  each  of  the  two  symbols  XV.  represents  the  coefficient  of  x^y^t  in  the 
deyelopment  of  /(q  +  xdq  +  y^q)  according  to  ascending  powers  of  x  and  y,  when  such  deyelopment 
is  possible. 

Hamilton's  Elbmints  of  Quaternions.  4  B 
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the  common  value  of  these  last  expressions  is, 

XX.  .  .  8d/g  =  dS/q  =  Sq.c.dq-\-dq.c,Sq, 

(6.)  Writing  then,  by  X., 

XXI.  . .  d/p  =  2Swpip,    ^//o  =  2SwpSpf 
and 

XXII.  .  .  Stop  »  0S/O,    with    dciip  ~  <tidpy  as  before, 

we  have  the  general  equation, 

XXIII.  .  .  8{dp .  ^S/t))  =  8{dp .  ^dp), 

in  which  dp  and  dp  may  represent  aui/  ttco  vectors;  the  hnear  and  rector 
fuuctioiiy  0,  which  is  thus  derived  from  a  scalar  function  fp  by  differentiation  y  is 
therefore  (as  above  asserted  and  exemplified)  always  self-conjugate.^ 
(7.)  Tlie  equation  XXIII.  may  be  thus  briefly  written, 

XXIV.  .  .Sdp8v  =  S8pdy; 

and  it  will  be  found  to  be  virtually  equivalent  to  the  following  system  of 
three  known  equations,  in  the  calculus  of  partial  differential  coefficients, 

XXV.  .  .  D^Dy  =  DyD,,    D,D,  =  D,Dy,    D.D,  =  D,D,.t 


♦  [If  n  defined  by  the  equation  d//>  =  «Syd/>  (361, 1.) 

is  not  a  constant  scalar  but  a  function  of  p,  the  function  ^  generally  ceases  to  be  self-conjugate.    For 
example,  comparing  d/p  =  2Si'dp  =  2F{p)^ft/^, 

since  dp  is  arbitrary,  v  =  tiF{p),    Differentiating  this  again 

dy=  ^dps^idP  +  d^i.  J'  =  /tt8Adp  +  edp.  7? 
'^  d^  =  SAdp,     and    dfi  =  0dp. 

Here  again,  as  dp  is  arbitrary,  0(  )  =  {^(  )  -  /*Sa(  )  )F'\ 

and  the  conjugate  of  e  is  e'(  )  =  {^(  )  -  aS/a(  )  )i^->. 

Hence  the  spin- vector  of  ^  is  }Va^J'-»,    or    JVXy^-'. 

This  vanishes  only  when  F  is  some  function  of  /(p),  or  a  constant  as  may  be  easily  verified,  and  ia 
this  case  B  is  self-conjugate.] 

t  [In  terms  of  the  characteristic  of  operation  v,  defined  in  the  Note  to  page  648,  it  is  easy  to  see 
that 

ad/p  =  -  asdpv./=  sjpvSdpv./ 

=  dd/p  =  -  dSdpV./=  SdpvSSpV./. 
In  the  transfonnation  ol  functions  involving  v,  and  operating  on  a  single  function  /(p),  or 
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364.  At  the  oommenoement  of  the  present  Section,  we  reduced  (347)  the 
problem  of  the  inversion  (346)  of  a  linear  (or  distributive)  quaternion  function 
of  a  quatemiony  to  the  ooiresponding  problem  for  vectors ;  and,  under  this 
reduoed  or  simplified /orm,  have  resolved  it.  Yet  it  may  be  interesting,  and 
it  will  now  be  easy,  to  resume  the  linear  and  quateimion  equation^ 

I...fq  =  r,     with    IL  ../(?  +  /)=  A +/?", 

and  to  assign  a  quaternion  expression  for  the  solution  of  that  equation,  or  for 
the  inverse  quaternion  function, 

III.  ..?=/-v, 

with  the  aid  of  notations  already  employed,  and  of  results  already  established. 
(1.)  The  corrugate  of  the  linear  and  quaternion  function/^  being  defined 
(oomp.  347,  rV.)  by  the  equation, 

IV.  .  .  Sfi/g  =  Sj/i), 

in  which  p  and  q  are  arbitrary  quaternions,  if  we  set  out  (oomp.  347,  XXXI.) 

with  the/orm, 

Y.  .  .fq  ^  tqs  +  fqs^  +  . .  .  =  ^tqSy 

in  which  «,  s\  .  .  .  and  t,  t^y  .  .  ,  are  arbitrary  but  constant  quaternions,  and 
which  is  more  than  sufficiently  general,  we  shall  have  (oomp.  347,  XXXII.) 
the  conjugate  form, 

VI.  .  .f'p  ^  spt  +  s'pf  +  . . .  =  ^pt ; 
whenoe 

VII.  .  ./I  =  S^«,    and    VIII.  .  ./I  =  S«^ ; 

it  is  then  possible,  for  each  given  particular  fofm  of  the  linear  function /j^,  to 
assign  one  scalar  constant  e,  and  tu:o  vector  constants,  c,  c^,  such  that 

IX.  ../!  =  «  +  €,     /'l  =  e  +  6'; 

f{ix  +jt/  +  kz)y  V  «  iDx  +yDy  +  A?D,  may  be  treated  as  an  ordinary  yector  since  D«,  Dy>  and  D, 
obey  symbolically  the  ordinary  laws  of  scalar  multiplication  as  expressed  by  XXY. 

CompariDg  5d/p  «  2S8/>^dp  =  SdpvSS/)V./» 

the  vector  function  ^(  )  =  JvS(  )v./, 

since  dp  and  9p  are  both  arbitrary.  Of  course  v  operates  on /and  not  on  the  vector  operated  on  by  ^. 
This  expression  for  ^  shows  again  that  it  is  self-conjugate.  Again,  as  v/*  -  2k,  ^(  ) »  -  vS(  jv, 
and  in  this  v  operates  on  y  and  not  on  the  subject  of  ^.] 

4  B  2 
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and  then  we  shall  have  the  general  transformations  (comp.  347, 1.) : 

X. .  .  S/g  =  S .  fi/'l  =  (?Sif  +  Sf'j ; 

XL  .-¥/<?  =  Sq-^Y./Yq  =  Sq  +  i^Yq; 
and 

XII.  .  .  A  =  (^  +  €)8g  +  8eq  +  ifVq ; 

in  which  Sc'g  =  S  .  e'V^,  and  i^Yq  or  Y/Yq  is  a  linear  and  r ^c^or  function  of 
Yg,  of  the  kind  already  considered  in  this  Section ;  being  also  such  that,  with 
the  form  V.  oi/qt  we  have 

XIII.  .  .  0p  =  ^Ytp8* 

(2.)  As  regards  tlie  number  of  indtipendent  and  scalar  constants  which  enter, 
at  least  implicitly,  into  the  composition  of  the  quaternion  function /(j^,  it  may 
in  various  ways  be  shown  to  be  sixteen ;  and  accordingly,  in  the  expression 
XII.,  the  scalar  e  is  one ;  the  two  vectors^  c  and  c^  count  each  as  three ;  and 
the  linear  and  vector  function^  ^Vg,  counts  as  nine  (comp.  347,  (l.))« 

(3.)  Since  we  already  know  (347,  &c.)  how  to  invert  a  function  of  this 
last  kind  0,  we  may  in  general  write, 

XIV.  .  .  r  -  Sr  +  Vr  =  Sr  +  ^p,    where    XV.  .  .  /3  =  ^"Tr  =  m-^y^Nv  ; 

the  scalar  constant ^  m,  and  the  auxiliary  linear  and  vector  function^  i//,  being 
deduced  from  the  function  ^  by  methods  already  explained.  It  is  required 
then  to  express  q^  or  8q  and  Yq^  in  terms  of  r,  or  of  Sr  and  p,  so  as  to  satisfy 
the  linear  equation, 

XVI.  .  .  («  +  £)Sq  +  Se'^  +  ijiYq  =  Sr  +  ^p ; 
the  constants  e,  c,  c^  and  the  form  of  ^,  being  given. 

*  [By  a  method  analogous  to  that  of  the  Note  on  page  507)  if  any  three  dipUnar  vectors  fii,  0%, 
and  /Ss  are  chosen ,  any  quaternion  function  fq  may  have  its  vector  part  resolved  along  these  three 
vectors,  so  that  fq  =  fiixi  +  32^s  +  fis^i  +  ^4i  in  which  the  coefficients  x  are  scalar  functions  of  q, 
and  are  moreover  linear  if /^  is  linear  in  q.    So  for  a  linear  function, 

fq  =  fii^piq  +  fi2Sptq  +  fi^Spzq  +  Spiq, 

and  in  this  expression  pu  P^i  Pz,  and  pi  are  four  constant  quaternions  involving  sixteen  scalar 
constants  and  determining  the  function/.     Denoting  Sp  hy  a,  and  Yp  hy  a,  on  rearrangement^ 

fq  =  03iSai  +  fiiSai  4  33So8)Vy  +  (ai3i  +  02)82  +  Oa/Ss  +  fl4)S^  +  SoiVq, 

and  this  is  manifestly  of  the  type, 

/f?  =  (tf  +  €)Sy  +  S€'j  +  ^V^.] 
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(4.)  Assuming  for  this  purpose  the  expression, 

XVII.  .  .?  =  /  +  p, 

in  whioh  /  is  a  new  sought  quaternion,  we  have  the  new  equation, 

XVIIL  .  .  //  =  Sr  +  ^/t)  -/p  =  S(r  -  €»  ; 
whenoe 

XIX.  ..^  =  S(r-€'p)./-U, 
and 

XX.  .  .  g  -  p  +  S(r  -  €»  .f-^l ; 

in  whioh  p  is  (by  supposition)  a  known  vector,  and  S(r  -  g'p)  is  a  known  scalar ; 
so  that  it  only  remains  to  determine  the  unknown  but  constant  quaternion^ /'^ly 
or  to  resolve  the  particular  equation, 

XXI.  .  ./(^o  =  1,    in  whioh    XXII.  .  .  go  =  c  +  7  =  /"»], 

c  being  a  n^tr  and  sought  scalar  constant,  and  y  being  a  new  and  sought  vector 
constant. 

(5.)  Taking  soalar  and  vector  parts,  the  quaternion  equation  XXI.  breaks 
up  into  the  two  following  (oomp.  X.  and  XI.) : 

XXni.  . .  1  =  S/(c  +  7)  =  ^c  +  S67  ;    XXIV.  .  .  0  =  V/(c  +  7)  =  €C  +  ^7  ; 

which  give  the  required  values  of  c  and  7,  namely, 

XXV.  .  .  c  =  (^  -  Scy>€)-S    and    XXVI.  .  .  7  -  -  c^"'€ ; 


XXVIL  .  .  /-I  =  ^X^  ; 


whence 

and  accordingly  we  have,  by  XII.,  the  equation, 

XXVIII.  .  .  /(I  -  «-4)  =  (?  -  Se v«  =  v-^0. 

(6.)  The  problem  of  quaternion  inversion  is  therefore  reduced  anew  to  that 
of  f7^c^or  inversion,  and  ^o/z^^ci?  thereby ;  but  we  can  now  advance  some  steps 
further,  in  the  elimination  of  inverse  operations,  and  in  the  substitution  for  them 
of  direct  ones.  Thus,  if  we  observe  that  <f^  =  w^i//,  as  before,  and  write  for 
abridgment, 

XXIX.  .  .  w  =  me  -  Se'i/zt  ■  7  ('^  -"  ^«)> 
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60  that  f}  is  a  new  and  knatcn  scalar  comtanty  we  shall  have,  by  XY.  XX. 
XXVII.  XXIX., 

XXX.  .  .  w/>  =  i//Vr ;     XXXI.  .  .  nf'l  =  w  -  t//€  ; 
and 

XXXII.  ..mnq^  nxfjYr  +  (mSr  -  Se'i/^Vr) .  {m  -  i/^e), 

an  expression  from  which  all  inverse  operations  have  disappeared,  but  idiioh 
still  admits  of  being  simplified,  through  a  division  by  tn,  as  follows. 

(7.)  Substituting  (by  XXIX.),  in  the  term  n\pYr  of  XXXII.,  the  value 
me  "  Sc'i/ze  for  f?,  and  changing  (by  XXX.)  \pYr  to  mp,  in  the  terms  which 
are  not  obviously  divisible  by  m,  such  a  division  gives, 

XXXIII.  ..nq^im-  i//£)Sr  +  ^Vr  -  Se^pYr  +  a, 
where 

XXXIV.  .  .  <r  =  -  pSc'i/ze  +  i/.€S£>  =  V.  BYp^pB. 

But  (by  348,  VII.,  interchanging  accents)  we  have  the  transformation, 

XXXV.  .  .  Yp\I^B  =  -  ^Te^p  =  -  ^T^Vr, 

because  ^/>  =  Vr,  by  XIV.  or  XV. ;  everything  inverse  therefore'  again  dis- 
appears with  this  new  elimination  of  the  auxiliary  vector  p,  and  we  have 
this  final  expression, 

XXXVI.  ..«(?-  n/-V  -  {me  -  Sc'i/zc)  ./"V 

=  (w  -  i/,€)Sr  +  ^Vr  -  8t'^pYr  -  Vf^TcVr, 

in  which  each  symbol  of  operation  governs  all  that  follows  it,  except  where  a 
point  indicates  the  contrary,  and  which  it  appears  to  be  impossible  further  to 
reduce,  as  the  formula  of  solution  of  the  linear  equation  I.,  with  ike  form  XII. 
of  the  quaternion  /unction,  fq* 


♦  [The  following  solution  is  poeaibly  more  direct.    Equating  the  scalar  and  vector  parts  of 

^,    ,  ^  /?«(*+ •)S^+SfT^  +  ^V^  =  r  =  Sr+Vr, 

the  two  equations 

eSq  +  Sf Ty  =  Sr,    and    # S^  +  ^Vy  =  Vr 

are  found.    Operating  on  the  second  equation  by  ^-\  and  replacing  Vy  in  the  first,  S^  is  seen  to  be 
giyenby 

{0  -  a€ifr\)Sq  =  Sr  -  St >-iVr. 
^<>^  «  «  S^  +  V^  «  (1  -  ^-if)S7  +  ^-»Vr, 
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(8.)  8uoh  having  been  the  analysis  of  the  problem,  the  synthesis^  by  which 
an  i  postenori  proof  oi  the  oorreotness  of  the  resulting  formula  is  to  be  given, 
may  be  simplified  by  using  the  scalar  value  XXIX.  of /(m  -  i/zc) ;  and  it  is 
sufficient  to  show  (denoting  Vr  by  ct>),  that  for  every  vector  a;  the  following 
equation  holds  good,  with  the  same  form  XII.  of/: 

XXXVII.  .  .  f{e4,iD  -  Si'i/zw)  -  / Va^Tew  ^  {me  -  ^I'^t) .  w. 

(9.)  Accordingly,  that  form  of  /  gives,  with  the  help  of  the  principle 
employed  in  XXXV., 

(efiL(M)  =  €(Si\Lw  f  ma)),     -fSe'yLio  =  -  (e  +  e)Bt^\L(o, 
XXXVIII         \  n        ^       T  f      T 

because  Swi/z'f'  =  Sc'i/za;,  &c. ;  and  thus  the  equation  XXXVI.  is  proved,  by 
actually  operating  with/. 

(10.)  As  an  example^  if  we  take  the  particular  form. 


JX.  .  .r  =  fq*^pq-\-  qp^ 
in  which 

XL.  .  .  |)  =  a  +  a  =  a  given  quaternion, 

we  have  then, 

XU.  .  ,/l  =/'!  =  2/>,    e  =  2a,    6  =  «'  =  2a,    ^/u  =  2ap ; 
whence  by  the  theory  of  linear  and  vector  functions, 

XT  ill.  .  .  ii/p  =  2apy    ypp  =  4a'p,     m  =  8a^, 
and  therefore, 

XLIII.  ..!//€  =  8a»a,     m-yp^^  8a»(«  -  a)i     w  =  16a*(a*  -  a') ; 

so  that,  dividing  by  8a,  the  formula  XXXVI.  becomes, 

XUV.  .  .  2a(a»  -  a')q  =  a{a  -  a)Sr  +  a^Yr  -  aS .  aVr  -  aV.  aVr, 
or 

XLV.  .  .  2a(a  +  a}^  =  aSr  +  (a  +  o)Vr  -  Bar, 

80  OQ  substitutmg  the  Talue  of  S^  just  found, 

It  only  remainB  to  replace  ^-^  by  fir'^r  in  order  to  reoorer  XXXYI.] 
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or 

XLVI.  .  .  2pq8p  =  S .  rKjt?  +  pYr  =  r8p  +  Y(Vp  .Vr), 

or 

XLVII.  .  .  ipqSp  =  2r8p  +  {pr  -  rp)  =pr  -{■  rKp ; 
or  finally, 

XLVIII.  .  .  9  =/-r  =  ^«^  =  "-^^g-^" 

4Sp  48/? 

Accordingly, 

XLIX.  .  .{pr  +  rKp)  +  (rp  +  Kjo.r)  =  2r{p  +  K/))  =  4;-Sp. 

(11.)  In  80  simpk  an  example  as  the  last,  we  may  with  advantage  avail 
ourselvos  of  special  methods  ;  for  instance  (comp.  346),  we  may  use  that  which 
was  employed  in  332,  (6.),  to  differentiate  the  square  root  of  a  quaternion^  and 
which  conducted  there  more  rapidly  to  a  formula  (332,  XIX.)  agreeing  with 
the  recent  XLVIII. 

(12.)  We  might  also  have  observed,  in  the  same  case  XXXIX.,  that 

L.  ..pr-rp^  p^q  -  qf  =  2V(V(jt?*)  .V^)  =  4S;>  .V(V/>  .V^)  =  2Sp .  [pq  -  qp) ; 

whence  pq  -  g/?,  and  therefore  pq  and  gp,  can  he  at  once  deduced,  with  the 
same  resulting  value  for  y,  or  iorf'^rj  as  before :  and  generally  it  is  possible 
to  differentiate^  on  a  similar  plan,  the  «'*  root  of  a  quaternion, 

365.  We  shall  conclude  this  Section  on  Linear  Functions^  of  the  kinds 
above  considered,  by  proving  the  general  existence  of  a  Symbolic  and  Biqua- 
dratic Equation^  of  the  form, 

I.  .  .  0  =  n  -  ny  +  n"/«  -  »'"/^  +/S 

which  is  thus  satisfied  by  the  Symbol  (f)  of  Linear  and  Quaternion  Operation 
on  a  Quaternion^  as  the  Symbolic  and  Cubic  Equation^ 

r.  .  .  0  =  w  -  w>  +  m"f  -  f,  350, 1., 

was  satisfied  by  the  symbol  (^)  of  linear  and  vector  operation  on  a  vector ;  the^ur 
coeffimentSy  n,  n',  n'\  n"\  being /owr  scalar  constants,  deduced  from  the  function 
/in  this  extended  or  quaternion  theory,  as  the  three  scalar  coeflBcients  m,  w',  i»" 
were  constants  deduced  from  ^,  in  the  former  or  vector  theory.  And  at  the 
same  time  we  shall  see  that  there  exists  a  System  of  ITiree  Auxiliary  Ikinctions, 
F,  (?,  JS",  of  the  Linear  and  Quaternion  kind,  analogous  to  the  ttvo  vector 
functions,  \p  and  x,  which  have  been  so  useful  in  the  foregoing  theory  of  veotors. 
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and  like  them  oonneoted  with  each  other,  and  with  the  given  quaternion 
function/,  by  several  simple  and  useful  relations.* 

(1.)  The  formula  of  solution,  364,  XXXYI.,  of  the  linear  and  quaternion 
equation /j'  =  r,  being  denoted  briefly  as  follows, 

II.  .  .  wy  -  »/"*;•  =  Fr^ 

so  that  (comp.  348,  III^)  we  may  write,  briefly  and  symbolically, 

III.  ../P=J5r=n, 

it  may  next  be  proposed  to  examine  the  changes  which  the  scalar  n  and  the 
function  Fr  undergo,  when/r  is  changed  to  fr  +  cr,  or/  to /+  c,  where  c  is 
any  scalar  constant ;  that  is,  by  364,  XII.,  when  e  is  changed  to  ^  +  ^,  and 
^  to  ^  +  (; ;  ^^  t//,  and  m  being  at  tlie  same  time  changed,  according  to  the 
laws  of  the  earlier  theory. 
(2.)  Writing,  then, 

IV.  .  ./  =/+  c,     fe  -  6  +  r,     ^c  =  ^  +  c?,     ^'c  «  ♦'  +  ^, 
and 

we  may  represent  the  new  form  of  the  equation  364,  XXXVI.  as  follows : 

VI.  .  .  ncf;h*  =  FtT,    or    VII.  .  .fJP^  =  Wc ; 
whei^ 

VIII.  .  .  Fcv  =  (»Mc  -  i/',«)Sr  +  eei/-,Vr  -  Se^oVr  -  Vt'f.ViVr, 


*  [That  a  linear  quaternion  function  satiafies  a  symbolic  quartio  may  be  establiahed  as  follows : 

On  inquiry  i» bother  it  is  possible  to  determine  a  scalar  c  and  a  quaternion  q  bO  that/^  ^  ^^  ss  0,  the 

two  equations 

(*  +  <?)S^  +  Sf 'V^  =  0,    and    %%q  +  (^  +  <J)V^  =  0, 

are  found  by  equating  to  zero  the  scalar  and  rector  parts.  Hence  from  the  second  equation 
y^  B  —  (^  -4-  ^)~^cS9,  and|  on  substitution  in  the  first,  it  appears  that  c  must  satisfy  the  relation 
«  +  tf  -  SeX^  +  <;)~*c  B  0.  It  may  be  shown  without  difficulty,  as  in  the  text,  that  this  leads  to  a 
quartic  equation  in  0. 

If  Cn  is  any  root  of  this  quartic,  and  if  on  «  -  (^  +  ^)~'«i  the  quaternion  ;»  =  1  +  o«  will  satisfy 
(/+  ^)?«»  *"  0-  Corresponding  to  the  four  values  of  t%  are  four  quaternions,  and  in  terma  of  these 
any  arbitrary  quaternion  may  in  general  be  expressed. 

Assuming 

q  =  x\q\  +  a:a^  +  9^z  +  ^4^4, 

and  deriving  from  this  the  equations 

Y^  s  Sd^MOni    and    S^  =  Xr«, 

and  again  from  these  the  equation 

V^  —  aiSy  -  jra(aa  —  ai)  +  ^8(03  —  ai)  +  074(04  -  ai), 
Hamiltok's  Blimints  of  <^uatbrnions.  4C 
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and 

IX.  .  .  n<.  =  ecfiic  -  S«'i//c€. 

(3.)  In  this  manner  it  is  seen  that  we  may  write, 

and 

XI.  •  .  «c  =  n  +  fi'c  +  n'V  +  n'V  +  c* ; 

where  F,  (?,  R,  are  three  Junctional  symboh^  such  that 

XII.  ..•!<?/•  =  (m'  -  x«)8'*  +  (^X  +  ^)^^  -  Sc'xVr  -  Vf TcVr ; 
fl^r  =  (m''  -  €)Sr  +  (i?  +  x)Vr  -  SeV ; 

and  w,  w',  n",  »'"  are/owr  «cfl/ar  constants^  namely, 

I   w  =  «»-S£'i//€     (as  in  364,  XXrX.) ; 
w'  =  m  +  em'  -  Sg'x*  5 


XIII.  .  .  \ 


the  scalar  ««  is  giTen,  on  operating  by  SV(o2  -  oi)  (as  -  oi),  by 

dr4S(a2a3a4  ~  030401  +  040102  —  010203)  =  Sy^(o208  +  oioi  +  0102)  -  S$Soi02as, 

and  the  values  of  the  other  scalars  may  be  written  down  from  symmetry  (comp.  p.  48).    In  general 
x\i  xty  Xif  and  Xi  are  uniquely  determinate  provided  the  four  yectors  o*  do  not  terminate  on  a  common 
plane.    As  e  yariesi  tbe  curve  traced  out  by  />  =  ~  (^  -f  f)~W  is  a  twisted  cubic  and  upon  this  curve 
the  vectors  o*  terminate,  and  consequently  their  four  extremities  do  not  He  on  a  plane. 
To  verify  that  p  =  -  (^  +  f)-U  is  a  twisted  cubic,  tlie  equation 

8a(^  +  e)'U  =  1,     or    8\+ee  -  m^, 

is  found  determining  the  values  of  e  for  the  points  in  which  the  curve  cuts  the  arbitrary  plane 

BAp  +  1  B  0.    As  this  ifl  a  cubic  equation  in  e,  the  curve  cuts  the  plane  in  but  thnte  pointa. 

In  general  then 

q  =  xiqi  +  xtq2  +  «s^  +  Xiq^. 

Operating  on  this  by/+  ^i,  and 

(/+  ci)S  =  *»(<^i  -  ^)^a  +  «8(<?i  -  Ci)q9  +  »4(«i  -  «»)^4i 
from  which  qi  has  disappeared.    Similarly  operating  by/+  0s  destroys  the  term  in  q%^  and  finally 

(/+  <fi)  (/+  <fi)  (/+  <f2)  (/+  ci)q  =  0, 
which  is  equivalent  to  I.] 
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(4.)  Developing  then  the  Bjmbolioal  equation  Yll.,  with  the  help  of  X. 
and  XI.,  and  oomparing  powers  of  c^  we  obtain  these  new  symbolical  equa- 
tions (oomp.  360,  XVI.  XXI.  XXIII.) : 


iS^W"  -•f\ 


XIV... 


/fit  =  n'-.»'7+ »'''/«-/•; 

and  finally, 

XV.  .  .  n  =  F/-  n'/-  </»  +  n'^  -/S 


which  is  only  another  way  of  writing  the  symbolic  and  biquadratic  equation  I. 

(5.)  Other  functional  relations  exist,  between  these  various  symbols  of 
operation,  which  we  cannot  here  delay  to  develop  :  but  we  may  remark  that, 
as  in  the  theory  of  linear  and  vector  functions,  these  usually  introduce  a 
mixture  of  functions  with  their  conjugates  (comp.  347,  XI.,  &c.). 

(6.)  This  seems  however  to  be  a  proper  place  for  observing,  that  if  we 
write,  as  temporary  notations,  for  any  four  quatemionsy  py  q,  r, «,  the  equations, 

XVI.  .  .  Ipq"]  "  pq  -  gp;      XVII.  .  .  {pqr)  =  S .  J3[s'r]  ; 

XVIII.  .  .  [j>gr']  =  {pqr)  +  [rqjl&p  +  [j>r]Sq  +  [qp]Sr ; 
and 

XIX.  .  .  (jpqrs)  =  S.j>[jr«], 

so  that  Ipq']  is  a  vector,  {pqr)  and  {pqrs)  are  scalars,  and  [pgr"]  is  a  qua- 
ternion, we  shall  have,  in  the  first  plaoe,  the  relations : 


:.  .  .  Og]  =  -  [yp],    [pp]  -  0 ; 

XXI.  .  .  (pqr)  =  -  {qpr)  =  {qrp)  =  Ac,     (ppr)  =  0 ; 

XXII.  .  .  [jpqr']  «  -  [qpr]  =  [qrp]  =  &c.,    [ppr]  =  0 ; 
and 

XXIII.  .  .  {pqrs)  -  -  {qprs)  =  {qrps)  =  -  [qrsp)  =  &o.,     {jpprs)  =  0. 
(7.)  In  the  next  plaoe,  if  ^  be  any  fifth  quaternion^  the  quaternion  eqtuUion^ 
XXIV.  .  .  0  ^p{qrst)  +  q{r8tp)  +  r{s^q)  +  8{ipqr)  +  t{pqrs)j 

4C2 
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which  may  also  be  thus  written, 

XXV.  .  .  qiprst)  ^p{qr8t)  +  r{pq8t)  +  Syprqt)  +  t[pnq)%^ 
and  which  is  analogous  to  the  meter  equation^ 

or  to  the  continually f  occurring  transformation  (comp.  294,  XIV.) , 

XXVII.  .  .  SSa^Y  =  oSS^y  +  /38a8y  +  ySa^S, 
is  satisfied  generally^  because  it  is  satisfied  for  the^bur  distinct  auppositums, 

XXVIII.  -  -  q  ^Pf    q  =  r^    J  =  «>     q=  t. 
(8.)  In  the  third  place,  we  have  this  other  general  quaternion  equation^ 
XXIX.  .  .  q{pr%t)  =  [r«<]S/?5  -  [stp'\&rq  +  [^r]S«y  -  [i>r«]S^, 
which  is  analogous  to  this  other  X  useful  vector  formula  (comp.  294,  XV.), 

XXX.  .  .  S&afiy  =  YfiySaS  +  VyoS/SS  +  Va^Syg  ; 

because  the  equation  XXIX.  gives  true  results,  when  it  is  operated  on  by  the 
four  distinct  symbols  (comp.  312), 

XXXI.  .  •  S  •  /?,    S .  t'l    S .  9,    S .  ^. 


*  [Or  again  as  &  determinant 


p 
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ss 
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H 

0, 


Wl      W%      tT)      iOi      Ws 

if   j»  =  Wl  +  tei  +yyi  +  *n,  &o.] 
t  The  equations  XXYII.  and  XXX.,  which  had  been  proyed  under  slightly  different  forme  in  the 
sub-articlefl  to  294,  have  been  in  fact  freely  employed  as  transformations  in  the  course  of  the  present 
Chapter,  and  are  supposed  to  he  familiar  to  the  student.    Compare  the  Note  to  page  486. 

X  Compare  the  Note  immediately  preceding. 
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(9.)  Assuming  then  any  four  quatevnionsj  p^  r,  «,  t,  whioh  are  not  oonneoted 

by  the  relation, 

XXXII.  .  .  (jprst)  =  0, 

and  deducing  from  them  four  others jp\  /,  s\  t\  by  the  equations, 

>'(i?r«0  ^f\rst\    f'iprst)  =  -f\stp\ 
\  B'{prst)  ^f[tpr\     Ifiprst)  »  -/[pr*], 


XXXIII 


in  whioh /is  still  supposed  to  be  a  symbol  of  linear  and  quaternion  operation 
on  a  quaternion,  the  formula  XXIX.  allows  us  to  write  generally,  as  an 
expression  for  the  function/;,  whioh  may  here  be  denoted  by  /  (because  r  is 
now  otherwise  used) : 

XXXIV.  ..^"fq  -/Sp?  +  r^&rq  +  «'S«?  +  f^tq-, 

and  its  nxteen  scalar  constants  (oomp.  364,  (2.))  are  now  thoee  \rhioh  are 
involved  in  its  four  quaternion  constants,  j{,  /,  «',  if. 

(10.)  Operating  on  tliis  last  equation  \rith  the  four  symbols, 

XXXV.  .  .  S .  [/aY],    S.[«'<p'],    S.[^i?V],    S. (>'/»'], 
we  obtain  the  four  following  results : 


XXXVI. . . 


.  ( j^^pV)  -  («Y//) S«j ;      (?'//«')  =  (ifpVif) Btq ; 
and  when  the  values  thus  found  for  the  four  soalars, 

XXXVn.  .  .  8pq,    8rq,     Ssq,     Btq, 

are  substituted  in  the  formula  XXIX.,  we  have  the  following  new/ormula  of 
quaternion  inversion : 

XXXVIII.  .  .  ipY^t')  {prst)q  =  {pVs'q  {prst)f-^^ 
=  irsf]  (/r'^O  +  i»ip\  («'»'<'/)  +  \tpr'\  {gftrpV)  +  [pr.]  (///.') ; 

which  shows,  in  a  new  way,  how  to  resolve  a  linear  equation  in  quaternions^ 
when  put  under  what  we  may  call  (oomp.  347,  (1.))  the  Standard  Quadri- 
namial  JFbrm^  XXXIV. 
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(11.)  Aooordingljy  if  we  operate  on  the  formula  XXXYIII.  with  /, 
attending  to  the  equations  XXXIII.,  and  dividing  by  {prat),  we  get  this  new 
equation 

whence 

fq  =  (f,  by  XXV. 

(12.)  It  has  been  remarked  (9.),  that  py  r,  s,  t,  in  recent  formuIsB,  may  be 
any  four  quatemtona,  whioh  do  not  satisfy  the  equation  XXXII. ;  we  may 
therefore  assume, 

XL.  .  .  j[?  «  1,    r  =  if    8  =y,    t^kf 

with  the  laws  of  182,  &o.,  for  the  symbols  t,y,  k,  because  those  laws  give  here, 

XLI...  (lt;A)=-2; 

and  then  it  will  be  found  that  the  equations  XXXIII.  give  simply, 

XLII.  ..jp'-/l,    /--/f,    «'=-/y,    ^--/*; 

so  that  the  standard  qiMdrinomial  form  XXXIY.  becomes,  with  this  seleotion 
of  praff 

XLIII.  ..fq^fl.Bq  -fi.  &iq  -fj.  8jq  -fk .  Skq, 

and  admits  of  an  immediate  verification,  because  any  quaternion^  ;,  may  be 
expressed  (comp.  221)  by  the  quadrinomialj 

XLIV.  .  .  gr  =  Sj  -  tSif  -^%  -  k&kq. 
(13.)  Conversely,  if  we  set  out  with  the  expression, 

XLV.  .  .  y  =  IT  +  M?  +yy  +  A«,  221,  TIL, 

which  gives, 

XLVI.  .  ./q  =  ir/1  +  xfi  +  ufj  +  zfk, 
or  briefly, 

XLVII. .  .  «  =  air  +  6«  +  (y  +  <&, 
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the  letters  abode  being  here  used  to  denote  five  knatcn  quateptiionsy  while  tcxi/z 
Bxefour  sought  acalarsj  the  problem  of  quaternion  inversion  oomes  to  be  that  of 
the  separate  determination  (oomp.  312)  of  these  ^ur  soalars,  so  as  to  satisfy 
the  one  equation  XLYII. ;  and  it  is  resolved  (oomp.  XXY.)  bj  the  system  of 
the  four  following  formuUs  : 


xLvm. . . 


'  w{abcd)  =  (ebcd) ;    x{ab€d)  «  (aecd) ; 
y{abcd)  =  {abed) ;    z{abcd)  =  {abce) ; 


the  notations  (6.)  being  retained. 

(14.)  Finally  it  may  be  shown,  as  follows,  that  the  biquadratic  equation  I., 
for  linear  functions  of  quaternionSy  includes*  tlie  cubic  I'.,  or  350, 1.,  for  vectors. 
Suppose,  for  this  purpose,  that  the  linear  and  quaternion  function, /g,  reduces 
itself  to  the  last  term  of  the  general  expression  364,  XII.,  or  becomes, 

XLIX. .  . /y  =  ^Vj,    80  that    L.  ..<5-0,    €  =  c'«0,   /1«/'1  =  0; 
the  coefficients  n,  n\  n'\  n'"  take  then,  by  XIII.,  the  values, 

and  the  biquadratic  I.  becomes, 

UI.  .  .  0  -  (-  w  +  m7-  my  -»./>)/ 

But  fq  is  now  a  rectory  by  XLIX.,  and  it  may  be  any  vector,  p ;  also  the 
operation  f  is  now  equivalent  to  that  denoted  by  ^,  when  the  subject  of  the 


*  In  like  maimer  it  may  be  said,  that  the  eubie  equation  include*  a  quadratic  one,  when  we  confine 
ourselves  to  the  consideration  of  veeton  in  one  plane  ;  for  which  case  m  ==  0,  and  also  ^p  s  0,  if  p  be 
a  line  in  the  given  plane  :  for  we  have  then  ^x  —  ''*'  ~  ^  =  ''*')  ^^ 

^»  -  m'>  +  m'  =  0, 

with  this  vnderetanding  a»  to  the  operand.    In  fact,  the  cubic  gives  here  (becauie  m  b  0), 

(^«  -  m'>  +  m')ipp  m  0 ; 
and  therefore 

(^'  -  m>  +  m>  =  0  ; 

if  0*  be  already  the  result  of  an  operation  with  ^,  on  any  vector  p :  that  is  if  it  be,  as  above  supposed, 
a  line  in  the  given  plane. 
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operation  is  a  vector ;  we  may  therefore,  in  the  ease  here  considered,  write 
this  last  equation  LII.  under  the  form, 

LIII.  .  .  0  =  (-  wi  +  w'^  -  m'y  +  0')p, 

which  agrees  with  351,  I.,  and  reproduces  the  symbolical  cubiCf  when  the 
symbol  of  the  operand  (p)  is  suppressed.* 

*  [A  few  additional  remarks  may  be  made  concerning  the  solutions  of  Yg^Yg «  0.  and  of 
Ygr^fq  =s  0,  and  the  relations  connecting  them. 

It  is  easy  to  see,  in  various  ways,  that  /  and  its  conjugate  /'  satisfy  the  same  symbolic  biqua- 
dratic.   If,  for  instance,  q  and  q'  are  any  arbitrary  quaternions 

S«(/'*  -  »"T^  +  w'y  -  «/'  +  n)q'  =  Sj'(/*  -  n'"P  +  #•"/»  -  #•'/  +  #i)^  =  0 

by  I.,  and  therefore  as  the  quaternions  are  arbitrary, 

{fi  «  „"y3  j^  n"f^  -  n'f  4-  fi)^'  =  0. 

Again,  the  same  property  follows  from  the  equation 

*  +  tf  =  S€'(^  +  <?)"*€  =  S«(^*  +  <j)-U'. 
(See  the  Note  to  page  661.) 

Now  if,  as  in  the  Note  just  cited,  ^i,  q%f  q^,  and  qi  are  the  solutions  of  Yq'^fq  « 0,  and 
q'lf  9'%t  q'zf  and  q'i  are  those  of  Yq'^fq  =  0, 

as  the  toots  e  are  the  same  for  /  and  for  its  conjugate  f.     Hence  if  ei  is  not  equal  to  ^,  it  is 
necessary  to  haye  Sqiq't  =  0 ;  and,  in  general,  S^n^h  -  0,  where  n  is  different  from  n\ 

If  then  ^1  s  1  4  ai,     and    ^'i  =  1  +  a  i,  &c.,    S^i^'a  =  1  +  Baia'%  a  0. 

Interpreted  geometrically  tbis  property  shows  that  if  vectors  are  drawn  through  the  origin  equal 
to  aif  a2,  as,  04,  and  to  a'l,  a'2,  a'3,  and  ai ;  a'2,  a's,  and  a  4  will  terminate  on  the  polar  plane  of  ai 
with  respect  to  the  unit  sphere  p'  +  1  s  0.  In  other  words,  the  tetrahedron  determined  by  the 
extremities  of  ai,  a2,  03,  and  04  is  the  polar  reciprocal  of  that  determined  by  a'l,  at,  at,  and  a*.  In 
the  particular  case  in  which /is  self -conjugate,  1  +  Saias  «  0,  and  the  tetrahedron  is  self -reciprocal 
with  respect  to  the  unit  sphere ;  or,  without  reference  to  a  sphere,  the  tetrahedron  may  be  said  to  be 
orthocentric  as  the  perpendiculars  (—  ai-^,  &c.)  from  the  origin  on  the  faces  pass  through  tiie 
corresponding  yertices. 

Hence,  any  quaternion  q  may  be  expressed  in  the  form  (compare  again  the  note  to  page  661) 

oqiq  1  oqtq  a  o^s^t  ^qui  4 

and 


S^l^l  '     Sj72ja  8^8?  8  ^    S^4^4 


»  > 


may  be  regarded  as  a  canonical  form  of  a  function  /. 

It  is  easy  to  see  from  the  properties  of  the  reciprocal  tetrahedra  that  the  vector 

,         V(aaa4  +  a^at  +  aaos) 

a\  = = 

DasasoA 

being  the  negatiye  of  the  reciprocal  of  the  vector  perpendicular  on  the  plane  through  the  extremitica 
of  a't|  a'sy  and  a'4.] 
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( The  Numb^t  refer  to  th4  Putgee,    AddUicnal  refereneet  are  oceoHonaiUf  given  to  eeetione 

in  which  the  suhfeete  are  epeeiaUy  treated,) 


Abstraction  of  symbol  from  subject  of  operation,  T, 

168 ;  K,  U,  R,  U2 ;  K,  8,  V,  204. 
Academy,  Royal  Irish,  first  communication  on  quater- 
nions, note,  160. 

construction  of  ellipsoid,  note,  230. 

spherical  quadrilaterals,  note  392. 
Acceleration,  vector  of,  100. 
Actual  vector,  8,  110. 
Addition  of  vectors,  6. 

of  vector  and  point,  6. 

of  amplitudes,  264. 

of  quaternions,  definition  of,  116. 

of  quaternions,  is  commutative  and  associative, 
176,  204,  207. 

of  vector-arcs,  is  not  commutative,  166 ;  is  as- 
sociatiTe,  304,  408. 

of  vector-angles,  406. 

spherical,  406. 
Algebra,  imaginary  symbol  of,  133,  224,  253,  268, 
289,  316. 

prmciples  adopted  from,  108. 

paradox  in,  149. 

use  of  signs  in,  extended,  5, 6, 108, 123,  266. 
Algebraic  form,  equations  of,  II.  n.  {  5,  277. 
Alternation  and  inversion,  equidifference  of  points,  4. 

equality  of  vector-arcs,  144. 

equality  of  geometric  quotients,  118. 
Am,  symbol  for  amplitude,  262. 
Am«  or  Zj»>  263 ;  Amo,  principal  amplitude,  263. 
Amplitude  of  quaternion,  II.  n.  {  3,  262 ;  note^  120. 

Hamilton's  Elbmbnts  op  Quatsrkions. 


Amplitudes  of  quaternions,  addition  and  subtraction 

of,  264. 
Angle  of  quaternion,  II.  i.  {  6,  120,  111. 
differential  of,  458. 
representative,  151. 
vector-,  161,  406. 
Euclidean,  120. 
Anharmonic  coordinates,  23 ;  in  space,  65. 

of  four  points  on  a  line,  16  ;  in  space,  294  ;  on 

a  circle,  297. 
construction  of  cubic  curve,  37. 
equation  of  curyes,  I.  zi.  §  6,  32  ;  of  surfaces,  I. 

ni.  {6,  87. 
function  or  quotient,  16. 
quaternion,  294,  350. 
Anti-parallel  sections  of  a  cone,  183. 
ApoUonius  of  Pei^ga,  locus,  130,  165,  191  ;   cyclic 

cone,  181. 
Arc,  vector-,  II.  i.  {  9,  143 ;  associative  addition  of» 
304. 
representative,  143. 
cyclic,  186,  308. 
Aroual  sum,  166,  303,  369. 

addition.    See  Addition  of  vector-arcs. 
Area,  sign  of,  18. 
directed,  482. 
of  parallelogram,  246. 
spherical  triangle,  364. 
spherical  polygon,  or  curve,  368, 370. 
spherical  cap,  482. 
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Arithmetic,  illustration  ol  differential  from,  434. 
Aspect,  of  plane,  112 ;  note,  207. 
Auociatiye  law  for  addition  of  vectors,  7  ;   quater- 
nions, 207 ;  vector-arcs,  304. 
for  multiplication  of  i,  j\  kf  169  ;  quaternions, 

245 ;  II.  ni.  {  2,  308  ;  vectors,  337. 
for  multiplication,  enunciations  of,  IT.  izi.  {  1, 
301. 
Asymptote,  of  hyperbola,  34. 
Atwood's  machine,  100. 
Auxiliary  functions,  linear  vector,  496 ;  quaternion, 

660. 
Ax.,  symbol  for  axis  of  quaternion,  120. 
examples  on,  121. 
equals  lUT,  203. 
replaced  by  UV,  334. 
Axes  of  ellipsoid,  principal,  238  ;  of  quadrio,  636. 

of  section  of  quadiic,  principal,  238,  626. 
Axis  of  quaternion,  112;  II.  z.  (6,  119;  differential 
of,  468. 
parabola,  34. 


Barycentres,  86. 

Barycentrio  calculus,  notes,  22,  60,  61,  62,  86. 
Bicouple,  289. 

Bifocal  form  of  linear  vector  function,  646. 
Binomial  form  of  quaternion,  264. 
of  linear  vector  function,  498. 
Biquadratic  equation  of  linear  quaternion  function, 

660. 
Biquatemion,  133,  226,  289,  316. 
Biscalar,  225,  289. 

Bisecting  sides  of  spherical  triangle,  triangle,  358. 
Bisectors  of  a  triangle,  18. 
Bivector,  226. 
Booth,  tangential  coordinates,  note,  40. 


Calculus,  Baryoentric,  notes,  22,  60,  61,  62,  86. 

of  functions,  206,  202. 

of  finite  differences,  83. 
Cap,  area  of  spherical,  482. 
Camot,  on  transversals,  note  66,  note  377. 
Cartesian  expressions,  242. 

coordinates,  248. 
Cassinian,  281,  285. 


Centre  of  conic  inscribed  to  triangle,  36. 
of  homology,  60. 
of  involution,  16. 

of  ruled  hyperboloid,  92 ;  vector  to,  96. 
Characteristic  of  operation.    See  Symbol. 
Chasles,  referred  to  in  notes,  16,  31,  72,  89,  183,  300, 

308,  340. 
Circle,  equation  of,  square  of  right  radial,  134. 
inverse  of  line,  296. 
vector  expression  for,  417. 
vector  equation  of,  349,  355. 
quaternion  equation  of,  133. 
inscribed  or  exscribed  to  triangle,  33. 

to  spherical  triangle,  401. 
touching    three    small    circles    on    a    sphere, 
427. 
Circular  group  of  four  points,  297. 
sections  of  cyclic  cone,  184. 

elUpsoid,  232,  239. 
points  at  infinity,  note,  616. 
logarithmic  spiral,  419. 
successions,  297,  306,  311. 
Cis  (symbol),  260. 
Class,  of  a  curve,  42,  93. 

surface,  88. 
Coefiicients  of  vectors,  9. 
differential,  444,  99. 
CoUinear,  condition  that  three  points  should  be,  14, 
52 ;  three  right  quaternions,  247. 
quaternions,  210. 
Commutative  law  for  addition  of  vectors,  6 ;  of  qua- 
ternions, 176,  207. 
does  not  hold  for  addition  of  vector  arcs,  156. 
does  not  hold  for  multiplication  of  quateniioins, 
147,  159. 
Complanar,  vectors,  14,  340 ;  proportion  of,  250,  266. 
termino-,  45,  344. 
points,  14,  45. 
quaternions,  116,  211,  260. 
Complanarity,  sign  of,  117. 

condition  of,  of  quaternions,  148. 
of  vectors,  14,  338. 
of  points,  14 ,  46,  52. 
Complex  mean  of  n  vectors,  85. 
Composition  of  two  quadrantal  rotations,  149. 
Concurrence  of  three  lines,  18. 
of  four  planes,  57,  342. 
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Condition  of  contact  of  line  and  sphere,  224,  427| 
428. 
of  paralleliem  of  .two  yeoton,  10,  194,  326. 

perpendicularity,  180,  326,  346. 
collinearity  of  three  right  quatemione,  247. 
oomplanarity  of  three  Tectors,  14,  838,  346. 

of  yerson,  148. 
of  concurrence  of  three  lines,  18. 
homosphericity,  362,  364. 
that  three  points  should  lie  on  a  line  12, 14 ;  in 

quinary  symhols,  62. 
that  four  points  should  lie  in  a  plane  14,  46 ;  in 

quinary  symhols,  62. 
that  three  yectors  should  he  tennino-collinear, 

14,  343. 
that  four  yectors  should  he  termino-complanar, 

46,  844. 
that  four  planes  should  concur,  67,  342. 
Cone,  cyclic  or  quadric,  96,  181,  304. 
expressed  hy  8,  181. 
vector  expression  for,  96,  101. 
of  revolution,  183. 

expressed  hy  Z,  121 ;  8,  180. 
equation  of  one  sheet  of,  121. 
tangent,  to  sphere,  226. 
cuhic,  vector  expression  for,  96. 
Congruence,  formula  of,  for  quinary  symhols,  61. 
Conic,  anharmonic  equation  of,  32. 
and  triangle,  82,  33,  34,  36. 
spherical,  182,  239,  303,  309. 
Conical  rotation,  164,  369,  398,  429. 
Conjugate  diameters,  ellipse,  96 ;  ellipsoid,  96. 
hannonic,  16. 
point  of  cuhic,  41. 
quatemions,  116,  123. 
of  yector,  346. 

of  linear  yector  function,  486. 
of  linear  quaternion  function,  666. 
Conjugation,  characteristic  of,  K,  124. 

equation  of  (linear  vector  function),  486. 
(linear  quaternion  function),  666. 
(pole  and  polar),  229,  428. 
Constants  determining  a  linear  yector  function,  486, 
630 ;  quaternion  function,  666< 
yector-,  of  ellipsoid,  201,  236. 
or  inyariants  of  linear  yector  function,  491. 
Constituents  of  a  quaternion,  242. 


Construction,  points  of,  for  plane  net,  17,  22. 
for  net  in  space,  61. 

of  cuhic  curve,  38. 

ofelUpsoid  234. 

of  fourth  proportional  to  three  diplanar  rectors, 
362. 

of  series  of  spherical  parallelograms,  390. 
Continued  proportion  of  complanar  yectors,  II.  u.  {  2, 

266,  261. 
Conyention  respecting  sign  of  area,  18 ;  of  yolume,  48. 

sense  of  rotation,  119  ;  notes.  111,  162,  369. 

position  of  operator  relatively  to  operand,  110, 147. 
Conyergency  of  series,  269,  424. 
Coordinates  of  a  couple,  264. 

anharmonic,  23,  66 ;  of  a  plane,  60. 

idea  of,  foreign  to  quatemions,  note  112. 

tangential,  40. 

Cartesian,  248. 
Cosine  of  quaternion,  276,  424. 
Couple,  264. 

Criterion  as  to  nature  of  conic  ioscrihed  to  triangle,  34. 
Cube-root  of  quaternion,  266 ;  principal,  267. 
Cuhe-roots  of  unity,  nine,  291. 
Cubic  curve,  anharmonic  construction  of,  38. 

cone,  96. 

of  linear  yector  function,  symbolic,  494. 
Curve,  vector  equation  of,  94. 

cubic,  with  conjugate  point,  37,  41. 
Cyclic  form  of  linear  yector  function,  620,  628,  636, 
638. 

cone,  181,  309. 

planes,  normals,  of  cone,  183,  649. 
of  ellipsoid,  232,  236. 

arcs,  186,  308. 

quadrilateral,  296,  347. 
Cyclical  permutation  of  yectors  under  sign  S,  360. 
of  quatemions  under  sign  8,  248. 

lawof  i,y,  At,  169. 
Cylinder,  of  reyolution  expressed  by  TV,  196  ;  by  V, 
199. 

tangent  to  sphere,  201 ;  spheroid,  201 ;  ellipBoid, 
202. 


Decomposition  of  yector,  193,  338,  339. 

quaternion  ^  =  T^  .Uj',  169  ;    ^  =  S^  +  V^, 
193. 
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Definite  integral,  368,  482. 
Definition  of  yector,  3. 

sum  of  Tecton,  7  ;  of  qnatemionB,  109. 

addition  and  subtraction  of  yectors,  6. 

differential  of  a  yeotor,  formula  of,  98. 
of  quaternion,  note,  85. 

simultaneous  differentials,  481. 

^,  422. 
Deformation  of  sphere,  232. 

theorem  of  geometrical,  525. 
Degenerate  quaternions,  120,  178,  333. 
Degree  of  plane  cnrye,  32  ;  of  surface,  87. 

of  omre,  93. 
DeMoiyre's  theorem,  264, 
De  Morgan,  note,  278. 

Denominator,  reduction  of  two  quaternions  to  a  com- 
mon, 116. 
Depressed  equation  of  lineac  yeotor  functions,  501, 

505. 
Deriyatiye  of  a  yector,  99. 
Descartes,  notes  394,  404. 
Desk,  illustration  of  quaternion  by,  113. 
Deyelopable  surface,  100. 
Development  of  functions  of  a  quaternion,  475. 
Diacentric  sphere,  234,  241. 
Diameters,  conjugate  of  ellipse,  95 ;  of  ellipsoid,  96. 
Difference  of  two  points,  3 ;  of  two  yectors,  5. 

of  two  quaternions,  II.  i.  {  12,  176. 

finite,  102. 
Differences,  finite,  equations  in,  84. 

and  differentials,  434. 
successiye,  479. 
Differentia]  quotient,  443. 

of  implicit  functions  of  quaternions,  484. 

of  n*^  root  of  a  quaternion,  560. 
Differential  of  yector,  I.  m.  {  7,  96,  98. 

of  square  root,  452  ;  of  a  product  or  power,  451, 
476. 

of  ^S  439  ;  of  Kg,  V^,  and  8^,  455 ;  of  Tq  and 
U^,  456. 

finite,  99,  432. 

coefficient,  99,  444. 

quotient,  444. 
Differentials  and  differences,  434. 

distributiye  property  of,  441. 

successive,  465,  479. 

simultaneous,  431. 


Differentiation,  partial,  symbol  for,  35 ;  of  a  vector, 
101 ;  of  a  quaternion,  446. 
examples  of  quaternion.  III.  n.  }  4,  451. 
Dimensions,  theory  of,  applied  to  linear  functions  ol 

a  yector,  488. 
Diplanar  quaternions,  116. 
Direct  similitude,  115. 

circular  succession,  297. 
Directed  area,  482. 
Direction,  relative,  110,  138. 
Directions  of  linear  vector  function,  508,  515,  517. 
Distributive  property  of  multiplioation  of  yeeton  by 
coefficients,  9. 
of  quaternions,  212,  219. 
of  sign  I,  206 ;  K,  176, 207 ;  S,  185 ;  V,  204. 
of  differential,  441. 
Division  of  vector  by  parallel  yector,  10. 
of  quaternions,  defined,  109,  116. 
homographic,  16. 

Effective  yector,  3. 

Elimination  of  a  vector,  342,  855. 

of  differentials,  448. 
Ellipse,  yector  expression  for,  95,  417. 
section  of  cylinder,  196,  199,  418. 
EUipsoid,  equation  of,  201,  230,  313,  325,  328,  535, 
537  ;  bifocal,  545  ;  focal,  201, 230, 581 ;  cydic, 
527. 
circular  sections  of,  232,  235. 
construction  of,  234. 
principal  axes  of,  288. 

sections  of,  238. 
homologies  of,  and  sphere,  315,  232. 
yector-constants  of,  201,  236.  537. 
tangent  right  cylinder  to,  202. 
yector  expression  for,  95. 
Elliptic  logarithmic  spiral,  419. 
Equality  of  points,  3,  13. 
vectors,  3. 

quaternions,  109,  115. 
vector-arcs,  144. 
Equation  of  loci  involving  signs  Ax.  and  /.,  121 ; 
K,  127 ;  S,  180,  190 ;   V,  195,  199 ;   T,  165, 
167,  190 ;  U,  142. 
powers  of  a  yeotor,  417* 
anharmonic  of  curve,  32 ;  local  and  tangential,  39. 
of  surface,  87. 
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Equation,  yector-,  of  curve,  04  ;  of  suiface,  94. 

Se$  Sphere,  Ellipaoid,  fto. 

exponential,  for  ipherical  triangle,  404. 

in  finite  differences,  84. 

of  algebraic  form  in  quaternions  277  ;  n*  roots 
of,  292. 

of  conjugation  (poles  and  polars),  229;  (linear 
functions),  485,  666. 

of  second  degree,  homogeneous  and  yector,  608. 

of  six  segments,  21,  18. 

symbolic,  for  linear  functions,  494,  660. 
£qui-difference  of  points,  4. 
Euclid,  angle,  120. 
Enler,  note  244, 
Erolutionary  quaternion,  296. 
Examples,  geometrical,  on  signs  il,  Ax.  121 ;  E,  127 ; 
R,  296;  8,  180,  190;  T,  166,  167,  190;  U, 
142 ;  V,  196,  199. 

depending  on  power  of  vectors,  417. 

of  quaternion  differentiation,  461. 
Excess,  spherical,  364. 

Exponential  form  for  sine  and  cosine,  266,  274.    See 
under  Ponential. 

equation  for  spherical  triangle,  404. 

transformation  of  Taylor's  series,  473. 
Exponents,  scalar,  264. 

quaternion,  274,  421. 
Exscribed  or  circumscribed  conic,  36. 
Extensions  of   algebraic  notation,  6,  6,   108,   123, 
266. 


Factor,  or  operator,  108,  136. 
Factorials,  notation  of,  476. 
Finite  difference,  102. 

differences,  equation  in,  84. 

differential,  99,  432. 
Fire  quaternions,  identical  relation  connecting,  663. 

vectors,  47. 
Fluxions,  note  431. 
Focal  property  of  sphero-conic,  310,  393. 

relations,  notation  for,  310. 

transformation  of  linear  vector  functions,  631, 
636,  638. 

equations  of  surfaces  of  the  second  order,  636. 

lines  of  cones,  646,  649. 
Fod  of  involution,  16« 


Formula  (A),  160. 

of  congruence,  61. 

of  differential,  98,  438. 

of  relation  between  +  and  -,  6. 

of  commutation,  7. 

of  association,  7. 

of  collinearity  of  three  right  quaternions,  247. 

of  perpendicularity  of  two  vectors,  326. 

parallelism  of  two  vectors,  326. 

complanarity  of  three  vectors,  338,  247. 
FormuliB  of  spherical  trigonometry,  fundamental,  400. 
Four  constituents  of  quaternion,  242. 

points,  group  of,  linear,  16 ;  circular,  297. 

points,  complanarity  of,  14,  46. 

vectors,  linear  equation  between,  44,  338. 
proportion  of,  260. 
Fourth  proportional  to  three  vectors,  complanar,  260, 
293  ;  diplanar,  356  ;  rectangular,  377. 

unit  in  space,  394,  380. 
Fraction,  geometric,  107. 
Function,  anharmonic  quaternion,  294. 

of  vectors,  a  quaternion,  332,  394. 

of  three  vectors,  linear,  338. 

transcendental,  of  quaternions,  421,  453. 

trigonometrical,  of  quaternions,  424. 

linear.     See  Linear  functions. 
Functional  notation,  206,  202. 
Functious,  calculus  of,  206,  202. 
Fundamental  formulas  of  spherical  trigonometry,  400. 


Gauche  quadrilateral,  82. 

hexagon  in  sphere,  306. 
Generation,  double,  of  ruled  hyperboloid,  90. 

of  ellipsoid,  241. 
Generatrix  of  ruled  hyperboloid,  89. 
Geometric  quotient,  107. 

inversion  and  alteration  of,  118. 
Geometrical  examples  on  Y,  196,199 ;  8, 180 ;  Ax.  and 
Z,  121;  K,  127  ;  E,  296;  U,  142;  SandT,  190. 
nets,  plane,  I.  ii.  {3,  20 ;    I.  zi.  {6,  29 ;   in 

space,  I.  m.  {  4,  61. 
illustration   of   differential,    436  ;   of  ratio    of 

vanishing  quantities,  470. 
deformation,  theorem  of,  626. 
*^Qiom€tne  sop^rieure,"  of  Chasles,  referred  to  in 
notes,  16,  72,  89,  800. 
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''O^om^trie  de  position, "  of  Gomoty  referred  to  in 

notes,  377. 
Grammaritlun,  note,  335. 
Grrayes,  0.,  note,  308. 
Grayes,  J.  T.,  note,  276. 
Grayitation,  Newton's  law  of,  99. 
Group  of  four  points,  ciroiilar,  297.    See  Anhaimonic. 
Guide-points,  239. 

Half -line  or  ray,  equation  of,  121,  142. 
Handle,  yersor  compared  to  a,  336  ;  note,  346. 
Harmonic  section,  16. 

mean  of  two  yectors,  231,  298  ;  of  n,  300. 

property  of  quadrilateral,  20. 
of  pole  and  polar,  229. 

polar  of  point  to  a  triangle,  21. 
Helix,  419. 

Heptagon,  inscribed  to  sphere,  864. 
Hexagon,  spherical,  303. 

inscribed  to  sphere,  305,  354. 
"  Higher  Plane  Curyes,"  Salmon's,  notes,  37,  40,  41, 

42. 
History  of  quaternions,  notes  to,  206,  258,  262,  278. 
Hodograph,  99. 
nomographic  division,  16. 

figures,  plane  nets  are,  31 ;  nets  in  space  are,  79. 

property  of  ruled  byperboloid,  89. 
Homologies  of  ellipsoid  and  sphere,  315,  232. 
Homology,  centre  of,  60  ;  plane  of,  60. 
Homosphericity,  equation  of,  354, 
Hydrostatics,  483. 
Hyperbola,  33. 

Hyperbolic  paraboloid,  93,  96. 
Hyperboloid,  ruled,  anharmonio  equation  of,  88. 

yeotor  expression  for,  95. 
Hypotenuse,  proof  of  theorem  of  square  of,  212. 

I,  symbol  for  index  of  right  quotient,  187. 

is  distributiye,  206. 

Ax.  a  lUV,  203. 

IV  =  V,  335. 
t,y,  k,  laws  of,  II.  z.  {  10,  157,  344. 

quaternion  in  terms  of,  242. 

yector  in  terms  of,  344. 

early  use  of,  notes,  160,  345. 
Identification  of  a  right  quaternion,  with  its  own 
index,  III.  z.  {4>.331 ;  note,  193. 


Identity  oonneoting  three  yectors,   337,   344,  37S» 
426. 

four  yectors,  376. 

fiye  quaternions,  563. 

six  spherical  arcs,  377. 

on  square  root  of  quaternion  {p*q^)K  ^I^- 
Illustration  of  differential  and  difference,  434,  436. 

ratio  of  yanishing  quantities,  470. 

a  quaternion,  113. 
Imaginary,  intersections,  note,  87,  223. 

roots  of  equation  of  algebraic  form,  II.  ix.  )  5, 
289. 

interpreted  as  geometrically  real,  133. 

of  algebra,  224. 

roots  and  directions  of  linear  yector  fanctioni, 
515. 
Imponential,  274. 
Indeterminateness  of  inteipretatiun  of  V  - 1,  133. 

of  yersor,  139. 

yector-arcs,  145. 

null  quaternion,  120. 

directions  of  linear  yector  function,  601. 
Index  of  right  quotient,  II.  z.  §  5, 122. 

symbol  of,  187. 

equals  right  quotient.  III.  z.  {  4,  331 ;  not««  193. 
Indices  of  right  quotients,  quotient  of,  175. 
sum  of,  206. 
product  of,  329. 
Infinity,  line  at,  27. 

circular  points  at,  note,  516. 
Inflexional  tangents  to  cubic,  37* 
Inscription  of  polygons  in  a  sphere,  354. 
Integral,  definite,  368,  482. 

scalar  and  yector,  482. 
Integration,  482. 

Intezpretation  of  a  product  of  yecton  m  a  quatoniioD, 
III.  z.  { 1,  321,  337,  394. 

of  V^  133,  253. 
Intersection,  imagiziary,  note,  87,  228. 

real,  220. 

of  line  and  plane,  47. 

of  two  planes,  338. 
Inyariants,  quaternion,  491,  506. 
Inverse  or  reciprocal  of  a  yector,  II.  zi.  }  7»  293. 
a  quaterziion,  122 ;  differential  of,  439. 

similitude,  115,  129. 

of  line,  296 ;  of  drde,  296* 
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InTonion  and  altornation,  4,  118,  144. 

geometrical,  293. 

of  linear  rector  function,  486. 

of  linear  quaternion  function,  657. 
Inversor,  136. 

semi-,  136. 
Involution,  16. 

double,  72. 

in  Bpace,  296,  800. 

K  introduced,  124. 
•  examples  on,  127. 
differential  of  Kg,  466. 

Lacroix,  referred  to  in  notes,  473. 

Lagrange,  referred  to  in  notes,  441,  472. 

Law  of  the  Norms,  173,  244. 

<*  Lectures"  referred  to  in  notes,  160,  206,  219,  804, 

311,  316,  346,  364,  380,  479,  626. 
Left-banded,  111.     See  Oonyention  respecting  rota- 
tion. 
Lemnisoata,  286. 
Length,  163. 

of  two  lines,  relative.  111. 
''Letters  on  Quaternions,"  note  311. 
Limiting  ratios,  469. 

Line,*  expressed  by  Z  and  Ax.,  121 ;  E,  127 ;  U, 
142 ;  V,  196. 
anbarmonic  equation  of,  26 ;  coordinates  of,  27. 
symbol  of  ternary,  66 ;  anbarmonic,  67 ;  quinary, 

62. 
vector  expression  for,  16,  94  ;  equation  of,  196. 
number  added  to,  336  ;  point,  6. 
at  infinity,  27. 
baU-,  121,  142. 
rational,  29. 
reflexion  of,  129. 
intersection  of,  and  plane,  47 ;  and  sphere,  220, 

223. 
of  intersection  of  two  planes,  338. 
Lines,  relative  length  and  direction  of  two.  111. 
Linear  equation  between  two  vectors,  12. 
three  vectors,  13. 
four  Tectors,  44,  338. 
five  quaternions,  668. 


Linear  vector  function,  inversion  of,  486. 

form  of,  standard  trinomial,  486 ;  binomial, 
498 ;   monomial,  601,  606  ;   cyclic,  620, 
628,  636,  638 ;  bifocal,  646 ;  focal,  631, 
633,  636,  638. 
conjugate,  486. 
self-conjugate,  613,  619,  626. 
non-conjugate  part  of,  492. 
auxiliary  {^\  486 ;  (x),  496. 
derived,  661. 
symbolic  cubic  of,  494. 
with  eqtial  roots,  600. 

unequal  real  roots,  609. 
imaginary  roots,  616. 
with  depressed  equation,  601,  606. 
number  of  constants  in,  486,  630. 
powers  of,  491. 

system  of  Lines  and  planes  related  to,  612. 
dimensions  of,  488. 
quaternion  function,  486,  666. 
number  of  constants  in,  666. 
standard  quadrinomial  form  of,  666. 
symbolic  biquadratic  of,  660. 
Local  equations,  39. 

Loci,  equations  of,  involving  I,  Ax,  121 ;  K,  127; 
R,  296  ;  S,  180,  199 ;  T,  166,  167 ;  U,  142  ; 
V,  194,  199. 
powers  of  a  vector,  417. 
Locus,  Apollonian,  130,  166,  191. 
Logarithm  of  quaternion,  II.  n.  §  4,  268,  276,  421. 
liOgarithmic  spiral,  418. 

Mean  point,  projection  ot,  19,  81. 

of  gauche  quadrilateral,  82. 
complex,  86. 
of  partial  systems,  83. 
proportional  between  two  vectors,  261. 
of  two  vectors,  harmonic,  298 ;  of  n,  300. 
of  n  vectors,  simple,  81 ;  complex,  86. 
Mixed  transformation  of  linear  vector  function,  646. 
Mdbius,  referred  to  in  notes,  22,  31,  66,  79,  61,  62, 

66,  77. 
Monomial  form  of  linear  vector  function,  601,  606. 

equations  of  circle  and  sphere,  366. 
Mourey,  note,  278. 
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Multiplicand,  147,  110,  169. 
Maltiplication  of  yecton  by  coefficients,  9. 
of  quaternions  by  coefficients,  119. 
definition  of,  116. 
is  not  commutative,  147. 
is  doubly  distributive,  219,  212. 
is  associative,  246,  II.  in.  i  2,  308. 
reduced  to  multiplication  of  versors,  172. 
of  versors  illustrated  by  vector-arcs,  147. 
of  i,  /)  Ar,  159. 

of  vectors  is  associative,  337. 
MultipUer,  147,  IIU,  169. 

N,  symbol  for  noun,  130. 

N^,  differential  of,  466. 

Negative  unity,  square  of  right  radial,  132,  203. 

square  root  of,  133,  224,  263,  289. 

square  of  vector,  346. 
Net,  plane  geometrical,  20,  29;  in  space,  61. 
Nets  are  homographio  figures,  31,  79. 
Newton,  Principia,  note,  97,  431,  47  U 
Non-commutative  multiplication,  147* 

addition,  166. 
Non-conjugate  part  of  linear  vector  function,  492. 
Non-scalar,  110. 
Norm,  130,  note  128. 

of  sum,  189,  219,  476. 

differential  of,  465. 
Norms,  lav  of  the,  173,  244. 
Normal,  cyclic,  of  oones,  183. 

of  ellipsoid,  232,  236. 
Notation,  functional,  206,  202. 

simplification  of,  334. 

extended  meaning  of  algebraic,  6, 6, 108, 123, 266. 

for  focal  relations,  310. 

of  factorials,  476. 

8es  Symbol. 
Null  quaternion,  126,  139. 

vector,  3. 

vector-arc,  146. 
Number  of  points  of  construction,  22,  73. 

signless,  111,  170. 

added  to  line,  336. 

of  constants  involved  in  linear  vector  function, 
486,  630  ;  quaternion,  666. 
Numbers,  name  "Norm"  borrowed  from  theory  of, 
note,  130. 


Oblique  cone,  183 ;  note,  181. 

quotient,  321,  337. 
Ohm,  note,  276. 
Opening,  spherical,  366. 
Operation,  characteristic  of.    840  Symbol. 
Operations,  calculus  of,  202. 
Operator  or  factor,  108,  136. 

V  notes,  648,  664. 
Opposite  quaternions,  126. 

vectors,  3. 
Order  of  curve,  &c.    See  Degree. 

of  factors,  indifferent  when  one  is  icalar,  119. 

generally  important,  147, 163, 168. 
Origin  of  vectors,  12. 
Oval,  279. 

P,  symbol  for  ponential,  868. 
Parabola,  inscribed  to  triangle,  34. 
Paraboloid,  ruled,  anharmonio  equation  of,  93. 

vector  expression  for,  96. 
Paradox,  apparent,  149. 
Parallelepiped,  volume  of,  247,  338. 
Parallelism,  condition  of,  326. 
Parallelogram,  area  of,  246. 

spherical,  388. 
Parameters  in  vector  equations,  94. 
Partial  differentiation  of  a  vector,  101. 

of  a  quaternion,  446. 

sign  for,  35. 

successive,  479. 
Parts,  right,  or  right  quotients,  or  vector  parts, 

butive  addition  of,  204. 
Pencil  of  lines,  23,  307 ;  planes,  67. 
Pentagon,  inscribed  to  a  sphere,  361. 
Permutation,  cyclical,  of  quaternions  under  S»  248, 

360;  of  i,y,  A,  169. 
Perpendicular,  from  point  on  line,  179,  194, 427. 

on  a  plane,  180,  342,  363. 
Perpendiculars,  of  triangle,  spherical,  21 7  • 
Perpendicularity  of  two  vectors,  condition  of,  385, 

346. 
Plane,  expressed  by  symbol  Z»  121 ;  Az.,  181 ;  K, 
127;  T,  166, 167;  U,143;  S,  180. 

vector  expression  for,  24,  94. 

anharmonic  equation  of,  56. 

quinary  symbol  for,  63. 

scalar  equation  of,  180. 
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Plane,  thzoogb  three  poiiitB,  844. 

polar,  of  point  to  sphere,  228. 

geometrical  nets,  20,  29. 

rationa],  54. 

of  quaternion,  HI. 

and  line,  intersection  of,  47. 
Planee,  condition  of  concurrence  of  four,  67,  342. 

cyclic  of  cones,  183 ;  of  ellipsoid,  232. 

line  of  intersection  of  two,  338. 

system  of,  related  to  linear  vector  function,  612. 
Point,  symbol  of  a,  quinary,  61 ;  ternary,  26 ;  qua- 
ternary, 66. 

mean,  of  triangle,  19. 

of  gauche  quadrilateral,  82. 
in  general,  81. 

addition  of  vector  to,  6. 
Points,  difference  of  two,  3. 

equi-difference  of  two,  4. 

condition  for  three  on  a  line,  14» 
four  in  a  plane,  14,  46. 
five  on  a  sphere,  364. 

of  plane  construction,  17,  22. 

of  first  construction  in  space,  61. 

of  second  construction  in  space,  62;  table  of 
types,  75 ;  diagram  of,  78. 

group  of  linear,  15 ;  in  space,  294 ;  circular,  297. 

rational,  in  a  plane,  29  ;  in  space,  64,  79  ;  types 
of,  66. 

circular,  at  infinity,  note,  616. 
Pole  and  polar  of  a  sphere,  228. 

of  plane  curves,  36. 
Polygon,  area  of  spherical,  368. 

inscribed  in  sphere,  847. 

spherical  sum  of  angles  of,  416. 

exponential  equation  for  spherical,  404. 
Polynomial  equations,  277. 
Poncelet,  Trait6  dee  Propiidt^s  Projective,  referred  to 

in  notes,  60. 
Ponential  of  a  quaternion,  II.  u.  }  268. 
Position,  vector  of,  100. 
Positive  or  signless  number,  170  ;  note.  111. 
Power  of  a  vector,  a  quaternion,  396,  399. 

equation  of  loci  involving  a,  417. 

transfoimations  of,  420  ;  development  of,  476. 

differential  of  a,  461. 
Powers  of  quaternions,  264,  274,  421. 

of  linear  vector  functions,  491. 

Hamilton's  Elbmbnts  of  Quatbrnions. 


Pressure,  hydrostatic,  483. 
Principal  root  of  quaternion,  269. 

cube-root,  267. 

amplitude,  amo,  263. 

axes  of  ellipsoid,  238. 

section  of  quadric,  626. 
Frindpia,  referred  to  in  notes,  97,  431,  471. 
Principles  adopted  from  algebra,  108. 
Product,  of  quaternions,  defined,  109. 

conjugate  of,  173. 

differential  of,  461. 

reciprocal  of ,  173. 

scalar  of,  187,  246. 

tensor,  171. 

vector  of,  246. 

versor,  171. 

of  two  quaternions,  109, 116,  171. 

of  two  vectors,  interpreted,  III.  i.  {  1,  321. 

of  vectors,  337,  346,  394. 

of  two  rectangular  vectors,  333. 

of  indices,  329. 

of  sides  of  a  triangle,  348. 

of  sides  of  an  inscribed  polygon,  347. 
Projection  of  mean  point,  19. 

stereographic,  311. 

of  closed  figure,  8. 

of  line,  179. 
Property,  associative,  of  addition,  7,  207,  304  ; 
of  multiplication,  159,  245,  308,  337. 

commutative,  of  addition,  6,  176,  207. 

distributive,  of  multiplication,  9,  212,  219. 

harmonic  of  quadrilateral,  20. 
Proportion  of  vectors,  118,  176,  260. 

continued,  of  vectors,  261,  256. 

mean,  of  vectors,  251. 
Proportional,  fourth,  to  three  complanar  vectors,  250. 
diplanar  vectors,  362. 
rectangular  vectors,  377. 
Proveotor,  3,  146. 
Pyramid,  volume  of,  247,  338. 

sign  of  volume,  48. 


Quadrantal  rotations,  149. 

triangle,  377. 
Quadratic  equation  in  quaternions,  281. 

vector  equation,  608. 
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Quadrici  ruled  hyperboloid,  88|  95. 

focal  and  oyclio  equatioiu  of  a,  636. 

bifocal  equation  of  a,  645. 

axes  of  plane  section  of  a,  525. 

See  Ellipsoid  and  Linear  yeotor  function. 
Quadrilateral,  cyclic,  296,  347. 

of  a  plane  net,  31. 

gauche,  82. 

hannouic  property  of,  20. 

area  of  spherical,  368. 

product  of  sides  of,  347. 
Quadrinomial  form  for  quaternion,  242. 

linear  quaternion  function,  665. 
Qualitative  element  of  a  quaternion,  note  167. 
Quantitative  element  of  a  quaternion,  notes  167,  138. 
Quantities,  ratio  of  vanishing,  470. 
Quaternary  symbols,  55. 
Quaternion,  as  a  factor  or  operator,  135. 

as  a  fourth  proportional,  357,  362. 

as  a  power  of  a  vector,  396,  399. 

as  quotient  of  two  yeotors,  110. 

general  function  of  vectors  is  a,  332,  394. 

oblique  quotient,  321,  337. 

product  of  vectors,  321,  337. 

number  added  to  line,  335. 

scalar  plus  vector,  11,  335. 

square  root  of  a  positive  plus  square  root  of  a 
negative,  203. 

S^  +  Vj,  193. 

Tq  JJq,  169. 
Quaternion,  anharmonio,  294,  296,  360. 

binomial,  254. 

development,  473. 

equations,  243. 

algebraic,  in  complanar,  277.  ^ 

general  algebraic,  292. 

evolutionary,  295. 

exponents,  274,  421. 

identities,  426,  663. 

integration,  482. 

invariants,  491,  506. 

inveraioD,  557. 

quadrinomial,  242. 
Quaternion,  functions  of  a  single  : 

conjugate,  123. 

cosine,  275,  424. 

cube  root,  256. 


Quaternion,  functions  of  a  single: 

imponentisl,  274. 

inverse,  122. 

linear  function  of,  485,  656. 

logarithm,  275,  421. 

opposite,  126. 

ponential,  268. 

power,  268,  274,  421. 

reciprocal,  122. 

root,  259. 

sine,  275,  424. 

square,  II.  i.  §  7,  132,  141,  170,  187. 

square  root,  188;  differential  of,  452. 

transcendental,  functions  of  a,  421,  463. 
Quaternions,  operations  on  two : 

addition,  176,  116. 

conjugate  of  product,  173. 

division,  116. 

multiplication,  116,  173. 

product,  109,  116,  171. 

quotient,  109,  116,  171. 

reciprocal  of  product,  173. 

subtraction,  116. 

sum,  176. 
Quaternions,  two : 

aie  coUinear,  116. 

condition  of  complanarity,  148. 

equality  of,  109,  115. 

qp,  274,  421. 
Quaternions,  special  cases  of  : 

null,  125. 

radial,  131. 

right  part,  192. 

right  quotient,  121. 

scalar,  120. 

vector,  335. 

versor,  148. 
Quateznionfl,  parts  of : 

amplitude,  262. 

angle,  119. 

axis,  119. 

four  elements  of,  112,  118. 

index  of  right,  122. 

plane,  111. 

scalar,  177. 

tensor,  167. 

vector,  192. 
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Quatendooi,  parts  of,  Tenor,  137. 
Quaternions,  any  number  of  : 
addition,  207. 
ooUinoar,  210. 
complanar,  260,  116,  211. 
cyclical  permutation  under  S,  248. 
diplanar,  116. 

multiplication,  246,  219,  301,  808. 
Quatemions,  calculus  of : 

Applications  to  plane  tzigonometry,  178, 197, 214, 
208. 

spherical  trigonometry,  216,  209. 
history  of.    8ee  History. 
Letters  on,  note  311. 
Lectures  on.    800  Lectures. 
Taylor's  series  adopted  to,  473* 
Quinary  symbols,  60. 

types,  66. 
Quotients,  of  vectors,  107. 
right,  121. 

quotient  of,  176. 

sum  of,  206. 

index  of,  122,  331. 
oblique,  321,  337- 
radial,  131. 
geometric,  109. 

two,  with  common  denominator,  109,  116. 

inversion  and  alternation  of,  118. 
differential,  443. 
of  two  quaternions,  109, 116,  171. 

scalar  of,  187. 

£,  symbol  for  reciprocal,  141,  203,  328. 
£adial  quotient,  131. 

right,  132. 
Badical  plane,  328. 
Batio  of  vanishing  quantities,  470.  . 
Bational  points,  lines  and  planes,  29,  64,  79. 
Bay  or  half -line,  equation  of,  121. 
Beality  of  roots  of  self-conjugate  function,  613,  619, 

626. 
Beals,  11,  268. 
Beciprocal  of  quaternion,  122 ;  development  of,  476 ; 

versor  of,  188. 
vector,  II.  u.  {  7,  293. 
Booiprocity  of  forms,  647. 
Bootangle,  spherical,  note,  388. 


Beotangular  vectors,  fourth  proportional  to  three,  377. 
versors,  multiplication  of,  149,  167 ;  vectors,  333. 
system  of  self-conjugate  linear  vector  function, 

613,  619,  626. 
transformations  of  self-conjugate  linear  vector 
function,  628. 
Reduction  of  two  geometric  quotients  to  a  common 
denominator,  116. 
of  quaternion  multiplication,  171. 
of  a  quaternion  to  a  power  of  a  vector,  899. 
Beflexion  of  a  line,  129,  368. 

successive,  361. 
Begression,  edge  of,  93,  100. 

Belation  connecting  three  vectors,  337,  344,  376,  426. 
four  vectors,  44,  376. 
five  vectors,  47. 
six  spherical  arcs,  377. 
five  quatermons,  663. 
Belatire  length  and  direction,  111,  138. 
Bemainder  of  a  series,  474. 
Bepresentative  angle,  161. 
arc,  143. 
point,  143. 
Besolution  of  vector  along  and  perpendicular  to  given 
line,  193. 
along  three  given  lines,  338. 
perpendicular  to  three  given  planes,  339« 
of  quaternion.    8e$  Decomposition. 
Bevector,  3. 
Beversor,  139. 
Bevolution,  cone  of,  183 ;  cylinder  of,  196,  199. 

spheroid  of,  201. 
Bight-hand  rotation,  119. 
Bight  part,  193. 

quotient  or  quaternion,  121. 
index  of,  122. 

identification  of,  with  its  own  index,  III. 
I.  \  4,  331 ;  note,  193. 
quotients,  quotient  of,  176. 

index  of  sum  of,  206. 
radial,  132. 

versor,  as  unit-line,  836. 
Boot  of  quaternion  equation  of  n'*  degree,  292. 
square,  of  quaternion,  188,  462. 
cube,  of  quaternion,  266  ;  nine  of  unity,  291. 
n^  roots  of  unity,  n  geometrically  real,  269. 
n(n  -  1)  imaginary,  290. 
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Boot,  principal,  260. 

of  negative  unity,  imaginary  symbol  of  algebra, 
224. 

of  zero,  816. 

of  equations  of  algebraic  form,  II.  n.  §  5,  277. 
Rotation,  convention  respecting,  HI,  119;  notes,  40, 
369. 

conical,  154,  369,  398. 

of  solid,  361. 
Rotations,  composition  of  two  quadrantal,  149. 

theorem  in,  416. 
Ruled  hyperboloid,  88,  96. 

paraboloid,  96,  93. 

S,  symbol  for  scalar,  177. 

examples  on  S,  180,  190. 

distiibutiye,  186. 

cyclical  permutation  under,  248,  360. 
S  =  i(l  +  K),  177. 

=  1  -  V,  193. 
S-i,  202. 

S^,  diifei-ential  of,  466. 
Sadleir,  Rev.  W.  D.,  note  376. 
Salmon's  Higher  Plane  Curves,  notes,  37,  41,  42. 
Scalar,  why  so  called,  11. 

of  a  quaternion,  177,  186. 

•of  a  product,  246. 

of  a  sum,  186. 

unit  in  space,  380. 

integration,  482. 

plus  vector  equals  quaternion,  11,  336. 
Screw  surface,  419. 
Section,  harmonic,  16. 

homographio,  16. 
Sections  of  cone,  181. 

of  cylinder,  196,  199. 

of  ellipsoid,  238. 

of  quadric,  principal  axes  of,  625. 

circular,  of  cone,  183. 
of  ellipsoid,  232. 
Segments,  equation  of  six,  18,  21. 
Self- conjugate  functions,  613,  619,  626. 
Semi-inversor,  136. 

Sense  of  rotation.   See  Convention  respecting  rotation. 
Series,  ponential,  268. 

exponential,  for  sine  and  cosine,  274,  421. 

Taylor's,  102,  473. 
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Series,  oonvergency  of,  269,  424. 

remainder  of,  474. 

of  spherical  parallelograms,  388. 
Sign  of  area  of  plane  triangle,  18. 

of  volume  of  a  pyramid,  48,  342. 

of  spherical  area,  370. 
Signless  number,  tensor  a,  170,  111. 
Similitude,  116. 
Simplification  of  notation,  334. 
Simultaneous  differentials,  431, 
Sine,  exponential  form  for,  266,  274. 

of  a  quaternion,  424. 
Solution  of  the  exponential  equation,  409. 
Space,  scalar  unit  in,  380. 

symmetry  of,  394. 
Sphere,  equation  of,  in  terms  of,  K,  1 30 ;  S,  180 ; 
V,  199  ;  N,  T,  166,  167 ;  S«  -  V*,  200. 
square  of  a  vector,  327. 
monomial,  365. 
Apollonian  locus,  130,  166,  191. 

intersection  of  right  lines  and,  220,  223. 
of  cone  and,  181. 
of  ellipsoid  and,  240. 

tangent  cylinder  to,  201. 

tangent  cone  to,  226. 

poles  and  polars  of,  228. 

homologies  of  ellipsoid  a&d,  316,  232. 

diacentric,  234,  241. 
Spherical  parallelogram,  888. 

addition,  406. 

area,  364,  368,  482. 

cap,  482. 

conic,  182,  2^9,  309,  310. 

excess,  364. 

hexagon,  303. 

opening,  366. 

polygon,  414, 

sum,  166,  406,  415. 

tetragonometry,  417. 

triangle.    See  Triangle. 

trigonometry,  209,  216,  325,  368,  400. 
Spheroid  of  revolution,  201. 
Spiral,  418. 

Square  of  a  quaternion,  II.  i.  {  7,  132,  141,  170, 
187. 

of  a  vector,  327,  846. 

of  a  right -radial,  132. 
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Square  root  of  zero,  816. 

of  -  1,  138,  224,  253,  289. 
of  quateniioD,  316,  367,  462. 

on  hypotenuse,  proof  of  theorem  of,  212. 
Standard  form  for  quaternions,  binomial,  264 ;  qnad- 
rinomial,  242. 
for  yectors,  344. 
for  linear  vector  functions,  486. 
Stereographic  projection,  311. 
Sub-contrary  sections  of  a  cone,  183. 
Subtraction  of  vectors,  6. 

of  quaternions,  116. 

of  amplitudes,  264. 
Succession,  direct  or  indirect,  297. 
Successive  differentiation,  465,  480. 
Sum  of  vectors,  7. 

arcual,  166,  369. 

spherical,  166,  406,  416. 

tensor  and  norm  of  a,  189,  219. 

scalar  of,  186. 
Summand,  6. 

Supplementary  triangle,  217. 
Surfaces,  anharmonic  equations  of,  87* 

vector  equations  of,  94. 

of  second  order.    Be$  Quadric  and  EUipsoid. 
focal  and  cyclic  forms  of  equations  of,  636. 

developable,  100. 

screw,  419. 
Symbol,  Am.  262 ;  Am«,  Amu,  263. 

Lf  120 ;  Lnj  263. 

CIS,  260. 

Ax.  120 ;  replaced  by  UY,  334. 

I,  187 ;  suppressed,  334. 

i,  y,  A,  note,  160. 

£,  124. 

/,  276. 

N,  130,  note,  128. 

P,  268. 

E,  141. 

S,  177,  166,  note,  127;  S-»0,  202, 

T,  163,  note,  131. 

U,  136  ;  UO,  140. 

V,  193,  note.  124 ;  V-»0,  202. 

of  complanarity  ( ||| ),  117. 

of  intersection  (OA  *  BC),  17. 

of  focal  relation  (*  *),  398. 

of  similaxity  ( oe),  116. 


Symbol  of  inverse  similarity  ( «'),  116. 

for  vector-arc  (n),  144. 

for  spherical  addition  [(+)]»  406. 

v/-  1  indeterminate,  133;  uninterpreted,  289. 
Symbols,  quaternary,  66. 

quinary,  60. 

ternary,  26,  66. 

of  algebra,  imaginary,  224. 

extended  use  of,  6,  6,  108,  123,  266. 

+  and  -,  formula  of  relation  between,  6. 

notes  on,  262,  334. 
Symbolic  cubic  of  linear  vector  function,  494. 

biquadratic  of  linear  quaternion  function,  660. 
Symbolical  or  imaginary,  133,  289. 
'Symmetry  of  space,  394. 
Syntypical  points,  66. 
System  of  six  planes,  302. 

lines  and  planes  related  to  linear  vector  fonotion, 
612. 

three  right  versors,  II.  i.  {  10, 167. 

T,  symbol  for  tensor,  163. 

examples  on,  166,  167,  190. 
T^,  differential  of,  466. 
Table  of  types  of  points  of  construction,  76. 
Tangent  to  a  curve,  97. 

cone  to  a  sphere,  226. 

cylinders,  201. 
Tangents,  to  sphere,  481. 
Tangential  coordinates,  40. 

equations,  39. 
Taylor's  series,  102,  473. 
Tension,  act  of,  164. 
Tensor  of  quaternion,  167. 

of  vector,  163. 

of  a  scalar,  168. 

of  a  sum,  189,  219. 

development  of,  476. 
Term,  3. 
Termino-collinear  vectors,  14,  343. 

complanar  vectors,  46,  844. 
Ternary  symbols,  26,  66. 

types,  76. 

products  of  vectors.  III.  i.  }  6,  337. 
Tetragonometry,  spherical,  417. 
Tetrahedron,  pyramid  or  gauche  quadrilateral,  82 
Total  differentiation,  479. 
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Transcendental  functiona  of  a  quaternion,  421,  463. 
Transformationa  from  S  to  T,  190. 
of  IT,  141. 

of  equation  of  ellipaoid.    See  Ellipaoid. 
of  linear  yector  functions,  628. 
of  powers  of  vectors,  420. 
of  quaternions,  366. 
exponential,  473. 
Transport,  4. 
Transvector,  8,  147. 
Transversal,  triangle  cut  by,  21. 

of  spherical  triangle,  362. 
Triangle,  plane,  harmonic  relations,  21. 
conies  and,  32. 
product  of  vector  sides  of  plane,  348. 
spherical,  area,  364, 

exponential  equation,  404. 
sum  of  angles,  406. 
Trigonometry,  plane,  fundamental  formula,  214;  178, 
197,  266,  272. 
8  and  Y,  208. 
spherical,  fundamental  formula,  216 ;  367, 326, 400. 
S  and  y,  209. 

solution  of  the  exponential  equation  of,  409. 
Trigonometrical  functions  of  a  quaternion,  424. 
Trinomial  form  for  vectors,  344,  242. 
linear  vector  functions,  486. 
Types  of  points  of  oonstruction,  66. 

IT,  symbol  for  unit-veotor,  136. 
for  versor,  137. 

examples  on,  142. 
Uq,  differential  of,  466. 
Ultimate  ratio,  469. 

Uninterpreted  symbol,  v^^,  224,  289. 
Unit-Teotor,  120. 

conception  of  right  versor  as,  336. 

sphere,  120. 

in  space,  scalar,  380. 
Unity,  particular  case  of  radial  quotient,  132. 

negative,  inversor,  136. 

square  of  right  radial,  132. 

square  root  of,  133,  224,  263,  268,  289. 

cube  root  of,  principal,  268. 

nine  cube  roots  of,  291. 

geometrically  real  n^  roots  of,  269. 

geometrically  imaginary  n^  roots  of,  290. 


V,  symbol  for  vector,  or  right  part,  193  ;  =»  IV.  336. 

examples  on,  196,  197,  199,  208. 

distributiye  character  of,  204. 

y  =  8^  +  Yq,  193. 
V-1-8  =  J(1-K),  197. 
y^,  differential  of,  466. 
Vanishing  quantities,  ratio  of,  470,  483. 
Vection,  6. 
Vector,  definition  of,  3. 

difference  of  points,  8. 

origin  and  term  of,  3. 

resolution  of,  194,  338,  339. 

as  a  factor,  336. 

trinomial  form,  344. 

arc,  3. 

determination  of,  144. 

aros,  addition  of,  147. 

is  associative,  308. 
representative  of  a  versor,  II.  i.  ^  9,  143. 

angle,  3. 

representative  of  a  versor,  161. 
associative  property  of,  304. 

angles,  sum  of,  166,  406. 

expression  of  curve,  94  ;  of  surface,  94. 
of  developable,  100. 

tensor  of,  163. 

versor  of,  note,  137. 

scalar  of,  346. 

reciprocal  of,  298. 

conjugate  of,  346. 

plus  scalar  is  quaternion,  11,  336. 

is  right  part  of  quaternion,  336. 

differentiation  of,  98. 

partial  differentiation  of,  101. 

differential  of,  96. 

square  of,  327,  346. 

power  of,  396,  399,  420,  476. 

called  imaginary  part,  note,  316. 

trinomial  form  for,  344. 

special  case  of  quaternion,  336. 

addition  of,  to  point,  6. 

or  vector-part,  of  a  product,  246. 

of  conjugate,  197. 

equation  of  circle,  349,  366. 
of  second  degree,  608. 
Vectors,  addition,  is  conunutatiTe,  6. 

coefficients  of,  9. 
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Yecton,  oomplanor,  340. 

eomplanarity  of  three,  338. 
continued  proportion  of  oomplanar,  261. 
determined  by  three  scalanii  341. 
diTision  by  numbeiB,  11. 

by  parallel  yeotor,  10. 

by  any  vector,  107. 
elimination  of,  342. 
fourth  proportional   to  three,  oomplanar,   260  ; 

diplanar,  367  ;  rectangular,  377. 
function,  linear.    See  Linear  vector  function, 
harmonic  mean  of  two,  298. 
identities  connecting.    See  Identity, 
integrals,  482. 

linear  relation  connecting  any  four,  44. 
linear  relations  connecting  any  five,  47. 
mean  between  two,  261. 
multiplication,  323. 

is  assooiatiTe,  337. 
null,  3. 

parallel,  10,  326 ;  perpendicular,  326,  346. 
product  of  two,  interpreted  as  quaternion,  821. 
product  of  any  number,  interpreted  as  quaternion, 

337,  846,  394. 
product  of  two  rectangular,  833. 
proportion  of,  118,  176,  260. 
subtraction,  6. 
sum  of,  defined,  7. 
termino-collinear,  14,  343. 
texmino-complanar,  46,  344. 


Telocity,  yeotor  of,  99. 

Version,  164. 

Versor  or  radial  quotient  regarded  as  a  factor,  136. 

of  quaternion,  137  ;  note,  124. 

of  vector,  note,  137. 

of  scalar,  139. 

of  null  qnatemion,  139. 

of  conjugate,  138. 

of  reciprocal,  138. 

reciprocal  of,  138. 

conjugate  of,  139. 

is  power  of  unit  vector,  cf .,  261 . 

right,  as  unit -line,  336. 

depends  on  relative  direction,  138. 

of  sum,  476. 

of  product,  171. 

development  of,  476. 
Venors,  condition  of  complanarity  of,  148. 

equation  between,  409. 
Volume,  sign  of  a,  48,  342. 

of  parallelepiped,  247,  388. 

of  sphere,  spheric  shell,  483. 

Waxren,  note,  278. 

Zero,  square  root  of,  316,  291. 

null  quaternion  is,  126. 

yersor  of,  189. 
Zone,  area  of,  482. 


END    OT  TOLm   I. 


■HI 


CABOT  SCIENCE  LIBRARY 


mih^^m: 


^ 


cz/f, 


•  I 

;  "''Of) 


cme 

Co ,  Inc. 
.   i:2210 


iWRS 


